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On linear normal lattices configurations

par MORDECHAY B. LEVIN et MEIR SMORODINSKY

RESUME. Dans cet article nous prolongeons la construction de
Champernowne de nombres normaux dans la base b pour le cas
74, et obtenons une construction explicite du point générique de la
transformation de 'ensemble {0, 1, ..., b— 1}Zd par Z¢ déplacement.
Nous prouvons que l'intersection de la configuration de réseau
considérée avec une droite arbitraire est une suite normale dans
la base b .

ABSTRACT. In this paper we extend Champernowne’s construc-
tion of normal numbers in base b to the Z¢ case and obtain an
explicit construction of the generic point of the Z? shift transfor-
mation of the set {0,1,...,b— 1}Zd. We prove that the intersection
of the considered lattice configuration with an arbitrary line is a
normal sequence in base b .

1. Introduction

A number a € (0,1) is said to be normal to base b, if in the b-ary
expansion of a, « = .dydy--- (d; € {0,1,--- ,b—1},i =1,2,---), each
fixed finite block of digits of length k appears with an asymptotic frequency
of b=% along the sequence (d;);>1. Normal numbers were introduced by
Borel (1909). Champernowne [2] gave an explicit construction of such a
number, namely,

0=.123456789101112 ...,

obtained by successively concatenating the digital expansions all the natural
numbers.

We shall call the sequence of digits obtained from a normal number a
“normal sequence”.

Champernowne’s construction is associated with the independent identi-
cal distributed process of variables having uniform distribution over b states.
In [1], [14], and [15], constructions of normal sequences for various station-
ary stochastic processes, similar to Champernowne’s were introduced.
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Our goal is to extend such constructions to Z%-arrays (d > 1) of random
variables, which we shall call Z%processes. We shall deal with stationary
Z%-processes, that is, processes with distribution, invariant under the Z¢
action. We shall call a specific realization of a Z?-process a “configuration”
(“lattice configuration”). To begin with, the very definition of a “normal
configuration” is subject to various generalizations from the 1-dimensional
case. In this paper we continue investigations beginning in [11] and [12]
(see also [3] and [8]).

Rectangular normality. We denote by N the set of non-negative integers.
Let d,b > 2 be two integers, N = {(ny,...,nqg) | n; € N, i = 1,...,d},
Ay ={0,1,...,b—1}, @ = AN

We shall call w € Q a configuration (lattice configuration). A configura-
tion is a function w : N% — Ay.

Given a subset F of N4, wp will be the restriction of the function w to
F. Let Ne N¢ N = (Ny,...,Ng). We denote a rectangular block by

FN = {(flv"'vfd) € Nd | O S fz < Ni, Z: 1,...,d},

h =10,h1) X ...x[0,hg), h; > 1, i=1,....,d; G = Gy, is a fixed block of
digits G = (gi)ier,, 9i € Ap; Xw,c(f) is a characteristic function of the
block of digits G shifted by vector f in the configuration w

1 if w(f+i)=g¢;, VieF
1) Yoalf) = £+1) h
0 otherwise .

Definition 1. w € Q is said to be rectangular normal if for any h C N?
and block Gy,

(2) H#{f € N | xw.gy (F) = 1} — b MR Ny Ny = o(Ny...Ny),

when max(Ny, ..., Ng) — oc.

We shall say that w is square normal in case we consider only square
blocks i.e., N1 = Ny = ... = Ny. For the sake of clarity, we shall carry the
proof only for the case d = 2.

Linear normality. Let
w= {fl] ‘ fij €Ny, 1,7=0, 1,2,...}
be a 2-dimensional configuration; o > 0,3 be real. Let the tiling of the
plane by unit squares be given. We label the squares of the tiles of the
positive quadrant of the plane by w;; where (7,j) are the coordinates of
the left, lower vertex of the tile. Consider the line y = ax + [ (or the
vertical line x = (). The line is partitioned into successive intervals of the
intersections with tiles. Therefore, to each line corresponds a sequence of
digits
(ta,8(1))nz0-
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Let

(3)
Ry(w, o, B,m) =#{0<n <N |uqg(n+i)=g;, i=1,...,m}—b""N.

Definition 2. w is said to be linear normal if for all reals a > 0, [ the
sequence (Uq,3(n))n>0 s normal in base b, i.e.,

Ry(w, @, 3,m) = o(N)

for all integer s > 1 and all blocks of digits (g1,...,9m) (gi € Ap, @ =
1,...,m).

Construction. Let

2 i
n L(fbh):{fﬁfa, [ f2<fi

f2+2fa—fi if f2> fi.

This map is clearly a bijection between N and N?, inducing a total or-
der on N? from the usual one on N. We define the configuration w, on

F (2nb2n2 gpp2n?) AS the concatenation of b4"” blocks of digits of size 2n x 2n

with the left lower corner (2nz,2ny), 0 < x,y < b2"*. To each of
these blocks we set in correspondence the number L(z,y). Next we use
b-expansion of the number L(z,y) according to the order L to obtain digits
of the considered 2n x 2n block. It is easy to obtain the analytic expression
for digits of the configuration wy,:

if ¢
(5) wn(2nz +s,2ny +t) = g2y (w), 1 <s
apio g(u) if t >,
where
2 i
(6) w=u(z,y) =4 ¥ if y <o
Y+ 2y — X if Y >,

s,t,x,y are integers, 0 < x,y < b2”2, 0<s,t<2n, and

(7) n:Zai(n)bi, (ai(n) € {0,1,...,b—1})
i>0

is the b-expansion of integer n.

Next we define inductively a sequence of increasing configurations w, on

F(an2n2,2nb2”2)' Put wp = Wi, wn+1(f) = wn(f) for f € F(an2n2,2nb2”2) and

w;lﬂ(f) = wp1(f) otherwise. Put
(8) Weo = lim w;l,

(Woo) =w,, n=12 ...

F =
(2nb2"2 ,2nb2"2) n’
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Theorem 1. wy, is a rectangular and linear normal configuration with
R (weo, @, B,m) = O(N/(log N)'/*)

with O-constant depending on o, 3, and m.
The rectangular normality of ws, follows from [11] or [12]. Proof of the
linear normality property is given in Section 3.

Theorem 2 Let p be a Bernoulli measure on €2, then p-almost all w are
linear normal.

Proof. We consider first the lines with 0 < 8 < 1 and the finite sequences
that are determined by these lines confined to the square {(z,y) : 0 <
z,y < N}. There are at most 3N? different finite sequences (uq,g(n))n>0
whose length can vary between N — 1 and 2N. Given € > 0, (using the
Chebishev inequality or the central limit theorem) the p measure of the
average along any of these sequences to exceed the expected value by more
than ¢ is less than C/N* . Using Borel-Cantelli will prove the claim for
these lines. To conclude the claim for lines of all values of 3, observe that
1 is invariant under translations.

Generalizations, examples, and problems.

1.1. Polynomial normality.
Let
w = {gij | Gij S Ab = {0, 1, ...,b — 1},i,j = 0, 1,2, }

be a 2-dimensional configuration; ; (i = 0, 1, ..., d) be reals, ¢(z) = agz? +
.+ arx+ag, ag > 0. Let the tiling of the plane by unit squares be given.
We label the squares of the tiles of the positive quadrant of the plane by w;;
where (7, j) are the coordinates of the left, lower vertex of the tile. Consider
the curve y = ¢(z) (or the curve z = ¢(y) ). The curve is partitioned into
successive intervals of the intersections with tiles. Therefore, to each curve
corresponds a sequence of digits

(ug(n))n>0-

Definition 3. The configuration w is said to be polynomial normal if for
all real polynomial ¢ the sequence (ug(n))n>o0 is normal in base b.

In [13] we proved that the configuration we, is polynomial normal.

Now we note that notions of linear, polynomial, square, and rectangular
normal configurations define different sets in 2. These differences have null
measure subsets, but are not empty:

Example 1. A configuration which is linear normal, but not square nor-
mal: Let xz(n) be an arbitrary normal sequence in base b, put w(i,j) =
xz(i+7), 1,5 = 1,2,.... This is not a square normal configuration since the

2 x 2 block of digits < ) in w does not appear in this configuration.

