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Abstract

This paper gives a self contained proof of the perturbation theorem
for invariant tori in Hamiltonian systems by Kolmogorov, Arnold, and
Moser with sharp differentiability hypotheses. The proof follows an idea
outlined by Moser in [@} and, as byproducts, gives rise to uniqueness and

regularity theorems for invariant tori. ||

1 Introduction

KAM theory is concerned with the existence of invariant tori for Hamiltonian
differential equations. More precisely, we consider the following situation. Let
H(x,y) be a smooth real valued function of 2n variables x1,...,Zn,y1,.. ., Yn.
We assume that H is of period 1 in each of the variables z1,...,x, and y is
restricted to an open domain G C R™ so that H is defined on T™ x G where T" :=

1 The present paper was written in 1986 while I was a postdoc at ETH Ziirich. T didn’t
publish it at the time because the results are well known and the paper is of expository na-
ture. The paper is reproduced here with the following changes: there are a few updates in
the introduction, a mistake in Lemma [ and the proof of Theporem P has been corrected, t
hypotheses of Theorem P have been weakened, and Lemma §| has been moved to Section]ﬁ
The original manuscript can be found on my webpage http://www.math.ethz.ch/ sala-
mon/publications.html.



R™/Z™ denotes the n-torus. Consider the Hamiltonian differential equation
T = Hy, y=—Hg, (1.1)

where H, € R" and H, € R" denote the vectors of partial derivatives of H with
respect to x, and y,. As a matter of fact, any Hamiltonian vector field on a
symplectic manifold can, in a neighborhood of a Lagrangian invariant torus, be
represented in the form ([L.1]).

By an invariant torus for (@) in parametrized form with prescribed fre-
quencies wy,...,w, we mean an embedding z = u(§), y = v(§) of T" into
T™ x G such that u(§) — & and v(§) are of period 1 in all variables, u represents
a diffeomorphism of the torus, and the solutions of the differential equation

f=w

are mapped to solutions of (@) Equivalently, u and v satisfy the degenerate,
nonlinear partial differential equations

Du = Hy(u,v), Dv = —H,(u,v), (1.2)

where D denotes the first order differential operator

" 0
D = lel,a—gu.

Observe that any such invariant torus consists of quasiperiodic solutions of the
Hamiltonian differential equation (L.1). In fact, the solutions are periodic if all
the frequencies wy,...,w, are integer multiples of a fixed number and they lie
dense on the torus if the frequencies are rationally independent.

The simplest case is where the function H = H (y) is independent of x so that
each of the sets y = constant defines an invariant torus which can be represented
by the functions u(¢) = £ and v(§) = y. The frequency vector is then given
by w = Hy,(y) and will in general depend on the value of y. This situation
corresponds to an integrable Hamiltonian system and must be considered as the
exceptional case. In fact, it has already been shown by Poincaré that in general
one cannot expect equation ([.J) to have a solution for all values of w in an
open region, even if the Hamiltonian function H(z,y) is close to an integrable
one. The remarkable discovery of KAM theory was that even though a solution
of ([L.4) cannot be expected for rational frequency vectors it does indeed exist
if the frequencies w1, ...,w, are rationally independent and, moreover, satisfy
the Diophantine inequalities

I . 1

JeZ"\{0} = |G|z % (1.3)
colsl

for some constants ¢g > 0 and 7 > n — 1. Here |j| denotes the Euclidean norm.
Actually, only the perturbation problem for equation (@) is treated in KAM

theory. More precisely, in addition to (E) we will have to assume that the



Hamiltonian function H (z,y) is sufficiently close to a function F(z,y) for which
a solution is known to exist. After a suitable coordinate transformation this
amounts to the condition

F,(x,0) =0, Fy(z,0) = w, (1.4)

so that the invariant torus for F' can be represented by the functions u(§) = ¢
and v(§) = 0. Moreover, we assume that the unperturbed Hamiltonian function
satisfies the Legendre type condition

det (/T Fyy(2,0) dx) £0. (1.5)

Under these assumptions the theorem asserts that the invariant torus with pre-
scribed frequencies wy, . .., w, survives under sufficiently small perturbations of
the Hamiltonian function and its derivatives.

The perturbation theory described above goes back over forty years to the
work of Kolmogorov [@, Dl]7 Arnold [E, @, and Moser [B, @], Actually, the
history of the problem of finding quasiperiodic solutions of Hamiltonian differen-
tial equations is much longer. In particular, it was of great interest to Poincaré
and Weierstrass especially because of its relevance for the stability theory in
celestial mechanics. For a more detailed account of the historical development
the interested reader is referred to [E] Closely related developments in the
theory of Hamiltonian systems like the theory of Mather and Aubry as well as
connections to various other fields in mathematics are described in [E]

The present paper builds on the ideas developed by Kolmogorov, Arnold,
Moser and also by Riissmann, Zehnder, Poschel and many others. Its purpose
is to summarize some of their work and to present a complete proof of the
above mentioned perturbation theorem for invariant tori. We are particularly
interested in the minimal number of derivatives required for F' and H. The
main ideas of this proof were outlined by Moser [@ and the details were later
provided by Poschel [@, @] in a somewhat different way than it is done here.
Moser’s proof may be roughly sketched as follows. The first step is to prove a
theorem for analytic Hamiltonians which involves quantitative estimates (The-
orem El) For differentiable Hamiltonians the result will then be obtained by
approximating H (z,y) with a sequence of real analytic functions - again includ-
ing quantitative estimates - and then applying Theorem m to each element of
the sequence (Theorem [).

A beautiful presentation of similar ideas can be found in [L3] in connection
with Arnold’s theorem about vector fields on a torus [f]. Moser has also used
these methods for proving his perturbation theorem for minimal foliations for
variational problems on a torus. This result was first stated in [[§ and its
proof appeared in [E] In [E] Jacobowitz has applied the same approach to
Nash’s embedding problem for compact Riemannian manifolds [@} in order to
reduce the number of derivatives to ¢ > 2. Later Zehnder [@] has developed
a general abstract setup for small divisor problems along these lines. Other
versions of such abstract implicit function theorems can be found in the work
of Hamilton [ﬂ] and Hormander [E]



In connection with his paper [I@ Moser produced a set of handwritten notes
in which he sketched the necessary estimates for the proofs of the theorems
presented here. The present paper is to a large extent based on those notes.
Incidentally, also Poschel’s paper [@ was based on Moser’s notes. Both in [@
and [@] it is essential that the unperturbed Hamiltonian function F is analytic
whereas, changing the proof slightly, one can dispense with the unperturbed
function F' and instead assume that H is a C* Hamiltonian function that satis-
fies ([L.3) and is an approzimate solution of ([.4) in a suitable sense. Here

{>274+2>2n

and 7 is the number appearing in ([.J). The resulting solutions u and v of ([L.2)
are of class C™, where m < £ — 27 — 2, and the function v o u™!, whose graph
is the invariant torus, is of class C"™*7*! (Theorem E) These are precisely the
regularity requirements which we need for the solutions of (@) to be locally
unique (Theorem [f). Combining these two results we obtain that every solu-
tion of ([L.9) of class C**! for a Hamiltonian function of class C°° must itself
be of class C*° (Theorem [f). We point out that the result presented here is
close to the optimal one as in [ﬁ] Herman gave a counterexample concerning
the nonexistence of an invariant curve for an annulus mapping of class C37¢.
Translated to our situation this corresponds to the case n = 2 with £ =4 — ¢.
Other counterexamples with less smoothness were given by Takens [E] and

Mather ).
Before entering into the details of the proof we shall discuss a few funda-
mental properties of invariant tori. If the frequencies wq,...,w, are rationally

independent then it follows from () that the torus is a Lagrangian submani-
fold of T™ x G or, equivalently,

ugTvg = ngUE. (1.6)

This implies that the embedding of the torus extends to a symplectic embedding
z = ¢(¢) where z = (z,y), ( = (§,n), and

e=u(€), y=v()+ui () " (1.7)

In this notation u and v satisfy equations (DD if and only if the transformed
Hamiltonian function K := H o ¢ satisfies

K&(E’O) =0, K”](Evo):w (1'8)

Note that the transformations of the form ([[.7) with u and v satistying ([.6)
form a subgroup of the group of symplectic transformations of T™ x R".

It follows from ([.§) that the transformation z = ¢(¢) defined by ([.7) can
be represented in terms of its generating function

S(a,n) = U(x) + (V(x),n)

where the scalar function U(x) and the vector function V(z) are chosen as to
satisfy
Vou=id, Uyou=w, (1.9)



so that z = ¢(¢) if and only if y = S, and £ = S,;. Observe that the functions
V(z) —x and U, (z) are of period 1 in all variables. The invariant torus can now
be represented as the graph of

y = Us(z) (1.10)
and the flow on it can be described by the differential equation
&= Hy(z,Uy). (1.11)

The requirement that equation ([.10) defines an invariant torus is equivalent to
the Hamilton-Jacobi equation

H(z,U,) = constant. (1.12)

In particular, the Hamiltonian system (@) can be understood in terms of the
characteristics of the partial differential equation ([.12). Thus we are trying
to find a solution of the partial differential equation ([L.12) such that U, is of
period 1 and such that there is a diffeomorphism £ = V' (z) of the torus which
transforms the differential equation (|L.11) into f = w. The latter condition can
be expressed by the formula

Vo Hy(2,U,) = w. (1.13)

Equations ([.13) and ([.13) together are equivalent to ([.§) and hence to ([L.2).

