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HARDY TYPE INEQUALITIES IN HIGHER DIMENSIONS
WITH EXPLICIT ESTIMATE OF CONSTANTS

ABSTRACT. Let Q be an open set in R™ such that Q # R". For
1<p<oo1<s<ooandd = dist(x,00) we estimate the Hardy
constant

cp(5, ) = sup{[[f /6P| o) = f € C3°(Q), I(VF)/6 P Moy = 1}

and some related quantities.
For open sets 2 C R? we prove the following bilateral estimates

min{2,p} My(Q) < ¢,(2,9Q) < 2p (TMo(Q) + ag)?, ap = 4.38,

where My(Q2) is the geometrical parameter defined as the maximum
modulus of ring domains in €2 with center on 0{2. Since the condition
My () < oo means the uniformly perfectness of 02, these estimates give
a direct proof of the following Ancona-Pommerenke theorem: cy(2,€)
is finite if and only if the boundary set 9 is uniformly perfect (see [2],
[22] and [40]).

Moreover, we obtain the following direct extension of the one dimen-
sional Hardy inequality to the case n > 2: if s > n, then for arbitrary
open sets 2 C R™ (2 # R") and any p € [1,00) the sharp inequality
cp(s,92) < p/(s —n) is valid. This gives a solution of a known problem
due to J.L.Lewis [31] and A.Wannebo [44].

Estimates of constants in certain other Hardy and Rellich type in-
equalities are also considered. In particular, we obtain an improved
version of a Hardy type inequality by H.Brezis and M.Marcus [13] for
convex domains and give its generalizations.
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1. INTRODUCTION.

Hardy type inequalities in Sobolev spaces have many applications in
Mathematical Physics.
The original Hardy theorem (see [25], Theorem 330) gives that

+00 P p 400 ! P
[Tl (2 [T,
0 ts |s — 1] 0 ts—p

for p > 1, s € R, s # 1 and any absolutely continuous function u :
[0,00) — R, u//t/P~1 € LP[0,00) such that u(0) = 0 in the case s > 1
and u(+00) = 0 in the case s < 1.

If p = 1 then equality in the Hardy inequality is valid for any monotone
function u; if p > 1 and u #Z 0 then equality is not attained, but the
constant (p/|s — 1|)? is still sharp.

The Hardy inequality has been generalized in many ways. Our aim is
to consider its direct generalizations when the domain of integration (2
is an open and proper subset of R", u and u’ are replaced by functions
f e Cge () and Vf, the gradient of f, and powers of ¢ are replaced by
powers of

d = 0(z) = dist(z, 09).
Let €2 be an open and proper subset of R”. We first consider the following
Hardy constant
=1;.
LP(Q)

The classical examples which are simple consequences of the one di-

Vf
§s/p—1

c fe (), '

os/p Lr(@)

cy(s,Q) = sup {‘

mensional Hardy inequalities are given by the equations : for p € [1, 00)
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and s € R

cp(s, H) = _b

CP(SJRH\{O}): |s—n|’ ‘8—1|7
where H is a half space in R" (see [10], [34], [38]). For p > 1 and any
open convex set 2 C R™, Q # R" it is known that
cp(s,Q) = ]%
(see [17], [32], [33]). Explicit estimates of ¢,(s, §2) are also known in some
particular cases when € is not a convex domain. Namely,

1) if © is a simply connected plane domain, then c5(2,2) < 4 (see [2],
3], [11], [16]);

2) if 2 is a domain in R™ with smooth boundary, then c,(p,) >
p/(p—1) (see [16] and [32]).

For p > 1 and s > 1, it is a classical fact that there exists a finite
constant c,(s,€2) for any domain  with Lipschitz boundary (see, for
instance, [10], [16], [38]). It is known that the Lipschitz condition is
not a necessary one and can be replaced by more general conditions

on the boundary of €2. In this direction there are several deep results
due to A.Ancona [2], H. Brezis and M. Marcus [13], E.B.Davies [16],
[17], P. Koskela and X. Zhong [30], J.L.Lewis [31], V.G. Maz'ya [34],
V.M.Miklyukov and M.K.Vuorinen [35], and A.Wannebo [44].

The main aim of the present paper is to obtain explicit estimates of
¢p(s,€) in the case when p € [1,00), s > n and to estimate some related
quantities.

In Sections 2 and 3 we examine the quantity ¢, (s, §2) in the case, when
p € [1,00) and s = n. In Section 2 the case p € [1,00) and n = s =2 is
considered. For plane domains € C R? we prove the following bilateral
estimates

min{2, p} Mo(Q) < ¢,(2,Q) < 2p (TMo(Q) + ag)?, ao = 4.38,

where My(€2) is the geometrical parameter defined as the maximum mod-
ulus of genuine annuli in 2 with center on 0€). Note that, by results of
Ch. Pommerenke [40] and A. Ancona [2], ¢3(2,2) for a plane domain
Q) C R? is finite if and only if the boundary set 0f is uniformly perfect.
Clearly, our estimates give LP - version and a direct proof of the An-
cona - Pommerenke theorem, since the condition My(£2) < co means the
uniformly perfectness of 0.
In Section 3 we extend our estimates to the quantities

1(Q) 1= s> {182 < 1 € O, 168 1) = 1
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and

k() == sup { [V fll 20 : | € CE(Q), |0AF| 120y = 1}

related to Rellich’s constant of  C R? and discuss a generalization of
results to the quantity ¢, (n, €2) for space domains. In particular, we prove
that

Cp(n? Q) > 2 mln{l,p/n}Mo(Q),
where 2 C R™, n > 3.
One of the main results of the present paper is a direct extension of the
original Hardy inequality to the case n > 2. More precisely, in Section 4

the following assertion is proved: if s > n, then for arbitrary open sets
Q C R Q#R"”and p > 1 the sharp inequality

p

cp(s,02) < P

is valid. This completes the following known facts: J.L. Lewis [31] dis-

covered that there is ¢,(p, 2) < +oo for any open set 2 C R™, whenever

p > n. A.Wannebo [44] proved a generalization of this assertion: if p > n

and s > p — e(p,n) for a convenient e(p,n) > 0, then c,(s,2) < +oo for

any open set 2 C R".

