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Abstract

Let c4(n) be the Ramanujan sum and let S(m,n;q) be the Kloosterman sum. We
study the eigenvalues of ¢ x ¢ matrices whose (m,n) entry is ¢,(m — n) or S(m,n;q),
where ¢ is a fixed positive integer. We also study the eigenvalues of matrices whose
entries are sums of Ramanujan sums or sums of Kloosterman sums.

1 Introduction

For ¢,n € N={1,2,...}, Ramanujan [9] defined the Ramanujan sum c¢,(n) by

where ged(k, q) is the greatest common divisor of k and ¢. For m,n, ¢ € N, Kloosterman [5]
defined the Kloosterman sum S(m,n;q) by

q

S(m,n;q) = Z exp(% (mk—i—nk*))’

ged(k,q)=1
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where k* is the inverse of k£ modulo ¢q. If m = 0 or n = 0, then the Kloosterman sum
reduces to the Ramanujan sum. The Ramanujan sum and the Kloosterman sum have many
interesting properties. However, in this paper we focus only on the eigenvalues of matrices
whose elements are Ramanujan sums or Kloosterman sums. A reason why we consider these
eigenvalues is as follows. The well-known large sieve inequality (see, e.g., [2])

> Y e 2@ 4 4m) Y jaf )

q<Q gcd(k,qg)=1 n<z n<x

can be rewritten as

Z am@(z cq(m — n)) < (Q2 + 47x) Z |an]27

mn<x <@ n<z
where @, is the complex conjugate of a,,, since

Z Z )Zanexp 27rzk:n)‘

4<Q ged(k,q)=1 n<z

wik(m —n
-3 Y Y wmen ()

q<Q ged(k,q)=1 m,n<z

Z &manz Z exp 27?2/{: —n))

m TL<CE q<Q gcd(k q)
- Z am@(Z cq(m — n)>

Let X = (X0 ), nz1 be the matrix whose (m,n) entry is X = 3 o ¢q(m —n) and
let a = (ay,as,...,a,). From (1) we see that the Rayleigh quotient

= ( Z amenm)/(Z ana_n)

mn<xc n<x

is not less than Q? + 47wx for every nonzero vector a. If we can prove that X is nonnegative
definite, then we have R(X,a) € [M\n(Q,2), A\ (Q, )], where A\, (Q,x), \y(Q, z) are the
minimal and maximal positive eigenvalue of the matrix X respectively, and a is a vector
perpendicular to the eigenspace corresponding to the eigenvalue 0. We cannot explicitly
obtain Ay (Q, z) or A\, (@, x) under general conditions; however, we prove in Theorem 2 that
A (Q,x) = M\p(Q, ) = z holds under a very restricted condition in which z is the least



common multiple of 1,2,..., Q. Moreover, since

> Y anen( mk”] <y ¥ <Z|an|>2

q<Q ged(k,q)=1 n<z q<Q ged(k,q)=1 \n<z

=> ¢(q) (Z |an|>2

q<Q n<w

<@’ (ZI%I)Q

n<x

holds for every sequence {a,}*_;, we have

(D lanl)? > Al 2) Z| az)” (2)
n<x n<z
for every vector (ai,as, ..., a,) perpendicular to the eigenspace corresponding to the eigen-

value 0. If we take
{1, iftnes;
ay, =

0, otherwise,

for some set S. and if we can show that (ai,as,...,a,) is perpendicular to the eigenspace
corresponding to the eigenvalue 0, then we have from (2) that
Am(Q, )
#{Sn Lz} > gz

from which

Tim #{S N [1,2]} = oo

follows in the case A, (Q,7) = 2 and Q = x'/27¢ for some ¢ > 0. Regretfully, we can obtain
neither Ay (@, ) nor A, (@, x) under general conditions; however, we expect that the above
idea will lead to an estimate from below.

We also investigate the eigenvalues of B, = (S(m,n;q))s, =1 and Y = (Yo )5 o1 =
(ZQQZI S(m,n;q))p, =1, where x is the least common multiple of 1,2,...,Q. Many results
concerning the Kloosterman sum have been obtained by many mathematicians. For example,

it is well known that Weil’s bound [12]

5(a, b5 )| < 7(q) ged(a, b, 9) /g
holds where 7(¢q) = >_,, 1. Kuznetsov’s bound [6]

S b 1
Z (a7q7Q> < Qg—i-a

q<Q



is also well known. However, as for the eigenvalues of matrices whose elements are the
Kloosterman sums, to my knowledge, few results are known. We obtain in Theorem 3 and
4 the eigenvalues of matrices whose elements are Kloosterman sums. Of course there is
no relation between the eigenvalues and Weil’s bound or Kuznetsov’s bound, however, we
expect that our study contributes somewhat to the theory of Kloosterman sums.