1
00
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Bearing in mind that w(i, j) = w(j,%), we obtain it is sufficient to consider
only the case 0 < a < 1. It is easy to see that uyg(n) = x(f(n)) with
f(n) € [n+[an+ B],n+ [a(n+ 1) + 5]]. Observe that (f(n))n<o is & com-
pletely deterministic sequence in the sense of B. Weiss [16] (see also [5, p.
147-148]) and thus (uq g(n))n>0 is a normal sequence.

Example 2. A configuration which is rectangle normal, but not linear nor-
mal: Given w is a rectangle normal configuration, change the configuration
so that w'(i,i) =0, i,= 1,2, ...

Example 3. A configuration which is rectangle and linear normal, but not
polynomial normal: Similar to Example 2. Change the configuration along
non-linear polynomial line.

Example 4. A configuration which is square and linear normal, but not
rectangular normal:

Construction: Again we begin by constructing for each natural n, a block

configuration wp(u,v)), -, v<omp2n?- We put

a2nt+s(x)7 if t<mn
9 2nz +s,2ny +1)) = i
9) wn(2nz + 5,20y + 1)) { nspt—n(y) if t >n,

where s,t,x,y are integers, 0 < z,y < 62”2, 0<s,t<2n.

Let us describe the structure of the configuration w, in words. w, is
composed of configurations of 2n x 2n blocks. Each such block is composed
of two 2n x n lower and upper rectangles. Each rectangle can store the
expansion of an integer m, 0 < m < b27”. Given a number m, we store
the digits in lower rectangles by first using the bottom row (left to right)
then going to the next upper row etc.

For each row of bottom rectangles we store all the different numbers
in their natural order. So all the rows of bottom rectangles look the same.
For the upper rectangles we use a different rule to store a number m. We
first use the first column (from top to bottom) then the second row etc.
We proceed by storing for each column of top rectangles all the different
numbers. Notice that at the end if we observe the 2n x 2n configurations
of wy, all the possible configurations appear.

This choice of w, will lead to a configuration that will guarantee the
normality of all lines y = ax + 3. To guarantee the normality of all verti-
cal lines too, we shall have to introduce a variant of the definition of w,,.
Namely: apply (9) forallz > 0orx =0and s > n; forx =0 and s € [0,n)
use

b2n2

wn(s,2ny +1)) = azns+t(y)
instead of (2), where 0 < y < b2”2, 0 <t < 2n. We now proceed with
the construction of the desired configuration. We construct the sequence of
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block configurations (in a similar way as in the first construction see (8))
inductively.
These considerations lead to the following problems:

Problem 1. Is the intersection of w,, with all monotone, increasing convex
curves also normal?

Problem 2. Is the Davenport-Erdos like rectangular normal configuration
from [11] also linear (polynomial) normal?

1.2. s-dimensional surfaces in R,
Consider a function ¢ : R® — R% Let Gy = {¢(x) € R? | x € R},
s <d,

Gy={nez | n+[0,1)'NGy#0}, Hy: G,—Z°,

and ¥ = {9} is a set of function v (a set of s-dimensional surfaces), such
that Hy, is a bijection with Hw(%) =7Z°.

Definition 4. The configuration w € {0,1,...,b — 1}Zd is said to be W-
normal if w(G;b(qul)) is rectangular normal in Z° for all ¢ € W.

Problem 3. Let w be a d-dimensional configuration, constructed similarly
to (3) - (7); ¥, be a set of all s-dimensional polynomial surfaces in R%. Is
w a W,-normal configuration ?

1.3. Connection with uniform distribution.

Let (xn)n>1 be an infinite sequence of points in an s-dimensional unit
cube [0,1)%; let v = [0,71) X ... X [0,75) be a box in [0,1)%; and A,(N) be
the number of indexes n € [1, N] such that x,, lies in v. The quantity

1
(10) Dy = D((%n)p21) = sup | Au(N) = 717
v€(0,1]8 N

is called the discrepancy of (Xn)Ezl. The sequence (Xp)n>1 is said to be
uniformly distributed in [0,1)* if Dy — 0.

It is known (Wall, 1949, see [7, p. 70]), that a number « is normal to base
b if and only if the sequence {ab™ },>1 is uniformly distributed (abbreviated
u.d.) in [0,1).

Let w = (a;;)ij>1 (ai; € {0,1,...,b—1}) be a configuration

(o]
i
ozm:E amqi/b', m=1,2,..,
=1

s > 1 be an integer. The following statement is proved in [9]:
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The lattice configuration w is normal to base b if and only if for all s > 1
the double sequence

(11) ({amb™}, - {Gmes1b™}),, o

is uniformly distributed in [0,1)%, i.e.,

(12) D(({ambn}, e f G 1™, SnSN,OSMM) = o(1),

when max(M, N) — oo. Hence we have another definition of normal con-
figuration (of normal sequence o = (a1, aa,...) € [0,1)*° to the base b). It
is evident that a.e. sequences « are normal for all bases b > 2 (absolutely
normal). It is easy to see that the u.d. definition of normality permits to
transport a large set of problems on normal numbers to the Z¢ case, for
example, normality in different bases. Another example: in [9] we prove
that the lower bound of the discrepancy of the double sequence (11)-(12)
coincides (with the exactitude of the logarithmic multiplier) with the lower
bound of the discrepancy of ordinary sequences (z,,)% in an s-dimensional
unit cube (s,M,N =1,2,...) .

1.4. Connection with completely uniform distribution.

Now let (vy,)n>1 be an arbitrary sequence of real numbers. Starting with
the sequence (v, )n>1, we construct for every integer s > 1 the s-dimensional
sequence ($£LS)) = ({vn+t1}s -y {Unts}), where {z} is the fractional part of x.
The sequence (vp,)n>1 is said to be completely uniformly distributed (abbre-

viated c.u.d.) if for any integer s > 1 the sequence (a:,(f)) is u.d. in [0,1)°
(Korobov, 1949, see [6]). The c.u.d. sequence is the universal sequence for
computing multidimensional integrals, modeling Markov chains, random
numbers, and for other problems [4, 6, 7]. Let b > 2 be an integer, (v,) be
a c.u.d. sequence, a, = [b{v,}], n =1,2,... . Then a = .a1as... is normal
to base b (Korobov, [6]). In [10] we constructed a c.u.d. double sequence
(Un,m)n,m>1, such that for all integers s,¢ > 1
MND(((vntign+5)it1 jot)nctmet) = O((log(MN +1))*+*)

for all M, N > 1. Similarly to [6], we get from here the estimate of error
term in (2) as O((log(N1 N2 + 1))*F4) for the configuration (anm)n.m>1,
where ap pm = [b{vpm}], n,m > 1.

Let ¢ = {x,y | x,y € R, y = ¢(x)} be a curve in the plane. Define a
sequence of reals by (v4(n))n>1 = {vij | (4,7) € N4, (i,5) +[0,1)2N ¢ # 0}.

Problem 4. Find explicitly the c.u.d. double sequence (vy, m)n,m>1, such
that the sequence (vg(n))n>1 is c.u.d. for all linear (polynomial) curves ¢.
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2. Auxiliary notations and results.

To estimate the discrepancy we use the Erdos-Turan-Koksma inequality
(see, for example, [4] p.18)
(13)
3 2N | SN e(myung 4 . + mptgs))|
NDvyv < (2 k =0 T
N_(Q) (M—l-l Z mi...my )

0< max, (Ims]) <M
where e(y) = e*™, m = max(1,|m|), M > 1 - arbitrary.
We shall use the following estimates (see, for example, [6] p.1)

A+q—1

(14) ‘ Z 6(9:1))‘ < min (P, 2H10H>,

xr=

where ||0|| = min({0},1 — {6}).