We find that some Hardy type inequalities are connected with isoperi-

metric properties of open sets {2 C R™. Some theorems in this direction
are given in Sections 5 and 6. For instance, in Section 5 the constant

(0, = sup {11/l 1na S € CED, VS vy = 1}, p € (n,00),

is considered. For open sets with finite volume |Q| = mes 2 we prove the
inequalities
1Q[Y/7=YP < o(p, Q) < b Q|11
p—n

We extend the above results on ¢,(s,(2) and ¢(p,2) to some other
Hardy type inequalities with explicit estimates of all constants in func-
tion of parameters and simple geometric quantities of 2. In particular,
we obtain an improved version of a Hardy type inequality by H.Brezis
and M.Marcus [13] in convex domains and give its generalizations (see
Sections 4, 5 and 6).

For instance, in Section 6 we prove that

CP(S7Q> > L]_’ (p >1,s> 1)
8_

for any bounded open set {2 C R™ with finite boundary surface area in
the sense of Minkowski. On the other hand, for parameters p > 1, s > 1
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and convex open sets 2 C R"™ we prove that any function f € C§°(2)
satisfies the inequality

il 1 / p P\ [ IVfP
1EA - <
N dx+(s—1)55 Q|f\alx_ P Qés_pdx,

where ¢ = dist(z, 09), dy = sup{d(z) : z € Q}.

The main results of the present paper were announced in our talks in
the International Conference ” Geometric Analysis and its Applications”,
Volgograd State University, (2004) (see [5]), in the International Con-
ference and workshop dedicated to the centennial of Sergei Mikhailovich
Nikolskii, Russian Academy of Sciences, Moscow (2005) (see [6]) and in
the 13-th Saratov winter school on the function theory and its applica-
tions, Saratov State University, (2006) (see [7]).

2. BILATERAL ESTIMATES OF HARDY’S CONSTANT FOR PLANE OPEN
SETS WITH UNIFORMLY PERFECT BOUNDARY

In [19] Fernédndez observed that Pommerenke’s capacity density condi-
tion [40] is equivalent to Ancona’s condition [2] on domains with strong
barrier. This leads to the following excellent fact.

Theorem 1. If Q) is a plane domain then the Hardy constant

_
dist(., 0€)

ca(2,82) = sup {' 1 f e (), [Vl = 1}

L2(Q)
is finite if and only if the boundary set OS) is uniformly perfect.

One can find this result and many important characterizations of uni-
formly perfect sets in the recent book by Garnett and Marshall [22], see
Page 119 and Pages 343-345. Also, it is known that ¢3(2,Q) > 2 for
any domain with smooth boundary and ¢3(2,2) = 2 for convex domains
Q2 (see [16]). Moreover, if €2 is a simply connected domain in C then
c2(2,9) <4 (see [2], [3], [11] and [16]). In the general case, for instance,
in the case when € is not a finitely connected domain, explicit estimates
of ¢3(2,9) are unknown.

In this section, we shall prove LP-version (1 < p < o0) of Theorem
1 with bilateral explicit estimates of the Hardy constant using a simple
geometrical parameter of 2. In particular, we give a direct proof of
Theorem 1.
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Let 2 be an open set in the complex plane C such that €2 # C. For
any fixed p € [1,00) we consider Hardy’s inequality

// Hig —— = drdy < c,(2,Q)° // VI ———— ——dzxdy, VfeCFQ)
dist(z, 002)? » dist(z, 9Q)2—» ’ 0 ’

where z = z + iy and ¢,(2,) is the minimum possible constant that
generalizes c3(2, ().

Following to [12] and [40], we characterize the open set € by moduli of
ring domains that separate 0§2. More precisely, we define the maximum
modulus

My(£2) := sup % log f((j;,

where the supremum is taken over all annuli A such that
A={ze€C:r(A) <|z—2| < R(A)} CQ and 2z € 0.

We take Mj(§2) = 0 by definition, when there is no circle in © with center
on 0. We say that 0 is uniformly perfect if My(§2) < oo.
In the sequel, we need the constant
_ /4
T 4m2
from the sharp form of Landau’s theorem (see [26] and [29]).
The main result of this section is the following assertion.

~ 4.38 (1)

Theorem 2. If 1 < p < oo and €2 is an open and proper subset of C,
then

min{2,p} Mo(2) < ¢,(2,9Q) < 2p (TMo(2) + ap)*. (2)

In particular, the Hardy constant c,(2,2) is finite if and only if 0Q is
uniformly perfect.

Proof of Theorem 2. First we prove the lower estimate for c,(2, ().
Clearly, it is sufficient to consider the case, when 0 < My(€2) < co and
0 <¢(2,9) < 0.

We shall examine the cases p > 2 and p < 2 separately. Suppose first
that 2 < p < 0o and ¢,(2,9Q) < 2M(f2) for an open and proper subset
of C. From the definition of My(2) it follows that there is an annulus
A={ze€C:r(A) <|z— 20| < R(A)} C Q such that z;, € 092 and

00 > log f((j)) > mey(2, §2).

Without loss of generality we can suppose that zp = 0, R(A) = 1 and
r(A) =€ € (0,1), since ¢,(2, ) is invariant under linear transformations
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of 2. We have

1 1
MO = %logg > Cp(2,Q>/2

// K —— = drdy < ¢,(2,Q)° // VI dxdy vV feC(A).
dist(z, 02)2 » dist(z, 992)2 ’ 0

Using the polar coordinates, functions f(r,6) = v(r) with v € C§°(e, 1)
and the estimate (z,08) < |z|, we obtain

1 P p
/ \v(rilrdr (2, / |v'(r ﬂ\prdr, Ve R ).

By the change r = eexp(2Myt) and v(r) = g(t) of variables this is equiv-
alent to the Wirtinger type inequality (see [25])

cp(2,0Q2)P
[ atop e < gpMp [ g voecrom.
0

Approximating go(t) = sint by functions g € C5°(0,7) , we get
(2, Q) > 2P MY / | sint[dt/ / | cost|Pdt — 2P MY,
0 0

which contradicts to the assumption ¢, (2, 2) < 2M,. Hence, 2M(©2) <
2My < ¢,(2,9) in the case 2 < p < 0.

