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Abstract

In this paper we study the heat trace of the magnetic Schrédinger operator
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i) = 597 (e gn — o)) + 50 (S — o)) + Vi)
on the hyperbolic plane H = {z = (z,y)|z € R,y > 0}. Here a = (a1,a2) is a
magnetic vector potential and V is a scalar potential on H. Under some growth
conditions on a and V at infinity, we derive an upper bound of the difference
Tre tHv(0) _ Tre—tHv(a) 35 ¢ — +0.

As a byproduct, we obtain the asymptotic distribution of eigenvalues less than
A as A — 400 when V has exponential growth at infinity (with respect to the
Riemannian distance on H). Moreover, we obtain the asymptotics of the logarithm
of the eigenvalue counting function as A — 400 when V' has polynomial growth at
infinity. In both cases we assume that a is weaker than V in an appropriate sense.
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1 Introduction and Results

We study the short time asymptotics of the trace of the heat semi-group for the magnetic
Schrodinger operator

2 2
y(e) = 30° (g~ o)) + 307 (g (o)) + Vi) (L)
on the hyperbolic plane H = {z = (z,y)|z € R,y > 0}, and we obtain the asymptotic
distribution of large eigenvalues of Hy (a) under some growth conditions on V and a. Here,
V' is a scalar potential and a = (aq, a2) is a magnetic vector potential on H. Throughout
this paper we identify the vector potential a with the 1-form a;dx + asdy on H.

The Riemannian measure m(dz) on H is given by m(dz) = dzdy/y* and the Rieman-
nian distance d(z, z’) between z = (z,y) and 2’ = (2/,y) is given by
(z— ') +y* + (y)?

2yy' '

In what follows we canonically identify H with the complex upper-half plane via the
correspondence (z,y) < x + yv/—1.

In what follows we write 0, for 0/dz, etc., and we use the multi-index notation like
0 f(z) to denote 9310y f () for any multi-index o = (@, ) € Nx N. Here, N stands for
the set of non-negative integers. We denote by C*(M, N) the space of all N-valued, C*-
functions on M for k € NU{oo}, and by C'(M, N) the space of all N-valued, continuous
functions on M. We denote by C§°(M, N) the space of all smooth functions with compact
support, etc. When N = C, we write C*(M) for C*(M, C), etc. The notation A; + ...+
A, =: Bi+...+B, means that By, ..., B, stand for Ay, ..., A, respectively. Throughout
the paper we use the symbol | - | to denote the Euclidean norms.

To formulate the results, we introduce a class of functions. For a continuous function
a defined on [0, 00), we say that a belongs to the class G if, for any ¢§ satisfying 0 < § < 1,
there exists a positive number Cjs such that

a(p +p') < Csa ((1+0)p) exp (C5(p')?) (1.2)

holds for any positive p and p'.

For example, if ¢ > 0, C' > 0 and 0 < § < 2, the polynomials a(p) = Cp® and the
exponentials a(p) = C exp (cp”) belong to G. We note that if @ belongs to G, the functions
C'a(cp)™ also belong to G for any ¢, C' > 0 and o > 0. We also note that if @ € G then a
has a Gaussian bound a(p) < C'exp (cp?) for some ¢, C' > 0.

We now make the following conditions (A) for vector potentials and (V) for scalar
potentials.

cosh(d(z,2")) =

(A) The vector potential a = (ay, as) belongs to C?(H, R?). Moreover, there exists @ € G
such that

S @ (2)] + ' 0%as(2)]) < ald(z, V1) (13)

0<|a|<2

holds for all z € H.



(V) The scalar potential V' belongs to C'(H, R). Moreover, there exist € > 0 and C' > 0
such that

C7td(z,v/—1)"* < V(z) < Cexp (Cd(z,V/—-1)%)
holds outside some compact subset of H.

It is known that the operator Hy (a) is essentially self-adjoint on C§°(H) and has the
unique self-adjoint realization acting on L?*(H) under the conditions (A) and (V) (See
Shubin [[F]). In what follows we identify any essentially self-adjoint operator with its
operator closure.