2 Properties of Ramanujan sums and Kloosterman sums

In this section we show some properties of the Ramanujan sums ¢,(n) and the Kloosterman
sums S(m,n;q). Let
1, ifm=n;

Om,n) = {0 itm#n

and let
o(q) = #{k < ¢;ged(k, q) = 1}

be the Euler totient function. The following properties of the Ramanujan sums are well
known (see, e.g., [1, 7, 8, 10]).

cq(n) = co(—n), (3)
¢q(0) = (q), (4)
cg(n) =c,(n') if n=n'(mod q), (5)

co(k) = 0. (6)

The following properties of the Kloosterman sums are also well known (see, e.g., [4]).

S(m,n;q) = S(n,m;q),
S(m,n;q) = S(m',n';q) if m=m'(modq) and n=n'(mod q).

We write d | n if d divides n. We first prove the following lemma.

Lemma 1. Ifzx € N, q | x and r | z, then we have

- reg(m—mn), ifq=r;
Z cq(m —ajer(a—n) = {0 ' otherwise

a=1

weg(m —n), ifq=r;

ZS(m,a;q)S(a,n;r) = {O

otherwise.

In order to prove Lemma 1, we prepare the following lemma.



Lemma 2. Ifx € N, q |z, r | x and ged(k, q) = ged (¢, r) = 1, then we have

;exp<2m(§+ é)“) _ {a:, if q Zf and k4 ¢ =0 (mod q);

0, otherwise.

Proof. The proof proceeds along the same line as the proof of [8, Theorem 1]. We first note
that the following holds by the partial-sum formula of a geometric series.

- gk L x, if k/q+{/r is an integer;
;exp(%m(E + ;)a) = {07 )

otherwise.

If ¢ # r, then k/q+ ¢/r = (kr + £q)/qr is not an integer since ged(k, q) = ged(¢,7) = 1. If
q=r,then k/q+{/r = (k+{)/q is an integer or not according to whether k+ ¢ is congruent
to 0 (mod ¢) or not. This completes the proof of Lemma 2. O

Now we can prove Lemma 1.

Proof of Lemma 1. By the definition of the Ramanujan sums we have

T

Zcq(m—a)cr(a—n)zz Z exp(zmk —a)) i exp(w)

ot gcd(k )= acd(ER)=1
= Z Z exp(Qm k_m__ )Zexp(Qm ——+€) )
gedlng)—1 ged(Zr)—1
Since

Zexp(Qﬂ-i(_E_Fg)a) _ )& g 7” and —k + ¢ =0 (mod q);
= 9 T 0, otherwise;

holds by Lemma 2, we have

T q q
k 14
Z cq(m —a)e,(a —n) = x0(q,7) Z exp(2m’(—m - _n)>
a=1 k=1 =1 4 4
ged(k,g)=1 ged(£,q)=1
(=k (mod q)
! 2mi
= z0(q,7) Z exp(—(m — n)k)
k=1
ged(k,q)=1

zcg(m —mn), if g=r;

0, otherwise.



Therefore (7) holds.
Next we prove (8). We have

ZS m,a;q)S(a,n;r) i: zq: exp(%(mk%—ak‘*)) XT: exp(Z—(a€+n€*)>
o gcd](gz,ql):l gcdfzﬂ}):l
4q r * z *
— Z Z exp(2m'(m7k + nt )) exp(2m(— + ;)a)

Since
xz, ifg=rand k*+¢=0 (mod q);
Z exp (2m
0, otherwise

holds by Lemma 2 and since k* + ¢ = 0 (mod ¢) is equivalent to £* = —k (mod ¢), we have

Y stmanstann —ian) Y3 e 1)
a=1

gcd(kvq): gcd(&q):
0*=—k (mod q)

q

= x0(q,7) Z exp(?(m—n)k)

gcdé{:k:,ql)ﬂL
xce(m — n),
=x0(q,7)cg(m —n) = =ifqg=r;
0, otherwise.
Therefore (8) holds. This completes the proof of Lemma 1. O

Consider the function ¢ defined by
Plg) =#{1 <k < g ged(k,q) =1, k+k" =0 (mod q)},
where k* is the inverse of k (mod ¢). It is easy to see that ¢(q) can be rewritten as
Pla) =#{1 <k < ¢ ged(k,q) =1, k* =1 (mod g)}.

Recall that an arithmetic function f : N — C is said to be a multiplicative function if f
satisfies
f(mn) = f(m)f(n)
for every m,n € N satisfying ged(m,n) = 1. We let P denote the set of prime numbers.
We have the following lemma.