3. Proof of Theorem 1.

We consider separately the following cases: when the line is horizontal,
vertical, rational (« € Q), and irrational (o« € R\ Q). We start with the
difficult case:

3.1. The case of irrational « .

We shall find the number of occurences of a fixed block of digits in the
considered configuration in term of Diophantine inequalities.

Since « is irrational, {ai} # {aj} (i # j) . Let (&), be the set
{1—{wi} | i =1,...,m} arranged in increasing order. Put {o =0, &,4+1 = 1.
Let f be the map of the set {1,...,m} so that

(15) gf(z) =1- {Oéi}, 1= 1, ceey TN

For a fixed integer v € [0, m| consider the sequence (I;(v))i";:

(16) L(v) = { [, if v < f(2)

[ai] + 1 otherwise.

Lemma 1. Let

(17) {a(2n3:—|—s)+ﬁ

2n
Then

(18)  {

t+& t+&11
on ' 2n

pel

), with v € [0,m].

anr+s+1i)+
2n

[t—Fli(l/) t+1Li(v)+1
2n 2n

e

), i=1,..,m.
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Proof. Using (17), we have

alnz+s+1i)+ 0 a(2nx+s)+ﬂ+a7i

Zi:{ m }:{ 2n 2n}
:{t+§y+642rn[az]+{az}}7 with 0 < e < &p1 — &,

From (15), it follows that

t+[0£i]+fy+1—£f(i)+€
{ o }-

zi =
It is evident that if f(i) > v, then
v te—&riy <81 —&pu) < 0.
Applying (16), we get (18) with [;(v) = [«i]. Now let f(i) < v; then
0<& +e—Ep) < &1
By (16), we obtain (18) with [;(v) = [ai] + 1 . O

Let us examine the conditions for the line (2, az + [3).>0 to intersect the
square (2nz +s,2ny +1t)+[0,1)% where s,¢ ,z,y are integers, 0 < z,y <
b2"* 0 <s<2n, 0<t <2n—n:

(19) [a(2nz +s)+ 0] < 2ny +t <a@nz+s+1)+ 0.
Consider the pair (y,t) such that
(20) l[a(2nx + ) + B] = 2ny + t,
2ny+t<al2nx+s)+ 0 <2ny+t+1.
Hence
y—i—% < a(2n:1;2—|7—18)+ﬂ <y+t;;1-

We get that (20) is valid for some integer y if and only if

(21) {a(an—l—s)—i-ﬁ t t+1

on e )

’

Let U,(N) (U*(N)) be the subset of all lattice points (2nz+s, 2ny +t ) such
that the line (2, az+ 3).>0 intersects the square (2nz +s, ony +t)+ [0,1)2
where 0 < z,y < N, 0< s <2n,and 0 <t < 2n (respectively 0 < t <

2n — \/n).
Using (16) and (19), we have

(22) (1+[a])2nN < #U,(N) < (2 + [o])2nN.
It is easy to see that

(23) #Un(N) = #U,(N) + O(N/n).
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Fix z and 5. We get from (19) that a lower bound of 2ny’ +t is equal
to
(24) [a(2nx + s) + ] = 2nyo + to
for some yo, tp. Since « is irrational, for given (3 there exists an n(3) such
that for any greater n, {an + 3} > 0.

Again from (19) we have that for n > n(8) a upper bound of 2ny’ +1t  is
equal to
(25) [a(2nz + s+ 1) + ] = 2ny1 +

for some yi, 1. Let n > max(n(f5), ) and ¢ € [0,2n — \/n] satisfy (20). We
have from (20), (24), and (25) that

(26) n=yo=y and tg="=t.
To determine ¢1, we use (20), (21), and (25):

al2nz +s)+ 0 t t+1

{ 2n re [2n’ 2n )
and

alnr+s+1)+ 0 t1 t1+1

2 — .
(27) lnzt ot DBy b ftd

Clearly, there exists a unique vy = vy(z, s,t) € [0, m] such that

a(2nx +s)+ 0

t+ &, t+ &t

(O e

on 7 2n )

Applying Lemma 1 with ¢ = 1 we get that
(28) t1 =t + li(vo).
From (19), (24)-(26), and (28), we get that U;;(IN) decomposes as follows.

(29) N = U Bs)
0<z<N 0<s5<2n
where
(30)  Bxz,s)= |J U {2(5,0) | aws € Ari b,
0<t<2n—+/n 0<j<l1(v0)
and
_ a(2nx+s)+ﬁ _ t+& t+ &4
(31) Qs = { 2n b Aty =] 2n 7 2n ),
(32) z(x,8,7) = (2nx + s, [a(2nz + s) + [] + J).

Now, it follows from (31) that for given x and s there is a unique pair (¢, v)
with ¢ € [0,2n), v € [0,m] such that

Qg.s € At7y.
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By (30), we obtain that

B(z,s) = U U U {z(x,s,7) |ows € Ay}

0<t<2n—+/n 0<v<m 0<;j<i; (v)

Using (29), we get

(33)
=-UJU U U U U t@silawseau)
0<z<N O<s<2n0<t<2n—\f0<y<m0<g<l1(
or
(34)
~U U U U il Bate)
0<s<2n 0<t<2n— f0<u<m0<]<ll
where
(35) Est,N)={z€[0,N) | azs € Ay}

We consider the case o < 1 (hence x > y) and s > ¢ first. We examine the
interval s € [\/n,2n — /n]. For s € [0,1/n) and s € [2n — \/n,2n), we use

a trivial estimate.
Let

36) U, (M) = | U U {z@s,4) ]2 €Eult,N)},
0<t<s<2n—+/n 0<v<m 0<;5<iy (v)

and

(37) Eus(t7 Q17 Q2) = {33 S [Qh Ql + QQ) ‘ Qg5 € At,u}-

For z € U,(N) denote by z(),..., 2™ the sequence of 29 € U,(N), (i =
1,...,m) stretching in succession, such that 2 = 2. For z = z2(x,8,j) =
(2nz + s, [(2nz + 5) + ] + j) with j € [0,11(v)], denote by 2D (z, s, 5) a
vector 2!

(38) 2D(x,s,7) =29, i=1,..,m.

Let G, = (91, .., gm) be a block of digits i.e., gi € Ay, i =1,...,m
(39)  Va(N,Gm) = {2 € Un(N) | G = (wn(2W), e, wn (™))}

is the set of the linear indices of beginning of a block G}, in the linear
configuration of digits, confined to the wy-square configuration.
Define also

(40) VA(N,Gpm) = {z € U'(N) | G = (wn(zM), ..., wn (M)}
Let

N )1 if Z(i)(a:,s,j):gi, i=1,...m
(41) XwnGm (z<$737.7)) - { 0 otherwise.

)
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Applying (33) and (39)-(41), we obtain that
viven=U U U U U G@si
0<z<N 0<s<2n 0<t<2n—+/n 0Sv<m 0<;<ly (v)
| XwnGn (2(2,5,5)) =1, azs € Ay}

Analogously to (34) and (35), we have that
(42)

VX (N,Gp, U U U U {z(x,s,7) |v € Ajus(t,N)},

0<S<27LO<t<2n—f0<y<m0<]<l1(
where
(43) Ajus(t,N) ={x € [0,N)| azs € A¢y, and xu,c,,(2(x,s,7)) = 1}.
Let

V.(N,Gp) = U U U {(2nz + s,[a(2nz + s) + B] + 7)
0<t<s<2n—+/n 0Sv<m 0<;5<iy (v)
(44) |z € Ajus(t, N)},
and
AjVS(tv QlaQQ) = {$ € [Qlan + QQ) ‘ Og s € At,m
(45) and X, G, (2(2, 5,7)) = 1}.

Next we write an analytic expression for the sequence (2 (z, s, j Di<i<m:
For given integers ¢ € [0,2n — \/n),z,s,v, and j € [0,11(v)) put

(46) 015575 S At,l,.