Theorem 1.1 Assume (A) and (V). Then the operator e M@ js of trace class for all
t > 0. Moreover, for any 0 satisfying 0 < d < 1, there exists Cs > 0 such that

0 < Tre v _ Ty -tHv(a)
< C’(;t/ a((1+6)d(z, \/—1))ze*t"a’<z)m(dz) + Cstth/8
H
holds if 0 <t < 1/Cs. Here, we set
Vi (z) = inf{V(2)|d(z,2") < dd(z,vV—-1)}.

Remark 1.2 The base point z = \/—1 in (V) and (A) can be replaced by any fized point
20 € H by the homogeneity of H.

The condition (A) is described in terms of the magnetic vector potential a = aidx +
asdy, which can be regarded as a connection 1-form on (the trivial Hermitian line bundle
over) H. From a physical view point, we prefer to make assumptions for the corresponding
magnetic field w = da = (0ya9 — Oyaq)dx A dy rather than for a itself, where d stands for
the usual exterior derivative. In Appendiz, we give a condition on the magnetic field w
which implies the existence of a vector potential a satisfying (A).

As a byproduct of Theorem [[.1], the standard Tauberian argument yields the asymp-
totic distribution of the number of large eigenvalues of Hy (a) under some restrictive con-
dition on the growth of V' at infinity. We denote by N(T" < \) the number of eigenvalues
(counting multiplicities) of a self-adjoint operator T' less than A.

Corollary 1.3 Let V belong to C(H,R). Assume that there exist positive constants A
and o such that

lim V(z) =
d(z/~T)—oo Aexp (ad(z,v/—1))

Assume that there exist positive numbers C' and (3 satisfying 3 < « such that the condition
(A) holds for a(p) = C'exp (Bp). Then we have the eigenvalue asymptotics

lim N(Hy(a) <) SN — lim N(Hy (0) < A) /A e

(1.4)

1 o A Ve,
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If the scalar potential V' has polynomial growth (with respect to the Riemannian
distance) at infinity, we can obtain the asymptotics of the logarithm of the eigenvalue
counting function N(Hy(a) < ) as A — oc.

Corollary 1.4 Let V belong to C(H,R). Assume that there exist A >0 and o > 1 such
that
, Vi(z)
lim @ ——F—— =
d(z,7/—1)—00 Ad(Z, V _1)a
Assume that (A) holds with a(p) = C(pP+1) for some C' > 0 and 3 satisfying 0 < 283 < a.
Then we have the asymptotic relation

(1.5)

lim A Yelog N(Hy(a) < \) = lim A~ Vog N(Hy (0) < \)
_ Afl/a.

Remark 1.5 In [I3] and [13], Matsumoto studied the short time asymptotics of the (dif-
ference of ) heat traces for the magnetic Schrédinger operators. In particular, Matsumoto
[13] established the short time asymptotics of heat trace even in the case where the strength
of magnetic fields is “stronger” than the scalar potential. (As a byproduct, the large eigen-
value asymptotics is also obtained by Tauberian argument. )

However, the hyperbolic spaces are not included in the class of Riemannian manifolds
under Matsumoto’s consideration.

The organization of this paper is as follows: In Section 2, we recall some basic facts
from stochastic analysis and introduce the Brownian motion on H. Also we formulate
some preparatory results on the pinned Wiener measures. In Section 3, we give proofs of
theorem [L1], Corollary [[.d and Corollary [.4], accepting two propositions (Proposition
and Proposition B.G). In Section 4 and Section 5, we give a proof of Proposition B.6 and
of Proposition [.1, respectively. In Appendix we rewrite the condition (A) for the vector
potential a to the condition for the corresponding magnetic field.

Acknowledgment. The authors thank Professor Yuji KASAHARA for his advice on
Tauberian theorems of exponential type.

2 Results from stochastic analysis

2.1 Generalized expectations

In this subsection we recall some basic definitions and results from the Malliavin calculus
along the line of Tkeda and Watanabe [§], Chapter V, Sections 8 and 9. For any non-
negative integer d, we denote by (W@ H@ P@) the d-dimensional Wiener space. Let
W@ = {w e C([0,0), RY)|w(0) = 0} be the d-dimensional Wiener space. Let

HYD = {h e WD|h is absolutely continuous and |[h]%,, = [~ |h(s)|?ds < oo}
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be the Cameron-Martin subspace, where h denotes the derivative of h, and let P be
the Wiener measure on W@, As usual we denote by E¥[-] the integration with respect
to P@. We denote by w; = (w},...,w?) (t > 0) the canonical realization of the Wiener
process. (We often drop the superscript (d) if there is no fear of confusion.)