Lemma 3. The function q — ©(q) is a multiplicative function satisfying

p(2) =1,

P(29=0 if e>2,

o) =0 if peP, p=—1(mod4) and e > 1,
(

p
p)=2 if peP, p=1(mod4) and e>1.

S

Proof. Multiplicativity follows from the Chinese remainder theorem. The other parts follow
from [11, p. 91]. O

Next we prove the following lemma.

Lemma 4. Ifx € N, q | x and r | z, then we have

zx: iCQ(m - a)S(a,m;r) — {J]QQZ(Q)? qu =T

— — 0, otherwise.
m=1 a=1

Proof. First, we have

Z Z cq(m —a)S(a,m;r)

m=1 a=1

x x q . r .

2mik(m — 2
-3y ¥ eXp(M) S e (T at +me))
q r
m=1 a=1 k=1 (=1
ged(k,g)=1 ged(¢,r)=1
q r

T " T

k + g_)m> Zexp <2m’(—§ + g)a) (9)

,
k=1 (=1 m=1 q a=1
(
Since

Z exp(Zm’(E + g_)m> _ )% g 7‘ and k 4+ ¢* =0 (mod q);
a T 0, otherwise,

Zexp(Qﬂ-i(_E + g)a) _ )& g 7’ and —k + ¢ =0 (mod q);
a=1 q 0, otherwise

hold by Lemma 2, and since
k+0*=0 (mod q) and —k+ (=0 (mod q)
is equivalent to

(=k (mod ¢) and k+ k" =0 (mod q),



we see that (9) is equal to

k=1 =1 k=1
ged(k,q)=1  ged(£,q)=1 ged(k,q)=1
k+Ek*=0 (mod ¢) ¢=k (mod q) k+k*=0 (mod q)
2~ .
2 ~ *@(q), ifq=r;
=a0(q,r =
(4:)2(a) {O, otherwise.
This completes the proof of Lemma 4. m

3 Some results

3.1 The case of Ramanujan sums

Let ¢,(n) be the Ramanujan sums. We first consider the following ¢ x ¢ matrix

G0 a) @@ o le-1)

G)  al0) ) o alg—2)
o= (com—mn))d ) = cq(2) cq(1) c(0) - cle—=3) |,

Ga—1) cla—2) cla—3) )

where ¢ is a fixed positive integer. We begin with the following lemma.

Lemma 5. Let A; = (c,(m —n))}, . For every integer j > 2, we have

Al =g A, (10)

Proof. We first prove (10) for j = 2. From Lemma 1 we see that the (m,n) entry of A2
equals

q
S cy(m = a)ey(a —n) = qe,(m — n),
a=1
which is equal to the (m,n) entry of gA,. The general case j > 2 follows by induction. [

We let tr(M) = S2F | M, denote the trace of M where M is a k x k matrix. Next we
consider the trace of A7 where j € N.

Lemma 6. Let A; = (c,(m —n))! Then we have for every j € N

m,n=1"

tr(Ag) = ¢(q). (11)



Proof. Since ¢,(0) = ¢(q), we have

q q q

tr(Ag) =D eglm—m) =Y ¢,(0) =D o(q) = qp(q).

m=1 m=1 m=1

Therefore (11) holds for j = 1. If j > 2, then we have by Lemma 5 and the above result
tr(Ag) = ¢''tr(Ag) = ¢ 'qe(q) = ¢'¢(q)-
O

Let E, denote the ¢ x ¢ identity matrix and let det(M) denote the determinant of M
where M is a square matrix. We prove the following theorem.

Theorem 1. Let A, = (¢c,(m —n))? Then the characteristic polynomial of A, is

mn=1"
det(A\E, — A,) = )\q—w(q)()\ _ q)w(q).
In particular, the matriz A, has eigenvalues 0, q with multiplicity ¢ — p(q), ¢(q), respectively.

Proof. We first suppose A > ¢. Since det(exp(M)) = exp(tr(M)) holds for every square
matrix M, we have

1 1
det(A\E, — A,) = X det(E, — XAq) = A exp(tr(log(E, — XAq))).

Since » N .
log(E, — 140 = 3 (-3 a0 = S S 1y
holds, we have by Lemma 6
tr(log(E, — %Aq)) = Z (_1}] (—=)tr( A7)
— N (=1~ Vil - _ 1
=D (el = pla) og(1 - )

Therefore we obtain

det(AE, — Ay) = Xexp <90(Q) log(1 — %))

q _
— \(1 = 1Y@ — \a=¢(@) () _ 5\ 12
(1= ) A (A—q) (12)

Since (12) holds for every A > ¢ and both sides of (12) are polynomials of A, we see that
(12) holds for every A. This completes the proof of Theorem 1. O