2 The analytic case

The existence proof of invariant tori for analytic Hamiltonians goes back to
Kolmogorov [m] It was his idea to solve in each step of the iteration a linearized
version of equations ([.19) and ([.13). The complete argument of the proof was
given by Arnold [f] for the first time and in [L6] Moser provided the quantitative
estimates. The latter play an essential role in this paper.

In the course of the iteration we shall need an estimate for the solutions of the
degenerate, linear partial differential equation Df = g. Such an estimate was
given by Arnold @] and Moser @] and was later improved by Riissmann [P4] E]
A slightly modified proof of Riissmann’s result can be found in Poschel [R2]. For
the convenience of the reader we include a proof here (Lemma ).

This requires some preparation. We introduce the space W, of all bounded
real analytic functions w(§) in the strip |Im&| < r, £ € C™, which are of period
1 in all variables. Here we denote by [Im&| the Euclidean norm of the vector
Im¢ € R™. Moreover, we introduce the norms

1/2
= sup [w@©), [l = sup (/ |w<u+w>|2) ,

Imé|<r jo|<r



for w € W, and we denote by W? the subspace of those functions w € W,
which have mean value zero on Im¢ = 0. Observe that every w € W, can be
represented by its Fourier series

’LU(&) _ Z wjeQWi(jf)’ w; ::/ ’LU(U + ,L',U)ef27r7l<j,u> du e?ﬂ'(j,v).
jezn "

Here the formula for w; holds for every v € R™ with |v| < r and w_; = ;.
Note also that w € W2 if and only if wy = 0.

Lemma 1. There exists a constant ¢ = ¢(n) > 0 such that the following in-
equalities hold for every w € W, and every & € C™ with [Im&| < p <r < 1.

() lwllr < |wlr and Jw;] < w]e=27HI",
(i) Jw(§)] < Zjezn|wj|e—2ﬂ<j,1mf) < c(r — p)~"2||w|,.
(iii) |wel, < (r = p) 7w,

Proof. The first inequality in (i) is obvious and the second is a consequence of
the following estimate for v := —r|j|~!;:

lwi| < [ |w(u+iv)| du ™) < ||wl|,e=27HI",
'JTTL

The first inequality in (ii) is again obvious. To establish the second inequality
in (ii) fix a vector £ € C™ with [Im¢| < p and consider the set Jy C Z™ of those
integer vectors j € Z™ that satisfy

2(j,Im &) < —|jlp.
We will use the identity

|w(u + i) |* du = Z w2 e 4m )

" jezn

and obtain with p:=r/p > 1 that

Z|wj =2 Im&) - < Z|wj |e =2 (GnIm &) g=mll(r=p)
J() JU

IN

1/2 1/2
<Z|wj|2e—47r<j,ulrn€>> (Z e—2w|j(r—p)>
Jo Jo

1/2
G

(7,, _ p)n/g ||w||7"

where

1 =ci(n):= sup Z Ae 2N < oo,

0<A<1 S



Now let e1,...,es be a collection of unit vectors in R™ such that, for every
x € R", there exists a 0 € {1,...,s} with (z,e;) > |z|/2. Then every integer
vector outside Jy belongs to one of the sets J, of all those j € Z™ that satisfy

Moreover, for o = 1,...,s we obtain

Z|wj|e—27r<j,lm£> < Z|wj|e”|j|p
Jo Jo

1/2 1/2
<j{:hgﬂ262ﬂjv> (j{:ezwuurp>>
Jo

<
Jo
1/2 1/2
< <Z|wj|2647r<jyrea>> (Ze%lj(rp))
zn zn
o2
< WHU}HT'

Hence (ii) holds with ¢ := 01/2(1 + s), where both ¢; and s depend on n only.

Assertion (iii) follows from Cauchy’s integral formula

L [y (e O
we©) = 57 [ A (“ng(gn) a

with I := {\ € C| |A\| = r — p}. This proves the lemma. O

It might be interesting to compare assertion (ii) of the previous lemma with
similar results in the literature working with max|Im¢,| and >|j,| instead of
the Euclidean norms. In that case the L2-norm on the larger strip [Im¢&,| < r is
equivalent to the square root of Y- Jw;|?e*™ =17l but an analogous statement
does not seem to hold in the case of the Euclidean norm. Therefore the proof
of Lemma [ (ii) is a bit more delicate than might be expected.

We are now in a position to prove the desired inequality for the solutions of
D f = g. This requires estimating a series with small divisors. The observation
that the inequality (R.1]) below holds with the L2-norm ||g||, on the right hand
side, instead of the sup-norm |g|,, was pointed out to the author by Jirgen
Moser. Another minor difference to analogous results in the literature lies in
the aforementioned use of the Euclidean norm for Im¢ € R™.

Lemma 2 (Moser, Riissmann). Letn > 2, 7 > n—1, and ¢o > 0 be given.
Then there exists a constant ¢ > 0 such that the following holds for every vector
w € R™ that satisfies @) If g € WP with 0 < r <1 then the equation

Df =g



has a unique solution f € W,?, p < r, and this solution satisfies the inequality

f1p < )THgllr- (2.1)

c
(r—p
Proof. Representing the functions f,g € W2 by their Fourier series we obtain
that the equation Df = g is equivalent to

9i . n
=) 0 z".
f] 27TZ<],W>, #je

This proves uniqueness. To establish existence and the inequality (@)7 we
first single out the subset Jy C Z" of all those vectors j # 0 that satisfy
|(j,w)| =t < 2¢o and define

fO(é—) — Z fjeQﬂ'i(j,Q-

Jj€Jo

Then the following inequality holds for Im¢&| < p < r:

1 9i]  —angia
o) < = Il o=2m(j,Im¢)
PO < 5 2 g
0
< 9 3 lgjle2r@me)
T j€Jo
CpoC1
< - .
— (T*p)T ||g||7‘

Here we have used the inequality 7 > n — 1 > n/2 and chosen ¢; = ¢1(n) > 0
so that ¢ := ¢;7 is the constant of Lemma [l (ii).

The more delicate part of the estimate concerns the integer vectors in Z™ \ Jy
and is based on the observation that only a few of the divisors (j,w) are ac-
tually small. This fact was used e.g. by Siegel [R6], Arnold [f], Moser [,
Riissmann [R5, and Péschel [pJ).

Fix a number K > 1 and, for v = 1,2,3,..., denote by J(v, K) the set of
all integer vectors j € Z" that satisfy the inequality

+1 < ‘< >| <
w
2v 100 = 2’/00’

0<|jl<K.

In order to estimate the number of points in J(v, K) we assume without loss of
generality that |w,| < |w,| for all v and define j := (j1,...,jn_1) € Z"! for
j € Z™. Fixing j # 0 and choosing j,, so as to minimize |(j,w)| we then obtain
lin] < lj1l+ - +ljn1|+1 < 2¢/n — 1]j| which implies |j| < 24/n|j|. Therefore
it follows from (ﬁ) that

G} > ———

~ o (2v/mljl)"



for every j € Z" with j # 0. It follows also from ([.J) that |w,| > 1/co and
therefore any two integer vectors j,j’ € J(v, K) with j # j/ must satisfy j # j'.
Hence, by what we have just observed,

=317 < e@vn)TI( — i, w)| £2(2vn)727" < (4Vn)T27"
Thus the distance ;
B B ov/T
. _ -/ > =
i=J1=z7 Tn
gets very large for large v. This shows that the number of points in J(v, K) can
be estimated by
3#(](1/7 K) S CQK”7127U(n71)/T
for some constant cz = ca(n) > 0. Moreover, we obtain from ([[.J) that
J(v, K) = for 2/ > K. Denote by J(K) the set of all integer vectors j € Z"
that satisfy
— > 2c¢p, 0<|j|§K
1, w)l
Then J(K) is the union of the sets J(v, K) for v = 1,2,3,... and we conclude
that

1
> T S 2e0c K" Y 2T/ < ey KT
JEJ(K) S w/T<K
for some constant cg = c3(n,7) > 0. It is interesting to note that the size of
this sum is of the same order as the size of the largest term in it.
Using Lemma [l| (i) we can now continue estimating | f|,:

