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A classification of the extensions of degree p? over
Qp whose normal closure is a p-extension

par Luca CAPUTO

RESUME. Soit k une extension finie de @, et soit &; l'ensemble
des extensions de degré p? sur k dont la cléture normale est une
p-extension. Pour chaque discriminant fixé, nous calculons le nom-
bre d’éléments de £qg, qui ont un tel discriminant, et nous donnons
les discriminants et les groupes de Galois (avec leur filtrations des
groupes de ramification) de leurs clotures normales. Nous mon-
trons aussi que 'on peut généraliser cette méthode pour obtenir
une classification des extensions qui appartiennent a E.

ABSTRACT. Let k be a finite extension of Q, and & be the set
of the extensions of degree p? over k whose normal closure is a
p-extension. For a fixed discriminant, we show how many exten-
sions there are in £, with such discriminant, and we give the
discriminant and the Galois group (together with its filtration of
the ramification groups) of their normal closure. We show how this
method can be generalized to get a classification of the extensions
in Sk.

1. Notation, preliminaries and results.

Throughout this paper, p is an odd prime and k will be a fixed p-adic
field of degree d over @, which does not contain any primitive p-th root of
unity. If F is a p-adic field and L|F is a finite extension, then we say that
L|E is a p-extension if it is Galois and its degree is a power of p.

The aim of the present paper is to give a classification of the extensions of
degree p? over Qp whose normal closure is a p-extension. This classification
is based on the discriminant of the extension and on the Galois group and
the discriminant of its normal closure. Let &, be the set of the extensions
of degree p? over k whose normal closure is a p-extension. Then for every
L € &, there exists a cyclic extension K |k of degree p, K C L and L|K is
cyclic (of degree p). Furthermore, the converse is true: if K|k is a cyclic
extension of degree p, then every cyclic extension L of degree p over K
is an extension of degree p? over k whose normal closure is a p-extension
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(see Prop. 2.1). Therefore, if K|k is a cyclic extension of degree p, we can
consider the subset & (K) of & made up by the extensions in & which
contain K. The idea is to study the compositum My (K) of the extensions
in & (K). Clearly My (K) is the maximal abelian p-elementary extension of
K: it is easy to prove that My (K)|k is Galois (see Prop. 2.2). We describe
the structure of the Galois group G (K) = Gal(My(K)|k) (see Prop. 3.1),
using results both from classical group extensions theory (see [5]) and from
[3]. Gr(K) is a p-group of order p?*+2 which admits a presentation with
d + 1 generators.

Then we focus on the case k = Q,. We put G(K) = Gg,(K). Once
one has a description of the normal subgroups of G,(K) (see Prop. 4.1),
it is not difficult to describe the quotients of G,(K) (see Lemma 4.1). We
are able as well to decide if a quotient of G,(K) is the Galois group of the
normal closure of an extension in &g, (K) and, if this is the case, it is easy
to give the number of extensions whose normal closure has that group as
Galois group (see Section 5).

Finally using class field theory and [2], we determine the ramification
groups of G,(K) (we distinguish the case when K is unramified from the
case when K is totally ramified, see respectively Section 6 and Section
7). This allows us to determine, after some standard computations, the
possible values for the discriminant of the extensions in &g, (K) as well as
the possible values for the discriminant of their normal closures. We collect
the results in a table (see Section 8).

It would not be difficult to generalize the results of Sections 4-7 to an
arbitrary ground p-adic field k. Then the method used in the present paper
could be generalized to give a classification, for example, of the extensions
of degree p? over Qp whose normal closure is a p-extension. In fact, if L
is one of these extensions, then there exists a cyclic extension K|Q, such
that K C L and L|K is an extension of degree p?> whose normal closure a
p-extension (see Prop. 2.1).

Acknowledgements. The results presented here come from my master
thesis which was made at the University of Pisa under the direction of
Prof. Roberto Dvornicich. I would like to express my thanks to him for his
supervision and his advice.

2. Some properties of the extensions of degree p? over k whose
normal closure is a p-extension.

Proposition 2.1. Let L|k be an extension of degree p®, s € N. We denote
by L the normal closure of L over k. Then L|k is a p-extension if and only
if there exists a tower of extensions of k, say

E=LOcr®Wc. . . crtYcrt=p

)
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such that, for each i =0, ..., s—1, L(i+1)|L(i) is cyclic of degree p.

Proof. We proceed by induction on s. Suppose s = 1, i.e. [L : k] =
p. Assume first [L : k] = p™ then Gal(L|L) is a maximal subgroup of
Gal(L|k). In particular Gal(L|L) is normal in Gal(L|k). Therefore L = L
and we get what we want (L|k is cyclic of degree p). The other implication
is obvious.