©



Remark 1. A g x ¢ matrix C' is called a circulant matriz if C' takes the form

c(0) clg—=1) - e2) (1)
c(1) c(0)  clg—1) c(2)
C= ; c(1) c(0) : : (13)
c(g —2) c(g —1)
clg=1) clg=2) - 1) 0
We immediately see that A, = (c,(m — n));, ,—; is a circulant matrix since c,(a) =

¢q(—a) = ¢,(g—a) holds for every a, 1 < a < ¢. It is well known that the eigenvalues of (13)

are given by
q

A=Y elg—a)ws, (14)

a=1

where w; = exp(27mij/q) and 1 < j < ¢. Substituting c¢(¢ — a) by ¢,(¢ — a) = ¢,(a), we see
that the eigenvalues of A, are equal to

! P omika omija
Aj = Zcq(a)wj = Z Z exp( . ) exp( . )
a=1 a=1 =1

k

ged(k,q)=1
q 2mia(k + j) q, if ged(j,q) = 1;
S (el fa il
k=1  a—=1 q , otherwise.
ged(k,q)=1

Thus we can easily obtain the eigenvalues of A,. However, we proved Theorem 1 without
using a property of a circulant matrix since the proof of Theorem 1 applies also to that of
Theorem 3.
As for the eigenvectors of a circulant matrix, it is also well known that the eigenvectors
of (13) are given by
v = (1,wj,wj2-,...,wq*1), (15)
where w; = exp(27ij/q) and 1 < j < gq.

From the above remark we immediately obtain the following corollary.

Corollary 1. Let A; = (cg(m —n))t .. Then the eigenvalues \; and the eigenvectors

v; (1 <j<q) of A, are given by the following.
If ged(j,q) = 1, then

)\j = q,
_ 2 q—1
vj—(l,wj,wj,...,wj ),
N ~~ s

q

10



and if ged(j,q) > 1, then

where w; = exp(2mij/q) and ¢ = q/ ged(7,q).
Next we consider the z x ¥ matrix X = (X)), 1 = (Zqul cg(m—n))s, .=y where Q is

a fixed positive integer and z is the least common multiple of 1,2,..., (). We proceed along
similar lines to the case of A,.

Lemma 7. Let X = (X;)2 o1 = (Zqul cg(m —n))y, .—y where x is the least common

m,n=1

multiple of 1,2,...,Q. For every integer j > 2, we have
XI =71 X, (16)

Proof. First, we prove (16) for j = 2. From Lemma 1, we see that the (m,n) component of
X? equals

x Q
(X?)mn = Zkaan = Z(Z Cq(m — k))(z ¢ (k —n))

k=1 k=1 g¢=1 r=1
Q Q = Q Q
:ZZ cq(m —k)e,(k —n) = 22x5(q, Yeg(m —n)
q=1 r=1 k=1 qg=1 r=1
= chq(m —n)=xX,,
q=1
Hence, (16) holds for j = 2. The general case j > 2 follows by induction. O
Next we consider the trace of X7 where j € N. We set ®(Q) = Zq Le(q).
Lemma 8. Let X = (Xun)p o1 = (Zqul cg(m —mn))s —y where x is the least common
multiple of 1,2,...,Q. Then we have for every j € N
tr(X7) = 2/ 0(Q). (17)

Proof. Since ¢,(0) = ¢(q), we have

T z  Q z Q
=D Xom=) D> c0)=) > vla)=

m=1 g=1 m=1 ¢g=1
Thus (17) holds for j = 1. If j > 2, then we have by Lemma 7 and the above result
tr(X7) = 27 1tr(X) = 27 12 ®(Q) = 27 P(Q).
Therefore (17) holds for every j € N. O

11



Let E, be the x x x identity matrix where x is a positive integer. We prove the following
theorem.

Theorem 2. Let X = (Xpn)i o1 = (Zqul cg(m —n))5 =1 where x is the least common
multiple of 1,2,...,Q. Then the characteristic polynomial of X 1is

det AE, — X) = A\ 2@ (X — 2)%@,
In particular, the matriz X has eigenvalues 0, x with multiplicity x—®(Q), ®(Q), respectively.