For any h € H, we define the measurable linear functional [h](w) = Zle I hi(s) -
dw'. The law of [h] is the Gaussian measure with mean 0 and variance ||h||%. For any
orthonormal elements hy,...,h, € H and f € S(RY), a function of the form F(w) =
f([P1](w), ..., [ha](w)) is called a cylindrical function. The Ornstein-Uhlenbeck operator
L is defined by

LP) = Y- (GH ). ) = () - 5 (alw). ... ] w) )

1=

on the space of all cylindrical functions, which is a core for L. For any p € (1,00) and
r € R, the Sobolev space D,,, is the completion of the space of cylindrical functions on
W with respect to the norm ||F|,, = ||(I — L)"/?F || z»(w,p). The spaces of test functionals
and of generalized Wiener functionals are defined by Do, = Nps1,erDy,r and D_o =
Ups1.rerDp ., respectively. (For a separable Hilbert space K, the Sobolev spaces of K-
valued function(al)s are defined in a similar way. In that case we write D, ,.(K), Do (K),
H(K), etc.) Note that for any non-negative integer r and for any p > 1 there exists a
positive constant C),, such that Meyer’s equivalence

CotlFllpr < D NDFllze < Copoll Fllpr

J=0

holds for all F' € D,,. Here D denotes the H-derivative, i.e., the Gataux derivative in
H-direction.

The paring of F' € D, and ¥ € D__, is defined in a canonical way and is denote by
E[V - F]. (We often write as E[¥(w)F (w)].) The pairing E[V - 1] is often denoted simply
by E[¥] or formally by [, ¥(w)P(dw). We call E[-] the generalized expectation.

For any F' = (F!,..., F?%) € D, (RY), we say that F is non-degenerate in the sense of
Malliavin if B

det <<DFi, DFJ’>H>
ij=1,....d
belongs to Ny~ LP(W, P). If F is non-degenerate in the sense of Malliavin, then, for any
Schwartz distribution ¢ € S'(R?), the composition v o F' is well-defined and belongs to
D_... In fact, the mapping ¢ — 1o F is bounded from S_y, to D,, o for every p € (1, 00)
and k= 1,2,... (See [§, Chapter V, Section 9, for detailed information on the pullback
of the Schwartz distributions).

It is known (See Sugita [[[]) that, for every positive generalized Wiener functional ¥,

there exists a unique positive finite measure u¥ on W such that

mvﬂ:&ﬁmwmo



holds for any F' € D, where I stands for the D..-quasi continuous modification of F'
(See Malliavin [[0] Chapter IV, Section 2, p.94). Note the F'(w) is uniquely defined up
to the measure pY.

2.2 Brownian motion on the hyperbolic plane

In this subsection we introduce the Brownian motion on H and the heat kernel for Hy(0) =
—Ag/2. In what follows we identify z = (z,y) € H with z = x + y+/—1 the inclusion
H— C >~ R2

Let w = (w',w?) € W®. We consider the following stochastic differential equation
on H:

dX(t) =Y (t)dw;, dY (t) = Y (t)dw?, (2.1)

with the initial condition (X (0),Y(0)) = z = (x,y). The solution is explicitly written as
follows (See Ikeda and Matsumoto [, p. 69):

t
X(t, z,w) = x—i—y/ exp(w? — 5/2)dw!,

0
Y(t,z,w) = yexp(w? —1t/2). (2.2)

We write Z(t, z,w) = (X(¢, z,w), Y (¢, z,w)) and write Z(t,w) = (X (t,w), Y (¢t,w)) when
z = y/—1. Using Ito’s formula, one can find that { Z (¢, z,w) }+>¢ is the Brownian motion on
H, i.e., a diffusion process whose generator is Ag/2. One can easily to see that Z(t, z, w)
is non-degenerate in the sense of Malliavin (See also [{]).

