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Abstract. It is proved that if a Kéthe sequence space X is monotone complete and has
the weakly convergent sequence coefficient WCS(X) > 1, then X is order continuous. It
is shown that a weakly sequentially complete Kéthe sequence space X is compactly locally
uniformly rotund if and only if the norm in X is equi-absolutely continuous. The dual of the
product space (D;2; X;)a of a sequence of Banach spaces (X;){;, which is built by using
an Orlicz function ® satisfying the As-condition, is computed isometrically (i.e. the exact
norm in the dual is calculated). It is also shown that for any Orlicz function ® and any finite
system X1i,...,Xn of Banach spaces, we have WCS((P]—; X;)e) = min{WCS(X;): i =
1,...,n} and that if ® does not satisfy the Ag-condition, then WCS((Di2; X;)e) =1 for
any infinite sequence (X;) of Banach spaces.
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1. INTRODUCTION

Let X be a real Banach space and X* be its dual. Let B(X) and S(X) be the
closed unit ball and the unit sphere of X, respectively. Let [° stand for the space of
all real sequences and N and R stand for the set of natural numbers and the set of
reals, respectively.

A Banach space X = (X, || - ||) is said to be a Kdthe sequence space if X is a
subspace of 19 such that (see [9] and [12]):

(i) Ifz €% ye X and |z(i)| < |y(i)| for all i € N, then € X and ||z|| < ||y]|-
(ii) There is an element = € X such that z(¢) > 0 for all ¢ € N.
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An element x € X is said to have absolutely continuous norm if lim ||z—=2(™| =0,
n—oo

where (") = (2(1),...,2(n),0,...). We say that € X is order continuous if for
any sequence {z,} in X such that 0 /" z,(¢) < |z(7)| for each i € N (0 ,/ x,, < |2]
for short) there holds ||z,| — 0. The set of all order continuous elements in X is
denoted by X,. A Kothe sequence space X is said to be order continuous (OC for
short) if X, = X (see [9]). Note that absolute continuity of the norm can be defined
in any normed sequence space. A Kothe sequence space X is said to be monotone
complete if 0 < x,(i) /" x(4) for any ¢ € N implies ||| 7 ||=]-
For any sequence {x,} in X, we define

A{wa}) = tim [sup{lla: — ;1|: 6.5 > n,i # 5]
A({zn}) = lim [if{la — 5 0.5 > n,i # }).

The weakly convergent sequence coefficient of X is defined by

WCS(X) = sup {k > 0: for each weakly convergent sequence {z,} in X there is
y € co({zn}) such that klimsup ||z, — yl| < A({zn})},

where co({z,,}) denotes the convex hull of the elements of {x,,} (see [3]).

For any z* € X* and z € X, the value of 2* at z is denoted by z*(z) or (z,z*).
To indicate that a sequence {z,,} in X tends weakly to x € X, we write ,, — .

The notion of normal structure was introduced by Brodskij and Milman in [2].
It is well known that Banach spaces with normal structure have the weak fixed
point property (see [1], [3], [7] and [15]). It is also known (see [3]) that reflexive
Banach spaces X with WCS(X) > 1 have normal structure. Banach spaces X with
WCS(X) > 1 are said to have weakly uniformly normal structure (see [1] and [5]).

Zhang [21] has defined a sequence {z,} in X to be an asymptotic equidistant
sequence if A({z,}) = A1({z,}) and he has proved that

WCS(X) = inf {A({z,,}): {z,} is an asymptotic equidistant sequence in S(X)

which is weakly convergent to zero}.
Next, Prus has simplified this formula in [18], Corollary 1.4, proving that
WCS(X) = inf {A({zy}): (zn) C S(X) and z,, — 0 weakly}.
Recall (see [4] and [12]) that a Banach space X is said to be locally uniformly
rotund (LUR for short) if for any z € S(X) and any {z,} in S(X) the condition
|z, + z|| — 2 implies ||z, — z| — 0.
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We say a Banach space X is compactly locally uniformly rotund (CLUR for short)
if for any « € S(X) and {z,} in S(X) the condition ||z, + z|| — 2 implies that {z,}
is compact in S(X) (see [17]).

A Kothe sequence space X is said to have equi-absolutely continuous norm if for
any « € S(X) and any {z,} in S(X) such that ||z, + 2| — 2 we have that for any
€ > 0 there is j € N such that ||z, — Y H < ¢ for every n € N.

A sequence {z,} in a Banach space X is called a Schauder basis of X (or basis
for short) if for each z € X there exists a unique sequence {a,} of scalars such that
x =7 ant,. A basis {z,} of X is said to be an unconditional basis if every
convergent series Zle anxy with a, € R is unconditionally convergent, i.e. for any
permutation {7 (n)} of N the series > | dr(n)Zr(n) converges (see [12]).