1 9] anl
f- fO < = J91_ o2m|jlp
=1 < 0 2 G
i#Jo
< llgll- L —emljier—p)
o 2= (G
”g”T S 1 —27VEk(r—p)
— —e
o 2 2 [0
1512 =k
||g||7‘ - 1 ( —27Vk(r—p) —27r\/k+1(r—p))
= — (e — €
2 z_: 2 |(4, w)l
k=1jes(Vk)
cocsllgllr = 727 =P _onvE(r—p)
< kT e 2w r—p
S P
cocsl|g|lr - A ok
< —— sup MWk)T e 2mAVE,
(r=p)" o<a<1 ;( ) Wk

Here the penultimate inequality uses the fact that, for A > 0, we have

e~ 2WE _ —2AVRHT <2\ (\/ﬁ, \/E) o~ 2AWVE < %e—mﬁ_



This proves the lemma. O

Theorem 1 (Kolmogorov, Arnold, Moser). Letn>2,7>n—1, ¢y >0,
0<0<1,and M > 1 be given. Then there are positive constants §* and ¢ such
that ¢0* < 1/2 and the following holds for every 0 < r < 1 and every w € R"
that satisfies (IE)

Suppose H(x,y) is a real analytic Hamiltonian function defined in the strip

mz| <7, |y| <7, which is of perio in the variables x1,...,x, and satisfies
I hich is of iod 1 in th jabl d isft
‘H(w,O) - [ H(0) d&‘ < or?Tr
Tn
|Hy(2,0) —w| < dr7 (2.2)
c
H — < —

for Imz| <7 and |y| <r, where 0 < § < 6*, and Q(z,y) € C*™ is a symmetric
(not necessarily analytic) matriz valued function in the strip Imz| <r, Jy| <r
and satisfies in this domain

1Q(2)| < M, }(THQ@JDMJ_ <M. (2.3)

Then there exists a real analytic symplectic transformation z = ¢(C) of the
form (L.3) mapping the strip Imé&| < Or, |n| < Or into [Imz| < r, |y| < r,
such that uw(§) — & and v(€) are of period 1 in all variables and the Hamiltonian
function K := H o ¢ satisfies (B) Moreover, ¢ and K satisfy the estimates

[6(C) = ¢l < e6(1 = 0)r,  [pc(C) — 1| < 6,
0

1K) = QO < 77

lvou™!(z)] < cbrt,

(2.4)

for |Im¢| < Or, |n| < Or, and [Im x| < Or.

Proof. We will construct inductively a sequence of real analytic Hamiltonian
functions H"(z,y) in the strips [Imz| <r,, |y| < r,, where

(146  1-0
Ty ‘= T+W r, ro=T,

such that H° := H and HY*! := H" o4”. The symplectic transformation
z = ¥Y(¢) will be real analytic, will map the strip [Im¢| < 0r,41, |n| < Or,41
into [Imz| < r,, ly| < ry, and it will be represented in terms of its generating
function

S¥(x,m) = U () + (V" (x), n).

Following Kolmogorov [@] we will choose the real analytic functions

U"(z) = (o, x) + a(x), VV(z) = 2+ b(x)

10



in the strip [Imz| < r, such that a(z) and b(x) are of period 1 in all variables,
have mean value zero over the n-torus, and satisfy the following equations for
Imaz| < 7ry,:

Da(z) = - HY(£,0)dE — HY (2,0),

[ (160 + 56 000 + ante)) e = 25
Db(w) = w — Hy(€,0) = Hy, (£, 0)(a + az(€)-

Note that the second equation in (E) determines o and that it is necessary in
order for the right hand side of the third equation to have mean value zero so
that Lemma P| can be applied. Moreover, observe that (@) can be obtained
from ([1.19) and (|[L.13) by linearizing these equations around V(z) = x and
U(x) = 0 if we replace Da by (a., H,/(z,0)) and Db by b, H, (x,0).

Let us now define the error at the vth step of the iteration to be the smallest
number €, > 0 that satisfies the inequalities

‘HV(.Z‘,O)— H”(§,O)d§’ <e,, ’HL’(m,O)—w’(rV—nﬂ)TH <e,

'JTTL

for [Imz| < r,. We will then show that e, converges to zero according to the

quadratic estimate

I R
(ro — ros)7 72
Here c3 > 0 is a suitable constant independent of . It is important to notice
that the geometrically growing factor in front of €2 in (@) is dominated by the

quadratic convergence of €,. In fact, one checks easily that (@) implies

£, S 51/7,,27'—&-2

g1 < (2.6)

where the sequence ¢, is defined by the recursive law
Oy =2V 2352, 8o := 06 < 6%,
vy 1= 62(V+1)(2T+3)5V; Yo = 227+3657

and the constant ¢ > 0 is related to c3 as in equation (R.10) below.f] The
sequence 7y, will then satisfy

2.7)

Yol =, (2.8)
and therefore v, converges to zero whenever vy < 1. For the sequence H"” this
will lead to the estimates

’Hy(xvo) - Hu(g’o) d£ §5V762T+25
']I‘TL

’H;j(x, 0) — w‘ (7“,, — Tu+1)T+1 < 51,T27+2, (2.9)
v v —v C(S

2 A small flaw in the formula (@) is the factor 27 4 3 where one would like to have 27+ 2.
The number 27 4 3 is only needed in Step 3 for estimating the y-component of ¥¥ — id.

11



for Imz| < r, and |y| < r,, where
0._ A -1
Q" =Q, Q" :=H,,

for v > 1. In this discussion the constants are chosen explicitly as follows. Let
¢1 = c1(n, T, co) be the constant of Lemma E and define c¢3, c3, and ¢ by

4 2743
co = 12M° (1+ 018T+1)2 , c3:=4Mcs+co, c:= <ﬁ) cs. (2.10)
Next we choose 6* > 0 so small that
c6* <274 (2.11)

This implies 7o < 1/2 and therefore 7,41 < 7, /2 for v > 1. Finally, define

M,
M, : !

= M_y:=M 2.12
1—27vco*’ ! ’ (2.12)

and note that .
M, < M,_1e* " < Me' <2M (2.13)

for v > 0. Here the last inequality follows from (R.11]).

With the constants in place, we are now ready to prove by induction that
HY satisfies (E) First observe that, by assumption, the inequalities (E) are
satisfied for v = 0 provided that § < *. Fix an integer v > 0 and assume, by
induction, that the real analytic functions H*(z,y) on the domains [Im x| < r,,
ly| < 7., have been constructed for p = 1,...,v such that (R.9) is satisfied

with v replaced by z. Then we obtain from (P-3), (B.9), (R.19), and (P.13) by

induction that

(2, )] < M, }(/ HY (2,0) da:) e, (2.14)

for Imz| < r, and |y| < r,. We shall now construct, in four steps, a real
analytic Hamiltonian function H**! = H” 04" and show that it satisfies (P.9)
with v replaced by v + 1.

Step 1. If H”(x,y) satisfies (£.14) then
[H" (@, y) = HY (2,0) = (H"(x,0),y)| < M y|*,
|H,) (z,y) — Hy (2,0)] < 2M [y],
2M |y|?
T — |yl

‘H;j(l‘,y) - H;;((E,O) - H;jjy(‘rvo)y’ <

for Imz| <7, and |y| < r,.

12



These estimates follow from the fact that M, < 2M and from the identities
H"(z,y) — H"(z,0) — (H, (,0), / / y, Hy (x, sy)y) dsdt,
HY(x,y) — H”(z,0) / (T, ty)y dt,

Hy(z,y) — Hy (x,0) — Hy, (2,0)y —/0 (Hy, (x,ty)y — Hy, (x,0)y) dsdt

| 1
= | — | ——HY (x, My)yd)dt
/0 27m'/r/\()\71) w7 Aty )y dAd,

with I':= {A € C | |\| = r,/|y| > 1}. This proves Step 1.

Now it follows from Lemma P| that there exist unique solutions a(x), «, b(x)
of equation (R.5) in the strip [Imz| < 7, such that a(z) and b(z) are of period
1 in all variables and have mean value zero over the torus.

Step 2. The solutions a(x), o, b(z) of (2.4) satisfy the estimates

C2&y C2&y

az) < ————r, ata ()| < ————7—, 2.15

0@ < = et an@)] < ey (2.15)
CoEy (G157

b < — by < ———mF———, 2.16

b@) < T @) < e (2.16)

for Imz| < (r, + r,41)/2.

Define p; := ((8 — j)ry + jry+1) /8 for 0 < j < 4 so that pg = r, and ps =
(ry 4+ 7+1)/2. Then it follows from Lemma P that

8 T
a <c E—
| |p1 = (rl/ - ru+1>

and hence, by Lemma [l (iii),

O I L e

P e —
oo (T —=Tug1)]

T+1
las| | < 8 la|, < L‘g’/l
P2 Ty —Tu41 P (TV - TV+1)T+

This estimate, together with (R.5) and (.14), implies

ol < M, (|w = Hy (0|, + [Hy, (0],
T+1 Ev
S Mu (1 + Mu018 ) —(7’” — TV+1)7_+1
T Ev
< AM? (1487 (ry = ryg1)™HL

Here the second inequality follows from the definition of €, and the last from
equation (2.13). Thus we have proved that

Ev

2 T4+1
la + ag,, <5M? (1487 E—
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Combining this with (B.10) gives (B.15). Furthermore, we obtain from (@ and
Lemma E that

8 T v v
b < o () o B0 - H G0+ a,

v — Tuv+1
< a(—2) (151002 (148 ) ) —
- Ty —Tu+1 (TV - TV+1)7'+1
12M3 2 £
< 1 gT )y — ¥
> (1+a ) (ry — Typq )27 1

Hence, by Lemma [l (iii), we have

8

Ty —Tu+1

Ev
b2 | 0]

pPa —

F1) 2
gy S12M° (14 ¢187HY) (

Ty —Tuv+1 )27—+2

Combining this with (£.10) gives (P.1d). This proves Step 2.