Using (19)-(21) and Lemma 1 we have similarly to (24)-(28) that the part
of U, (N) corresponding to the interval [2nz 4 s+i ,2nz 4+ s+i +1) (with
condition (46)) is equal to

((2nz + s+, [a(2nz + 5) + ] + 1y (v) +v))

where v = j0,, 50y +1,..., 1y (v) = Iy (v) = 1, i =0,1,...,m — 1, with
lo(V) :0,

)1 i =0
. o {3 nim

otherwise.

Hence, the sequence (2()(z,s,7))1<i<m (38) coincides with the first m
terms of the following sequence

(48) (2ne+5+7, [0(2na+5)+ 8]+ () +0))js, <oct, ()1, s0

1
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Now let (ky)n>1 be an increasing sequence of integers from the set
{(s+i)2+t+l W) +v+1|v=76,0; + 1, .0y (v) =1y (v) =1,
(49) i =0,1,..,m—1}.
Observe that the equality
Nenim (2,5,7)) = 1

(with condition (46) or (21)) is equivalent to the assertion (found in (5),
(6), (48), and (49)) that the (k; — 1)th digit of the b-expansion of x? + y is
equal to g; (i=1,...,m):

(50)

x? +y =z +glbk1_1 —I—:ngkl +g2bk2_1 +... +:L‘mbkm*1 —1—gmb’“m_1 +1‘m+1bkm,

where x; € [0, b%~*i-1=1) are integers (i = 1, ...,m), ko = 0, and y = y(z, s)
is a function of (z, s) (see (20)).

In the sequel we consider y as y = y(x, s). Using (43), (45), and (50), we
have that

(61) Ajus(t, N)={x €[0,N) | agzs € A¢,, and 2%+ Y=
+ g1bF T o ob® 4 gobF2 Tl g Bt g bR g DR
and
(52) Ajlls(ta Q1, QQ) = {.%' € [Qb Q1+ QZ) | Qgs € Ayy, and z® + Yy=1x
+ g1t T P g2 L bRt 4 g bR DY
Let
BN(Svtaja V7g) = #{Hﬁ' E[OaN) ‘ Qs € Atl/') and

- g g+1
(53) {(@® +y)p~"} € o=t i )}

Lemma 2. Let N € [b2"° =5 b2°), s € [\/n,2n — /n] . Then

pro—k1—1_1  phkm—km_1-1_1

(54)  #Aut,N)= > .. > Bun(s,tjvg),
x9=0 Tm=0

where

(55)

9= g(x2, s Tm) = g1+ x2b + gob™ M gy TR g R



838 Mordechay B. LEVIN, Meir SMORODINSKY

Proof. Using (51) and (55) we get
bk27k171—1 bkmfkm—lfl_l

Apst,N) = | U {z €[0,N)|ass € Ay, and

22=0 Zm=0
2 4y=x +gb 4 mebkm}.
Bearing in mind that the condition
2 +y=x1 + gb" !+ 2y b
is equivalent to the condition

R e P

bkm—k1+1 ’ bkm—k1+1)

with any integer x; € [0,6"71), 2,01 > 0 (integer g € [0,bFm—F1+1) is
fixed) we obtain from (53) the assertion of the lemma. O

Let g1 < ¢2... < gn < ... be a sequence of denominators of the continued
fraction of «,

0
(56) a=Lry T with (prg) =1, 16, <1
qr qrqr+1
and
(57) qr < p(sT6m)*/2 Gr+1

(r = r(s,m) is the function of s, m with fixed integer m, and s = 1,2,... ).

We will consider two cases. In the first case ¢, is large (¢, > n®b*™,
the growth of g, is small, case of almost all «). In the second case ¢, is
small (g, < nbb?™  the growth of g, is large), case of almost no a (the
complicated case).

3.1.1. case g, large.

In this subsection, we prove that the frequency of the appearance of the
block of digits Gy, in the sequence (uq g(n))Y_; tends to b=™. According to
(42) and (51)-(54), it is sufficient to get the estimate of By (s,t,7,v,g) (see
(53)) to prove the above statement. We use the estimate of exponential
sums (Lemma 3) and the Erdos-Turan-Koksma inequality (13) to compute

BN<37t7j7 v, g)
Lemma 3. Let g, > nSb2™ N e [b27° =5 p27°) s € [\/n,2n — /1),
0 < max(|m1|,|msa|) < M = nib*m,
N-1
(58) Sn(mi,mg) = Z e(mi (22 +az+y)b ™ +ma(a(2na+s)+3)/2n).

=0

Then
(59) 1SN (0, m2)| < gr,
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(60) ISy (m1, ma)| = O(Nn=5672™) my # 0.

Proof. Let mp = 0. It is easy to see that

N-1
(61) o1 = |Sn(0,mo)| = | ) e(maax)].
x=0
Using (14) we have
(62) < min(N, > ——)
o min(N, ———).
e 2[msal

Bearing in mind (56) and the condition of Lemma 3, we obtain that
0 < |mg| < n'b*™ < ¢,./2

and

Dy 0, 1 1 1
mocal| = [|me(— + > |— - > —.
H H H (QT QTQr—H)H |Qr 2Q'r—i-1| 2qy

We have from (62) that o1 < ¢,. Hence (59) follows from (61). Assume
my # 0. It is easy to see that

a3 = [Sn(m1,ma)|?
N-1
(63) = Z e(mi(z? — 22 4+ a(zy — 22))b™ % + moa(zy — x2)).

r1,22=0

Let x1—29 = u. Thenu € [-N+1, N—1], 29 = x1—u € [0, N—1], z14x9 =
221 —u, 73 — 23 = u(2r1 — u), 1 € [max(0,u),min(N — 1, N — 1 + u)].
Hence
N—1 min(N—-1,N—1+u)
03 = Z Z e(my(2uxy — u? + au)b™ ™ + moau)
u=—N+1  z;=max(0,u)

N—1  min(N—1,N—1+u)|

Z | Z e(2myua b=Fm)|.

u=—N+1 z1=max(0,u)

IN

By (14) we get

1

N-1
64 2 < in(2N, ——).
(64) %2 = Z min( " 2]|12myub—km ||
u=—N+1
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Let (2mq,bFm) = f, u = uy + ugb® /f with uy € [0,0F/f — 1] and uy €
[~N1, Np], where Ny = [f(N — 1)b=%»] + 1. It is easy to see that

Ny bFm /[ f—1

1
2
ul=

ug=—N1

< <b,fnfjf +3)(2N + (5 /) log bFm)

(65) < AN?|my|b™" 4 6N 4 2Nk, log b + 36" k., log b.

Hence
o2 = O(Nb™*/2\/lmy| + VEmbFm/?).

Using (49) we obtain that s2 +1 < ky,, < (s +m)? + am + 2 and

(66) o9 = O(Nb_s2/2n2bsm + (s + m)b(s+m)2/2>_
Taking into account that s € [\/n,2n — \/n|, we get

(67) Nn2bm=5*/2 = O(Nn~Sp=25m),

and

(S + m)Qb(s+m)2/2 _ O(nQb(s+4m)2/2—25m) _ O(n26(2n—\/ﬁ+4m)2/2—25m>
(68) — O(n7662n275n723m) — O(Nn76b723m)'
Using (63), and (66)-(68), we obtain (60). O

Lemma 4. Let ¢, > nfb*™, N € [b2"2*5",b2”2), s € [\/n,2n — \/n].
Then

NDy = NDy(({(2® +az +7)b~ "}, {(a(2nz + 5) + ) /2n}); )

= O(Nn~4p~kmthr),

Proof. Using the Erdés-Turan-Koksma inequality (13) with £k = 2, M =
n*h?s™ and (58), we obtain that

(69) NDy = O(Nn™ ™2™ 4 03 4 0y4)
where
15(0,m2)|
" " 0<§SM 2
and
(71) o4 = 3 [8(ma, ma)|

mimz
O<max(|m|,/ma|)<M, m1#0
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Applying (59) we have that

M
03<2 Y %—2 < 2¢,(1 + log M).

ma=1
Using (57) and the conditions of Lemma 4, we obtain that
o3 = O(b(s+6m)2/25m) = O(nb(zn_\m‘%m)zﬂ)
(72) = O(n~4p¥*—Bn—dnmy — O (p~4p2n*=5n=2sm) — O(p 4 Np=25m),
From (60) and (71), we get
04 = O N> Yy, | fmal <M vy
(73) = O(n SNb=2"(log M )?) = O(s*n ®Nb=*"™) = O(n~*Nb~ ™).
Combining (73) with (69)-(72), we have that
(74) NDy = O(n~Nb=25™).
By (49), and (16) we obtain
(75)  —km + ki > 52— (s+m)> —am—1=—2sm—m?* —am — 1.
The assertion of the lemma follows from (74) . O
Let
By (s, t,v,7,71,72)
(76) = H#{z € [0,N) | s € Aty {(z%+az+y)b "} € [y1,72)}.