The integral kernel poo(t, z, ') of e=**#/2 is given by

\/Qe—t/s 0o be—b2/2t
t,z,2) = / db 2.3
pool ) (2mt)3/2 |, /coshb — coshd (2:3)

with d = d(z, 2') (See, e.g., Terras [I7]), and we have the following estimate
ck(t, z,2") < poolt, z,2') < Ck(t, 2, 2") (2.4)
holds for some constants ¢, C' > 0 independent of z, 2, ¢, where

1 14 d(z,2)

k(t,z, 7)) = —
( ) 21t \/1+d(z,2') +1/2

exp (—t/8 — d(z,2')/2 — d(z,2')*/(2t))

(See Theorem 5.7.2 in Davies [{]).

It is well-known (See [f], Chapter 5, Section 3) that poo(t, 2, 2') = E[0./(Z(t, z,-))] and
the law of Z(t,z w) on H is given by poo(t, z, 2 )m(dz). Here 6 denotes the Dirac delta
function on H with respect to the Riemannian measure m(dz), i.e., d./(2) = y*d( (1, y).



2.3 Pinned Wiener measures

In this subsection we introduce the pinned Wiener measure on H and recall some ba-
sic properties. Let T > 0 and z,2' € H. Set Wy(H) = C([0,T],H) and £ (H) =
{l € Wp(H)|ly = 2l = z'}. We equip the space Wiy (H) with the distance d(l,l) =
sup{d(ls,1.)|0 < s < T}. Here d is the distance on H. Then Wr(H) is a complete separa-
ble metric space and £;’ZI(H) is a closed subspace. The pinned Wiener measure Pfle on
H is defined by the probability measure on Efp’zl(H) which satisfies

n+1

/ Hfz lt Pzz dl pO t Z, Z / de fz Zz HpO - z 1721'717'22‘)

He i=1
(2.5)
for any partition 0 =ty <t < ... <t, <tpy1 =71 of [0,7] and any fi,..., f, € C5°(H).
Here we set zp = z and 2,11 = Z.
We denote by u7” "the probability measure which corresponds to the Wiener functional
6. (Z(T, z,w))/poo(T, z, 2) by Sugita’s theorem. It follows from Theorem 4.2 and Corol-
lary 4.3 in Malliavin and Nualart [[T] that there exists a process {Z(t, z,w)}>o which
satisfies the following property: There exists a decreasing sequence O; (j = 1,2,...) of
open subsets of W such that

1. For each j = 1,2,..., (t,w) — Z(t, z,w) is continuous on [0, 7] X 05

2. For each p € (1,00) and r > 0, cap, .(O0;) — 0 as j — oo. Here cap,,, denotes the
(p, r)-capacity.

3. For each t € [0,T), Z(t, z,w) = Z(t, z,w) outside a set of zero Wiener measure.

In particular, {Z(t, z,w)}o<i<r is a well-defined Wy (M)-valued random variable on the
measure space (W, ,u;’zl). By using the Chapman-Kolmogorov formula, we can easily
see that the image measure of ,u?zl induced by the Wy (M)-valued Wiener functional

Z(t, z,w)Yo<r<r is the pinned Wiener measure P>* . That is, for any bounded Borel
<t< p T y
function £ on Wy (M),

[ Ptz = [ Pop @

holds. Note that this fact can also be regarded as an existence theorem of the pinned
Wiener measure on H.

In what follows we denote by E;’Z/ the expectation with respect to the pinned Wiener
measure P;’Z/. Also we denote by E* the expectation with respect to the Wiener measure
P? on the space of all continuous paths starting at z.

We shall often use the fact that, for any s, 7T satisfying 0 < s < T,

_ pOO(T - S, l87 Z/)
p00<T7Z7 Z/)

2,2
Py s

P, (2.6)

holds, where B, stands for the natural filtration of W (H).
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3 Preliminary estimates

In this section we obtain some preliminary estimates concerning the pinned Wiener mea-
sure on H.