Now suppose that the proposition is true for s € N. Assume first that
[L: k] =p*tL. If [L : k] = p", there must exist H < Gal(L|k) maximal
(and therefore normal) such that Gal(L|L) C H. Put k' = FixH: then
K'|k is cyclic of degree p. Then [L : k'] = p* and, by induction, there exists

F=rLWcr@c. . crtHcre g
as in the claim. But then
k=LOcr=rWc. . crtYcre =g

is the sequence we are looking for. Conversely, assume that there exists a
sequence with the properties of the claim, put & = LY and let L’ be the
normal closure of L over k’. By induction, I/ is a p-extension of k. If L'|k
is normal, there is nothing to show. Otherwise the normalizer of Gal(L|L’)
in Gal(L|k) must be Gal(L|k') and the latter is normal in Gal(L|k). L
is the compositum of the conjugates of L’ over k: each of them contains
k" and is a p-extension of k. The compositum of p-extensions is again a
p-extension and then L is a p-extension. O

Remark. We recover the well known result which says that an extension
of degree p, whose normal closure is a p-extension, is cyclic (the highest
power of p which divides p! is p). We shall use Prop. 2.1 for s = 2: then
for an extension L of degree p? over k the following are equivalent:
e the normal closure L of L over k is a p-extension;
e there exists a cyclic extension K of degree p over k such that K C L
and L|K is Galois.

We define now some notation which will be used in what follows. Let &
be the set of the extensions of degree p? over k whose normal closure is a
p-extension. For any cyclic extension K of degree p of k, we define & (K)
to be the set of the estensions in & which contain K. Then it is easily seen
that & = |J EL(K), the union being taken over the set of cyclic extensions
K of degree p over k. Moreover & (K) is the set of the cyclic extensions of
K of degree p.

Proposition 2.2. Let K be a cyclic extension of degree p over k. Then
there exists one and only one extension My(K) of k such that

(i) K € My(K),

(ii) My(K) is Galois over K and Gal(My(K)|K) = (Z/pZ)P3+1.
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Moreover, My(K) is Galois over k and, if K' is another Galois extension
of degree p over k, we have

Gal(My(K)|k) = Gal(My(K')[k).

Proof. Since K has degree p over k (in particular it does not contain any
primitive p-th root of unity), we know that K*/K*P = (Z/pZ)P4*'. Then
we let My (K) be the extension of K which corresponds by local class field
theory to K*P: My (K) is the compositum of the cyclic extensions of degree
p over K and Gal(My(K)|K) = (Z/pZ)P**+!. In particular M (K) verifies
(i) and (ii) and it is clearly unique.

Now, let Q, be an algebraic closure and we consider M (K) C Q,. Let
o : Mg(K) — Qp be an embedding over k. Since K is normal, we have
0(K) = K then o(My(K)) is an extension of degree pP?*! of K. In fact
it is Galois over K: for, if 7 : o(My(K)) — Q, is an embedding over K,
denoting again with o any extension of o, we have 0~ '70|x = idg. Using
the normality of My (K) over K, we obtain 70(My(K)) = o(Mi(K)), i.e.
o(My(K)) is Galois over K. At the same time, we obtain an isomorphism
between the Galois groups of o(My(K)) and My (K) over K (which is 7 —
o~ 1ra); from the uniqueness, o(My(K)) = My (K).

Let K’ be an other Galois extension of degree p over k. We denote
by p the restriction homomorphism from Gal(My(K')|k) to Gal(K'|k) =
Z/pZ. Using [3], we see that there exists a Galois extension M’ over k
with Galois group isomorphic to Gal(My(K')|k) which contains K and
such that the restriction p’ from Gal(M'|k) to Gal(K|k) coincides with p:
then ker p = ker p/. From this it follows that M’ is a Galois extension of K
such that Gal(M'|K) = (Z/pZ)P**! and then M’ = Mj,(K). In particular,
Gal(Mi(K')|k) 2 Gal(M'|k) = Gal(My(K)|k). O

We will denote Gal(My(K)|k) by Gi(K). Furthermore we put
M@p(K) = Mp(K)» GQp(K) = Gp(K)» ng = gp, ng(K) = gp(K)-

Remark. It is clear that the compositum of the extensions belonging to
Ek(K) is equal to My (K).

We end this section showing that every extension in & has no more than
p conjugates (over k). Of course, the converse is not true, i.e. there exists
an extension of degree p? over k which has p conjugates but does not belong
to gk

Proposition 2.3. Let L be an extension of degree p* over k. If there exists
a cyclic extension K of degree p over k such that K C L and L|K is Galois,
then L has no more than p-conjugates (over k).