The basic constant of the basis {z,,} of X is defined by K = sup || P,||, where P,:

n
X — X are the projections, i.e. P,(>"i2, a;x;) = > i, a;x; (see [12], Chapter 1).
If {z,} is a basis of a Banach space X such that the series >, a,z, converges

whenever {a,} is a sequence of reals such that sup || Y1 ; a;z;]| < oo, then {z,} is
n

called a boundedly complete basis of X (see [12]).

It is known (see [12], Chapter 1) that {z,} is a boundedly complete basis of a
Banach space X if and only if {x,} is an unconditional basis of X and X is weakly
sequentially complete.

Recall that X is said to be weakly sequentially complete if for any sequence
{y:}52, C X such that hinac*(yl) exists for every z* € X* there is y € X such
that z*(y) = lim 2*(y;) for every 2* € X* (see [12], Chapter 1).

A mapping Z(I): R — R is said to be an Orlicz function if ® vanishes only at
zero, ¢ is even and convex. An Orlicz function @ is said to be an N-function if
1lli%(@(u)/u) =0 and uh_)néo(@(u)/u) = 00. For any Orlicz function ®, we define the

Orlicz sequence space

l‘b:{xelo chx Zfbcx <oof0rsomec>0}

We also define the subspace h® of I® by
* = {2 €% Is(cx) < oo for any ¢ > 0}.

It is well known that (I®), = h® (see [6]). We consider [? and h® equipped with the
Luxemburg norm
|z]|le = inf{k > 0: Is(%) <1}

as well as with the Orlicz norm

Jol2 = sup{ S s 1ulo) <1},

i=1
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where ¥ is the Orlicz function complementary to @ in the sense of Young, i.e. ¥(u) =

sup{|ulv — ®(v)}. The Amemiya formula for the Orlicz norm in [? generated by an
v20

N-function ® is the following
|2]|Q = inf l(1 + Ip(kx))
® TS0k

(see [4], [13], [14], [16] and [19]). The spaces [® and h® are Banach spaces under
both these norms (see [4] and [13]). They are of course Kothe sequence spaces. We
write for simplicity [® in place of (I%, || - |l¢) and Ig in place of (1%, - [|$).

We say an Orlicz function satisfies the Ag-condition (® € Ay for short) if there
exist K > 2 and ug > 0 such that ®(2u) < K®(u) whenever |u| < ug. It is known
that [® = h® if and only if ® € Ay (see [4], [16] and [19]).

If (X;)$2, is a sequence of Banach spaces equipped with the norms || - ||; (respec-
tively) and @ is any Orlicz function, we consider the Cartesian product (P;-; X;)e
equipped with the norm

|z = inf{k >0: ) ®(|illi/k) < 1}

i=1

for any = = (2;)$2, with z; € X;, i € N. The finite product (., X;)s of Banach
spaces X1, ..., X, is defined analogously.

2. RESULTS

Remark 1. A Kothe sequence space X is order continuous if and only if it is
absolutely continuous.

Proof. Assume that X is order continuous and = € X. Then |z| > |z —z(™| \
0, whence ||z — (|| \, 0 as n — 00, i.e. X is absolutely continuous.

Assume now that X is absolutely continuous and 0 /" z,, < |z| where z,,2z € X
for n = 1,2,... . We need to show that ||z,| — 0. Take an arbitrary e > 0.
Let j € N be such that ||z — 2| < 5. Hence, the inequality z, < z yields
130241 2n(i)ei]| < § for any n € N. Since x,, — 0 coordinatewise, there is n. € N

such that || 25:1 zn(i)e;]| < § for all n > n.. Consequently, we obtain for n > n.,

oo

o J
nll = D zn@e| < || anliel +|| Y wnli)el| < §+5=¢
i=1 i=1 i=j+1
This finishes the proof. O
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Theorem 1. If X is a monotone complete Kéthe sequence space and the inequality
WCS(X) > 1 holds, then X is order continuous.

Proof. If X is not order continuous, then X, is a closed proper subspace of X.
By Riesz’s Lemma (see [20], p. 64), for any 6 € (0, 1) there is 2y € S(X) such that
|zo — x| = 0 for any x € X,. Hence, in virtue of the monotone completeness of X
there is a sequence {n;} of natural numbers such that n; / oo and

MNi41

> woleli)] > (1- ) o
ni+1
Define
MNi41
T; = Z zo(f)e(j) (i=1,2,...).
n;+1
It is obvious that
. (“%)K\\xi\\@ (i=1,2,..).
We will show that
@) z; 5 0.