Corollary 1. Let 0 < 1 < 9 < 1. Under the assumptions of Lemma 4,

EVJrl - fu

BN(S7 ta V%, 71, 72) = NT(’}/Q - ’Yl) + O(Nn74bikm+kl)'
Proof. The proof follows from (10), (31), and Lemma 4. O
Apply (20) to get a formula for the number 22 + y (where y = y(z, s)):
(77) [a(2nz + s) + (] = 2ny + t.
Let also
al2nz +s)+ 5 t+& t+&1
= A =
Qs =1 2n Fe A =1 2n ' 2n )
t+e
Aoy = 5 where € € [0,1).
Then
anz+s)+8 . t+e
=1 +
2n 2n

for an integer i. Hence

{a(2nz +s)+ B} ={2ni+t+e€} =e
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Using (77) we obtain
[anz+s)+ 6] —t a2nz+s)+0—t—{al2nx+s)+ 5}

2n 2n
_a2nz+s)+B-t €
B 2n 2n’
Therefore
—t
(78) x2+y:x2—|—a:p—|—%—i.

2n 2n

Lemma 5. Let 0 < g < b*»~"1+1 Under the assumptions of Lemma 4,
(19)  B(s.t,gmg) = NS k104 0 ),

where By(s,t,j,v, g) is defined in (53).

Proof. We have from (78) that if

ke g g+1
{(@* +az+90)b"""} € [ + 00 3t
with 0y = M%m, and g = O‘Sgg_t, then
—km g g+1
(30) (@ gty e[t 9T

Hence and from (53) and (76) we get

g g+1 .
(81) BN(S7t7 V,%0, plm—k1+1 + 907 bkm—k1+1) < BN(Satvjvyv g)
Conversely, assume (80), then
—km g g+1
{(l'2+al‘+'70)b K }6 [W —QO,W) for gZ 1
and
_ 1
{(2* + az +y0)b "} € [0, W) U[l—0p,1) for g =0.
Hence
. g g+1
BN(S)taju v, g) < BN(87t7 v, 70, I’IlaX(O, W - 00)7 W)
(82) + By (s,t,v,70,1 — 6o, 1).
Using Corollary 1, we have

51/—1—1 - gu

2n (bk7rL_k1+1
with |e1| < 2. Applying (49) and (80), we get that
Pl ey = b TN (1 O(n oMY = B TR (14 O(n ).

(83) BN(Svt7j7 Vag) =N +€190)+O(Nn_4b_km+k1)7
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Bearing in mind (83) and that §,41—§, > ¢> 0 (v =0,1,...,m), we obtain
(79). O

Corollary 2. Let 0 <t < s, j € [0,l1(v)]. Under the assumptions of
Lemma 4,

(84) #A,,5(t,N) = b*mN%(l +0(1/n®)).
The proof follows from Lemma 2 and Lemma 5. U

Lemma 6. Let 0 <t <s. Under the assumptions of Lemma 4,
#Ajs(t,N)=b""#E,s(t,N)(1+O(1/n)).
Proof. We get from (31), (37), and (56) that

rpr  al2n@i1+s)+ 0 0,
Eun(tQray) = (o € [0.q) | {2204 CCHQ T L)
ar n qrqr41

Using (57) and that (p;, q,) = 1, we obtain

} c At,V}'

Eus(tleaQT) = {l’ € [0, QT) | {q£ + 92«%')

Withv_w 0(z)| < 1.

Recalling the definition (31) of Ay, get
#Eus (t, Q17 QT) = QT(&H_;R 51/
Taking into account that {,41 — & > ¢ > 0 (v = 0,1,...,m) and the

condition of the lemma, we obtain
Bl Quar) = 0 (L) (14 001 m)).
From (35), (37), and the condition of the lemma, we get

#E,, (ta N) = Z #E,s (t7 1qy, QT> + €qr
0<i<[N/qr]

= N/ Jar (L)1 4 001 m) + o

= NS (14 0(1 /).

Applying Corollary 2, the assertion of Lemma 6 follows. g

)+ 4e, where |e| < 1.

3.1.2. Small ¢, (the complicated case).

The main idea of this subsection is the partition of the interval of summa-
tion into g, arithmetical progressions (r+vgq,)y>0 with x € [0, ¢,). Next we
fix the integer « and compute (similarly to Lemma 3 - Lemma 5) the num-

ber of occurrences of the block of digits G,y in the sequence (uq g(n))A_;.
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We obtain in Lemma 10 the main estimate of this subsection for the spe-
cial Diophantine condition. We find in Lemma 11 the set of parameters, for
which the above Diophantine condition is true. In Lemma 12 we partition
the interval of summation (according to Lemma 11) to essential intervals,
and to auxiliary intervals. We use the estimate of Lemma 10 for the essen-
tial intervals and the trivial estimate for auxiliary intervals. We collect all
the gotten results in Lemma 13 - Lemma 15.

Lemma 7. Let ¢, < nSb%™m, P > p4ps*/283sm s ¢ [/n 2n — /n],
0<|m|<M=n*?**m z¢c[H (H+1)q), H>0,
P-1

(85)  Sp(m) =) e(m((z +vq,)* + alz+wvq) +7)b~"m)).
v=0

Then
|Sp(m)| = O(Pn=3b2™).
Proof. Similarly to (63)-(64), we have that

P-1
1
S 2 < E: in(2P, —— ).
1Sp(m) _u:_p+1mm(  S2mgZ el

Let (2mg?,bF) = f. We note that
1 < f < 2mg; = O(n'ob™™).
By (49) and by the conditions of the lemma, we get similarly to (65) that
|Sp(m)|? = O(P2fb=%m + Pk, + b*mk,,)
_ O(P2n16b6sm732 + 82P + SQb(s+m)2)
— O(PQb—IOsm + S2n—8P2b(s+m)2_32—65m)
— O(

n—6P2b—4sm). 0

Lemma 8. Let g, < nbp25m P > pdps®/243sm o ¢ [v/n,2n — \/n],
zx€[H,(H+1)g), H>0. Then
PDp = PDp(({((z+vg,)*+a(ztvg)+7)b *m Iy = O(Pp~tp=Fmthr),
Proof. Using (13) with k = 1, M = n*b**™, Lemma 7, and (85), we obtain
that
PDP — O(Pn—4b—28’m + Z |SP(m)|) — O(Pn—4b—28’m
m
0<|m|<M
+ Pn7%b7 2 log(n'b*™)) = O(Pn2b™>™) = O(Pn b~ Fmth),
O
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Let
BP(‘T787V77771772)
(86)  =#{ve[0,P) ] {((x+vg)* +alz+vg)+ 70"} € [n1,72)}.

Corollary 3. Let 0 < 1 < v < 1. Under the assumptions of Lemma 8,
(87) BP(I', S, ta V, Y71, 72) = P(’YQ - ’Yl) + O(Pn_Zb_km+kl)'

The proof follows from (10), (86), and Lemma 8. O
Let
Bp(z,,t,j,v,9) = #{v € [0, P) | {((z4vg,)* +y)b~""}
g g+1
(88) € [bkm—kl-i-l’ plm—k1+1 )}7

where g € [0, b*m~F1+1) be integer, x € [H, (H+1)g), and y = y(z+vgy, 5)
satisfy (20).