Proof. Suppose that there exists a cyclic extension K of degree p over k
such that K C L and L|K is Galois. Let L be the normal closure of L
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over k: then Gal(L|L) C Gal(L|K) and Gal(L|L) is normal in Gal(L|K).
Moreover Gal(L|K) has index p in Gal(L|k). We know that the number
of conjugates of L is equal to the index of the normalizer of Gal(L|L) in
Gal(L|k). Since the normalizer of Gal(L|L) must contain Gal(L|K), we
see that L has 1 or p conjugates. O

3. Stucture of G(K)
Proposition 3.1. A presentation for Gi(K) on the set of generators
{Xl, Xpd+2}U{Xl7i’l: 1,...,d,1=2, ...,p—l—l}

s given by the relations

Xl[ijrl:XlI?p:"':XleQ:l lzl""ada
X£d+2:X17 szl,
i, j=2,...,p+1,
[X17 Xl’i] = [lei’ Xl:j] =1 {l = 17 ey d7
[Xi,2, Xpa+to] = [X1, Xpato] =1 l=1,...,d,
h=34,... p+1,
(X1, hy Xpara] = Xi,n {l _, . P

Proof. G1(K) is a group extension of (Z/pZ)P?*! by Z/pZ. We look for
such an extension: let

(3.1) {le,-z':2,...,p+1; lzl,...,d}U{Xl}

be a basis for (Z/pZ)P**! over F,. The relations above define an automor-
phism o of (Z/pZ)P?*1 (the conjugation by X,4.2). We have oP(X) = X
for every X € (Z/pZ)P4*! and o(X;) = X;. Under these hypotheses, there
exists one and only one extension G of (Z/pZ)P*+! by Z/pZ such that,
for every S € G which represents a generator for the quotient, we have
STIXS = o(X) for every X € (Z/pZ)P4*T! and SP = X (see [5]). In other
words in G the following relations hold:

XP o =XP = =XP,=1 I=1,..,d

SP = X, XV =
(X1, Xi4) = [ X146, Xp,5] =1 h,j=2,...,p+1, 1=1,...,4d,
[(X1,2, S]=[X1, S] = l=1,...,d,
(X1, b, S) = X1 b1 h=3,4,....,p+1, [=1,...,d,
where S is any of the elements which represent a generator for the quotient.

Then the relations of the proposition really define a group G which is an
extension (Z/pZ)P4*+' by Z/pZ; moreover G has d + 1 generators (look at

p+l
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the Frattini subgroup). Then (see [3]) there exists a Galois extension E
over k with group G and a Galois extension K of degree p over k such
that E|K is Galois and Gal(E|K) = (Z/pZ)P**!. Then E = M(K) and
G = Gi(K). O

LetHk(K):<X1,lei‘i:2,...,p—i—l,l:l,...,d>.

Lemma 3.1.
e FEwvery element of order p in Gi(K) belongs to Hx(K): in particular,
Gr(K) cannot be written as a semidirect product between Hy(K) and
a subgroup of order p of Gr(K);
[ Gk(K)p = <X1, Xl’g H = ]., ey d>,
o [Gi(K), Gp(K)]|=(Xpili=2,....,p,l=1,...,4d).
Proof. In what follows we consider Hy(K) both as a group and as a vector
space over I, with basis as in (3.1). Let A denote the linear isomorphism

of Hy(K) which corresponds to the conjugation by X, on Hy(K). If we
define B = A — I, we have

" (h
A — 1= B!
> (%)

and then

p—1 p—1 h h p—1 p—1 h

h _ i i _ pp-1
> _pz+zz<i>3 -y <i>)B B
h=0 h=11i=1 i=1 h=i
or the last equality argue by induction on h from p—2 to 1 using the we

for the 1 li by inducti h fi 2 to 1 usi h 1

known properties of the binomial coefficient). Let ¢ the conjugation by
Xpt2 on Hi(K) (so that A is a description of ¢) and, forevery I =1, ..., d,

p—1
Xi(n) = Xy(ny2, ns o mpa) = Y nu i Xiie
i=2

Using the above computations, it is not difficult to see that, if
d
X=X"+) Xi(n),
1=1
then

p—1 p—1 d
(P52 X)7 = X8 (Z gt X ) =mpr2Xi+ )Y 6" Xi(n)
and, if p { ny42, the last term is equal to

d d
= npya X1 + Z (¢ — 1P X(n)) = npraXs + an,p+1Xl,2~
=1 =1
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This concludes the proof of the first two claims. The last one follows from

the structure of G,(K): in fact, if we take ¥ € (Xj 2, Xi 3, ..., Xi py1) we
have ijzQYngH € (Xi 9, X153, ..., X;,p). Since X1 belongs to the center
of Gi(K), the last claim follows. O

In the case k = Qp, since d = 1, we omit the reference to [ in the
generators of Gp(K): then we have

Gp(K) = (X1, Xo, ..., Xpio).
We put HQP(K) = HP(K) = <X1, XQ, ey Xp+1>.

Remark. It follows from the Lemma 3.1 that Hy(K) is the only maximal
subgroup G (K) which is p-elementary abelian. Note that Hy(K) is iso-
morphic as an Fy,[Z/pZ]-module (the action being the conjugation) to the
direct sum of a free IF,[Z/pZ]-module of rank d with the trivial F,[Z/pZ]-
module.

4. Normal subgroups and quotients of Gp(K).

In what follows we shall focus on the case d = 1, i.e. k = Q,. We denote
by N, the number of normal subgroups of index p™ in Gp(K) which are
contained in Hy(K).