Having constructed the functions U(z) := U¥(x) = (o, ) + a(z) and
V(z) := V¥(z) := x + b(x) we can define the symplectic transformation z =

Y¥(C) by () and (E) Thus

z=9(x) =  {=x+b), y=a+a()+n+b(2)"n

That this map is well defined will be established in the proof of Step 3.
Step 3. The transformation z = " (¢) maps the strip [Im&| < rp41, 0] < rvi1
into Imaz| < (ry, + 7041)/2, |y| < (ry + rv+1)/2 and satisfies the estimates

W7 (¢) — ¢l < 2*"05%, (2.17)

and

02(C) — 1] < 27Ves, (2.18)
for Im¢&| < ryy1 and n| < rygq.
First note that the induction hypothesis (@) implies £, < §,72772 and hence

Coe 2l/+2 2742

17

— - < 1)
(ry —ryg1)?7H2 7 ? (1 - 0) .

2742
C3 < 4 > 2u(27+2) S
0 v

o 4Meo+1 \ 1 — (219)
_ Yo 1-0
- 22743(4Mey + 1) 2vH2
277cd1 -6
= 16M2 2v+2

Here the second equality follows from the definition of cs, the third equality
from the definition of ¢ and ~,, and the last inequality follows from the fact

14



that 7, < 277y = 277227+3¢§ and ¢ > 4M. Combining (R.19) with Step 2 we
obtain the following estimates for Im x| < (r, + r,41)/2 and £ := V¥ (z):

C2EL, 27V¢h
b =2l = Pl = (ry = Ty41)?7HE 7 16M2 (v =7v41),
2.20
Iba(2)] < C2Ey 27Vcd1 -0 ( )

= (ry —rpg1)?7F2 T 16M2 2042

This implies that V* = id + b has an inverse u := (V*)~! which maps the
strip [Im¢&| < (r, + 3ry4+1)/4 into [Imz| < (r, + ru4+1)/2. To see this fix a
vector £ € C™ with |Im¢&| < (r, + 3r,4+1)/4 and apply the contraction mapping
principle to the map z — & — b(z) on the domain |Imz| < (r, + r,41)/2.

Now let £, € C" such that [Im&| < (r, +3r,41)/4 and |n| < (r, +3r,41)/4,
let € C™ be the unique vector that satisfies [Imz| < (r, + rp41)/2 and
x4+ b(x) = £, and define y € C" by

Y=+ ag(x) + 1+ ba(x)Tn.
Then z = ¢¥(¢) and it follows again from Step 2 that

ly —nl < o+ ag| + [bLn]

< C2E, + C2&y Ty + 3TV+1
o (rl/ - TV+1)T+1 (TV - TV+1)2T+2 4
CoE,T (2.21)
- (Tu _ TV+1)2T+2
27Y¢h
= 1602 (ry —Tu41)

Here the third inequality uses the fact that (r, —r,41)" < 1/4. The last in-
equality follows from (R.19) and the fact that r, —r,.1 = 277 2(1 — O)r. It
follows from (R.21)) that |y| < (7, +7,41)/2. The inequalities (P-20) and (R.21))
together show that " satisfies (P.17) in the domain |Tm¢&| < (r, + 3r,41)/4,
In| < (ry + 3ry41)/4. The estimate (R.1§) follows from (R.17) and Cauchy’s
integral formula (Lemma [l| (iii)). This proves Step 3.

In view of Step 3 we can define
H"*l .= HY o gp”.
The next step establishes (P.6) along with the required estimates for H"*1.

Step 4. The inequalities in (@) are satisfied with v replaced by v + 1.
We will first establish (.6). For this define the real number h by

h:= [ H"(£0)d¢+ (w,aq).
Tn

15



and denote z := (z,a + a,) = ¥ (£,0), where |[Im&| < r,41. Then it follows
from Step 3 that |Imz| < (r, +7,41) /2 and |y| = |a+ ag| < (ry +7041) /2.
Moreover, it follows from (2.5) that
HYTY£,0)—h = HY(v,a+a;)—h
= HY(zx,a+a;)— H"(z,0) — Da — (w,a)
= H"(z,a+a;)—H"(2,0) - (H/(,0), 0 + az)
+(Hy (7,0) —w, o+ ay).

By Step 1 and Step 2, this implies

|[H"T1(£,0) —h] < Mla+as|*+ |[HY(2,0) —w]||a + agl

Mc3 + co 22
= (ry — )2
63/2 52
o (ru_ru+1)27—+2 v
and hence
HY1(€,0 —/ HY (e, 0)de| < —— B2 2.22
e - [0 s S @)

Secondly, it follows from (P.3) that
v+1 . v
HyJr (§,0)—w = (I+by)H)(z,0+a;)—w
= H;(l‘, a+ag) — H;(l‘, 0) — H;’y(ac, 0)(a+ay)
+ b, (Hy (z,a + az) — HY (2,0))
+ by (H;(:L‘,O) fw) .

By Step 1 and Step 2, this implies

oM |+ ag|?
v+1 T v
|Hy (570)*&)} < m+2M|bz||a+az|+|bx|}Hy(zao)*W|
< 4Mc§—|—02 53
(ry —1y31)37 13
1 C3 2

€.

(Tu+1 - Tu+2>7—+1 (TV - Tv+1)27—+2 v

In the second inequality we have used the fact that |a + az| < (r, — ru41)/2,

by (), and hence (r, —ry,41)" ™ < (r, —rp41)/2 < 1y — |a+ay|. The

estimate (2.4) now follows by combining the last inequality with (2.23).
Combining (R.6) with (£.9) and the induction hypothesis &, < 86,7272 we

obtain

03537’4T+4 21/+2
Ept1 < =C3

2742
2 27+2 2742
2 —) osr < Spqar .

(rl/ —Tu+1 1-6
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This implies the first two inequalities in (@) with v replaced by v + 1. To
prove the last inequality, suppose that [Im¢&| < 7,41, |n| < r,41 and denote
z:=9"(¢). Then Step 3 shows that [Im x| < (r, +ru41) /2, |y| < (ry +7rv41) /2
and, moreover, it follows from the definition of H¥*! that

v+1 v T
Hence, by Step 2, we obtain
v 4 v 2 v
3 bl |Hy,(2)]
6Mcoe, 27Y¢ch
(TV - ru+1)27—+1 - 4M '

IN A

The last inequality follows from ) Moreover,

1 1

132 = 1,0) = 5 [ Sermgs T+ 2z = O)an

where

l/_I v
F:{/\GC||)\|min{r \m§|77“ |n|}>1}.
lz =&l 7 |y —n

This implies

|z — ¢ ly —nl }
H! (z) — H! (C < 2Mmax{ ,
3(2) = () r =Tl = e =& v, =l = [y =7
2M2”’c5 T, — Tyt 27V¢h

16M2 (ry, —ry1)/2  AM

Here the second inequality follows from (2.20) and (R.21)) and the fact that
|z —¢&| < (ry —ru41)/2 and |y — n| < (r, — ru4+1)/2. This proves Step 4.

Step 4 completes the induction step and it remains to establish the uniform
convergence of the sequence

d)u ::woowlou.owv
in the domain [Tmé&| < Or, |n| < Or along with the estimates in (R.4). First it

follows from Step 3 that, if [Im¢&| < r, and |n| < r, and z := p*To. - 0yp?71(()
then |Imz| < r,4q and |y| < 7,41 and therefore, by (R.1§),

@ ooy ()] < 14 27Hes

This implies

¢Z‘1(<)‘ <(A+ced)---(1+277es) < 269 < 9
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for [Im&| <r, and |n| < r, and hence

67(Q) = ¢" QO] = [¢" 1 (W(Q) = ¢ HO] < 27 (¢) — ¢l < ed(ry — i)

for Tmé&| < 7,41 and || < r,41 and v > 1. Here the last inequality follows
from () The same inequality holds for v = 0 if we define ¢! := id. We
conclude that the limit function

¢ = lim ¢”

V—00

satisfies the estimate

1-46
| ( \<C5Z —Tyt1) =6 7"

for Im¢&| < r(146)/2 and |n| < r(1 4+ 0)/2. This proves the first inequality
in (2:4) and the second follows from Lemma [] (iii). Since ¢§ < 1/2 this second
estimate also shows that ¢ is a diffeomorphism and, as a limit of symplectomor-
phisms of the form (m)7 it is itself a symplectomorphism of this form.