In the case 1 < p < 2 and ¢,(2,) < oo, we combine the Hardy and
Holder inequalities in the following way

// | fI? S - // (f1>P)P Ry
dist(z, 02)? dist(z, 02)2
|fPPIV P
< _
_() 29//d18t2392pddy
|f\2 1-p/2 ) p/2
< | = .
(3t ] ) ™ ([ )

It follows that c5(2,2) < ;cp(Q, Q). As is proved that c5(2, Q) > 2My(Q),
we get

CP(27 Q) > pMO(Q>>
when p € [1,2).

Now we suppose that My(€2) < oo and we prove the upper estimate.
Clearly, the condition My(£2) < oo assure that J€ has no isolated point.
Also, it is sufficient to obtain the upper inequality in (2) for connected
components of €2.

Since C\Q # () and 9N has no isolated point, any connected component
of € is a hyperbolic domain in C, i.e. its boundary has more than one
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point in C. Without loss of generality we can suppose that € itself is a
hyperbolic domain in C. Let A\q be the density of the Poincaré metric
on § with curvature —4 (see [1], [9]).

Let p > 1 and let f € C§°(Q). Since p > 1, we have that |f|? € Cj(Q)
and |V|f[?| = p|f|P~!|V f|]. Using the Liouville equation in the form

Alog Ag(z)7!
Aa(2)?

and the Green formula
//Q [uAv + (Vu, Vv)ldzdy = 0
for v =log A\, and u = |f|P, f € C°(£2), we obtain
[ 18300 dody = [[ 177302 (T1, Thae) ) dady

Combining this with the Holder inequality

13151930 dey

1=1/p 1/p
< ( / [ FIPAG dxdy) ( / / APV f, VAGHIP dxdy) ,
Q Q

we immediately get

/ |FIPAZ dxdy < // A PV, VAGHP dady (3)

for any f € C§°(Q2). Since this inequality is proved for any p € (1, 00),
letting p — 1 for a fixed f € C§°(Q2) we obtain that (3) is true in the
case p = 1, too.

Using (3) and Osgood’s inequality [39]

=—4, z=x+1iy €,

<2 o atiyen
'S GGany Pt WESR

one gets

22| fp
p <
/ [ Pa(z)" dedy < / / dlst (z,00Q)P dudy

Hence, for any p € [1,00) and any f € C§°(Q),
e p/2 // \Vf\P
// dist(z, 0Q2)2 drd 2p 2 dist (2, 00)? dxdy, (4)

a(Q) ;= inf{\q(2)dist(z,00) : z € Q}.

where
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Beardon and Pommerenke [12] proved that the condition My(€2) < oo
holds if and only if «(£2) > 0 and, in particular,

a(Q)7 < 27 My () + 2ay, (5)

where ag is the constant from Landau’s theorem. By [26] and [29] it is
known that the sharp value of g is given by formula (1).
From (4) it follows that

P
p(2,9) < o) (6)

Evidently, inequalities (5) and (6) imply the upper bound in (2).

The proof of Theorem 2 is complete.
Consider the upper bound corresponding to the case My(€2) = 0 in (2).

Corollary 2.1. Let Q be an open and proper subset of C. If there is no
circle in Q0 with center on 0S), then c,(2,Q) < 38.4 p.

Let us mention that My(€2) = 0 for any simply connected domain, but
the converse is not true. The family {2 : My(£2) = 0} is a large collection
of open sets (2 C C and it contains domains of arbitrary connectivity.
For example, the equality My( \ K) = 0 holds for domains satisfying
the following conditions:

(1) Qo is an open set in C such that sup{dist(z,0¢) : z € Q} = 1,
in particular, Qg is a stripe with width 2;

(2) K = _, Cy, where Cy, are continuums (connected compact sets)
such that diam C,, > 2 for allm > 1;

(3) K C Qg and Qo \ K is nonempty.

The Pommerenke condition on the capacity density for C \ Q has the
form

0(0) =t { 0 Ul = 2 THOCAD)

r

D20 € 09, O<7“<oo}>0,

where cap E is the logarithmic capacity of E. In our notations, Pom-
merenke’s estimates of the capacity density (see the proof of Theorem 1
in [40]) can be written as

1 1 4 log?2
My(Q2) < — log ——— < 2M,y(2 .
0(9) < 5= log s < 2M(@) + = (7

From (7) and Theorem 2, one immediately obtains the following asser-
tion.
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Corollary 2.2. If 1 < p < oo and €2 is an open and proper subset of C,
then

Lot ot oy <P (og— L 1o 2
N0 R St T o7 (e) R

We complete this section by three examples considering domains of
the form B(0,3)\E; = {z € C: |2| < 3}\ E; with perfect boundaries.
Example 1. Suppose that £y = J~_; K., [J{0}, where
Kpn={z=z4+iyeC:y=0, m ™ <zx<2m "}
The domain ©; = B(0, 3)\ £} contains the annuli

Ap={2z€C:2m+1)"" < |zl <m™™}

R(An) _m+1 1—1—1 " 00 as m — 00
= — — — 0.
r(An) 2 m

Consequently, My (€2) = ¢,(2,€) = .

and

Example 2. Now, we consider Fy = U;j:l Lom—1 {0}, where
L2m—1 = {Z =x+ ly cC: Y= 07 3—2m+1 <r< 3—2m+2}'

For any annulus A in Qy = B(0,3)\E,; with center on 90 we have
R(A)/r(A) < 3. It is an easy task to show that 2wMy(Qy) = log 3.
Accordingly, ¢,(2,s) < (8.76 + log 3)?p/2 < 48 p.

Example 3. Let E5 be the classical Cantor set. In [12] estimates for
a(C\ E3) are proved. We consider

3 = B(0,3)\Es.