Proposition 4.1. Let A be as in the proof of Lemma 3.1. Then N,, (0 <
n < p+ 1) is the number of vector subspaces of dimension p + 2 — n in
H,(K) invariant under the action of A. Moreover, if 1 <n < p+1, then
N,=p+1.

Proof. In what follows we consider H,(K') both as subgroup and as vector
space over F,, with basis {X1, Xo, ..., Xp41}. It is clear that the normal
subgroups of G,(K) with index p” (0 < n < p+ 1) which are contained
in H are exactly the subspaces of H,(K) of dimension p 4+ 2 — n invariant
under A. We claim that the proper subspaces of Hy(K') invariant under A
are exactly those of the form

VV;"“ = {(x1, @2, .., Tp1) € (Z/pZ)PTY | Axy 4 p; = 0, xj =0 ifj > i}

where (A, p) € Z/pZ x Z/pZ ~ (0,0), 1 < i < p+ 1 and we used the

identification
p+1

(1, T2, ooy Tpy1) = szXz
i1

First of all, observe that dim WZ»A’“ =4¢—1and that, if 1 <i < p+1is
fixed, there are exactly p + 1 distinct Wi)"“ . Then the statement of the
proposition follows from the claim.

Let us prove the claim. On one hand, it is clear that WZ-/\’“ is in-
variant under A. Conversely, let V' be a subspace of Hy,(K) invariant
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under and let k£ be the maximum of the integers h such that there ex-
ists v = (vi, v2, ..., Vpy1) € V with v, # 0 and vy, = 0 for m > h:
in particular this means that dimV < k and, if dimV = k < p, then
V=< X1, Xa, ..., Xz >= W1

k+1°
Suppose that k > 2. Let B = A—1I: obviously V is invariant under B. In
particular (0, v, 0, ..., 0) = B¥2(v) € V where v = (v, v2, ..., Vpy1) €

V is such that vy # 0. On the other hand
B*3(v) — %B’H(u) = (0,0, v, 0, ..., 0) € V.
k

Inductively, this means that V contains {X;}*=}. If dimV = k — 1, then
we can complete {X; }Z: to form a basis for V' adjoining the vector

(’01,0,...,0,’(%, 0,...,0).

In this case then V = WA’“ with A =1and p = —v/vg. fdimV =k < p,
we saw that V = W !, while, if dimV = p+ 1, we have V = H,(K).

E+1
Suppose now that £ = 2: if dimV =1, then V =< v >= WQA’“ with
A =1 and pu = —v1/ve, otherwise, if the dimension is 2, V = W;’l.
Lastly, if k=1, v = (v1, 0, ..., 0) and V =< v >= Wy ". O

In the following we shall denote with Wj)"“ the subgroups defined in the
proof of Prop. 4.1, for 2 < j < p+ 1 and (A, u) € Z/pZ x Z/pZ ~ (0, 0).
Observe that VVj)‘l"“ = I/Vj)‘z’”2 if and only if there exists ¢ € (Z/pZ)* such
that ()\1, Nl) = C(/\Q, MQ).

Lemma 4.1. Letp>r >3 andp>j > 2. Then

Gp(K) /W0 2 Gy (1) /W \ € Z/pZ,

Gp(K) /W 2 Gp(K) /W X € (Z/pL)*,
Gp(K) /Wt = G;;(K)/W*Z’ M, A2 € (Z/pZ)",

Gp(K)/Wy'! = Gy (K) /W,y p € (Z/pL)".

Proof. In order to prove that G'p(K)/T/le’O % G,,(K)/Wj’\’ Y\ ez/pZ) it is
sufficient to look at the cardinalities of the commutator subgroups of these
two groups. We note that in particular le,o is an invariant subgroups of
Gp(K).

For the second claim, observe that G,(K)/ Wt is regular (it has order
pPTT3 < pP, see [1]): in particular it has exponent p (because it admits a
presentation with generators of order p) while G,(K)/ W' has exponent
p?. This proves that G,(K)/ W' Gp(K)/VVT)"1 (A€ (Z/pzZ)").

Now, for every A1, Ao € (Z/pZ)*, we construct an automorphism o of
Gp(K) such that U(W’\l’l) = W]-AQ’I. Choose A such that < A >= (Z/pZ)*



Classification of the certain extensions of degree p* over Q, 345

and put
0(Xpt2) = Xpt2, o(Xy) =X1, o(Xg)=AXy for 2<k<p+1
It is not difficult to verify that this choice defines an automorphism of

Gp(K). Moreover for every 2 < j <p

o(W; %) = (W) ")

because le,o is invariant. Then, if p+1 >4 > 3,

O-(W./\h’l) =0 (Wzl_’?@ < X1 — )\hXi >)

