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Abstract

When the Hankel matriz formed from the sequence 1, a1, as, ... has an LDLT
decomposition, we provide a constructive proof that the Stieltjes matriz Sy,
associated with L is tridiagonal. In the important case when L is a Riordan
matrix using ordinary or exponential generating functions, we determine the
specific form that S, must have, and we demonstrate, constructively, a one-
to-one correspondence between the generating function for the sequence and
Sp. If L is Riordan when using ordinary generating functions, we show how
to derive a recurrence relation for the sequence.
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1. Introduction

For each sequence in a large class of important combinatorial sequences, we
can derive a closed form expression for an ordinary or exponential generating
function starting with the associated Hankel matrix or Stieltjes matrix. In
this paper we give explicit relationships between the generating function, the
Hankel matrix and the Stieltjes matrix. We also provide several illustrative
examples. In [3], some work was done using the Hankel matrix approach, but
the conditions under which the method would work were not determined, or
were only implicitly conjectured. In the present paper we use the Stieltjes
matrix to obtain significant improvements in the analysis and application of
the method.

Our basic assumption is that the Hankel matrix generated by the sequence
has an LDU factorization, where L is a lower triangular matrix with all
diagonal elements equal to one, U = LT, and D is a diagonal matrix with all
diagonal elements nonzero. The Hankel matrix generated by the sequence
ag, 1, s, ..., is given by the infinite matrix

ap aip a2 a3z a4
a; az ag a4 das
Gz az aq4 as Gae
a3 a4 as G ay
a4 Qs ag Gy das

Without loss of generality we take agp = 1. A necessary and sufficient
condition for H to have an LDU factorization is that H be positive definite.
When L is a Riordan matrix (see Section 2) using ordinary or exponential
generating functions, our method will find a closed form expression for the
generating function of the sequence 1, ay, as, as, ... In the the ordinary gener-
ating function case we can then use [4] to find a recurrence relation for the
sequence.

Example 1. Delannoy numbers: 1,3,13,63, 321, 1683, ...
This is sequence in [5]. See also [1, p. 81]. We apply Gaussian elimi-
nation to the Hankel matrix to obtain
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1 3 13 63 321
3 13 63 321 1683
13 63 321 1683 8989

H= 63 321 1683 8989 48639 N
321 1683 8989 48639 265729
[ 1 T 11 3 13 63 321
3 1 . 4 . 1 6 33 180
13 6 1 . 8 . 1 9 62
63 33 9 1 . 16 . 1 12
321 180 62 12 1 . 32 . 1

The Stieltjes matrix Sy, associated with L is the matrix S;, = L™'L, where
L is obtained from L by deleting the first row. (See Section 2 for more details
about the Stieltjes matrix.) In Example 1,
(3 1
4 3 1

2 31
2 31
2 3

From its definition S, gives the rule of formation of L. Specifically, it gives
a rule for obtaining the n* row of L from the previous row. In the example,
we have for n > 1
an = 3ln_170 -+ 4ln_171
bk = lp—1 o1 + 31k + 201641, kK>1.

It is convenient to define the leftmost column of L to be the zeroth column,
and the first row to be the zeroth row. We say that the zeroth column of L
has a {3,4} rule of formation and that the k*" column, k > 1, has a {1, 3,2}
rule of formation. Notice that the zeroth column of L contains the Delannoy
numbers and that Sy is tridiagonal. In Section 2 we prove that whenever
H = LDU, then Sy, is tridiagonal. From Theorem 2 in Section 2 we see that

the Delannoy numbers have a closed-form ordinary generating function given

by
1 1

9(z) = 1—3x—4xf: V1—6z+22’
3




where
1 -3z —+1—6z+ 22
4z '
Since Sy, is tridiagonal and L is a Riordan matrix, we can use [4] to obtain
for the Delannoy numbers the recurrence

flz)=z(1+3f+2f%) =

na, = 3(4n —3)a,—1 —19(2n — 3)an—2 + 3(4n — 9)an—3 — (0 — 3)an_4;
forn > 4, withag=1,a1 =3,a, =13,a3 = 63.