The transformed Hamiltonian function can be expressed as the limit

K(Q) =Hoo(¢) = lim Hou o 0¥ (¢) = lim H(C)

V—00

for Im¢| < Or and |n| < Or. Since the sequence

5, B 4 N\,
(r, —ry—1)™t (1 —=0)r 2v(T+1)

converges to zero, by (R.7) and (R.§), it follows from (R.9) that the limit K
satisfies ([.g). Moreover,

[Km(Q) = QO = lim [Hy,(Q) = Q°(Q)]

V—00

< lim Z |1}, () = Q(0)]

o
= 22 M2M M

for [Im¢| < @r and || < Or. Here the third inequality follows from (P.9). Thus
we have proved the third inequality in (@) To prove the estimate for v o u ™!
we observe that

- i—O:1 (VIO)T ’ (Vzl)T T (meil)T Uy

for [Im x| < Or. Here we abbreviate

VE = VIV Lo o VO(a)).
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This expression is well defined for [Imz| < 6r since, by Step 2 and (, we
have

v 0 v—1 0 CoEy
’V O~-~0V(.Z‘)—V O”.OV(x)‘S(TVfTUH)QTJrlSTV_TV—H,
1_9 v v
|V"O‘~‘OVO(x)—x|§rfr,,+1§ 5 T§T+1;r+2—0r.

This last expression allows us to use Step 2 and (R.19) again to estimate the
terms VYT = VLY (VY o... 0 VO(x)) by 1 +277"1¢6 for [Imx| < fr. It also
follows from Step 2 and (R.19) that |U,(x)| < 2~“csr7+! /4. Hence we obtain

pou™@)] = > V7 Iuy]
v=0
0 L TT+1
< 1 ) (14+27%eH)27%ch
< ;(H) (14217 ch)2 " ed—
6205 0
< 1 22_”051"7""1
v=0
< ot
for [Im x| < @r. This completes the proof of Theorem . O

3 The differentiable case

The perturbation theorem for invariant tori for differentiable Hamiltonian func-
tions is due to Moser [E, @] He first proved this result in the context of
invariant curves for area preserving annulus mappings which satisfy the mono-
tone twist property [B] This corresponds to the case of two degrees of freedom.
One of the main ideas in [, E] was to use a smoothing operator in order to
compensate for the loss of smoothness that arises in solving the linearized equa-
tion. Moreover, it was essential to observe that the error introduced by the
smoothing operator would not destroy the rapid convergence of the iteration. A
similar approach was also used by Nash @} for the embedding problem of com-
pact Riemannian manifolds. But this method required an excessive number of
derivatives like for example ¢ > 333 for the annulus mapping [@] Incidentally,
this number was later reduced by Riissmann [@] to £ > 5.

In [E] Moser proposed a different approach which is based on approximating
differentiable functions by analytic ones. In this section we provide the complete
arguments for this second approach as it has also been done by Poschel in [@] in
a somewhat different way. The fundamental observation is that the qualitative
property of differentiability of a function can be characterized in terms of quan-
titative estimates for an approximating sequence of analytic functions. Moser’s
first proof of this result in [E] was based on a classical approximation theorem
due to Jackson. A direct proof was later provided by Zehnder @] For the sake
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of completeness we will include proofs of these results that were given by Moser
in a set of unpublished notes entitled Ein Approximationssatz (see Lemmataﬂ
and { below).

Let us first recall that C*(R™) for 0 < u < 1 denotes the space of of bounded
Holder continuous functions f : R™ — R with the norm

Flow = sup OISO 0 rw).

0<|z—y|<1 |:C 7y|,u zER™

If 4 = 0 then |f|,,. denotes the sup-norm. For ¢ = k + p with £ € N and
0 < p < 1 we denote by C*(R") the space of functions f : R® — R with
Holder continuous partial derivatives 9% f € C*(R™) for all multi-indices a =
(a1,...,0p) € N* with |a| := a1 + -+ + @, < k. We define the norm

[floe == > 10 Flow

o<t

for == ¢ —[¢] < 1. Given an integer k > 0 and a C* function f : R® — R
denote by Py : R x C" — C the Taylor polynomial of f up to order k. Thus

Py (zy) = Z éaaf(x)ya

la| <k

for z € R™ and y € C™. Here the sum runs over all multi-indices o with |o| < k.
We abbreviate o! :== a3!--- ! and y® :=y{* - -y for y = (y1,...,yn) € C™.

Lemma 3 (Jackson, Moser, Zehnder). There is a family of convolution
operators

Spf(z)=r" . K ' z—y)fy)dy, 0<r<1, (3.1)

from CO(R™) into the space of entire functions on C™ with the following property.
For every £ > 0, there exists a constant ¢ = ¢(¢,n) > 0 such that, for every
f € CYR™), every multi-index o € N™ with |a| < ¢, and every x € C*, we have

Imz| <r = ‘8O‘Srf(z) - Paaf,[g]_|a|(Rez;iIm:z:)’ <c|floe rtlal,

Moreover, K(R™) C R so that S, f is real analytic whenever f is real valued.

Proof. Let
1
(2m)™ Jgn

be an entire function whose Fourier transform

K(z) = K(&)e'™9de,  zeCn,

K©) = | K(z)e "% dy,  ¢eR™,
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is a smooth function with compact support, contained in the ball |£| < a, that
satisfies K(§) = K(—¢) and

a1, ifa=0,
g K(O){ 0, ifaz#0.

Then K : C™ — R is a real analytic function with the property

—1)le if o =
/n(u+iv)”‘85K(u+iv)du{ é D, . (3.2)

for v € R™ and multi-indices «, 8 € N™. The integral is always well defined since,
for every m > 0 and every p > 0, there exists a constant ¢; = ¢1(m,p) > 0 such
that

18] <m — 0P K (u+iv)| < ep (1+ |ul) 77 e (3.3)

forall 6 € N™® and u,v € R™. Moreover, it follows from Cauchy’s integral formula
that the expression on the left hand side of (B.9) is independent of v. This
proves (@) in the case § = 0 and in general it follows from partial integration.

We prove that any such function K satisfies the requirements of the lemma.
The proof is based on the observation that, by (@), the convolution opera-
tor ( acts as the identity on polynomials, i.e.

STP:P

for every polynomial p : R" — R. We will make use of this fact in case of the
Taylor polynomial

pr(ey) = Pralesy) = Y0 0% f@)y"
laj<k

of f with k := [¢]. The difference f — py can be expressed in the form

ery

/ / / Z ( (@ + sky) — f’)“‘ﬂvc))y“dskdsk1--.ds1

_ /O z (o s v -0 ) ar

for z,y € R™. This gives rise to the well known estimate

[f (2 +y) — pr(@;9)] < e lfloelyl (3.4)

for x,y € R, k := [¢], and a suitable constant ¢y = ¢a(n,€) >0
Now let z = v + v with u,v € R™. Then

Si) = v [ K e g) i) S dy
/n K (ir~'v —mn) f(u+rn)dn.
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Moreover, it follows from (B.) that

pr(usiv) = 17" . K(r~"(iv —y))pe(u; y) dy

/ K (ir_lv — 77) pr(u;rn) dn.

Hence, by (B.4), we have

S0t o) —puwsiv)] <[ K o= a)] ) = puus )] do

IN

e fleer [ | (ir~to =)ol an

IN

creac® floar’ [ (L al) " dn
R

The last inequality follows from (E) with 8 =0, ‘r‘lv’ <1l,and p>{+nso
that the integral on the right is finite. This proves the lemma for o = 0. For
a # 0 the result follows from the fact that S, commutes with 9¢. (]

The converse statement of Lemma H holds only if ¢ is not an integer. A
classical version of this converse result is due to Bernstein and relates the dif-
ferentiability properties of a periodic function to quantitative estimates for an
approximating sequence of trigonometric polynomials [m]

Lemma 4 (Bernstein, Moser). Let £ > 0 and n be a positive integer. Then
there exists a constant ¢ = c¢(f,n) > 0 with the following significance. If f :
R™ — R is the limit of a sequence of real analytic functions f,(x) in the strips
Imx| <7, :=2""rg such that 0 <19 <1 and

fo=0, |fu(z) = fo-1(z)] SATﬁ

forv>1 and Imz| < r,, then f € C*(R™) for every s < ¢ which is not an
integer and, moreover,

< cA
<= p - p)

Proof. Tt is enough to consider the case £ = s. Moreover, once the result has
been established for 0 < ¢ < 1 it follows for £ > 1 by Cauchy’s estimate,
or else by repeatedly applying Lemma [l| (iii). Therefore we may assume that
O<pu=s=L0<1.