7

Wl < x; - AHIX; >
>\h+171
i

and we see that our choice of A gives the result. This proves the third
assertion.
Finally, for every u € (Z/pZ)*, there exists an automorphism 7 of G, (K)

such that 7(W3'') = Wy'*. In fact, it is easily seen that
(41) Xp+2 — XerQX'u X1 — XlXél, X,— X; ifix>1

p+1
effectively defines an automorphism of G,(K) that satisfies the required
properties. This proves the last assertion. O

5. Extensions of fields.

Observe that the cardinality of £,(K) is equal to (p p;_ll_l). In fact it

suffices to compute the number of the maximal subgroups of H,(K) whose

: feoly @PT-1)
number is precisely T

Using class field theory, it is easily seen that the number of cyclic exten-
sions of degree p? over Qp which contain K is equal to p. Moreover, there
is only one Galois extension of degree p? over Qp whose Galois group is
p-elementary abelian. So the normal extensions contained in &,(K) are
exactly p + 1.

Now we want to compute the number of extensions in &,(K) whose
normal closure has a fixed group as Galois group. A group which appears
as a Galois group of the normal closure of an extension in &,(K) is a
quotient of G(K'). The preceding discussion answers the question for the
two groups of order p? (of course, both of them are quotients of G,,(K)). So
we restrict ourselves to the quotients of order p™ with 3 <n < p+2. In the
following, we denote by EJ)‘ ¥ the subextension of M (K) which correspond

to Wj)"” (in the notation for these extensions, we omit the reference to K).

Proposition 5.1. Let 2 < j < p. Then EJLO is not the splitting field of
any of the extensions in E,(K).
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Proof. The result will follow if we prove that every subgroup of order pP~7+!
contained in the image of Hy(K) in G,(K)/ le’ O contains an element of the
center of G/ le’o. In fact, a subgroup of these corresponds to an extension
in &,(K) (EJ1 % has degree pP~i+3 over Qp) and the condition implies that
this extension is contained in a Galois extension of degree strictly less than
pP~I+3. These subgroups correspond to the subgroups of H,(K) which
contain le,o and whose order is pP. Let H' be such a subgroup: suppose
that < Xy, X;41 > NH' = {1}. Then H' cannot have order p’. Now we
conclude observing that the image of < X, X;11 > is contained in the

center of G/le’ . O

Proposition 5.2. Let 2 < j < p and X\ € Z/pZ. Then E])-"1 is the splitting
field of ezactly pP~7+1 extensions in £,(K).

Proof. First of all, observe that the center of G(K)/ Wj’\’1 is generated by
the image of X;. In fact, look at the centralizer of the image of X o:
it is easy to see that it is generated by X; (the bar denotes the images
under the projection) and then it must be equal to < Yj > (the center of
a p-group cannot be trivial). Since in a p-group the intersection between a
normal subgroup and the center is not trivial, we deduce that the center of
Gp(K)/ Wj’\’1 is contained in each of his normal subgroups. Now we look

at the subgroups of H,(K) whose order is p?, which contain Wj/\’ U and do
not contain X;. These subgroups are in one-to-one correspondence with
the hyperplanes of < Xj, X;, X411 ..., X;,11 > which contain the one
dimensional subspace {y1.X1 +y;X; | \y1 +y; = 0} and do not contain X;.
These hyperplanes are exactly the hyperplanes defined by the equations

Y1+ Yj + Gy + o+ Cpraypy = 0.

With Cjtl, -+ Cpr1 € [y TEH the subgroups of Gp(K)/I/Vj’\’1 of order
pP~71 which do not contain X; are of the form
(5.1)

2 ~  2p+1
Hepyyepn = X7 Xp1 ™ 2 +Cin1zjpn + - F Gpazpyn = 0}

Observe that these subgroups cannot contain any normal subgroup other-
wise they would contain the center. So it suffices to count the (p — j + 1)-
tuples of elements of Z/pZ to count all the extensions of degree p? over Q,

whose splitting field is E]’\ L O

We may reinterpret these results in the following way. We have p + 1
Galois extensions and Y ~}_, p(p?~**') = Y_F_, p’ non-normal extensions in
Ep(K). The sum of these two numbers really gives the number of elements
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of £,(K), that is
p p

N~ T =)

1+p+j§:2pj—j§:0pj— STT

6. Ramification groups of M,(K) when K is unramified.

In the next two sections we are going to use results from local class field
theory and ramification theory. We prefer not to report every time the
reference: the definitions and the proof of every result concerning those
theories can be found in [4].

Let Ky be the unramified extension of degree p over Q,: for this section,
as a matter of notation, we put M,(Ky) = My. Let Fy be the unramified
extension of degree p? of Qp: we have Fy C My. Moreover M| Fy is a totally
ramified abelian p-extension (of degree pP). Let w%ﬂ denotes the Hasse-Arf
function relative to the extension My|Fy and let w%o be its inverse. We
denote by {G;} and {G'} respectively the lower numbering and the upper
numbering filtrations relative to the extension My|Fp.