Example 2. Bell numbers: 1,1,2,5,15,52,203,877,4140, 21147, ...
This sequence illustrates the exponential generating function case. It is se-

quence AT1( in [5]. Here
[ 1

(1 1

11 121
2 3 1 . 2 3 1
L=15 10 6 1 | and S= 3 4 1
15 37 31 10 1 45

From Theorem 3 in Section 2, the form of Sy, indicates that the exponential
generating function g(x) of the Bell numbers is given by

In(g) = / 1+ fde, g(0)=1,

where
f'(x) =1+ f(x), f(0)=0.

So we obtain
f(z)=e*—1 and g(z)=e""".

We have found that the method works for many other important combi-
natorial sequences. These include

e the Catalan numbers: 1,1,2,5,14, 42,132,429, ... (sequence [A103)
e the shortened Catalan sequence: 1, 2, 5, 14, 42, 132, 429, ...
e the Catalan numbers interspersed with zeros: 1,0,1,0,2,0,5,0,14,0,42,...

e central binomial coefficients: 1,2, 6,20, 70,252,,924, 3432, ... (R9&7)
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e central trinomial coefficients: 1,1,3,7,19,51, 141, ... (AR24127),

e Schroder’s numbers: 1,2,6,22,90, 394, 1806, . .. (AG31Y)

e Schroder’s second problem: 1,1,3,11,45,197,903, 4279, ... (A1003)

e gamma numbers or Motzkin sums: 1,0,1,1, 3,6, 15, 36,91, 232, ... (A5043)
e Fine numbers: 1,0,1,2,6,18,57,186,622, ... (AJ57)

e directed animals: 1,2,5,13,35,96,267,750,2123, ... (E577])

e telephone numbers, or self-inverse permutations: 1,1, 2,4, 10, 26, 76, 232, 764, . . .

(E=7)
e derangement numbers: 1,0,1,2,9,44, 265, 1854, 14833, ... (A164).

In Section 2 we show that whenever H = LDU then Sy is always tridiag-
onal, and we give the specific form of S;. Theorem 2 in that section indicates
the specific form that S; must have for L to be a Riordan matrix with or-
dinary generating functions. Theorem 3 indicates the specific form that S
must have for L to be Riordan with exponential generating functions. In
Section 3 we give some further examples.

2. Definitions and Theorems

Definition. The Hankel matrix H = (hn;)n k>0 generated by the se-
quence 1, aq, as, as, ... is given by

hoo=1, hp=anx for n>0 k>0

Definition. Let L = (l,x)n k>0 be a lower triangular matrix with [;; = 1
for all # > 0 . The Stieltjes matrix S; associated with L is given by
S;, = L7'L, where L is obtained from L by deleting the first row of L. That
is, the element in the n'* row and k™ column of L is given by

lnk - ln—l—l,k .

Remark. We note that Sy, is unique, and so

S,=8; e L=L.
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Remark. If S, = (sit)ik>0 then
I = Z Siklp—1; for n>1.

>0

That is, from S}, , we obtain a rule for computing the n* row of L from the
(n — 1)™ row.

Remark. Sy is tridiagonal if and only if there exist sequences {\x}r>0 ,
and {p }r>o0 such that

lno = Molp—1,0 + poln—1 for n>1,

lnk = ln—1 =1 + Mln—1p + pelp—1 441 for k>1 and n>1,

and

So0 = /\0, S10 = Mo , and for & Z 1 , Skk = )\k y Sk+1,k — Mk -

Definition. A Riordan matrix with ordinary generating functions
is a lower triangular matrix for which the generating function for the k™
column, k > 0, is given by g(z)[f(z)]* , where

g(@) =1+ gz +ga®+--- and f(z)=x+ for? + faz® +---

Definition. A Riordan matrix with exponential generating func-
tions is a lower triangular matrix for which the generating function for the
k™ column, k > 0, is given by ~g(z)[f(x)]* , where

2 3 2 3

T T T T
9(55):1+91$+92§+93§+"' and f(x):$+f2§+f3§+'“

See [2] for a detailed description of Riordan matrices. In [6] Woodson explores
other kinds of Riordan matrices.