It is easy to show that My(Q3) = Mo(Q2) = (27) 'log 3. Thus, ¢,(2,Q3) <
48 p.

3. OTHER RESULTS CONNECTED WITH UNIFORMLY PERFECT SETS, A
CONJECTURE IN THE SPATIAL CASE

We shall extend Theorem 1 to certain functionals connected with Rel-
lich’s constants and discuss a generalization of Theorem 1 to the space
domains.

First, we consider two following quantities used in [3] for simply con-
nected domains and related to Rellich’s constants (compare [18], [36] and
[42]).
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Let €2 be an open and proper subset of C. We define

, -
K1 (Q) := sup {' diSt(-> 89) L2(9)
and

KQ(Q) = Sup {HVf”[ﬂ(Q) . f - 080(9)7 ||dlSt(,8Q)Af||L2(Q) = 1},

where z = x + 7y and A is the Laplace operator.
In [3] it is proved that s;(2) < 4 and k2(2) < 4 for any simply
connected domain €). In the next theorem we give bilateral estimates of

1 f e Cge (),

Idist(., Q) AF|| 12y = 1}

k1(€2) and k2 () for open sets with uniformly perfect boundary. Also, we
obtain an improvement of the upper bound of ¢3(2, ), £1(2) and ky(2)
for doubly connected domains.

Theorem 3. If Q is an open and proper subset of C, then the quantity
k; () (7 = 1,2) is finite if and only if 0L is a uniformly perfect set.
Moreover,
QM()(Q) S Kl(Q) S 4(7TMO(Q) + a0)2,
QM()(Q) S I{Q(Q) S 4(7TMO(Q) + (10)2.
If Q is a doubly connected domain in C, then
Mo(Q) S 02(27 Q)/Q S 7TMO(Q) + Qag,
M()(Q> S Hl(Q>/2 S 7TMO(Q
M()(Q> S HQ(Q)/z S 7TMO(Q

+a07
+ ap.

~— —

Proof of Theorem 3. Suppose that 02 is uniformly perfect and f €
C° (). Using the Green formula and the Cauchy - Schwartz inequality
one gets

/ \V f|dxdy = —/ fASf dxdy
Q Q

1/2 1/2
2 1: —9 . ) ,
< (//Q | f|“dist(z, 0€2) da:dy) (//Q dist(z, 0Q)%|Af] da:dy) ,

This inequality and the definitions of ¢y(2, Q) and £1(Q2) imply

/|VWM@§mﬂWK/Iﬂﬁﬂwﬁwawwé@@ﬂf
Q Q

for any f € C§°(92) satisfying
// dist(z, 00)?|Af)? drdy = 1.
)
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Consequently,
r2(Q2) < R1(Q2) < 2(2,9). (8)
Inequalities (2) and (8) immediately give the upper bounds of x;(2)

and ko(€2) in the general case. Moreover, it is known (see, for instance,
[20], Lemma 1.1) that the inequality

//QWAé drdy < //Q|Vf|2 dedy, Yf € CX(Q), (9)

is valid for any simply or doubly connected hyperbolic domain €. It
is obvious that inequalities (5), (8) and (9) imply the upper bounds in
Theorem 3 for doubly connected domains.

Thank to (8), we have to prove the lower estimates of Theorem 3 for
k2(€2), only. To this end we assume that ko(2) < 2My(€2). Without loss
of generality we can suppose that 0 € (2 and there exists an annulus A =
{z € C:e < |z] <1} such that A C Q and M, := 5-log 1 > ky(Q)/2.
One has

// |V f|? dedy < ko ()? // dist(z, 00)?|Af|? dwvdy, VY f € C(A)
A A

and dist(z,00Q) < |z| for z € A. Consequently,

/61 V()2 dr < Ky (Q)? /61(7’11"(7’) o (F)?r dr

for radial functions v(r) = f(r,0),v € C§°(e, 1).
After the changes r = cexp(2Myt) and v(r) = ¢(t), the last inequality
can be written as the following Wirtinger type inequality

RO () [wra, vgecrom
: < @y o ’ ' (0,m).

Consequently, r2(€2) > 2M,.
This completes the proof of Theorem 3.

Finally, we consider the spatial case. Let €2 be an open set in R™ such
that € # R™. Suppose that 1 < p < 00,1 < s < oo and consider the

Hardy constant
=15,
LP(Q)
where § = dist(z, 09).
It is known that ¢,(s, Q) < oo for any domain € with Lipschitz bound-
ary (see [38]). More general families of domains with finite ¢,(s,€2) are

\

 f e R (Q), 5o/p—1

cp(s,€Q) =sup {' ST
L (Q)
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given in the papers by Ancona [2] (case p = s = 2), Lewis [31] ( case
p = s> 1) and Wannebo [44] (case p > 1,5 > 1).

In the case n > 3, as is indicated in the paper [28] of Jarvi and Vuori-
nen, the concept of uniformly perfect sets is not equivalent to the known
density concepts used in the theory of Hardy’s inequalities in higher di-
mensions.

For an open set @ C R" (2 # R",n > 3) we consider the quantity
My(£2) defined as in the planar case. More precisely, let

My () := sup % log Jf((j;,

where the supremum is taken over all ring domains A such that A =
{r e R": 1r(A) < |z — x| < R(A)} C Qand zy € 02 . If such a ring
domain A doesn’t exist, then My(2) = 0. If My(2) < oo then the set
00 is said to be uniformly perfect (compare [28]).

It is clear that the conditions Mp(£2) < oo and ¢,(s, Q) < oo are not
equivalent in the case s # n. For instance, if s > n, then ¢,(s,2) <
p/(n — s) for any open set  C R™ (2 # R"™) (see Theorem 5, below).
If 1 < s <nand By is a punctured ball, then it is easy to show that
My(By) = oo but ¢,(s, Bp) is finite for any p € [1, 00).

We conjecture that a direct comparison of My(2) and the Hardy con-

stant is possible in the case s = n. At least, if ¢,(n, Q) is finite, then 02
is uniformly perfect. Evidently, the last assertion is a consequence of the
following theorem.