Proof. The proof proceeds along the same lines as the proof of Theorem 1. We first suppose
A > x. Since det(exp(M)) = exp(tr(M)) holds for every square matrix M, we have

det(AE, — X) = N det(E, — %X) = A exp(tr(log(E, — %X)))
Since . A . A
_ i\ Z _ _1 ) X7
Jj=1 j=1
holds, we have by Lemma 8
1 IR IR N

tr(log(E; — 7X)) = ; —(=puE)
= (—=1)7t T
-3 B e - e@tos - )

j=1

Therefore we have

det(AE, — X) = A" exp (<I>(Q) log(1 — §)>

= A%(1— §)¢(Q) = NTPQ () — )2, (18)

Since (18) holds for every A\ > x and both sides of (18) are polynomials of A, (18) holds
for every A. This completes the proof of Theorem 2. m

Remark 2. X as well as A, is a circulant matrix. By (14) we see that the eigenvalues
A;j (1 <j<x)of X are given by

r  Q Q = a k:
)\j—ZZcq(a)w}’—gZ Zl exp(Qma ))

et e ged(k,q)=
Q
= Z Z Z exp (2ma ))
¢=1 k=1 a=1
ged(k,q)=

12



where w; = exp(2mij/z), j' = j/gecd(j, x), and @’ = x/ged(j,x). Since it follows from
Lemma 2 that

-/

- i — ! = .
Zexp(%a(g - ‘7,)) - {x if ¢ = 2" and k +j' = 0 (mod ¢);
a=1

T

0, otherwise,
we have
Q q Q q et
x, if 2’ < Q;
A = E E x0(q, 2’ :xg 5(q, 2’ 1=<"" -7 19
’ - — (@) — (@) — {O, otherwise. (19)
q=1 k=1 q=1 k=1
ged(k,q)=1 ged(k,x’)=1
k+j'=0 (mod q) k=—j" (mod q)

Therefore Theorem 2 can be recovered from the following lemma.

Lemma 9. Let Q € N and x is the least common multiple of 1,2,...,Q. Then we have

#{1<j < mﬁ@}:q)(@-

Proof. 1t is easy to see that

T
#F1<j<w, ———<Q
{ ged(j, z) }
< x
=) #Hl<j<z ———= =4
; t sedG)
< x
=Y #{1<j < ged(jiz) ==}
g=1 g
< x
= Z#{l <j<uz j= Ek for some 1 < k < ¢ such that ged(k,q) = 1}
q=1
Q Q
=Y #H1<k<q gedlhg) =1} = 9(q) = 2(Q).
q=1 qg=1
[
Now we have the following corollary by (15) and (19).
Corollary 2. Let X = (Xonn)p o1 = (Z?Zl cg(m —mn))y . where x is the least common

multiple of 1,2,...,Q. Then the eigenvalues \; and the eigenvectors v; (1 < j < z) of X
are given by the following.

13



Ifa = 2/ ged(j,x) < Q, then

/\j:l',

2 z'—1 2 z'—1 2 z'—1

v; = (Lwj,wy,...,w; - Lwj,wi,..,wf . Lwp,wsr, ., w) ),
L, .

and if o' = x/ ged(j,z) > Q, then

Aj =0,

zfl 2 z'—1 z'—1

(1%, Ty 1%, e wi T Lwgw ,...,wj ),

Vv Vv vV -

! ! !

where w; = exp(2mij/x).
3.2 The case of Kloosterman sums

Let S(m,n;q) be the Kloosterman sums. We first consider the following ¢ x ¢ matrix

B, = (S(m,n; q))mn 1

where ¢ is a fixed positive integer. We begin with the following lemma.

Lemma 10. Let B, = (S(m,n;q))y, ,—1- Then we have
B? = qA,.

Proof. From Lemma 1 we see that the (m,n) entry of BZ equals

ZS(m,a; Q)S<a7n;Q) = ch(m - TL),

which is equal to the (m,n) entry of ¢A,. O
Next we consider the trace of Bg where j € N.
Lemma 11. Let By = (S(m,n;q))}, .-, For j € N, we have

tr(BY) = ¢” ¢(q), (20)
tr(BY 1) = 7' @(q). (21)

14



Proof. We first prove tr(B,) = q@(q). It follows that

tr(B,) = Z m,m;q) Z Z exp mk‘+mk5*))

-1
gcd(k q)

— Z Zexp k—i-k:) ). (22)
k=1
ged(k,q)=
Since it follows that

q . .
2 fk+k*=0 d q);
Z exp( UK (lf + k*)m) _ q, 1 + . (mo q)a
q 0, otherwise,

we see that (22) is equal to

q

g Y, l=q#{1<k<ged(kg =1 k+k =0 (modq)}=qa(q).

k=1
ged(k,q)=1
k+k*=0 (mod gq)

Therefore tr(B,) = q¢(q) holds.

Next we prove (20). By Lemma 6 and Lemma 10 we have
tr(By) = tr((B,)’) = tr((q4,)) = ¢'tr(4)) = ¢ ¢'p(q) = ¢ o(q)-

Therefore (20) holds.
Next we prove (21) for j > 2. We have by Lemma 5 and Lemma 10

tr(BY 1) = tr(B2U "V B,) = tr((gA,) ' By)
= tr(¢ "¢’ 2A,B,) = ¢¥ tr(A,B,). (23)
Since tr(A,B,) = ¢*®(q) holds by Lemma 4, we see that (23) is equal to
¢ 3(q) = ¥ P(q).
This completes the proof of Lemma 11. O
Now we can prove the following theorem.