Theorem 1. Let H = (huk)ni>o0 be the Hankel matriz generated by the se-
quence 1, a1, as, as, ... Assume that H = LDU where

1
llO 1
lyg 1 1
L= (lnk)n,kzo = 20 2 )

lso l31 Iz 1
lap lyn lag ULz 1

do
dy
d> J d; #0 forall i, U=1L".
3

dy

That 1is,

k
hok = dilgiln -
=0

Then the Stieltjes matriz Sy, is tridiagonal with the form

[N 1
po A1 1
p1 g 1
S - )
L e Az 1
M3 A4

where

dy,
Ao =ap , M0:d1, /\k:lk—',-l,k_lk,k—la Mk:d—+1; E>1.
k

Proof. We will prove that
lno = arlp—10 + dilp—1,

and
lnk = lp—1o—1 + MNeln—1k + peln—1k41  forall k> 1.

7



We use induction on k. From the definition of the Hankel matrix,
hpg = hp—1p+1 forall >0 and n>1
hino = hn—11 < dolno = doln—1,0l10 + dilpn—11l11 & o = a1ln—10 + dily—11 -

hni = hn—12 < doliolno + dilinlny = dolaoln—1,0 + diloil—11 + dalaaly—12

& dilp = laoln—1,0 — liolno + dilorln—1,1 + daly—12
& dily = dilp—10+ di(lor — lio)ln—11 + dalp—12
& =10+ Ml + paln—12

Now assume that

lni = ln—1im1 + Ailp—1i + pilp—1i41 for 1<i<k—1.

Then
k k+1
ok = hp_1p41 & Z dilkiln; = Z dilkt1,iln—1
i=0 i=0
k—1 k—1
& Z dilgilni — Z Ailjt1,iln—1 + dilnr = dilipr1 pln—1k + diprln—1641
i=0 i=0
k-1 k—1
& dolgolno + Z Ailkilni — [dolk+1,oln—1,o + Z Ailk1,iln—14| + dilnk
i=1 i=1
= diplks1kln—1k + der1ln—1 k41
k—1
& dolyo [arln—10 + dilp—11] + Z dilkilni
i=1
k—1
- [do(allko + dilg1)ln—10 + Z Ailjr1,iln—1 | + dilnk
i=1
= dilpripln—1k + dis1ln—1 k11
k—1 k—1
& dilgoln—11 + Z Ailkilni — [d1lk1ln—1,o + Z dilk1,iln—1| + dilnk
i=1 i=1

= dilis1kln—1k + degp1ln—1k41

k-1
d;
& dilgoly—11 + Z dilk; |:ln—1,i—1 + Nilp—1,i + d—+lln—1,i+1:|

i=1 g



k—1
— [dllklln—l,o + Z diln—l,i

i=1

k—1

= diplpsikln—1k + dep1ln—1k4+1

|:lk,i—1 + Nilwi +

k—1

dit

d;

& dilgoln—11 + Z dilkilp—1,i-1+ Z div1lkiln—1i+1

i=1

k—1
- [dllklln—l,o + Z dilgi—1ln—1,; + Z ip1liiviln—1,

=1

= diplpikln—1k + deg1ln—1k4+1

=1

k-1

i=1

Aad di [lkoln—1,1 + leiln—1,0 — lealn—1,0 — lkoln—1,1]

+da [lealn—11 + laln—12 — lkiln—12 — le2ln—11]
+ds3 [lksln—12 + lkaln—13 — lkaln—1,3 — lk3ln—_1,2]

Fdi—1 [l p—1ln—1k—2 + lkk—2ln-1k-1 — lek—2ln-1k-1 — le—1ln—1x—2]

+di Ik k—1ln—16 — lekln—15-1] + dilnk

= diplpsikln—16 + digt1ln—1k4+1

lk,i+1:|

+ dilng

+ dilpk

& dilok = dilp—1 p—1 + di [l — e p—1) etk + dir1ln—1 k41

S ok = b1 k-1 + Meln—1 .k + kln—1k+1

When Sy has A; = A and p; = p for all © > 1 we can obtain an ordinary
generating function for the sequence 1, ay, as, ...