Theorem 4. Ifp € [1,00) , n > 3 and § is an open and proper subset
of R™, then
cp(n, ) > 2min{1, p/n}My(S2). (10)

Proof of Theorem 4. We will follow the proof of lower estimates in
Theorem 2 with some necessary changes. In particular, we consider the
cases p > n and p < n separately.

Assume that n < p < 0o, 0 < Mp(Q) < oo and ¢,(n, Q) < 2My(9).
Without loss of generality we can conclude that there is a positive con-
stant € such that

1 1
cp(n, Q) <2Mp = —log — < 00
T €

and
A={zeR":e<|z| <1} CQ, (0,..,0) € 0.

Using radial functions, the spherical coordinates and the obvious inequal-
ity dist(x,09) < |z| for z € A, we can write (compare the proof of
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Theorem 2 for details)
1 prn—1 1. pon—1
/Jﬁﬁggiﬁgcgmﬂy/'ﬁﬁ%grﬁﬁ Vue C(e,1).

Using the changes r = € exp(2Mot), u(r) = ¢(t) and straightforward com-
putations, we obtain

cp(n, Q)P
/\g )P dt < Zmﬂ /‘| D dt, ¥ geCE0,7).

Hence, ¢,(n,2)/(2My) > 1. This completes the proof of (10) in the case
n < p.

In the case 1 < p < n and ¢,(n,2) < oo, we again combine the Hardy
and Holder inequalities in the following way

Lf1" (|Lf| ey
o dx—/ 5 dx

< (ﬁ) (n.Q) / \f|"6:\ff\p
ﬁ) ¢, (n, Q)P (/ |f\ndx)1—p/n (/ v f dx)p/n
p) " Q 0" 0 ’
dis

(z,0Q). It follows that c,(n,Q) < 2¢y(n, Q). Since

¢p(n, ) > TMo(9),

when p € [1,n).
The proof of Theorem 4 is complete.
It seems to be natural the following generalization of Theorem 1.

Conjecture. The equivalence {c,(n,Q) < oo <= My(2) < oo} is
true in the spatial case, too.

Remark. In the literature on uniformly perfect sets one can find
several definitions of maximum modulus of Q. To define My(2) we have
used ring domains in €2 with centers on 0€). This directly is connected
with the basic definition of Ch. Pommerenke in [40]. One can consider a
slightly different parameter M () defined as the maximum modulus of
ring domains which are in 2 and separate 02 | J{oo} (compare [12] and
[28]). It is easy to show that

1
Mo (£2) < M(2) < Mo(€2) + o log 3.
™
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4. SOLUTION OF A PROBLEM BY J.L. LEWIS AND A. WANNEBO

In [31], J. L. Lewis proved that there is ¢,(p,2) < 400 for any open
set Q@ C R™ if p > n. A. Wannebo [44] proved a generalization of this
assertion: if p > n and s > p — g(p, n) for a convenient e(p,n) > 0, then
cp(s,82) < +o0 for any open set 2 C R™.

We find that the single condition s > n assure that ¢, (s, 2) < 400 for
any open set {2 C R™ and any p > 1. Surprisingly, the constant has a
simple upper bound in this case. More precisely, we obtain the following
extension of the one dimensional Hardy inequality.

Theorem 5. Let Q be an open and proper subset of R™. If p > 1 and
s >mn then

@dx<< - ) Vg, vrecr@,

Q 55 - S—Nn Q 5S—p
where § = 0(x) = dist(z, 00).
The constant pP(s —n)~? in (11) is the best one for many sets €. For
example, it is sharp for every  of the form Qg \ {x¢}, where € is an

open set in R™ and zy € €.
From Theorem 5 it follows that the basic inequality of Hardy

+oo t 2 +oo
/ ()l dt§4/ W/(t)2dt, W € L2, u(0) =0,
0 0

2
has a sharp analog in R":

f1*"
Q 62n

which is valid for any open set Q C R™ (2 # R").
We will prove that equality in (11) is not attained in the corresponding
Sobolev space if f # 0 and

dx < 4"/ IVfI*dz, VfeCr(Q),
Q

do = 0p(R2) := sup{dist(z, Q) : x € O} < 0.
More precisely, we prove the following refined version of Theorem 5.

Theorem 6. Let 2 be an open and proper subset of R™. If p > 1 and
s > n, then

|f‘p —1 / p p ? ‘ " f‘p 00
< - -
T dz 5= 1); Q\f|dx s—n L 5 dz, VfeCFQ),
(12)

where 6 = dist(x, 0Q), Jy = sup{d(x) : z € Q}.
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Proof of Theorems 5 and 6. Let €2 be an open and proper subset of
R™. For given f € C§°(€2) we use the following approximation of €.
For h € (0,1) we consider the simplest covering of R™ by cubes

Qn. = [0,h]" + hz, ze ",
and define the finite set
Z"(QLh)={2€Z" :Qn. COQN{x e R" :|z| <1/h}}
and the following approximation of {2:

Qp, = int U.ezno,n) Qh,z-
For a given f € C§°(Q) it is clear that it suffices to prove (11) and (12)
with Q = Qp and any h € (0,1). By the change y = z/h, x € Q,
of variables we also see that (11) and (12) for Q = ) and Q = Q; are
equivalent. Thus, we have to prove (11) and (12) for a set of the form

Qy = int UTL, ([0,1]" + 2;), z; € L7,

Let S be a g-face of Q1.;. Suppose that S C 0€; and define the
following subset of €2;:

Q(S)={z eR" : 2’ € int S, B(z, |z — 2'|) C O},

where B(x, |z — 2'|) is the ball {y € R" : |y — 2| < |2/ — z|}. We have
to note that the interior of S is taken in R? D S and, by definition,
int S = S if S is a O-face i.e. a point.