Theorem 3. Let By = (S(m,n;q))y, —1- Then the characteristic polynomial of By is

pla)+$(a) e(a)—9(q)
2 ) 2 .

det(\E, — B,) = A ?@W(\ —¢q) (A +q

In particular, the matriz B, has eigenvalues 0, g, —q with multiplicity g—¢(q), ‘p(q);rﬁ(q), ‘p(q);ﬁq) ,

respectively.

15



Proof. The proof proceeds along the same lines as the proof of Theorem 1. We first suppose
A > q. Since det(exp(M)) = exp(tr(M)) holds for every square matrix M, we have

1 1
det(A\E, — B,;) = N det(E, — XBQ) = M exp(tr(log(E, — XBQ))).

Since

8

log(E. i ! Yoo 1 ]B]

j=1 Jj=1
holds, we have by Lemma 11

tr(log(Eq—%Bq)) > (_1;_ (—%)jtr(BQ

2j—1

=~ (—1)¥2 1 - 1
=5 G e+ X S )

j=1 J=1

-5 1_ : (—;)Qj‘lq%‘ls'E(Q) +> ;—;(—%)”q%@(Q)

=50 - el Y 5 (- (24)

Since it follows that

[N}
<.
[\

we see that (24) is equal to

o(g), 1—q/X  ¢(q) i
] .
1T q/A L

Therefore we obtain

det(\E, — B,) = \? exp((p(Q) log 3 -I— 5

2 A2
o7 )
N o(q) ()\ _ q) »le );rw(q) ()\ 4 q) w(q);Z(q) ' (25)
Since (25) holds for every A > ¢ and both sides of (25) are polynomials of A, (25) holds
for every A. This completes the proof of Theorem 3. O
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Although B, is not a circulant matrix, we can obtain the eigenvectors of B, by mimicking
the method which was used in the case of A,. Let

uj = (wj,wf-, . ,w?),

where w; = exp(2mij/q) and 1 < j < g. We have the following corollary concerning the
eigenvectors of B,.

Corollary 3. Let B, = (S(m,n;q))y, .—1- Then the following holds.
If ged(g,q) > 1, then

BqU,j =0.
If gcd(j,q) =1 and j + j* =0 (mod q), then
Byu; = qu;.
If ged(j,q) =1 and j + j* £ 0 (mod q), then
By(u; +u_j-) = q(u; + u_j+),
By(uj —u_j) = —q(u; — u_j+).
Proof. We have for 1 <m < ¢

(Byuj)( ZS m,n; q)u;(n)
omijn
:Z Z exp( mk—l—nk’ ))exp( >
n=1 q
gcd(k ‘1) 1
q . q .
2mimk 2min ., .
= Z exp< )Zexp( (k +])>. (26)
k=1 q n=1 q
ged(k,q)=1

Noting that

q

omin, . q, ifk*+j =0 (mod q);
exp E"+37)) = .
; ( q ( )> {0,

otherwise,
we see that (26) is equal to 0 in the case ged(j,q) > 1 since there exist no k such that
ged(k,q) = 1 and k* + j = 0 (mod ¢) in this case. If ged(j, q) = 1, then (26) is equal to
q

‘ Z exp (27”;71]1’) _ zq: exp (27rz'qu>

ged(k,q)=1 ged(k,q)=1

k*+j=0 (mod q) k=—j* (mod q)
. ( 27rimj*> qexp(2mimyj/q), if j 4 j* =0 (mod q);
= qexp\ — = . o .
q qexp(—2mimj*/q), if j+j*# 0 (mod gq).
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From this we have for j satisfying ged(j,q) = 1

qu;, if j+ 7 =0 (mod q);
(Bqu;) = ! e (27)
qu_j~, if 5+ 7 # 0 (mod q).

Thus B,u; = qu; holds if ged(j,¢) =1 and j + j* = 0 (mod ¢).

Similarly, if ged(j,q¢) = 1 and j + j* # 0 (mod ¢), then we obtain By(u; + u_j) =
q(uj +u_j-) and By(u; — u_j«) = —q(u; — u_;«) since Byu; = qu_j» and Byu_j» = qu; hold
by (27). This completes the proof of Corollary 3. m

Remark 3. We note that

#H1<j<q (J9)=1, j+75 =0 (mod q)} = &(q),
#H1<i<q (g)=1, j+j #0 (mod q)} = ¢(q) — @(q).