We may assume without loss of generality that x¢ > 0. Take any nonnegative
functional 2* € X*. Then we have for any n € N

ix*(xi) = f(ixz) < 2% (z0) < 00,

i=1

whence the series Y .-, z*(z;) converges and consequently z*(z;) — 0 as i — oc.
Therefore, by the fact that every z* € X™* can be written as a difference of two
positive functionals, condition (2) is proved.

It is obvious that ||z; — 2| < ||zo]| = 1. Define y; = z;/||z;]| for i = 1,2,... .
Take any i,k € N and assume without loss of generality that ||x;|| < ||g|. Then

A ) ‘
< -l = - i = -
Nl Nl [l e
< m—me] < lwoll 1 1
~ 7 RS < Z.
IEA| IEA| (1- ﬁ)g 9

By the arbitrariness of ¢ in (0,1) and the Prus formula for WCS(X), this yields
WCS(X) = 1. O
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Theorem 2. If X is a weakly sequentially complete Kéthe sequence space, then
X is CLUR if and only if the norm in X is equi-absolutely continuous.

Proof.  Necessity. We will show first that X is not CLUR whenever X is
not OC. If X is not OC, there exists in X a sequence (z,) with pairwise disjoint
supports and with ||z,|| = 1 for all n € N, and = € X such that =, < z for all
n € N. Let * € X* and z* > 0. Then we have for any k € N,

k

gywmzf(nggﬁ@<m,

n=1

whence the series °°7 | 2*(x,,) converges. Thus z*(z,,) — 0. Therefore z,, — 0 (see
the argumentation after (2) in the proof of Theorem 1). Define

Y=SUpT, =Y Tn, Yn=Yy— In.
n —

Then 0 < y, < y and y,, — y. By the lower semicontinuity of the norm || - || with
respect to the weak convergence, we have ||y, || — ||y||. Thus, defining

_ Yn Y
Zn = , Z=
[yl [yl
we have ||z,]| = ||z]| =1 and
_|_
<W+%‘W%wﬂ" +Z—%W
3)
ynll —
H lynll |||yn ||Z/||‘ "

Moreover, (yn +y)/lyll = 2y/llyll and (yn +»)/Ilyll < 2y/|lyll, whence

() lyn +yll 2HLH _
[yl [yl

Combining (3) and (4), we get ||z + 2, || — 2. On the other hand, since the elements
of the sequence (z,) are pairwise orthogonal,

12m = znll = max(||zm]], | 2.l]) =

for every m,n € N, m # n. Therefore, (z,) has no norm-convergent subsequence in
X, i.e. X is not CLUR.
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Finally, we will prove that the norm in X is equi-absolutely continuous whenever
X is CLUR. Otherwise, there are z,z, € S(X) (n =1,2...) and ¢ > 0 such that
|z 4+ x| — 2 and for any j € N there is n; > j such that

Z T, (1)e;

i>]

(5)

= €0-

Since [|zn; + || — 2 as j — oo and X is CLUR, there is a subsequence {7, } of
{zn,} and 2’ € S(X) such that

(6) o, —a' =0 as j — oo.

Since X is OC (as it has been shown at the beginning of the proof), there is ig € N

such that
Z 2 (i)e;

1>10

o
<3

By (6) there is j1 € N such that |27, —2'|| < £2 for any j > j1. Also by (6), xy, —a’
coordinatewise. Therefore, there is jo > j1 such that

10

P T

i=1

< 53—0 for any j > js.

Hence in virtue of (5), we get

10

re0 > |lag, = = || Y (@, (6) — 2’ (0)ei + Yy, (i)es — Y al(i)e;

i=1 i>io i>io
i
> D, e — | D (@, () =2/ @)es| — || D @' (D)e
i>io i=1 i>ig
> Z xy, (i)ei|| — 560 > 320

when j is large enough. This contradiction finishes the proof of the necessity.
Sufficiency. We will show first that if X is OC, then {e;} is an unconditional basis

in X. For any z € X let 2™ = """  (i)e; as above. Since X is OC, Remark 1

yields that X is absolutely continuous. So, given any £ > 0, there is ng € N such

that
Z z(i)e;

1>n0

<e€.
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Hence
oo

Z x(i)e;

i=n+1

2 - 2] = <

Z x(i)e;

1>n0

<e

for any n > ng, which means that z = lim (", ie. {e;} is a basis of X.
n—oo

Moreover, given any ¢ > 0, there is i(¢) € N such that || Ez;l z(i)e;|| < e for
all i1,i2 > i(g). So, for any permutation (0;)2; of natural numbers, the inequality
0; > i for all i € N yields || Ezi“ x(0;)eq, || < € for all i1,42 > i(e), which means that
the sequence s; = Zgzl x(0;)ep, is a Cauchy sequence, whence it follows that the
series Y .o x(6;)eq, is convergent. Therefore {e;} is an unconditional basis of X.