Suppose that Q(S) # 0, this is always the case if S is a (n — 1)-
face and S C 9. The set Q(S) # 0 is starlike with respect to S,
ie. o' +tlx —2') € Q(S) for every 2’ € intS and all t € (0,1) if
|z —2'| = dist(x, 0;) and € Q(S). Up to arotation, Q(S) C Sx R},
and

QS) =S x {teR70< |t < @(‘%;S, Q)},

where ¢ is a positive function satisfying the inequality
sup ¢ < sup{dist(z,0) 1z € U }.

If S"is a cubic j-face (j =0,1,...,n—1) and S" C (0€) \ S then the
set
(S,8") = {x € Q:dist(z, S) = dist(z, S") < dist(x, )}
is a bounded subset of a (n — 1)-plane or a (n — 1)-surface of order 2.
Since mes, (S, S") = 0 and

(0Q(9) \ § C Us/(S,5),
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we obtain that mes,0Q(S) = 0. Consequently, for any g € C'(Q,)

/ng(x)d:);: > /Q(S)g(:z)dx. (13)

SCo

In the sequel we will need the notations:

ST T={weRy:|w =1},

Let S be a cubic (n — k)-face such that S C 9Q; and Q(S) # 0, where
k = 1,2,...,n. By Fubini’s theorem, we get the following formulas,

depending of the dimension of S:
if k=1, then

en—1(z)
/ g(x)dx = /dx'/ g(z’ + rv(a))dr; (14)
Q(S) s 0

if 2<k<n-—1, then

@nfk(w)
/ g(x)dx = / dx'/ dw/ g(a’ +wr)yr*tdr;  (15)
Q(s) s sk 0

if k =n and S = {2'}, then

eo(w)
/ g(x) dm:/ dw/ g(a' + wr)r™tdr. (16)
Q(S) d 0

Suppose that f € C(), p > 1, s > n, § = §(x) = dist(z, 0),
dp = sup{d(x) : x € Q1 }. We will use (14) (15) and (16) for the function

o) = P (50 + )

Since 0(z) =7, 1 <k <nin (14)-(16), we have

(et Yy
0 rs (s —1)d

Pn—k i 1 tk—l t 1
< A N dt/ FPYY fldr
A Gt = L Al

Pn—k
—p / PPV FAG i) dr
0
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k-1
<
~ (s —n)rs—t

Therefore, one gets

1 1 p |fIP IV f]
P d - d
/Q@'f | <5s<x>+<s—1>5s) “s—n/w 1)

for all k =1,2,...,n. By using this and formula (13) we obtain

1 1 P [PV S
/Q1 Fik {55@) + = 1)55] dx < s—n /Q1 51 (z) dzx.

This is the inequality to prove in the case p = 1. If p > 1 then we apply
the Hoélder inequality to get (12) for Q = €.

The proof is complete.

Finally, we consider a simple example to get that the upper bound
(p/(s —n))? in Theorems 5 and 6 is sharp (compare with the example of
Hardy [25] for one dimensional case).

Let Qo be an open set in R™ such that

0€ 0, {zeR":0<|z|<3}C Q.

Let us denote

P P
X = Mdz, Y :/ ‘VQ_A dz, 6= dist(x,0).
Q, 0° Q, 0°77

Ifp>1,s>n,e>0and
us(x) = [ TP 0 < o] <1,
us(zr) =2 — |z| , 1<z <2
us(x) =0 , 2 < x| < oo,
then straightforward computations give (w,—1 = |0B1])

P

X(uw) =L 1 0(1), Y(w)=2 (8 - ”“) +0(1).
£ € p
Approximating u. by radial functions that belong to C§°(B(0,3) \ {0})
and letting ¢ — 0 we obtain that c,(s, Q) > p(s —n)~'. Consequently,
cp(8,Q) = p(s —n)~! for any p € [1,00) and any s € (n,00). In
particular, the constant from Theorem 5 is sharp for the punctured ball
B(0,3)\{0}. Since the Hardy constant is invariant under linear transfor-
mations of €2, there exist extremal domains with given dy € (0, c0]. For in-
stance, if Qo = B(0,2d) \ {0} and s € (n, o0), then ¢,(s, Q) = p(s—n)~*
and do(€2) = dy. Hence, the constant p?(s —n)~? in Theorem 6 is sharp,
too.
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5. BOUNDARY MOMENTS OF AN OPEN SET IN CONNECTION WITH
CONSTANTS IN HARDY TYPE INEQUALITIES

In [3] and [4], we used a-moment of € about its boundary i.e. the
quantity

/ dist(z, 0Q)*dx
Q

to get bilateral estimates of constants in some inequalities of Mathemat-
ical Physics. The aim of this section is to show that these moments are
also connected with constants in some Hardy type inequalities.

In the sequel we will use the following consequences of formulas (14),
(15) and (16):

P, < VW*V o.(2. S\ 7
55 r=p gs—1 IV f|®s(z, S)dz, (17)
Q(9) Q(9)

where p > 1, s € R, S is a cubic (n — k)-face and

wnfk
B, (z, S) = 58*‘/ ¥ << (18)
4

ts—k-l—l

Evidently, by using (17) and (18) and following the proof of Theorem
5, one can give generalizations of Theorem 5 for admissible values of
parameters in the inequality

q 1/q p 1/p
ﬁdx <c v/l dx , Vf e ().
 0° q o

We illustrate this idea by some particular cases, only. Consider first a

case, when the constant in a Hardy type inequality is connected with the
volume of €2, i. e. with the 0-moment of €. Let us denote

c(p, ) = sup { Hg

NVl =1, f € cg%m}, p € (n,o0).

L ()
Theorem 7. Let Q be an open set in R™"(n > 1) with finite volume
|Q] = mesQ. If p>n, then

QP < elp, ) < TfQ (19
p—n
i.e. the following inequality

Lof N 1 v o
(@ Qa—ndx) §>\<@/Q\Vf\pdx) L VfECTQ),  (20)

1s valid with a constant \ such that
p
p—n

1<A<
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Proof of Theorem 7. Let f € C§°(§2). Applying the Hélder inequality
with the exponents p/n and p/(p — n) and Theorem 5, we easily obtain

n 1/n p 1/p
/ﬂdx < |Q|1/n—1/p ﬁdm
Q 0" o 0P

D 1/p
s-———mwﬂPUp</NVfwd§> .
p—n Q

From this one immediately obtains the upper bounds for ¢(p, 2) and A.