From this we have

. plg) + ¢lg
#{1 <j <q Byuj=qu; or By(uj+u_j)=qluj+u_j)}= %’

#{1 <J<gq Bq<uj — u_j*) = _Q(Uj — u—j*)} = M’

which coincide with the multiplicities of non-zero eigenvalues described in Theorem 3.

We give the following example.

Example 1. By = ( _1 _1 ) has eigenvalues 0, 2.
-1 2 —1
B; = 2 —1 —1 | has eigenvalues 0, 3, —3.
-1 -1 2
—2 0 2 0
0 2 0 —2
By, = 9 0 _9 0 has eigenvalues 0,4, —4 with multiplicity 2,1, 1, respec-
0 —2 0 2

tively, since ¢(4) = 2 and $(4)

(3—v5)/2 —1—-+v5 —1++5 (3++5)/2 —1
—1-v5 3+V5)/2 3-V5)/2 —1++5 —1

Bs = —1+v5 3-=5)/2 3+V5)/2 —-1-v5 -1
(3++v5)/2 —1++v56 —1-5 (3-V5)/2 —1
-1 -1 -1 -1 4

has eigenvalues 0,5, —5 with multiplicity 1, 3, 1, respectively, since p(5) = 4 and ¢(5) = 2.
We note that v/5 appears in Bj since cos7/5 = (1 + v/5)/4.

18



More generally, if p is an odd prime number satisfying p = 1 (mod 4), then B, has
eigenvalues 0, p, —p with multiplicity 1, ”Tﬂ, ’%3, respectively, since p(p) = p—1 and p(p) = 2.
If p is an odd prime number satisfying p = —1 (mod 4), then B, has eigenvalues 0, p, —p
with multiplicity 1, pTl, ’%1, respectively, since ¢(p) =p — 1 and @¢(p) = 0.
We remark that by Theorem 1, if p is any prime number, then A, has eigenvalues 0, p

with multiplicity 1, p — 1, respectively, since p(p) =p — 1.

Next we consider the x X x matrix Y = (Y,,)7, =1 = (Zq 1 S(m n:q))p = Where Q is
a fixed positive integer and z is the least common multiple of 1,2,..., Q). We proceed along
similar lines to the case of X.

Lemma 12. Let Y = (Yo )5 o1 = (Z S(m,n;q))p =1 where x is the least common
multiple of 1,2,...,Q. Then
Y? =zX.

Proof. By Lemma 1 we see that the (m,n) component of Y2 equals

:iYmaYan—Z ZSmaq ZSanr
a=1 =

a=1 ¢=1 =
Q Q = Q
:Z ZS(maq a,mn;r) ZZx(Sq, r)c,(m —n)
q=1 r=1 a=1 g=1 r=1
Q
= chq(m —n) =2 X,
q=1
which is, of course, equal to the (m,n) component of xX. O

Next we consider the trace of Y7 where j € N. We set ®(Q) = 3¢ a1 9(q)-

Lemma 13. Let Y = (Yo )p =1 = (222:1 S(m,n;q))y, =1 where x is the least common
multiple of 1,2,...,Q. For j € N, we have
r(Y) = 27 2(Q), (28)
tr(Y¥~1) = 22719(Q). (29)

Proof. We first prove tr(Y) = 2®(Q). Since

x Q x Q q
6 =SS Smma =33 S expC(mk + mhk)

Q .
3 S S enC (k4 kym), (30)
q



and

Zexp k—l—k*) - {:1:, if K+ k* =0 (mod q);

0, otherwise

hold, we see that (3()) is equal to

T Z Z 1
gcd(k Q)
k+k*=0 (rnod q)

Q
=z 1<k<gqged(k,q)=1, k+ k=0 (mod
> # g ged(k, q) = 1, (mod ¢)}

Q
=x) Pq) =

q=1

Therefore tr(Y) = 2®(Q) holds.

Next we prove (28). By Lemma 8 and Lemma 12 we have
tr(Y¥) = tr((Y?)) = tr((z X)) = 27tr(X?) = 2727 ®(Q) = 2% d(Q).

Therefore (28) holds.
Next we prove (29) for j > 2. We have by Lemma 12

tr(Y%1) = tr(Y2U DY) = tr((2X)7 1Y)
=tr(2/ '/ 2XY) = 2% 3 r(XY).

Since
T Q Q T
tr(XY) = Z Z Z Cq S(a,m;r)
m=1 g=1 r=1 a=1
Q Q =z =
= Z Z cq(m S(a,m;r)

m=1 a=1

3(q.1)2*3(q) = 2* Y 3(q) = 2°2(Q)

1 q=1

1l
I
.
i
I

Mo
M@

1r

Q
Il

holds by Lemma 4, we have
tr(Y2) = 2% 73220(Q) = 2% 19(Q).

This completes the proof of Lemma 13.
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Let E, be the x x x identity matrix where x is a positive integer. We prove the following
theorem.