Lemma 3.1 Assume that a belongs the class G defined in Section 1. Then, for any
satisfying 0 < § < 1, there exists C's > 0 such that the following assertions hold:

1. The estimate
E*a(d(ls,vV-1))] < Csa ((1+ 0)d(z,vV-1)) (3.1)
holds for all s satisfying 0 < s < 1/Cs and for all z € H.
2. The estimate
E2¥a(d(le, V1)) < Csi (14 8)d(z, V1)) (3.2
holds for all s,t with 0 < s <t < 1/Cs and for all z € H.

Proof. Using the relation (2.§) with s = ¢/2, we find that the left-hand side (lhs) of (B-2)
is equal to

E*[a (d(l, v=T)) P2 bz )y

pOO(tu 2, Z)
t/2, 2, z)

< Ez[&(d(ls,\/—_l)) Poo(

pOO(ta 2, Z)
< CEfa (VD)
where we used the facts that poo(t, 2, 2’) < poo(t, 2, 2) and that

poo(t, 2, 2) = poo(t, V—1,v—=1) = (2rt) "1 (1 4 o(1)) as t— 40

in the first and second inequality, respectively.
Thus it is enough to show only the assertion (B.I]). By ([.2), for any § satisfying
0 < 0 < 1, there exists Cs > 0 such that

E*[a (d(l,, v=1))]
_ /H m(d=")a (d(2',v=1)) poo(s, 2, )

]

< Csa((1+40)d(z,v-1)) /Hm(dz') exp (Csd(z, 2 )?)poo(s, 2/, 2)

= Csa ((1+40)d(z, \/—_1))/Hm(dz) exp (Csd(z, vV—1)2)poo(s, 2, V—1)
< Css'a((1+0)d(z,v/-1))
X /Hm(dz) exp (Csd(z,v/—1)%) exp (—d(z,v/—1)?/(25)) (3.3)

8



holds, where we used the SL(2,R)-invariance of d and m(dz) in the third equality and
used (2.4) in the last inequality.

Since m(dz) is expressed as sinh p dpdf in the geodesic polar coordinates (p,0) €
[0,00) x [0,27) (See, e.g., Terras [[7]), we have

/ m(dz) exp (Csd(z, vV —1)%) exp (—d(z,vV—1)*/(2s))
H
= 27r/ exp (—p°/(2s) + Csp®) sinh p dp
0

= 2mV2s /OOO exp <—y2 + Cg(\/%?J)Q) sinh (v/2sy)dy

1/v2s sinh (v/2sy)
< 2%31/2/ exp (—y* + 2C5sy? 7y\/%ydy
o "
+27T31/2/ exp (—y2 + QCgsyQ)e‘/gydy
1/V2s
1/v2s
< Cs/ exp (—(1 — QCgs)yZ)ydy
0
o 3
+C$1/2€28/ exp <— (— —2Cs 3) y2) dy
1/v2s 4
1/v/2s
< Cs / ydy
0
+Cs2e* exp | — 3. 2C5 s 1 /OO exp | — 3. 2055 | y*/2
4 4s er 4
< C§s (3.4)

holds for some C} > 0 if 0 < s < 1/(8Cj5), where we changed the variable y = p/v/2s in
the second equality and used the elementary facts that sinh z/x is bounded if 0 < z < 1
and that v/2sy < 2s + y?/4 holds, in the second inequality.

Then we can derive the estimate (B.9) from (B-J) and (B.4) by choosing Cj larger, so
(B.1) also follows as we mentioned above. |

Remark 3.2 The above proof shows that the assertion of Lemma [3.1 is still valid for
0 =0 if a(p) = C'e at infinity.

Lemma 3.3 Let t > 0, 2,2/ € H and N > 0. Then there exists a positive number
C=0C(t,z2',N) such that
EF7[d(l,, 2)*N] < O (3.5)

holds for all s with 0 < s <'t.
Moreover, if z = 2', the constant C is bounded uniformly in z € H and t satisfying
0<t<1.



Proof. First, we consider the case 0 < s < /2. As in the proof of Lemma B.I], using (2.4)
with s = ¢/2, we see that the lhs of (B.3) is less than or equal to

Ez[d(l Z)QNPO(J(t/Q? lsv Z/)

poo(t, 2, 2") ]
poo(t/2, 2 ZI)
ol =50 [ a2 s, ,6)

MSN m 5 9 s N < -
poo(t, z,2') /H (dC) (d((, )/) Poo(s, 2, C). (3.6)

By the same argument as in the proof of Lemma B.1], we can deduce that the integral on
the right-hand side (rhs) of (B-G) is bounded uniformly in s, z. Moreover, it follows from

(B-2) that

pOO(t/Qa ZI7 Z/>

Poo(t, 2, ') < Cexp (d(z,2)/2 4 d(2,2')*/(21)).