Lemma 9. Under the assumptions of Lemma 8,

(89) Bp(w,s.t,j,v,9) = PO "1 (1 4+ 0(n™?)).
Proof. Using Corollary 3 and repeating the proof of Lemma 5, we obtain
(89). O

Lemma 10. Under the assumptions of Lemma 8, let
z € Eys(t, Hgr,qr) if and only if x+(Q — H)qr € Eys(t, Qqr, qr)
for all Q € [H,H + P|. Then
#Ajus(t, Har, Pgr) = b " P#Eys(t, Har, qr) (1 + O(1/n)).
Proof. 1t follows from (52), (37), and the condition of the lemma that
(90) #Aus(t, Hgp, Pgr) = Y #Ajue(P)

€y s (t,HQr7Qr)

with
Ajysa(P) ={v € [0,P)|(x+ vg)? +y = 141 0" 4 a4+
(91) o G g B
Hence
pr2—k1-1_1  phm—km-1-1_4
Ape(P)= > . > {ve0,P)|(@+vg)+y

x2=0 T =0

=T =+ gbkl_l + .’Bm+1bkm},
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where
g =920, ... Tm) = g1 + Tob + gob2 7R 4 4 g bFmo1TRL g pmkr
Bearing in mind that the condition
2ty =a +gbr 4 mm+1bkm
is equivalent to the condition

{4ty e [ty

bk7n_k1+1 ) bk7n_k1+1)

with any integer x1 € [0,0F'71), x5 > 0 (the integer g € [0,bFm~F1+1) is
fixed), we obtain from (88) that

bkg—kl—l_l bkmfkm—lfl_l

HAje(P)= > o> #velo,P)|

£E2=O (JCm:O

_ g g+1
{((x+vg)? +y)b Fr} € [bkm—lirl’ bkm—Fk1+1 )}

pha—k1—1_1  pkm—km_1-1_1

= Z Z Bp(ﬂ?,S,t,j,I/,g)'

x2=0 T =0

Using Lemma 9 we obtain

pha—k1—1_1 pkm—km_1-1_1

#Ajye(P)= > .. Y Pl (140((n7?)
22=0 Tm=0
(92) =b""P(1+0(n?)).
Applying (90) the assertion of Lemma 10 follows. O
Let
(93) B=br/ar+ B1/qr, with [B:] <1/2
where b, is an integer,
(94)
Q = [;%;19611 _ 9, P = [0 ) = { gl :)ftthiGSEEO,Pl)

where [z] = z + 1 for integer z; otherwise [x]| = [z].

Lemma 11. Let g, < nSb2™, N € [p27° =5 p20%) /n <t < s < 2n—/n,
x€10,q,), n >m?. Then VQ € [0,Qo)

(95) S EVS(tJ qr) Zf and OTlly Zf € + QqT‘ S Evs(t7 QQTa qT‘)a
and ¥Q1 € (Qo + 2, P1]
(96) 37+P1Q7‘ S EIJS(t7 quT7 QT) Zf and Only Zf ‘T""QIQT S Eus(ta Q1QT7 %")-
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Proof. Consider the case of 6, > 0. (For 6, < 0 the proof is similar.) Let
(97)  z(z) =pr(2nx + s) + b, (mod 2ng,), with z(z) € [0,2ng,)
and
0-2nx + s
(98) 7= () =y + L),
qr+1

Using (57), (93) and the condition of lemma, we have that for sufficiently
large n.

(99) ()] < 3/4.
It follows from (31), (56), (93), (97), and (98) that

Vat0ars = {2 @n(z + Qgr) + ) + (2n(z + Qqr) + ))/2n + *}
qr qrqr+1

pr(2nx + 8) + b, + 51 n 0-(2n(z + Qqr) + s)
2nq, 2nGrGry1
0
o) +9(2) | 0,Q,

2ngy dr+1 .

={

(100)  =1{

Applying (37) we have
x + QQT S Eus(ta QQT’7 QT) if and Only if x4+ Qqr,s € Atﬂ/

or

z(z) +v(z) | 6:Q t+& t+&n
101 .
(101) { ong, +qr+1}€[2n, 5 )
Now let

(102) T+ Qqr € Eus(ta Qqr, QT) and z + (Q + 1)Qr ¢ E,,(t, (Q + 1)(]ra Qr)
with any @ € [0, Qo]. Using (101) and that 6, > 0 and ¢t < 2n — /n, we get
that the transition Q — @ + 1 causes a shift in the fractional part of (101)

to the right of the interval [t;“fl”, Hgiz“) to the interval [t+£;+17 t+§;+2 )

2x) +o(x) | 6Q, _t+ §u+1 z(x) +o(x) | 0-(Q+1)
103 + + .
(103) 2nqy qr+1} - { 2nqy Gr+1 }
We have from (57), (94), (99) and the condition of lemma that

(104) 0< Q< P <n Ty 2Hasm o il
8ngy

and

‘7(1‘)+97«Q < 1

105 .
( ) 2ngqy qr+1 2nqy



848 Mordechay B. LEVIN, Meir SMORODINSKY

Bearing in mind (97), (101) and so that t € [\/n,2n — \/n|, we get

{Z(l’)—F’Y(JT) N HTQ} c [@ 2n — \/5—1—2]’

2ngy dr+1 2n’ 2n

and we can eliminate the sign of the fractional part in (103):
22) +(@)  6Q _tH&n 2@ +a(2)  6(Q+1)

2nqy qr+1 2n - 2nqy qr+1
Hence
Q1 b+ &1 2(z) +y(x)
106 = — — 1.
(106) Q (97«( o ona, )]
Let &1 =1 —{ai} =1 - {’;{i%— qrgq%} = é—i — qrgq% with the same

i €[0,m], i1 € [1,qy]. It follows from (106), (97) and (98) that

Q= [Qr+1(qrt +i z(x) + pr B 0,(2nz + s +1) .
97” 2nQT QnQT 2nQTQT+1
Ir+1 (2nx + 5 +1)
107 I, gy EmEESTOL
( ) ’72an97, (U /31> 271(]7« —‘ )

with v = ¢,t — z(x) + i;. From the condition of the lemma we have that
0 <2nz+s+i<2ng —+/n+m < 2ng,. Using (93) we get , that if v # 0,

then
Q| > Il g Il g

~ 4ng,-0, ~ 4ng,
This is in contradiction with (104).
Let v = 0. We get from (94) and (107) that

—q7~+151 2nx + s+ 7 ’ ’

1 - - -~ 1 2

(108)  @=Q) =[2G g g 4,
where i € [0,m]. Hence if Q' < —2o0r Q > P, then there is no Q € [0, P ]
satisfying (102). Now, let

(109) =+ Q1gr € Ey(t, Q1¢r,¢r) and 2(Q1 — 1)gr & Ey(t, (Q1—1)gr, ¢r),
with 0 < Q1 = Qi(x) < P;. Similarly to (94)-(108) we obtain for all
z € [0,¢), that

(110) Qi(x) €Q.Q +12]

Henceif Q' < —2or Q' > Py, then there is no Q; satisfying (109). Now from
(94), (102), (108), (109), and (110), the assertion of Lemma 11 follows. [

Lemma 12. Under the assumptions of Lemma 11,

#Ajua(t, N) = 07" #Eys(t, N)(1+ O(1/n)) + O(N/n').
Proof. Let
(111) Py = [ /243sm] 4 1.
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We have from (94) that

(112) P, =0(n72P)).
If Qo < Py, or Qo € [Py — Py, P1], then we use the trivial estimate
(113) #Ajus(ta QOQT) < #Eus(ta QOQT‘) < Pogy

for Qo < P», and

(114) #Ajys(ta QOQTa (Pl - QO)QT) < #Eus(ta QOQM (Pl - QO)QT) S PQQT

for Qg € [P1 — PQ,Pl]. Let Qo < Ps.
Applying (94), (111), (112), Lemma 11, and Lemma 10 with H = P
and P = P, — P, we obtain that

#Eys(t, Pagr, (P1 = P2)qr) = (P1 — P2)#Ey (L, Pagr, qr)
and
#Ajus(t, Pagr, (P1 — P2)gy) = b" " (P1 — P2)#Eys(t, P2qr, qr) (1 + O(1/n)).
Hence
#Ajus(t, Pagr, (P1 — P2)gr) = b " #Eys(t, Pagr, (P — P2)gr) (1 + O(1/n)).
Using (45) and (113) we have
(115)  #Ajus(t, Prgr) = b " #Eus(t, Pigr) (1 + O(1/n)) + O(Pagy).