Remark. We have
Gal(Mo|Fo) = (X1 Xpy1, Xo, X3, ..., X))

for some a € Z/pZ since the subgroup (X1, Xo, ..., Xj) has non cyclic quo-
tient. Therefore up to an automoprhism of G (more precisely the automor-
phism which fixes every generator except X,;1 which maps to X7 “X,11)
we can suppose

Gal(Mo|Fo) = (X2, X3, ..., Xp, Xpi1).

Proposition 6.1. The following holds: Gal(My|Fy) = Go = G1 and G; =
{1} for every i > 1.
Proof. We denote as usual for a p-adic field F' by U% the subgroup of units
of F which are congruent to 1 modulo the i-th power of the prime ideal of
F.

First of all, we observe that U%O = (U }po)p since Fy is (absolutely) un-
ramified. Now, in the isomorphism

Fy = (mR) x Bl x U,
the subgroup N %0 (M) corresponds to
M *\ AU * M,
NpP(Mg) = (7g) X o x N (Upy,)-
Since we have F;” C N %0 (M) (both are normic subgroups and the abelian

extension corresponding to F;? contains M) and we get U%O = (U }0)5” C
M 1
N (Usgy)-
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One has Gy = G1 as My|Fy is widly ramified. It follows cp%o(l) =1=
J\F/ﬁo(l). Then from class field theory, we get
U}FQ/U%ON%O(UJ&()) = Gl/GQ’

Now, the first term is equal to U 1%0 /N % oU ]}40) which is isomorphic to
(Z/pZ)P. Then Go = {1}. O

Next we consider the extension My|Q,. We denote by {G;} and {G'}
respectively the lower numbering and the upper numbering filtrations rela-
tive to the extension My|Q,. This notation is consistent with the preceding
one if we restrict ourselves to ¢ > 0, as we will do in the following.

Let W be a normal subgroup of G,(Kp) which is contained in H,(Kj).
We put

Gi = (Gp(Ko)/W),, G = (Gp(Ko)/W)".
We are going to determine the ramification groups of the extension corre-
sponding to W using the well known formulas for the ramification groups
of a quotient. As we are interested in W as long as Gp(Ky)/W is the Ga-
lois group the normal closure of an extension in &,(Ky), we can suppose
w£W 0

We know that W is not contained in Gal(My|Fp) because W is one of the
Wj’\’l’s with 2 <j <p+1and A € Z/pZ. In particular W - Gal(My|Fp) =

H,(Ko). Then G; = G' = Hy(Ko)/W if0<i<1and G; =G = {1} for
every ¢ > 1.

Let E be the extension corresponding to W: we have p" = [E : Q] form
some n. We denote by 0 the discriminant of the extension E|Q, and put

dp = v(0g), where v is the valuation on @Q, such that v(p) = 1. Observe
that W ¢ Gal(My|Fy) implies Fy ¢ E. Then we have

dg =2p(p" ' — 1)

(for this computation we use the Hilbert formula for the different which
involves the cardinalities of the ramification groups). Note that the factor
p comes from the inertia index of E|Q,.

7. Ramification groups of M,(K) when K is totally ramified.

Let K be a totally ramified cyclic extension of degree p over Q, and let
F' be the unramified extension of degree p of K: F' is the maximal abelian
extension of exponent p over Q,. For this section, as a matter of notation,
we put

MP(K) =M, GP(K) =G, Hp(K) =H,
every statement of this section being independent of the particular choice
of K within the set of cyclic totally ramified extensions of degree p of Q,.



Classification of the certain extensions of degree p* over Q, 349

Observe that F' C M and L|M is a totally ramified abelian p-extension (of
degree pP). Let 1#% denotes the Hasse-Arf function relative to the extension
M|K and let ¢} be its inverse. We denote by {G,} and {G"} respectively
the lower numbering and the upper numbering filtrations relative to the
extension M|Q,. Similarly, we denote by {H,} and {H"} respectively
the lower numbering and the upper numbering filtrations relative to the
extension M|K. Put finally, for every u and v,

ho = [Hul,  h" =|H"],  gu=[Gul, ¢"=1G"].
Proposition 7.1. The following holds:
HY = (Z/pZ)P~" f i—1<wv<i, 1<i<p-—1,
H" = 7/pZ if p—l<v<p+1
and H" = {1} if v>p+1.
Proof. We apply the results of [2] to the extension M|K: M is the maximal
abelian extension of exponent p over K and K is totally ramified of degree

p over Q,. Then we know that the jumps of @b% are 1,2, ....,p—1,p+1,

since
2

P 1 <p+2.

p+1<

We have f(M|K) = p and e(M|K) = pP, then h® = h! = pP. Since there
are p jumps, the ratio between the right and the left derivatives of 1,/1% at
every jump must be equal to p. This proves what we want. O

Now observe that for every ¢ > —1 one has

(7.1) H;=G;NH.
Furthermore
(7.2) PM|Q, = PK|Q, © PMIK-
Using (7.2) it is easy to compute ¢y g, and the g;’s. Then we get
g0 = g1 =p"",
J24pt4pi=t = oo T GlpptoApi = P if 1<j<p-2,
924p+..4pp=2 = -+ = Glgpt.. 4pp—242pp—1 = P

Using (7.1), we can deduce that H; = G, if ¢ > 2: in particular the
subgroups H; are normal in G. Observe that the jumps in the filtration
{G"} are not integers: more precisely one has

¢*=pPT if 0<v<l,

. i1
g =pPt if 1+ZT<U§1+Z%, i=1,...,p—2,
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-2
g’ =p if 1+L<v§2,
b

g'=1 if v>2.