Now we prove the lower estimate for ¢(p, €2). According to the theorem
on regularized distance functions (see V.I. Burenkov [14], P. 78, compare
A.P. Calderon and A. Zigmund [15] and L.E. Fraenkel [21]), for any open
set Q@ C R™ (Q # R") and for any 3 € (0, 1) there exists a C'*(€2)-function
d5(., ) such that

Bo(z, ) < da(x, Q) < 0(z, ), |Vig(x, Q)| <1, x € .
Consider the functions

(0p(x, Q) —e)*, if x € Q(f,e),
m&@>:{0f if z€Q\QQB,e),

where 0 < #< 1,1 <a<o00,0<e<((2) and
Q(B,e) ={x € Q:d3(x, Q)| > ¢}, Ql,e) ={zx € Q:0(x,Q)| > e}.

The set (3, €) is bounded since the volume of €2 is finite. It is clear that
Jape € CJ(Q) for @ > 1 and 3 < 1. Since C§°(R2) is dense in CJ(Q) (see,

for instance, [14] ), one can write

‘f |n 1/n -1/p
(. Q) > < / de) ( | ¥l dx) ,
Qpe 0 Q(6.2)

where @ > 1 and g < 1. Letting « — 1 and § — 1 and using
|Vog(z, )] <1, we get

| frae|” 1/n —-1/p
c(p, Q) > </ R dx) </ dx)
Qe 0" Q(1,6)

_A\n 1/n
_ ( J— dx) (1, ) -,
Qe 0"

where § = dist(z, d2). Lebesgue’s theorem on majorized convergence
applied to the last inequality as ¢ — 0 gives

c(p, Q) 2 |QV" 1.

This completes the proof of Theorem 7.
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In the next theorem we consider the following inequality

\va il 1/p
/Q‘éijdx <c (/Q%dx) . VI ECE(Q). (21)

Theorem 8. Suppose that Q is an open set in R™ (n > 1) such that
M= / 571 %dy < +o0.
Q

Ifp>1,s>nand1/p+1/s > 1, then the best constant in (21) satisfies
the inequalities

1 c 2p 1
1--< <t =) (1-= 22
p = MUr T (p—1)< p)’ 22

where I' 1s Euler’s gamma function.

Proof of Theorem 8. Following the proof of Theorem 6 with a little
change we obtain the upper estimate in (22). Namely, by using (17)

and (18) for s > n and p = 1, summing over all S with Q(S) # 0, and

P
p—1’

applying the Holder inequality with the exponents p and ¢ = we

easily obtain

p 1/p 1/q
[ o ([ ) ([ )
Q1 951 91

§s/p [kt
<I>|Q(5)=53_1/6 pry (k=1,2,...,n)

for any cubic (n — k)-face S. From this it follows that

where

1
/ Qe < —TI'(¢+1)-M
o q1

e (sl e dt 7 o1
0 7’8_1 ., ts—k-l—l r dr
Soq_5+k2

1
= 5= F) /0 79751 — 7Ry g

L TG iy,
C(s—k)T(<L +9) Jo

since

©
<q T(¢+1) / ra=srk=lqy.
0
To obtain the last inequality we have used that
(-4
5) <q
(S - k>qr(53k + Q>

—q
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This inequality is a simple consequence of the identity I'(a+ 1) = ol'(«)
and the sharp estimates by W. Gautschi for the gamma function (see [23]
or the book by D. S. Mitrinovic [37]).

To obtain the lower estimate in (22), we first observe that

p —1/p
|§§‘da: (/ ‘V(SJ:‘)‘ dw) = (1—1/p)M'~V/?
Q Q

for the function fy =9 =g
To complete the proof, we apply the Calderon - Zigmund - Burenkov

theorem on regularized distance functions ([14], P. 78) as in the proof of
Theorem 7.

6. AN IMPROVED FORM OF THE BREZIS-MARCUS INEQUALITY AND
RELATED RESULTS.

We shall obtain the following generalization of the cited equation
&p(p, 1) =p/(p—1)
for convex domains.

Theorem 9. Let Q) be an open, convex and proper subset of R™. Ifp > 1
and s > 1 then

P p P
(M4 < (Sfl) (Bl wrecro, @)

where 6 = 6(x) = dist(z, 09).

Also, we shall prove the following lower estimate (compare the case
a =n — 1 of Theorem 5.1 in [16]). Let © be a bounded open set in R™.
Consider its boundary surface area by Minkowski (see [24]):

Alt
o(@) = Jim sup 20,

where A(t) = mes{z € Q : dist(z, 0Q) < t}.

Theorem 10. If p > 1 and s > 1 and § is a bounded open set in R"
with finite surface area o(SY), then

p
s—1°

From Theorems 9 and 10 it follows that c¢,(s,Q2) = p/(s —1) forp > 1
and s > 1 and any bounded convex domain {2 C R". The main aim of this

(s, Q) >

section is to improve this result using additional terms in the inequality
(23). To this end, examine first the following theorem of H.Brezis and
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M.Marcus [13]: if © is a bounded open and convex subset of R™ and
A = 1/diam(Q)? then

2
/Q%dxu /Q|f\2dx§4 /Q\Vf% Vet (24)

In [27] M.Hoffmann—Ostenhof, T.Hoffmann—Ostenhof and A.Laptev proved
that \ in (24) can be replaced by c(n)/||?", where || = mes ().

It is natural to ask whether inequality (24) is valid with some A > 0
for an unbounded convex domain. It is clear that the validity of (24)
implies

A< 4\ (),

where A\;(€2) is the first Dirichlet eigenvalue for the Laplace equation.
According to the theory of Isoperimetric Inequalities in Mathematical
Physics (see [8], [10], [41]) we have

\ < const.
T a()

This argument shows that (24) is not true with A > 0 for any unbounded
convex domain {2 in the case §y = 0p(§2) = +oo. It is also clear that
there are unbounded convex domains 2 C R™ with d¢(€2) < +oo in the
case n > 2, only.