Let the norm in X be equi-absolutely continuous, = € S(X), (z,,) be a sequence in
S(X) and ||z, + z|| — 2. Since equi-absolute continuity of X implies OC of X, {e;}

is an unconditional basis of X. If K is the basic constant, we have for any i € N,

| (8)[lesl| = < Kl|za] + Kllzn| = 2K.

i i—1
Z xn(k)er — Z zn(k)eg
k=1 k=1

Therefore, using the diagonal method, one can find a sequence a = a(i)22; € (° and
a subsequence {z],} of {z,} such that (i) — a(i) as n — oo for every i € N and
n

sup || > a(i)e;|| < co. Since {e;} is an unconditional basis of X, by the assumption
no =1

that X is weakly sequentially complete, {e;} is a boundedly complete basis of X. So
the series Y .-, a(i)e; converges in X. Denote a = Y .=, a(i)e;. Given any ¢ > 0,
there is i’ € N such that || Y., a(i)e;|| < £. Next, by the equi-absolute continuity
of the norm, there exists io € N, ig > i/, such that || Y, , ] (i)ei]| < §. Since

3
a2, — a coordinatewise, for n € N large enough there holds

o0

|2, = all = || D (@1, (0) — a())ei|| = || D (@h,() — ali))ei + Y (a7,(i) — a(i))e;
i=1 i<io i>io
< Z(x;(z) —a(i))e; || + Z 2 (1)e; || + Z a(i)e;|| < e,
i<io i>io i>io
which means that ||z], — a|| — 0, finishing the proof. O

The next theorem characterizes isometrically the dual of (@, ; X;)s in the case
when ® € As.

Theorem 3. If the Orlicz function ® satisfies the Ay-condition, then for any
sequence (X;)$2, of Banach spaces we have [(D,~, X;)e]* = (D,_, X;)w, where
the space on the right side is equipped with the Orlicz norm and ¥ denotes the Orlicz
function complementary to ® in the sense of Young.
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Proof. Denote X = (,-, Xi)o and define f(z) = Y ;= (x(i),v(i)) for z =
(z(i)):2, € X, where v = (v(i)) € (B,—, X})w. Then f is a linear functional and

I/l = sup f(z)= sup sz

\zl\— lzll=15=,

< HST\IE lex Ixl@llx; < llzllallollg = ll0]S,
whence it follows that f € X* and ||f|| < [[v]|9. Now, we will show the converse
inequality. Let a = (a(i))22; € [¥ and Iy(a) < 1. By the definition of ||v(i)]], for
any i € N there exists Z(i) € X; such that ||Z(¢)|| = a(i) and

(@(i),v(8)) > [Jo(i)||a(i) — /2",
Therefore

f=sup{§:<x(i), '~§wnxin 1

i=1

sup{z (i) la Z } e = I @DES -

whence by the arbitrariness of ¢ > 0, the inequality | f| = [[v]|9 = [|([[v()[x-)Z, 1
follows. Therefore || f|| = [|v]|9-

To finish the proof, we need only to show that every f € X* is of the above form.
Define P,,: X — X by

We have A,,(x(n)) = P,z for any x € X with the n-th coordinate equal to z(n). Let
f € X* and define P, f(x) = f(P,x). Since || P,z||¢ < ¢ implies [|z(n)|x, < e®1(1)
and ||z(n)| x, < e implies ||P,z||e < €/a, where a > 0 satisfies ®(a) = 1, it follows
that X, is isomorphic to P,X and P, is an isomorphism. Define f,: X,, — R,

y (@(n), fu) = (An(z(n)), f). Then (z(n), fn) = (&, Paf) & (Puz, f) for € X
satisfying P,x = x(n). Therefore f,, € X and by ® € Ay, we have

S fila@) = Y Pif(z)=f((0,...,0,z(n+1),2(n+2),...)

i=n+1 i=n+1

n

= fl@—a™) <|flllz — ™| — 0.
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Hence f(z) = > .- (z(n), f»), where f, € X} ( =1,2,...). We will show that
(I fnllx=) € 1%, Let (a(n))s2, € I® and 3,7, ®p(a(n)) < 1. By the definition of
| fnllx= there exists T(n) € X,, such that ||Z(n )”Xn a(n) an

[fnlla(n) < (@(n), fu) + /2%,

whence for any m € N

S falla(n) < 32 @ m), fu) +2 = @, f) +¢
n=1 n=1

<IANENE + e < IANIZIE +e,

which means that Y ||fn|xza(n) < co and consequently, by the arbitrariness
of (a(n))s, satisfying 377 ®n(a(n)) < 1, we obtain that (|| fnllx:) € {¥. This
finishes the proof. O

Theorem 4. If ® is an Orlicz function which does not satisfy the As-condition,
then WCS((D;2, Xi)s) = 1 for any infinite sequence (X;) of Banach spaces.