Then, taking the obvious fact d(z,z) = 0 into account, we deduce the assertion when
0<s<t/2

Next, we consider the case of t/2 < s < t. Using the triangle equality d(ls,z) <
d(ls,2') +d(z, 2") and the fact that t —s < t/2if t/2 < s < t, we find that the lhs of (B.9)
is less than or equal to

Cn (Ef’zl [d(ls, 2")*N] + d(z, z’)2N>

OnC ((t = s)*N +d(z,2')*)

d(Z, Z/)QN

= COnC (1 + W) (t/2)Y

= Cj <1 + %) sV, (3.7)

IA

where we used the fact that Zu = [;_, 1s the law of Pf/’z and the assertion for the case
0 < s < t/2 in the second inequality. Note that the coefficient of s” on the rhs of (B7)
has the desired boundedness. Thus the lemma obeys. |

Lemma 3.4 Leta >0, z€ H and 0 <t < 1. Then

B (11 = v B (3.8)
is finite and bounded uniformly in s with 0 < s < t. Here we write z = (x,y) and
L= (15, 7).

10



Proof. For each zy € H, the map g : z = (x,y) — (xo + Yoy, yoy) defines an isometric
isomorphism on H. Then by considering the finite dimensional distribution, we can deduce
that

EFf(1)] = B/ f (g7 1))

holds for any nice function f and for any z, 2’ € H. Setting z = 2’ = /=1 and f(z) = y°,

we have the equality (B.§) since g(v/—1) = zo.
Since elementary calculation shows that y 4+ 1/y < C'exp (Cd(z,v/—1)), the finiteness
of the integral follows from Lemma 3. |

Lemma 3.5 We set

Qe ={l € L77(H)| sup d(ls,2z) > €}

0<s<t
There exist positive constants ¢, C' such that
PP (Qey.) < C'tY4exp (—ce?/t)

holds for any z € H, € > 0 and t > 0 satisfying the relations 0 <t <1 and €2/t > 1.

Proof. The estimate has been shown by Eberle [[j], Proposition 3.1 (i) in the case of t = 1.
Replacing the partition i27% (0 < i < 2F) of [0,1] used in [{] by i27%t (0 < i < 2F) of
[0, ], one can show the assertion for general ¢ and € in a similar way. |

The following result is crucial for the proof of the main theorem. We give a proof in
Section 5.

Proposition 3.6 Assume (A). Then for any t > 0, the Stratonovich integral

t t t
/a(ls)odls:/ al(ls)odl;+/ as(ly) o di?
0 0 0

defines a well-defined random variable on L;°. Moreover, for any § satisfying 0 < § < 1,
there exists Cs > 0 such that

t
/ a(ly) o dli
0

holds for all z € H and all t > 0 satisfying 0 <t < 1/Cs. Here a is as in (A).

4

] < Cst'a(d(z,vV-1))

2,2 4
E7

11



4 Proof of the main results

4.1 Proof of Theorem [L.1]

In this section we give a proof of the main theorem, following the line of argument as in
the proof of Theorem 1 in Matsumoto [[2].

We need the Feynman-Kac-It6 representation for the heat kernel of Hy (a) (We give
a proof in Section 4 below):

Proposition 4.1 Assume (A) and (V). For any t > 0, the operator e *#v(®) has the
continuous integral kernel pay(t,z,2"). Moreover, pay(t, z,z") has the Feynman-Kac-It6
eTpPression

pav(t, 2, 2') = poo(t, z, 2 ) EF* [exp (_J—T /0 ta(ls)odls— /0 tV(ls)ds)]. (4.1)

Then we can deduce from a result by Brislawn [[] that the heat trace of Hy (a) is given
by the integration of pay(t, 2, 2) with respect to z, as in Inahama and Shirai [J].