Let us now define

5e, O<p:=s—][s] <.

|f

gu ‘= fl/ - fl/—l-
Then f =Y "7, g, satisfies the estimate

2 1AM 24,

Y R
|f|CO§A21rU_1727#§ MTO'
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Here we have used the inequality 1 —27# > u/2 for 0 < p < 1. For z,y € R
with 79 < |z —y| <1 this implies
4A 4A
fl@) = fWl < —rf < —
| ( ) ( )| o 0 /L(l*,u)

In the case 0 < |z — y| < 7o there is an integer N > 0 such that

|z —yl".

27Ny <z —y| < 27V,

Moreover, it follows from Lemma [l| (iii) that
|9ve(u)| < Arp™!
for every u € R™. and hence
g0 () = gu ()] < Arf™ |z —y.

We shall use this estimate for v = 1,...,N. For v > N we use the trivial
estimate

190 (z) = gu(y)| < 24r].
Taking into account the inequalities 1 —27# > 1/2 and 2'7# — 1 > (1 — pu)/2
for 0 < p < 1 we conclude that

f@) = fW < D lg(@) — g (v)l

N o)
< Alx—y| Z (2”7“0_1)1_” + 24 Z (2_”7°0)”
v=1 v=N+1
2A N —1 1—n 2A _N-—1 n
< 7217#71|x—y\ (2Vrgh) +1727# (2 )
4A 4A
< — eyl —Jz—yl"
L—p Iz
4A
"
= —|z—y|".
(1= p) | |
This proves the lemma. O

The approximation result of Lemma E can be used to prove the following
interpolation and product estimates. Denote by C*(T" R¥) the space of all
functions w € C*(R™, R¥) that are of period 1 in all variables, and by C§(T", R¥)
the space of all functions w € C*(T", R¥) with mean value zero. For k = 1 we
abbreviate C*(T") := C*(T",R) and C§(T") := C5(T", R).

Lemma 5. For every n € N and every ¢ > 0 there is a constant ¢ = ¢(¢,n) >0
such that the following inequalities hold for all f,g € C*(T™):

—k 0— —k
|f|cm§6|f|ckm|f|2}e ) k<m</¥,

Fole < C<|flco 9loe + [l |g|co), 0<s<t.
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Proof. If S, : C°(T™) — C°°(T™) denotes the smoothing operator of Lemma [
then one checks easily that

|f — Srf|cm < Cl#im |f|cé ) IS f|cm < 017’ |f|ck

for all f € Cé('ﬂ‘"), 0<r <1,k <m < /¢ and a suitable constant ¢; =
c1(¢,n) > 0. Choosing r > 0 so as to satisfy

o _ fler

e

we obtain

A

[flem < a (Tem|f|cz +7”km|f|ck)
2(:1|f|e R |f| e,

This proves the first estimate. Moreover, the second follows from the first since

()= X (1) @1 @)

a<p

where a <  if and only if a, < @, for all v and

()= (o)~ ()

This proves the lemma. O

The next theorem is the main result of this paper. It is Moser’s perturba-
tion theorem for invariant tori of differentiable Hamiltonian systems. We have
phrased it in the form that the existence of an approrimate invariant torus im-
plies the existence of a true invariant torus nearby. It then follows that every
invariant torus of class C*t! satisfying (E) with a frequency vector satisfy-
ing ([L.3) persists under C* small perturbations of the Hamiltonian function. In
this formulation it is also an obvious consequence that every invariant torus of
class C**1 satisfying (E) gives rise to nearby invariant tori for nearby frequency
vectors that satisfy the Diophantine inequalities (E)

Theorem 2 (Moser). Letn >2, 7>n—1,¢ >0, m>0,{>27r+2+m,
M > 1, and p > 0 be given. Then there are positive constant €* and c such that
the following holds for every vector w € R™ that satisfies (IE) and every open
set G C R™ that contains the ball B,(0).

Suppose H € C*(T™ x G) satisfies

\Hlp < M, ‘(/ J(E,0) d&)

24
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<M, (3.5)




and

H(z,0)— [ H(,0) d§’ + |Hy(x,0) —w| ™! < Mt (3.6)
’]1‘71.

for every x € R™ and some constant 0 < € < e*. Then there is a solution

T = U(E)’ Yy = ’U(g)

of ([-4) such that u(&) — & and v(€) are of period 1 in all variables. Moreover,
u € C*(R",R") and vou~! € C**7(R", Q) for every s < m+1 such that s ¢ N
and s+ 7 ¢ N and

c

p(1 = p)

R
T (1= p)

where 0 < p:=s—[s] < 1.

IN

lu —id| . M= 0<s<m+1,

(3.7)

1

|vou_ emtTHI=s L 0<s<m4T14+1,

Proof. By Lemma E, we can approximate H(z,y) by a sequence of real analytic
functions HY(z,y) for v = 0,1,2,... in the strips

Imz| <r,_1 Imy| <r,_1 r,:=2"¢
Tm | ; |Imy ; ,

around Rex € T", |Rey| < p, such that

1 o
HY(2) — Z GO‘H(Rez)w <ci|H|gerh,
jal<¢ «
5 o (iIm 2)® -1
Hy(z) - Z 0 Hy(Rez)T <ci|Hl|ger, ", (3.8)
laf<e )
v fo% (’LImZ)a -2
Hyy(z)_ Z 0 Hyy(Rez)T SCl|}1|02 ™
laf<e )

for [Ima| < rp—1, Imy| < r,—1, and |Rey| < p. Here the constant ¢; =
c1(¢,n) > 0 is chosen appropriately (Lemma E) and € > 0 is the number ap-
pearing in (B.6).

Fix the constant 6 := 1/ V2. By induction, we shall construct a sequence of
real analytic symplectic transformations z = ¢”({) of the form

T

T = uy(g)? y= Uy(g) + (U’E) (5)_1777 (39)

such that u”(£) — & and v¥ (&) are of period 1 in all variables, ¢” maps the strip
Im¢| < Orpiq, 9| < Orpqq into [Imz| < ryy, Imy| < 7y, [Rey| < p, and the
transformed Hamiltonian function

KY = H" o ¢*
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satisfies ([L.§).

For v = 0 we shall use the smallness assumption on H° — H and condi-
tion (B.6) in order to verify that the real analytic Hamiltonian function HO(z,y)
satisfies the assumptions of Theorem [l in the strip of size r = e with § = ™
(Step 1). Having established the existence of ¢*~! for some v > 1, we use the
smallness condition on H” — H and H — H¥~! in order to verify that H” o ¢* !
satisfies the assumptions of Theorem [I| with r = 6r, and 6 = r]}* (Step 2).
This guarantees the existence of a symplectic transformation z = ¥¥(¢) of the
form ([.7) from the strip Tmé&| < 7,41, || < ruy1 to |Ima| < Or,, |y < 6r,
such that ¥ (£,0) — (&,0) is of period 1 and K” := H” o ¢ satisfies (d) where

¢l/ = ¢U71 O’(/}V_
Moreover, Theorem [|| will yield the estimates
[ () — ¢l S co(X =)t L () — 1] < eor?,
v v cary’
‘Knn(C) _Q (C) < oM’
Uy (2)] < Ocpry 7,

(3.10)

for Im¢| < ryy1, || < rug1, and [Imz| < rp4q, where Q" := Kgn_l forv>1,

(ilm 2)“

al

Q°2) ==Y 0°Hyy(Rez)

la<t—2
and
S¥(x,m) = U"(z) + (V¥ (x),n)
is the generating function for ¥”. In Step 3 we will show that () implies the
inequalities
|07 (¢) = " HQ)| < 2e2(1 = O)r)*, [Imé| < rga, ] < 7o,
BLC) = ¢ Q)| < dearls JEmE] < O, Inl < O, (3.11)

‘v” o(u’) Hz) —v"to (u”_l)_l(:n)’ <™ Ima| < Orpy .

v

We denote by ¢y = ca(n, 7, ¢9,0,2M) > 4M and §* = 6*(n, T, co,0,2M) > 0 the
constants of Theorem [l| with 6 := 1/\/5, by ¢3 > 0 the constant of LemmaE
with ¢ replaced by m + 7+ 1 and m + 1, and by ¢4 = ¢4(¢,n) > 0 the constant
of Lemma E The constants c5 > 0, ¢ > 0, v > 0, and €* > 0 will be chosen as
to satisfy €* < p and

e ™ < 5, 2ne* <log?2, (3.12)

(4e1 + (€4 Deg) Me™Y < (0/2)°, v :=0—21 —2—m, (3.13)
*1MM 402

Cr€ S 1_9§10g2, Cy 1= m, (314)
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9 m+7+1
c:= <§) Cacs. (3.15)

Given 1, := 277 with 0 < € < £* we define the numbers M, > 0 recursively
by

M,_
M, :=—2"1 My:=M, (3.16)
1 —corm
and observe that, by (), we have
M, < M, 122" < Me®s " < 2M. (3.17)

Step 1. There is a symplectic transformation z = ¢°(() of the form ([I-]) from
the strip [Im&| < 71, |n| < 71 to |[Imz| < Org, |y| < Org such that °(€,0)—(€,0)
is of period 1 and K° := H% o ° satisfies ) Moreover, K° and 9° satisfy
the estimates in ([5.10) for v = 0.