Theorem 2. Let H be the Hankel matrixz generated by the sequence 1, a1, as, ..

and let H = LDL™. Then S; has the form

Sy =

a1

dy

1
A

L

1
A
L

1
A
I

1
A

*)



if and only if the ordinary generating function g(x) of the sequence 1,ay, as, ...

s given by
1

:1—a1x—d1xf’

g(z)

where

f=a(l+Xf+uf?), f0)=0.

Proof. We note that u # 0 and
1— Az —+/(1— z)? — 4ux
2ux ‘

f =
Consider the lower triangular matrix L such that the generating function for
the k% column is g(z)[f(z)]F, k> 0.
o0) = g ale) = 1+ aag(o) + diagf
& lo=1 and [2")g=ay|z"]zg+di[z"] xgf
& lpp=1 and I = alZw—l,O + dlZz—l,l for n>1.
Also, for k> 1,
fo= 2+ XM +pf?) & gff =xgf " + Awgf* + prg
& [2"gff = 2" agf* 7+ Mo agft + pl2" zg
& Dy = Tn-1,k-1 + Xan-1,k + MZL—1,k+1 :

Therefore Sy, has the given form if and only if S;, = 57 & L = L.

We now turn to the exponential generating function case. We get an ex-
ponential generating function for the sequence 1, aq, as, ... when the sequences
{Ai}izo and {5 }i>0 are arithmetic sequences.

Theorem 3. Let H be the Hankel matrixz generated by the sequence 1, ay, as, ...,
and let H = LDL™. Then Sr, has the form given in Theorem 1. If {\;}i0, 18
an arithmetic sequence with common difference A and {5 }i>o0 an arithmetic
sequence with common difference u , then the exponential generating function
g(x) for the sequence 1,ay,as, ... is given by

In(g) = /(a1 +dif)dz,  g(0) =1,
where f is given by
ff=1+Xf+pnf*,  f0O)=0.

10



Proof. Consider the lower triangular matrix L with Lg(x)[f(z)]* for the

exponential generating function of the k* column, k& > 0. We note that L is
a Riordan matrix with exponential generating functions.

In(g) = /(al +dif)de = g =ag+difg= {z_ﬂ g = [In} g+ {%ﬂ 19

n!

= lpt10 = a1lno + dilns = lo = Moln—10 + toln-11

Fork>1,
g_fk / _ g rr n gf* 'y _ argf* n digf**! n gf* = Agf* 4+ pg fE!
k! koo (k=11 K k! (k— 1)
B gf* g fr+l g1
gf*! gf* | m gftt!
S I I S e T
Therefore
" gfk; ! " gfk—l gfk,- gfk+1
S Gr) - ) @i o)
That is,

lns1k = boj—1 + Melng + il g1

l’nk = ln—l,k—l —|— )\kln_l’k _'_ ,U/k:ln—l,k+1 .

Therefore S;, has the given form if and only if L = L.

3. Further Examples

Example 3. Derangements: 1,0,1,2,9,44, 265, 1854, 14833, ...

This is sequence [X16] in [5]. H = LDL* and

[0 1
1 21

4 4 1

9 6 1

16 8

11


http://www.research.att.com/cgi-bin/access.cgi/as/njas/sequences/eisA.cgi?Anum=000166

This is the exponential case with Ay = 2k and u; = (k+1). Therefore A = 2
and p = 1. So f' = 1+ 2f + f* with f(0) = 0. That gives f = £ and
In(g) = J fdz , g(0) = 1. So

Example 4. Here we start with a Stieltjes matrix having the form in The-
orem 3. The associated sequence is 1,3,10,39,187,1128,8455, ... (sequence
A5191] in [5]).

[3 1
16 1
6 9 1
S1= 15 12 1
28 15

Here Sp has the form in Theorem 3 with A = 3 and g = 2. Therefore the
exponential generating function for the sequence in the leftmost column of L
is given by In(g) = [(3+f)dz, ¢(0) =1 where f' =1+3f+2f%  f(0) =0.

We get f = ;:i and

edT 2 3 4 5 6

_ _ T 1392 r r r 7
9(x) = ) 5 = 1430+ 105; 4395 + 18777 + 11285 4+ 8455 + O(a”)

We can also use Theorem 1 to construct L and D. Recall that d;.1 = p;d;,
and that dy = 1.
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