Proof. If ® & Ay, thereis a = (a(n))32; € S(I?) such that Is((1 + \)a) = oo
for any A > 0 (see [4], [8]). For any i € N one can find z(i) € X; such that
l|z(?)|| = a(i). Define z = (z(1),2(2),...,2(i),...). Then

oo

Io((14+ N (z —2M™)) = Y &((1+ Na;) = o0

i=n+1

for each n € N. So, there is a sequence {n;}$°, of natural numbers such that for x; =
ni+1

‘ E+1$(i)€i there holds (1 — H%) <zl €1 (i=1,2,...). Since [(@;ﬁl Xi)a]* =
1=n;

(B;2, X;)w+S, where S is the space of those functionals from the dual space which
vanish on sequences with finite number of coordinates different from zero, we easily
get that x; — 0. Now, we can get the equality from the thesis in the same way as in
the proof of Theorem 1.

O

Theorem 5. For any Orlicz function ®, any n € N and any system of Banach
spaces X1, ..., X,, we have WCS((_, X;)o) = min{WCS(X;): i =1,...,n}.

Proof. For n =1 the result is obvious. Assume without loss of generality that
n=2. Let X = (@?:1 X;)s. Note that X; and X5 are isomorphically isometrically
embedded into X. In order to see this, define P: X; — X by Pz = (az,0) for any
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x € X1, where a > 0 satisfies ®(a) = 1. It is obvious that P is a linear one-to-
one operator between X; and X. Moreover, Is(Pz/||z|x,) = ®(|laz|x,/l|z|lx,) =
®(a) = 1, whence ||Pz/||z||x,|le =1 ie. ||Pz|le = ||z||x,, which means that P is an
isometry. Analogously, the operator Q: X2 — X, defined by Qz = (0, ay) for any
y € X2, is an isomorphic isometry. Therefore WCS(X) < min(WCS(X;), WCS(X32)).

To prove the converse inequality take any asymptotic equldlstant and weakly con-
vergent sequence {z,} in S(X). Then =, = (z.,22), where z} € Xi, 22 € X5. By
[21], Proposition 2, there is a sequence {n;} in N such that both {z}, } and {z?
are asymptotic equidistant sequences and both of them are convergent, say

. 1 _ . 2 _
klin;o |z, I1x, = a, klingo 25, llx, = b.
We have

1= (@ 2p)lle = Il l23lx) le = @(llanllx,) + (27 ]1x.)-

for all n € N, whence ®(a) + ®(b) = 1. Moreover,

iz, =2, fle = ,1im [, — 20, — 22 e

'L,] 4’

= tim {inf{k > 0: Bk, — b, lx, /) + 8122, 2%, /b < 1)),
Taking into account that ||x -} || a WCS(X1) and Hx — a2 H bWCS(X>),
we have

dim |z, — 2, || > ‘lim {inf{k > 0: ®(a WCS(X1)/k) + ®(bWCS(X2)/k) < 1}}
irj—00
> lim {inf{k > 0: ®(a min(WCS(X;), WCS(X>))/k)
irj—00

+ ®(bmin(WCS(X), WCS(X2))/k) < 1}}
= min{ WCS(X,), WCS(X3)}.

Hence WCS(X) > min{WCS(X;), WCS(X2)} and consequently
WCS(X) = min{WCS(X;), WCS(X3)}.

O

Remark 2. Theorem 1 in [5] says that if X5,..., X, are reflexive Banach spaces
and X is the space R* with a monotone norm, then

WCS((@)Q)X) = min{WCS(X;): i=1,...,n}.

Although Theorem 5 concerns only X = R" equipped with the Luxemburg norm
generated by an Orlicz function ®, the reflexivity of X; was not assumed.
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Remark 3. Landes [10] discussing permanence properties of normal structure

for a finite product of Banach spaces has shown that if both X and Y are reflexive
with WCS(X) > 1 and WCS(Y) > 1, then Z = (X x Y);, has normal structure. It
follows from Theorem 5 that without reflexivity of X and Y, the space Z has even

weak uniform normal structure.

(1]
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