In the following we shall call v, the m-th jump in the filtration {G"}. For
example v =1, v9 =1+ % and v, = 2.

Remark. Up to an automorphism of G (more precisely an automorphism
such that Xp+2XZ}H — Xp 10, see (4.1)), we can suppose

Gal(L|Ko) = (X2, X3, ..., Xp, Xpya)

where we still denote by K the unramified extension of degree p of Q,, as
in the preceding section.

Lemma 7.1. M|Kq has precisely p cyclic subextensions of degree p?: they
corresponds to the subgroups

(X1 Xy, Xo, X3, ..., X,_1) C Gal(L|Ky)

as h runs in {0, 1, ..., p—1}. Moreover, if E one of these subextensions of
M|Ko and {Gal(E|K()"} is the upper numbering filtration on Gal(E|K)),
one has

Gal(E|Ko)* 2 Z/p*Z if 0<v<1
Gal(E|\Ky)" =2 Z/pZ if 1<v<2

and Gal(E|Ky)" = {1} if v>2.
Proof. Clear. 0

Ifh=0,1,..., p— 1, we denote with Ej the cyclic extension of degree
p? over K, corresponding to (XX, Xo, X3, ..., Xp—1). Observe that

(7.3) (G/Gal(M|E}y))" = G'Gal(M|Ey,)/Gal(M|Ey).
Proposition 7.2. There ezists m € Z/pZ such that the following holds
G = <X27 X37 RN Xp) Xp+2> Zf 0 <v <

i < U< Visq,
GV = <X1, X2, e Xp7i> Zf U V< Vit

i=1,...,p—2
G = (XX if vp-1 <v <

and G = {1} if v > vp.
Proof. The first claim is clear because

G' = G = Gal(M|Ky).
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Now observe that Gal(M|Kp)" = GV if v > 0. Using (7.3) we get, if
l<v<2 forevery 0 <h<p-—1,
Z[pZ = (Gal(M|Ko)/Gal(Ep| Ko))"
(7.4) = GUXNX,, Xo, oo, Xp 1) (XPX,, Xoy o0y Xpo1).

Now, GV is p-elementary abelian (since we showed that G; = H; if i > 2)
and it is contained in G'. Then, since g* = pP~ L if 1 < v < vo,

G’ = <X1, XQ, ey Xp_1> if 1 < v < vy
(one can also use the fact that G'/G"* has to be a p-elementary abelian
group). Observe that ¢g“* = pP~%; furthermore G # (Xa, ..., Xp_1)

because of (7.4). Then G3 = (XlX]lj_ng, ..., Xp_o) for some | € Z/pZ.
We have

(7.5) (X} g, Xa, ..., Xp_3) = [G*, G»] C G™
If I #0, (X, 5, X2, ..., Xp_3) has order p*~3 = g": then in (7.5), we
would have equality. But this is impossible because G** & (Xa, ..., Xp_1)

since (7.4) holds. Then G" = (X1, Xo, ..., Xp—2).
In a similar way one proves that
G’ = (X1, Xo, ..., Xp—i)

ifv;<v<wippandi=1, ..., p—2. Then G’»~! = (X1, X3) but we cannot
use the commutator argument again because both X; and X5 belong to the
center of G. Still, thanks to (7.4), we have G # (X3). This concludes the
proof. O

For every Wj/\’“ we put

(G?’M)v _ (G/Wj)\,,u)v '

As in the preceding section we are going to determine the ramification
groups of the extension E;"“ over Q, corresponding to VV;\’“ . We denote

by 0pg2rig, B} HQp
V(0 a. i), where v is the valuation on Q, such that v(p) = 1. We suppose
J

the discriminant of the extension E;"“ |Q, and put d

2 < j < p, because {E;‘jr‘ﬂ@p} is the set of Galois extensions of degree
p? over Qp, whose discriminants are well known. Furthermore, as we are
interested in the EJ/-\’“ as long as they are the normal closure of extensions

of degree p2 over Q,, we are going to omit the computations for the case
p=0and A =1 (see Prop. 5.1).
Suppose first =1, A =0 and 3 < j < p. Then we have