First abbreviate

h(z) = H(z,0)~ | H(£0)ds, zeR"
’]I‘TL

Then |h|C"’ < M and ‘h|C° < Mgéa by (@) Hence, by Lemma ﬂ, we have
hlon < ca R IR < eaeth
for 0 < k </¢. Now

H@,0)~ [ H€0)de = Hw.0)- Y orHRew,0) 2

™ lal<t

[ e - HoE ) as

al

+ Z 9“h(Rex) (zhzi'x)o‘

lee| <t
If [Im x| < Org = fe then it follows from (B.§) that

I

m@@%‘gzqmwﬁ+2mwﬁ
k=0

(2¢1 + (£ + 1)cq) MeTeme?™+2

em (96)27+2.

’HO(:C,O) —
’]1‘71.

<
<

The second inequality follows from ¢ = v+ m + 27 + 2 and the last from ()
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Second, consider the vector valued function
f(z) == Hy(z,0) — w, z € R"™.

It satisfies |f|oe—r—1 < M and |f|oo < Me'~7"1, by (B.6). Hence, by Lemma [,
we have

—7— — b—7— —7—1—
flow < e |[FIELTTTD 1 fle T < eaMetmm1R,

for 0 <k < ¢ —7 — 1. The estimate || < caMet~7=1=F obviously continues
tohold for { — 7 —1 < k <{—1. Now

o (i(Im z)*
Hyo(x,O)—w = Hyo(x,O)— Z azHy(Rex,O)T
o <£—1 ’
o tImx)®
+ Z 0 f(Rex)%.

laf<e—1
Hence, with [Imz| < 0¢, it follows from (B.§) that

£—1
’Hg(z,()) - w‘ < e |H| e =14 Z | flow ek
k=0

< (e1 + )M
= (e +O)MeTemeTH!
< eM(fe)H
Here the last inequality follows from (jB.13)).
Third, it follows from the definition of Q° by
(ilm 2)“

!

Q)= Y 0“Hyy(Rez)

o] <t—2
and (B-§) that

_ m . C2€
|HS,(2) — Q°(2)| < e1 |H|pe €72 < ey MeTe™ < j—M

m

for |Imz| < e and |y| < e. Here the last inequality follows from the fact that
¢ > 4M and ¢;Me? < 1, by (B.13). Moreover, since 3, yen €l/al = e2n¢
and 2ne < log?2, by (B.19), we have
]
0 € 2ne
Q)| < > M— < Me™™ <2M

Q.
la]<t—2

for [Im 2| < e. Since Q°(z) = Hy,(z) for z € R*" we have proved that H? and Q°
satisfy the hypotheses of Theorem El with M replaced by 2M and 6 = ™ < §*
and r = 0rg = f=. Hence Step 1 follows from the assertion of Theorem .
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Observe that the inequalities in (B.11) for v = 0 follow immediately from
Step 1 if we define ¢! :=id and ¢° := ¢~ L o 90 = 40,

Now assume, by induction, that the transformation z = ¢*~1(¢) of the
form (E) from the strip [Im¢| < 6r,, |n| < Or, into Imz| < r,_q, [Imy| <
r,—1, |[Rey| < p has been constructed such that u”=1(€) — ¢ and v¥~1(¢) have
period 1 in all variables, K¥~' := H"~! 0 ¢*~! satisfies ([L.g), and (B.11)) holds
with v replaced by v — 1. Assume also that the transformations z = ¥*(()
satisfy (B.10) for 4 = 0,...,v — 1. Then we obtain from (B.16) and (B.17) by
induction that

-1
Ky (O] < My, |(/T nKan(é,O)dé) <M, (3.18)

for Im¢| < 7, and |n| < r,,. Define the Hamiltonian function H by
H(z,y) = H" 0 6" (x.y)

for [Imx| < Or, and |y| < @r,. This is possible because ¢*~! maps this strip
into the domain of H".

Step 2. The Hamiltonian function H satisfies the estimates

H(z,0) - ﬁ@ﬁﬂ#gﬂﬂw»%ﬁ,
’I["n.

‘I;y(x,O) — w‘ < rT(GrV)TH,

~ cor’?
H — Q" <=
| Hy(,9) = @ (,9)| < 222
for [Imz| < Or, and |y| < Or,. Here we abbreviate Q¥ := K-t
If Imz| < Or, then ¢”~'(z,0) lies in the region where the estimate (B.§) holds
for both H” and H”~'. Therefore it follows from (B.g) that

F(2,0) - ﬁ@ﬁm4s2 sup  |H (6" 1(6,0)) — HY} (¢ (&,0))|
Tn |Im£\§6rv

< 201M’I‘£ + 201M7°£_1

L
2
< (5) dey Mr)rl? (9r,,)27+2
S TLn (HTV)2T+2

for [Tm x| < @r,. Here the last inequality follows from (B.13). Now the second
estimate in (B.10) with 1 = 0 implies that, for |[Im¢| < 6r,, we have

v—1 00
ug‘l(é) - ]1’ < Z ’ug(f) - Ugfl(é)} < 4cy ZT;T =cze™<1-6. (3.19)
pn=0 pn=0
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Here we have used (B.14) twice. It follows from (B.19) that

e < or, — ugfl(g)—ll <ol (3.20)

Therefore it follows from (B.§) and (B.13) that

I:jy(z,()) —w’ =

2 (@) (H;w—l(z, ) — 1y 6 0 )

ot
4
2
(— arlrl 97’1,)2T+1
0
'r+1

<7rl(0r,)

IN

and

Hyy(2) — Q%(2)

ut ) <Hgy<¢“<z>> - H;;w“(z)))ug-l(z)T‘l

<h? (01 = +clr£ 21>

( ) enr 2 (0r,)7

_4M

for Imx| < Or, and |y| < Or,. The last inequality uses the fact that ca > 4M
and (2/0)‘c;r? < 1, by (B.1d). This proves Step 2.

It follows from Step 2 and (B:1§) that the Hamiltonian function H satisfies
the hypotheses of Theoremﬂl with M replaced by 2M, r = 6r,, § = r}*, and
Q=Q" =Ky !, Hence Theorem [l| asserts that there exists a symplectic
transformation z = ¥"(¢) of the form ([L.7) from the strip [Im&| < r, 1 = 6?1,
7] < 7yqq into [Imz| < Ory, |y| < Or, such that 7(£,0) — (£,0) is of period 1
in all variables, the transformed Hamiltonian function

K':=Hoy"=H"o¢", ¢ :=¢" oy,
satisfies (), and ¥ and KV satisfy () Observe that, by construction, the

transformation ¢” = ¢”~! o ¢” maps the strip |[Im¢| < r,41, || < 7,41 into
Ima| <7r,_1, Imy| <r,_1, |Rey| < p. But we will show the following.

Step 3. The transformation z = ¢ () maps the strip [Im&| < Or,41, |n| <
Or,11 into |[Imz| <7y, Imy| < r,, [Rey| < p and satisfies )

Using the second inequality in () with v replaced by p = 0,...,v — 1, we
obtain

v—1 [e%s)
GO 1+ Y[ - THQ 1+ de Y = 1 ese™ <2
pn=0

pn=0
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for Im¢| < Or,, and || < 0r,. Here we have used (B.14) again. Hence it follows
from (B.10) that, for [Im¢&| < 7,41 and || < r,41, we have

67(¢) = " 1] = [¢"7 (" () = ¢" 71O < 218" (C) = ¢| < 2e2(1 = O)r .

Thus we have established the first inequality in () and the second follows
immediately from the first and Lemma [] (iii). As we have seen above, this
implies that

Mm¢| < Oryy1, |0l < Orypa = [¢(Q)] <2

and hence z := ¢¥(() satisfies
2 2\ /2
T 2] < 2[Tm ¢ <2 (Jm gl + [imnl*) "~ < 2000 =72

Moreover, we have seen already that |Rey| < p.
In order to establish the last inequality in (B.11]) we make use of the identity

oo ()M ) v o ()M a) = (w O UX(E)

for x = u~1(€). From (B.19) we obtain that if Tmz| < Or,,; and = =: u*~(€)
then [Im&| < 7,41. (The map € — o + & — u’~1(£) defines a contraction from
the strip [Im &| < 7,41 to itself.) This allows us to apply the inequalities (B.10))

and (B-20)) so that

v—1(¢\—1 r v m+71+1
(e ©7) x| < oo

Thus we have proved Step 3.

Step 3 finishes the induction and it remains to establish the convergence
of the sequences u”(£) and v”(€) along with the estimates in (B.7). But the
inequalities in () imply that

[u(€) — w1 ()] < 2 ear !