By (114) and Lemma 10 with H = 0 and P = P; — P, we get similarly
that (115) is valid for the case Qo € [P, — P2, P1]. Now we prove that (115)
is valid for Qo € (P2, PL — P2). Let Qo € (P2, P1 — P,). We have from
Lemma 11 that

#Eus(ta QOQT) = QO#Eus(ta q7”)7

and
#Eus(t7 (QO + 3)%‘7 (Pl - QO - 3)%‘) - (Pl - QO - 3)#E1/s(ta qu’l‘7 QT)
= (P1—Qo—3)
X #Ells(ta (QO + 3)(]7’7 QT)-
Hence
#Eus(ta P1Q7") = QO#EI/S(t7 qr)
(116) + (Pl — Qo — 3)#Eus(ta (QO + 3)%“7 QT) + 3eqy-.

Applying (94), (96) and Lemma 10 twice, we have that
#Ajus <t7 QOQT) = bimQO#EVS(ta qr)(l + O(l/n))7
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and

#Ajus(tv (QO + 3)(]7"7 (Pl - QO - 3)Q7’)
=b""(P1 — Qo — 3)#Eus(t, (Qo + 3)gr, ¢) (1 + O(1/n)).
Hence, and from (116), we get

#Ajl/s(t7 Pl%") = bim(QO#Eus(ty QT) + (Pl — Qo — 3)#Eus(t’ Pyqy, QT))
X (14 0(1/n)) 4+ 3eq, = b "#E,s(t, Pigy)(1 + O(1/n)) + O(qy).

Therefore (115) is valid for all Qo € [0, P;]. Bearing in mind that (115) is
valid for all 3, we get (replacing 3 by 8 + iP1¢,«)

#Ajus(tyiplqh quT) = b_m#Eys(ta iP1gy, quT)(l + O(l/n)) + O<P2QT)7
with ¢ = 0,1, ... . Hence

#Ajus(ta N) = Z #Ajus(t7 iPl%’y PIQT) + O(quT)
0<i<[N/Pigr]

= Z (b_m#Eus(ta 1Py, P1QT)
0§i<[N/PIQT]

X (14 0(1/n)) + O(P2gqr)) + O(Pigy).
By (94), (112) and condition of the lemma, we obtain
Ajus(t,N) = b""E,s(t, N)(1 + O(1/n)) + O(Pig, + N/n*)
— b Byt N)(1+ O(1/n)) + O(N/n). =

Lemma 13. Let sg, so + s1 € [0,2n). Then

Yo > N #E.(t,N)<sN.

s0<s<so+s1 0<t<2n 0<v<m

Proof. From (15), (31), and (35) we have that

Y ) #E.(t,N)=N.

0<t<2n 0<v<m O
Lemma 14. Let [ty,to +t1) € [0,2n). Then
p= > > D #E.(tN)=0(uN).
0<s<2n to<t<to+t; 0<vr<m
Proof. From (15), (31), and (35) we have that

Yo D #Eu(tN)

to<t<to-+t; 0<v<m
(2nx +s) + 3
2n

= #{w e 0.N) | {= b€ e},



Lattice configurations 851

and
2n:c+s + to to+11
(117) M—Z#{SG 0,0n) | (2EREESNEDy otk
2n" 2n
Since « € (0, 1), we have that
a(2nz +5) + 3 to to+t t
2 — — 4 2.
#(s € [0,2m) | (LN g0 Dbl 0y
Hence from (117) we get the assertion of the lemma. O
Lemma 15. Let N € [b27° =57 127°) Then
#V (N, Gn) = 07" #U, (N)(1+ O(1//n)) + O(N V).
Proof. Using (44) we have that
(118) #V, (N, Gn) = 1 + eapia + epus,
with 0 < e9,e3 < 1, and
H1 = Z Z Z #Ajus(ta N)
Vn<t<s<n—y/n 0<v<m 0<j<li (v)
S>> D #AuN)
0<s<y/n 0<t<2n—+/n 0<v<m 0<;5<l; (v)
e T T X T N
0<s<2n—+/n 0<t</n 0<v<m 0<;5<ly (v
Now let
(119) o= Y > S ) #Ej(tN),
0<5<y/n 0<t<2n—+/n 0<v<m 0<;j<ly (v)
(120) o= ) > D> #EL(ELN).
0<5<2n—+/n 0<t</n 0<r<m 0<j<l; (v)
By Lemma 6 and Lemma 12 we get
H1 = Z Z Z b m#Eus t N)
VNn<t<s<2n—/n 0<v<m 0<5<ly (v
(121) x (1+0(1/n)) +O(Nn™?)).

Using (16) and Lemma 13, we get

(122) i < 02 < 4/ + DN,
Applying Lemma 14, we obtain

(123) p3 < o3 < (a+1)(vn+3)a 'N.
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From (118)-(121), we have
H#V (N, Gr) = Y > > (T#EL(5N)(1+0(1/n))
0<t<s<2n—+/n 0<v<m 0<;5<l; (v)
+O(Nn™)) + eapa + e3p3 + €409 + €503,
with 0 < |e,| < 1, v € [2,5]. By (36), (122), and (123) we obtain the

assertion of Lemma 15. 0
Main Lemma. Let N € [b2%°~5" p27°). Then
(124) H#Va (N, Gr) = b7 #Un(N)(1 + O(l/\/ﬁ))

Proof. Using (5), (23), (34), (39), (40), (42) and repeating the proof of
Lemmas 2-15 for the case t > s, we obtain
#U,(N) = #U5(N) + O(N+/n) = #U,(N) + O(N+v/n),
#Vn(Na Gm) = #Vn*(Nv m) + O(N\/ﬁ) = #Vn(Nv Gm) + O(N\/ﬁ),

and

#Vn(Na Gm) = b_m#Un(N)(l + O(l/ﬁ)) + O(N\/ﬁ)
Applying (22) we get (124). O

Remark. For the case o > 1, we consider the line (z,az + 3) as the line
((w — B)/a,w); the variable y as an independent variable (instead of x);
and in (5), (6) we choose the case of y > x. (Hence we use the formula
u = y? 4 2y — x instead of u = 22 +y). Now repeating the proof of Lemmas
2-15, we get the proof of the Main Lemma for the case o > 1.

3.2. The case of the rational line with « > 0.

In this subsection we slightly modify partition of Section 3.1. Next we
prove that the estimate of Lemma 10 can be applied for rational «.

Let @« = p/q > 0, (p,q) = 1. We use the notation of (15), (16):

(125) & =7/a,7=0,....¢; f(i)=q(1—{ai}),i=1,...,m
We fix an integer v € [0, ¢ — 1] and consider the sequence (I;(v))i":

[ad], if v < f(i)
lLi(v) = { [ai] + 1. otherwise.

Lemma 16. Let

a(2nx +s)+ 0 t+v/g t+(v+1)/q

(126) { o el 5 o ), with v €[0,q—1].
Then
(127) {a(2n:):+s—|—z) +ﬂ} c [t+li(1/) t+ L)+ 1)’ =1, .m)

2n on 2n
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Proof. Using (126) we get

anz+s+1i)+ 0
2n F=1
t+u/q+e+[ai]+{ai}}
2n ’

a(2nw—|—8)+ﬁ+a7i

=1 2n 2n

={

}

with 0 <e<1/q.