(GFEY I =p 2 i 0 v,
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(G =T i g <w<vig, 1<i<p—j,

and ](G;"“)”] =1if v > wv,_j41. Then

p—j
dgotig, =P (2(pp_j+2 ERAP P A D) |

i=1
Now suppose t =1, A # 0 and 3 < j < p— 1. Then we have

’(G;\,u)v’:pp*J*Q if 0<w<,

|(G;\7H)v’:pp_j_i+l if vi<v<wi, 1<i<p—j-—1,

, .
(G Ml =p if vpj<v <y,

and |(G;"“)”] =11if v > vp. Then

p—j-1 o
PP 1)+

_ —j+2
0, o 72+
(2

+ 17 (0= 0y y)(p — 1))
If u=1, A# 0 and j = p, then we have

(G =p* if 0<v <y,

(G =p if v <v<uy,

and |(G§-"”)”[ =11if v > vp. Then
g, =P (20" = 1) +pp—1)).

Now suppose j = 2. Observe that we have G/ W20 R=Ne. / W21 H for every
p € (Z/pZ)* (see Lemma 4.1). We have two cases which must be considered

separately. Suppose first that WQ)‘ H =G = (X1 XJ"): then, denoting with
d. the valuation of the discriminant of Eg‘ "#|Qp in this case, we have

de =p (2(1?” -1+ ipi(pp_i_l - 1)) :

i=1

Conversely suppose that WQ’\ H o4 GY: then, denoting with d,, the valuation
of the discriminant of Eg‘ '#1Q, in this case, we have

p—3
dy = p (W R Y VS ) IS RS e (e 1>> .

=1
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Now we look at the extensions E]/-\’“|L where L € E,(K), p # 0 and
2 < j < p: we have described the Gal(E;"”|L)’s in Prop. 5.2 (see 5.1).

They are subgroups of G?’“ and then, for every i,

(Gaz(EjﬂL)) - (@) N Gal(EM"|L).

i
We denote by 0

WRprnp,
Suppose first =1, A=0and 3 < j < p. Then we get

P—)
dE‘;.)’1|L =Pp <2(pp—j - 1) + Zpi(pp—j—i - 1)) :
=1

Now suppose =1, A # 0 and 3 < j < p. Then we get

P—j
=1

Finally, we analyze the case j = 2: it easily seen that d

. .. A, —
BM|L the discriminant of Ej |L and we put dE;\,u‘Qp =

), where w is the valuation on L such that w|v and w(p) = p?.

E}HIL does not

depend on whether WQ/\ " = G% or not. Furthermore we have

p—3
-2 i (o p—i—2
dyj = dpu, =P (2(Pp -1+ ;pZ(Pp - 1)) :

1=
We denote by 97, the discriminant of L|Q, and we put dp g, = v(0rq,)-
Using the formula for the discriminants in towers of extensions, we get, if
3<j<p,

— p—j+1
dE;’”|Qp =" drjg, + dEj*’”|L

and analogous formulas in the case j = 2.

8. Classification table

We collect our results in a table which describes the classification of the
extensions of degree p® over Qp whose normal closure is a p-extension. We
recall some notations. Let A be a fixed element in (Z/pZ)* and let j run
in {3, 4, ..., p}. In the following table, the first four lines list the Galois
extensions of degree p? over Qp. Lines from the fifth to the seventh list the
non-normal extension of g, (Ko). The remaining lines describe the non
normal totally ramified extensions of degree p? over Qp. When j appears
in a line, it simply means that there is a set of lines obtained by replacing j
with 3, 4, ..., p. For an extension L € &y,, e = e(L|Q) is the ramification
index of L, d = dp g, = v(drg,) is the valuation of the discriminant of

L, G = Gal(L|Q,) where L is the normal closure of L over Q, and we
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put € = e(L|Q,) for the ramification index of L and f = f(L|Q)) for the
inertia degree of L. Finally d = drig, = U(Dlep) is the valuation of the

discriminant of L.

TABLE 1. Extensions of degree p* over Qp whose normal
closure is a p-extension.

Number e d G e f d
1 1 0 7./p*Z 1 P> 0
p—1 p 2p(p— 1) Z/p’Z P p 2p(p— 1)
P’ P 2(p* - 1) Z/p*Z P11 2(p* - 1)
+p(p—1) +p(p—1)
1 p 2p(p— 1) (z/pZ)* P p 2p(p— 1)
pr Tt p 2p(p — 1) Gp/Wt | pP=9 %2 | p | 2p(pP 7 — 1)
(p—DpP 7t | p 2p(p— 1) Gp/WH | pP7 2 | p | 2p(pP 7t = 1)
P P 2p(p — 1) Gp/Wy't | p® | p | 2p(P7' 1)
: g0 11, ~9E01 ) i
PRt | e | G/WPT PP ey,
o1, —dox1,)
_ Mg, BN L .
(p—= 1772 | p* | et | Gp/W | P | p dprijg
? 2| (de —dan) /PPt | G/ Wy ? d
P p° | (de —dan)/p p/Ws p p e
p—1p" | p°| (du—dyr)/p"" | Go/Wst | p” | p d.
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