9y M+ (3.21)
o) @) - e W) < () alna)m
for Im¢&| < rp41 and |Imz| < 6r,41. In particular, these estimates hold for
v = 0 since in that case u”~! = id and v*~! = 0. Hence it follows from LemmaE
that the limit functions
u(©) = lm (&), v(©) = lm 0"(&)

satisfy (B.7) with ¢ := (2/6)™ 7 ¢cac3. Moreover, The functions z = u(£) and
y = v(§) satisty (m) as well as the periodicity requirements (because u” and

v satisfy (m) with H replaced by H", and all three functions u”, v¥, and H"
converge in the C*-topology). This completes the proof of Theorem E o
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The following C'*° result is a simple consequence of the proof of Theorem .
Other versions of it can be found in the work of Zehnder [P§], Péschel [p2], and
Bost [f.

Corollary 1. Let H € C*(T™ x G) satisfy the requirements of Theorem E and
let x = u(€) and y = v(€) be the solutions of (L ) constructed in the proof of
Theorem |3. Moreover, let 7 > 0 be the constant deﬁned in [B.13) and let ¢/ > ¢
be any number such that m' :==0' =27 —2—~v ¢ N and m' + 7 ¢ N. Then

Hec! = u € Cm/"’l, vou~tegm Tl
and, in particular,
HeC™ = u,v € C*.

Proof. By Lemma E, there exists a constant ¢} such that the inequalities in ()
are satisfied with ¢; and ¢ replaced by ¢} and ¢, respectively. Now one checks
easily that the assertions of Step 2 in the proof of Theorem E continue to hold
with m replaced by m’ provided that v is sufficiently large. But this implies that
the inequalities (B.10), and hence also (B.11]), are still satisfied, with m replaced
by m/, for v sufficiently large. Hence we deduce that () also still holds with
m replaced by m’ for large v. Therefore Lemma E implies that u € C™'+1 and
vou~! e C™+7+L This proves the corollary. O

4 Uniqueness and regularity

In the context of area preserving annulus mappings the uniqueness of an in-
variant curve with a given irrational rotation number follows easily from the
monotone twist property in connection with Denjoy’s theory. In this section we
prove a local uniqueness result for invariant tori with a given frequency vector
w € R™ which in this form seems to be new. In a more general abstract set-
ting the uniqueness problem has been discussed by Zehnder [@] for the analytic
case and our methods are closely related to Zehnder’s work. We begin with the
following estimate for the solutions of the differential equation D f = g.

Lemma 6. Letn > 2, 7 >n—1, cg > 0 and £ > 7 be given. Then there
exists a constant ¢ = c(n, T, co,£) > 0 such that the following holds. If w € R™
satisfies and g € C’g (T™) then the equation Df = g has a unique solution
feC§(T™) for s+ 1 <U¥, s¢N, and this solution satisfies the estimate

|f

Cc
< —IDflpusr,  O<pi=s—[s <1, 41
o < oy 1Pl s (a.1)

for every s < ¢ — 7 with s ¢ N.

Proof. By Lemma E, there exists a sequence of real analytic functions g, (x) on
the strip [Imz| < r, := 27 which are of period 1 in all variables, have mean
value zero on T", converge to g on R™, and satisfy

s+T

9o =0, 19 = gv—1l,, < 1) |gloesn
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for a suitable constant ¢; = ¢1(¢,n) > 0. Hence it follows from Lemma Ethat
the unique solution f, of Df, = g, satisfies the estimate

C2

(Tu - val)‘r

|fV - fl/—1|r,/+1

|9, — 9u—1|r,/ < 01022S+TT3+1 |9|cs+r

for some constant co = ca(n, 7,¢9) > 0. Hence Lemmag asserts that the limit
function f := lim f, belongs to C$(T™) and satisfies the estimate ([L1)) with
¢ = 2%;co. This proves the lemma. O

We are now in a position to prove the desired uniqueness theorem for invari-
ant tori with a given frequency vector w € R".

Theorem 3 (Uniqueness). Letn > 2, 7 >n—1,¢0 > 0,0 < vy < 1, and
M > 1 be given. Then there exists a constant 6 = d(n,1,co,v, M) > 0 with
the following significance. Suppose w € R™ satisfies ), G C R" is an open
neighborhood of zero, and H € C*T2(T™ x G), £ := v+ 7 + 1, is a Hamiltonian
function satisfying

HCE(zaO):Oa Hy(zao) =w,

(/ H,,(2,0) da:) -

If u € CYR™,R") and v € C*(R™,G) satisfy ), u(€) — & and v(&) are of
period 1, vou~t € CYT", ), and

and

|H|pere < M, < M. (4.2)

lug — 1| o <9, ’v o ufllcl <4, (4.3)
then ug = 1 and v = 0.

Proof. Let the functions V(z) and U(z) be defined by (L) so that (L.12)
and ([L.13)) are satisfied. Then the real numbers a, := U(x + e,) — U(x) are
independent of = for v = 1,...,n and the function a(zx) = U(x) — (o, x) can be
chosen without loss of generality to be of mean value zero over the torus T".
Moreover, let us define b(z) := V(x) — z, h :== H(x,U,), and

Ro(x) := /0 /0 (Ug, Hyy(z, sU,)Uy) dsdt
Ry (z) := Hy(z,Uy) — Hy(x,0) — Hyy(z,0)Uy + by (Hy(ac, Ug) — w).

Then one checks easily that

Da=h—{a,w) — Ry
Db = —Hyy(z,0)(a + agz) — R1.
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This implies that A — (a,w) is the mean value of Ry and, moreover,

/n H,,(z,0)a dz = — / (Hyy(x, 0)as + Rl(x)) da.

Therefore, we obtain from LemmaE and Lemma H that
|am|co < |a|cl+'y <a |RO|CZ < e |Uz|co |Ux|cl

for suitable constants co > ¢; > 0, depending only on n, 7, ¢y, v and M.
Moreover, it follows from ([L.) that

ol 3 acl o+ M Rl < ca [0 ex + 0 len ) 0

for some constant ¢ > 0. Finally, we obtain from ([L.J) that |b,|o0 < §/(1 —6)
and |Uy|oe <6 so that

4563

rlon <ol + lazlen < 20 ([Ulox + rlgo ) Weleo < 7%

Vsl
We conclude that U, = v o u~! must vanish if 45c3 < 1 — §. But this implies
Db = 0 so that b(x) = b is constant ad hence u(§) = £ — b. This completes the
proof of Theorem E O

We close this section with a regularity theorem for invariant tori which is
apparently new.

Theorem 4 (Regularity). Let G C R™ be an open set and w € R"™ be a
vector which satisfies ) for some constants cg >0 and T >n—1. Let H €
C>®(T" x G) be given and suppose that u € C*FH(R™,R™) and v € C*(R",G),
£ > 27+2, are solutions of (@) such that uw(§) — & and v(§) are of period 1 and

u represents a diffeomorphism of the torus T™. If

det ([ uel©) Hp (o) v(ef (67 de) #0

then u € C® andv € C.

Proof. Let z = ¢({) denote the symplectic transformation (B) and choose a
sequence of C'*° smooth symplectic transformation " of the same form which
converges to ¢ in the C*-norm. Hence the Hamiltonian function H o 9¥ con-
verges to H in the C*-norm and hence satisfies the assumptions of Theoremﬂ
for v sufficiently large. This implies that, for large v, there is a symplectic
transformation x” of the form ([.7) such that K” := H o1" o x" satisfies ([.§).
By Corollary , we have xy” € C*°. We claim that

¢ =" ox"

for v sufficiently large and hence ¢ is C'*° smooth.
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To see this, let
S¥(x,m) = U"(z) + (V¥ (x),n)

be a generating function for ¢=! o ¢)¥. Then the sequences U and V! — 1
converge to zero in the C*-norm. Moreover, let

~

§”(x,77) = 17”(:13) +(V¥(x),n)

be a generating function for x”. Then Theorem E asserts that ‘7; — 1 converges
to zero in the C%-norm and UY converges to zero in the C™™*7-norm for some
v > 0. Now define

U :=U"+U"oV", V' :i=V'oV",

so that % (z,n) := U”(x)+ (V¥ (x),n) is a generating function for ¢~ ov)” ox”.
Then 175 converges to zero in the C™*1 7 -norm and ‘7; — 1 converges to zero
in the C%-norm. Therefore it follows from TheoremE with H replaced by H o ¢
that ¢~ o 9)¥ o x¥ = id for v sufficiently large. Hence ¢ = ¢ o x¥ € C™ as
claimed. This proves Theorem . O

The proof of Theorem M depends in an essential way on the fact that the
Hamiltonian function H in Theoremﬂ is only assumed to be of class C* with
£ > 27+ 2 > 2n and is not required to be close to any integrable analytic
function. Another important ingredient in the proof of TheoremE is the obser-
vation that the smoothness requirements of the uniqueness result (Theorem [
precisely coincide with the regularity which is obtained in the existence result
(Theorem E) Finally, Theorem E suggests that every invariant circle of class C'*
with £ > 4 (and with a sufficiently irrational rotation number) for a monotone
twist map of class C°° must itself be of class C'*°.
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