From here and from (125), we have that

t+[od] +v/g+1— f(i)/q+ €

Zi:{ 2n

.
It is evident that if f(i) > v, then

vigt+e—f(i)/g<w+1)/q—f(i)/qg <0.

Applying (126) we get (127) with [;(v) = [ad].
Now let f(i) <wv. Then

0<v/g+e—f(i)/g< (v+1)/q.
By (126) we obtain (127) with {;(v) = [ai] + 1 . O
We use a variant of notations (31) - (43) as follows :

azs = {p(2nz + s)/q + B},
t+§u t+£u+1

128 A v — ) )
(128) b [ 2n 2n )

)1 it e =0
(129) Was = { 0 otherwise,

and in the summation of y in formulas (34), (36), (42), and (44), we apply
I,(v) = 11 (v) — wys instead of I;(v). (Note that w,, = 0 for all g # ¢/q
with integer ¢.) For fixed integers z, s,t,v and j, we denote: (ky)n,>1 as an
increasing sequence of integers from the set

{(S +’L )2 +t—|— li/(V) —f—’U + ].‘ v = jéi/,jéi/ + ]_, ...,l./+l(V) — li/(lj) — Wgs,

7
(130) i =0,1,..,m—1},
and (2(")(x,s,7))"™, as the sequence of the first m vectors from the set

r=1

((2nz + s+, [@(2nz + 8) + ] + 1y (v) + v))
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with ¢ = 0,1,...,m, and

(131) v =30y,§0; + 1.l (V) = 1y (V) — was, (see (47));

(132) E,i(z,t,N)={z €[0,N) |z =2 (mod q), aps€ A},
Ajyg(l',,t,N) ={z€[0,N)|z=2 (mod q),

(133) XwnGm(z<$737j)) =1, Ogs € At,y}

(134) o= U U U U BN,

0<z’ <q0<8<2n 0<t<2n 0<r<q 0§j§l/1 (v)

where [} (v) = I1(v) — wy

s vaVG= U U U U U 4w .t
Oﬁxl<q 0<s<2n 0<t<2n 0<vr<q Oﬁjﬁl; (v)

Lemma 17. Let N € [b27° =57 p2n*) /<t < s < 2n — /n. Then

(136) # A,z t,N) = b #E,s(z',t, N)(1 + O(1/n)).

Proof. Let

)1 i aps e A
o(w,s,t,v) = { 0 otherwise .

It is easy to see that the sequences oy s, 0(z,s,t,v) (z =1,2,...) (128)-
(129) have period ¢g. Hence we have from (132)

(137) #E, (x  t,N) = 6(x,s,t,v)(N/qg+¢€), with || <1.
Consider Lemma 10 with ¢, = ¢ (r = 1). Then the condition of Lemma 10
r € Eys(t, Hgr, qr) if and only if z + Qq, € Eys(t, Qqr, gr)

for all Q € [H, H+ P) is valid for all H > 0 and all P > 1. Applying (133),
and (91), (92) for the case P = [N/q], = =2 (mod g), we obtain

A& 1, N) = b70(a5,6,0)[N/q)(1+ O(1/n).
(136) follows from (137) and the condition of the lemma O
(Def. V,, (U.) be the part of V,, (U,) with t < s)
Lemma 18. Let N € [b2"° =5 b27*). Then

(138) #Vo (N, Gp) = b #U,(N)(1 4+ O(1/n)) + O(N+/n).
Proof. Using Lemmas 13, 14, 17 and repeating the proof of Lemma 15, we
obtain (138). O

Now we consider the case of t > s and (similarly to (138)), we get:
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Corollary. Let N € [b2"°~5" b2"*). Then
(139) #Vn(Nv Gm) = b_m#Un(N)(l + O(l/ﬁ))
The proof is the same as that of the Main Lemma.

3.3. The case of the horizontal lines (« = 0).

Using (19)-(24) we obtain that 5 > 0,y =0, t = [5], Un(IN) = 2nN.
Let N € [b2*=5 p2*). Tt follows from (5), (6) that for s € [t,2n — 4m)
the block of digits G,, = (g1, ..., gm ) appears at the point (2nx + s, t) if and
only if

22 = 1 +glbs2+t + x2b82+t+1 +g2b(s+1)2+t
+ . +gmb(s+m—1)2+t + xm+1b(8+m_1)2+t+1,

where x; € [0,bFi~*i-1=1) are integers (i = 1,...,m), ko = 0, and k; =
(s+i—1)2+t+1,i=1,2 ... We have from (39) that

pk2—k1-1_1  phkm—Fm-1-1_1

s€t,2n—4m)  x2=0 Tm=0

27 —km g g+1
() e [t I Ly f o),

with
g=9(x2,...,Tm) = g1 + x2b+ ggbl‘”_]€1 + ot mp TR gmbkm_kl.

Using (88) and Lemma 9 with ¢, =1, £ =0, H =0 and P = N, we have
that

pka—k1—1_1q bkm*km—lfl_l

#Vo(N,Gp) = > oo ) N Ela4o(n ).

s€[t,2n—4m)  x2=0 ZTm=0
Bearing in mind that U, (N) = 2nN, we have that
(140) #Vo (N, Gm) = 0" 4#Un(N)(1 + O(1/v/n)).

3.4. The case of vertical lines.

Using (19)-(24), we get © = 0,s = [f], and U,(N) = 2nN. Let t €
[s,2n —m), N € [b* =5 p2"*). The block of digits Gy = (g1, .-, gm)
appears at the point (s, 2ny + t) if and only if

y2 + 2y =y + glbt2+2t—s + y2bt2+2t—s+1 + g2b(t+1)2+2t_8+2
o gD A= g ) 2 m o) e
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where ;11 € [0,0%12)) are integers i = 1,2,.... Repeating the previous
proof, we get
(141) BV(N, Gn) = b U (N)(1+ O(1//)).

3.5. Completion of the proof of Theorem 1.

In this subsection we go from the configuration w, to the configura-
tion weo.

Let P > 1 be an integer. There exists an integer n > 1 such that

(142) 2(n — 1B < P < 2mp?".

Let N = [P/2n], P = 2nN + Nj, where N; € [0,2n), a > 0 is irrational.
Let U(P) be the subset of all lattice points (u, v) such that the line (z, az+
B3).cio,p) intersects the square (u,v) 4 [0,1)%. Applying the definition of
Un(N) (see (21)-(24)), we have that
(143) HU(P) = #Un(N) + O(n).
Let

V(P,Gp) ={z € U(P) | Gy = (w(z), ..., w(z™))}
be the set of the linear indices of the beginning of a block G, in the linear

configuration of digits, confined to the P-square configuration. It is evident,
that

(144) #V(P,Gp,) = #V(2nN,G) + O(n),
with
(145) V(20N,Gp) = {z € Up(N) | Gy = (w(zM), ..., w(z™))1}.

To compute #V (2nN, G,,), consider the configuration w as the union of
the parts of the configurations w,, w,_1 and w;_g (where w;_z is the part
of configuration w corresponding to w,_2). We use a trivial estimate for

Wy_o:

By (8) (definition of w), (34), (39), and (145), we have
#V (20N, Gp) = #Vin(N, G) — #Vi([(n — D)62D* /0], G
#0207 G L) + O (b2,
and
(146) #U, 1 (B0 = #U([(n — DD /n]) + O(n).
Let « be irrational. Using the Main Lemma, we get
#V (2N, Gp) = b #U,(N)(1+ O(1/+/n))
= b U ([(n — P n]) (1 + O(1/v/n))
b H U, (0P (1 + O(1/v/n)) 4+ O(nb* 2%,
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From here, (22), and (146), we obtain

#V (20N, Gp) = b""#Uy(N)(1 + O(1/v/n)).

Hence from (144), (143), and (142), we obtain

#V (P, Gr) = b""#U(P)(1 + O(1/(log P)'/*).

For the case o > 0 rational (the horizontal line, and vertical lines) we use
(139) (respectively (140), (141)) instead of the Main Lemma. Now by (3)
we obtain the assertion of Theorem 1. O
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