We extend the Brezis - Marcus inequality to certain unbounded convex
domains. More precisely, we prove that (24) is true with A = 1/62, and
that a similar improved version of (23) is valid.

Theorem 11. Let Q be an open, convex and proper subset of R™. If
p>1and s> 1, then for any f € C§°(N2)

LfIP 1 / P p p/ IV fIP
< - -
o dzr + G =10 Q\]‘| dx 1 rr=" dz, (25)

where § = dist(z, 0Q), do = sup{d(z) : z € Q}.

Proof of Theorems 9 and 11. Let € be an open, convex and proper
subset of R™. It is known that for any compact set K C () there exists
a convex n-dimensional polytope @) such that K C intQ C € (see [24]).
Hence, for given f € C§°(Q) it is sufficient to prove inequalities (23) and
(25) for every convex, n-dimensional polytope ) such that

supp f C int@ C €.

Let @ be such a polytope, and let Sy, .95, ...,S,, be the collection of
all (n — 1)-faces of Q. First we will construct a special decomposition of
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Q:

Q= UjL,Qy, int@Q; NQr =0 for j#Ek, (26)
where (); are convex and compact sets. Namely, for each z’ € intS; we
define

@i(@') = max{t € Ry : B(z' +tv(2'),t) C Q},
where v(z') is the interior normal to S; at the point 2/, B(z,t) is the ball
{yeR": |y — x| <t}, Ry =[0,00). We easily obtain that

Q=8 U{z =2 +tv(a):0<t<p;)}
is a closed, n-dimensional and convex set, and Qq,Qs,...,Q,, satisfy
(26). Due to convexity of Q;, mes, UjL, 0Q; = (. Hence, for any function

9€LY(Q) -
/Qg(x) dx = ;/]g(z) dx

and, by Fubini’s theorem

j(@)
/ g(x)dx = / dx’/ g(a" + tv(a"))dt. (27)
Qj Sj 0
For any z = 2/ + tv(2') € Q; one has
é(z) =t, d(x) < pj(x') < dy, (28)

where § = §(z) = dist(x, 0Q) and d is its maximum in Q.
Suppose that p > 1, s > 1 and f € C§°(Q). By using (27) and (28)
for the function

o+ 1) = 1+ )P (4 s )

tS

we get

VO (55 + =)
<o [ [ ( ) [ |24
sog(w p 1
_ 2 / 7 IfTS I
nd

where y = 2/ + Tv(2'), a

o1y >‘A(x ,T)dT,

,7_3—1 ,7_3—1

A(x,77—> 1 Ts—1 + (58 [SOJ( ) T] S 17
j
By using this and the inequality ‘ 8f } < |Vf| and by summing over

J=1,2,...,m we get



HARDY TYPE INEQUALITIES 27

1 1 p bl
. D < .
Ig —/Q\f| <55 + (5_1)55) dx ) |V f|dx (29)

If p =1, then (29) is the inequality (25) for Q = @. Following Hardy
(see [25], Theorem 330), in the case p > 1 we apply Hoélder’s inequality
in (29) to get

/ 1/p’
LoD / AN / VALY )
@ = s—1 Q §s—s/p Q gs/p—1
p 1/p P 1/p
() ([
s—1 Q (55 Q 58 p

where 1/p’ =1 — 1/p. Consequently,

p P
IQS( p ) VAP
s—1 Q 5S—p

This completes the proof of Theorems 9 and 11.
Proof of Theorem 10. Suppose that p > 1, s > 1 and () is finite.
Let us denote

P P
X = / Mdz, Y = [Vul dr, = dist(x,00Q).
Q 0° o 0°7P
For ¢ € (0,1) and u = u.(z) = §¢~1*9)/? we have
s—1+e\”
X=M,.(Q), Y = (T) M_1,.(9Q), (30)

where M_1,.(€2) is the following moment of {2 about its boundary

M_1,.(Q) = / 5 edr.
Q

Using (30), the equation
lim supeM_1..(Q2) < () (31)

e——+0

and the Calderon - Zigmund - Burenkov theorem (see [14], P. 78), we
obtain that

cp(5,Q) > p(s —1)7"
To prove (31) we remark that

A
yk::sup{g ; 0<t<%}—a(ﬂ)—>0
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as k — oo. Consequently,

o At ok At
b:= lim sups/ (E)dt: lim lim supa/ ()dt
0 0

e—+0 12— k—o0e—+0 12—

: (00"
< i o(@) + 1 () = o(@)

Integrating by parts and using the known formulas (see [43], Chapter 1),

ﬂ—f%A%Aahﬁ:/“%)+ZfdAa):ALHJQ)

t2—£ 5&-5 tl—e

we have

for any € € (0,1). Consequently,
lim supeM_1..() =b < 0o(Q)

e—+0
which proves (31).
The proof of Theorem 10 is complete.

Example 4. Suppose that p > 1 and s > 1. Our aim is to obtain an
upper estimate for A > 0 in the inequality

|U|p A / p p g | ;u‘p o)
i < [—
/Q 5 dr + 5 /s |ulPdx P = dz, Yu e C°(), (32)

for convex domains (compare formula (25)).

We will examine the domains
Q. =(—,14+&)" ' x(—¢,6) CR"
and functions u. defined by
uc(z) = o~ 1H/P, 0<e<l,

in the case n = 2 only. Note that 69 = supd = ¢ for €)..
For n = 2, straightforward computations give

9e€ £ -1 p
_¥x, & Y:(g) X,
€ 1+4+¢ P
A 2)\e¢ 4
Z:=— [ uldx = “(1+ 2
05 Ja. s5+¢€ s+1+¢
and )
X+Z—-(LZ)Y )\
(s—l) _ 2 p +O(€)
2e¢ s s—1
If (32) is true then
A< 2
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Hence, the best possible value of A in (32) satisfies the inequalities

(Vp>1,s>1).
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