Theorem 4. Let Y = (Youu )5 o1 = (Z S(m,n;q))p.n=1 where x is the least common
multiple of 1,2,...,Q. Then the chamctemstzc polynomial of Y s

2(Q)+B(Q) 2(Q)—B(Q)
2

det(NE, —Y) =X @\ —2)" = (A +2)

In particular, the matrizY has eigenvalues 0, x, —x with multiplicity t—®(Q),

respectively.

Proof. The proof proceeds along the same lines as the proof of Theorem 3. We first suppose
A > x. Since det(exp(M)) = exp(tr(M)) holds for every square matrix M, we have

1 1
det(AE, —Y) = X\ det(E, — XY) = N exp(tr(log(E, — XY)))
Since
log Z )\ Z Jyj
7=1 7j=1
holds, we have by Lemma 13
1 (=1t 1
tloB(E: = 1)) = 3= (-3 (v
e 2] 2 1 0 o 2] 1 1
— j—1 25— 1 27 27
Z o Y e + Z )Py ®)
Jj=1 7=1
_ i 23 12271 4 g(Q i -1 l)zszj
25 — 2] A
Jj=1 j=1
@), l1-z/A @Q) x’
= lo log(1 — —).
2 o Ty sl m )
Therefore we have
e (@) A Q) v’
det(AE, —Y) =\ exp( 5 log T + 5 log(1 — ﬁ))
B A“”(A_xf(z@(l B :v_2>¢<2)
B At 2
B )\z_q)(Q)()\ _ ) <I>(Q)42réf>(Q) (A— I)fb(Q)g&’(Q) (31)
Since (31) holds for every A > x and both sides of (31) are polynomials of A, (31) holds
for every A. This completes the proof of Theorem 4. O]

Remark 4. 1t is too difficult for us to obtain the eigenvectors of Y.

21



4

Acknowledgments

The author sincerely thanks the editor and the referee, whose comments and suggestions
essentially improved this paper.

References
[1] E. Cohen, Rings of arithmetic functions, Duke Math. J., 19 (1952), 115-129.
[2] A. C. Cojocaru and M. Ram Murty, An Introduction to Sieve Methods and Their Ap-
plications, Cambridge Univ. Press, 2005.
[3] G. H. Hardy, Note on Ramanujan’s trigonometrical function ¢,(n), and certain series of
arithmetical functions, Proc. Cambridge Phil. Soc., 20 (1921), 263-271.
[4] H. Iwaniec and E. Kowalski, Analytic Number Theory, AMS Colloquium Publications,
Vol. 53, Providence, 2004.
[5] H. D. Kloosterman, On the representation of numbers in the form ax? + by* + cz? + dt?,
Acta Mathematica 49 (1926), 407-464.
[6] N. V. Kuznetsov, Petersson’s conjecture for cusp forms of weight zero and Linnik’s
conjecture. Sums of Kloosterman sums, Math Sbornik 111 (1980), 334-383.
[7] P. J. McCarthy, Introduction to Arithmetical Functions, Springer-Verlag, 1986.
[8] M. Ram Murty, Ramanujan series for arithmetical functions, Hardy-Ramanujan Jour-
nal, 36 (2013), 21-33.
[9] S. Ramanujan, On certain trigonometrical sums and their applications in the theory of
numbers, Transactions of the Cambridge Phil. Society, 22 (1918), 179-199.
. ochwarz and J. Spilker, Arithmetical Functions, Cambridge Univ. Press, .
10] W. Sch d J. Spilker, Arithmetical Fi ' Cambridge Univ. P 1994
. M. Vinogradov, Elements of Number eory, lrans. from the 5th rev. ed. by 5.
11] I. M. Vi dov, El Number Th T f he 5th d. by S
Kravetz. New York, Dover, 1954.
[12] A. Weil, On some exponential sums, Proc. Natl. Acad. Sci. USA, 34 (1948), 204-207.

2010 Mathematics Subject Classification: Primary 11L03; Secondary 11L05, 15A18.
Keywords: Ramanujan sum, Kloosterman sum, eigenvalue.

(Concerned with sequences A054532, A054533, A054534, and A054535.)

22


http://oeis.org/A054532
http://oeis.org/A054533
http://oeis.org/A054534
http://oeis.org/A054535

Received August 23 2017; revised versions received November 28 2017; February 14 2018.
Published in Journal of Integer Sequences, March 6 2018.

Return to Journal of Integer Sequences home page.

23


http://www.cs.uwaterloo.ca/journals/JIS/

	Introduction
	Properties of Ramanujan sums and Kloosterman sums
	Some results
	The case of Ramanujan sums
	The case of Kloosterman sums

	Acknowledgments