Lemma 4.2 We set

V-

() = inf{V(2)|d(z,2') < e}.

Then there exist positive constants C', ¢ such that
pov<t, z, z) < C/t71<t71/467(:52/t + eftvg(z))

for any z € H, € > 0 and t > 0 satisfying 0 <t <1 and e/t > 1.

Proof. We use the Feynman-Kac representation (See [[]):

pov(t22) = poolt, 2 2) X" [exp (— /0 tV(ls)ds)]. (4.2)

Let Q.. be the set as in Lemma 6 and in this proof we denote simply by €2. Then it

follows that
(/Q * / ) P (— /0 t V(ls)ds> P73 (dl)

PR+ [ exp (V5 ()P ()

c

EF*fexp (— / V(L,)ds)

IA

< C't M exp (—cg?/t) + exp (—=tVi5(2)), (4.3)

where we used Lemma B.5 in the last inequality. Then the lemma follows from (£.9) and
(E3) since poo(t, 2, z) = O(1/t) holds as t — +0 uniformly in z. |
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Lemma 4.3 Let a be any continuous function satisfying the condition (A). We set

Vo

K

(2) = inf{V(2)|d(z,2') < kd(z,v/—1)}.

Then there exists C' > 0 such that, for any 0 satisfying 0 < § < 1,

/Hd (d(z, \/—_1)) pov (t, z, 2)/*m(dz)

< / i (d(z, VD)) e O 2(dz) + O3
H

holds if 0 < t < §2.

Proof. Let 0 < § < 1. Applying Lemma [[. with € = dd(z,/—1), we find that

pov(t, 2, 2)/? < Ct1/? <t_1/8 exp (—cd?d(z,vV—1)*/(2t)) + exp <—ﬂ/(;)(z)/2))

holds if €2/t = §%d(z,/—1)?/t > 1, where we used the inequality (a + b)'/? < a'/? 4 b'/2.

Then we find that

/H a(d(z V=T))po (£, 2, 2)2m(dz)

“
/d(z,ﬁ)zﬂ/é d(z/"D)<VE/6

< Ct5/8/HeXp (Cd(z,v=1)*) exp (—c6%d(z,vV—1)?/(2t))m(dz)
+COt 12 / a(d(z,vV=1))e VoD 2 (dz)

y
d(z,V=1)<Vt/8

a(d(z,v/=1))pov (t, z, 2)Y*m(dz) (4.4)

holds for any ¢ > 0, where we used the Gaussian bound for @ € G in the inequality.
Then we find that the first term on the rhs of (f.4) is less than or equal to

IA

<

holds if 0 < t < ¢/(4(C +

Ct_5/8/ exp (Cp® — cp®/(2t)) sinh pdp

0

C/t5/8/ exp (—(c/(2t) = C = 1)p*) dp
0

C't3(e/(2t) — C — 1) 1? / eV dy
0

C//t—l/S

1)), where we changed the variable y = (c/(2t) — C — 1)¥/2p.

13



Since @ is continuous near p = 0, we find that the third term on the rhs of (f.4) is less

than or equal to
Vt/s
Ct=/? ( sup &(p)) / sinh p dp
0

0<p<1

< ( sup d(p)) 5212

0<p<1
holds if 0 < t < 62, where we used the fact that poy (¢, 2, 2) < poo(t, 2, 2) = O(t7!) holds
as t — +0 by the Feynman-Kac formula. This completes the proof. |

Using the continuity and the reality of the kernel pay(t, 2, 2), which follows from
Proposition [.1] and the self-adjointness of Hy (a), respectively, we obtain

pav(t, z,2) = poo(t, z, z) E; " [cos (/Ot a(ly) o dls) exp (— /Ot V(ls)ds)]

as in the proof of Theorem 1 in Matsumoto [[J]. This expression of the kernel leads us to
the trace version dia-magnetic inequality Tre V(@ < Tre~*v(0)  Then, using Schwarz’
inequality, we have, for any ¢ satisfying 0 < § < 1,

|pav<t7 Z, Z) - pOV(tu Z, Z)‘
2

< gtz BT | [ alt) oa| ew (= [ Vi)
< polts ) (Ef’z[ [ attoa, 4]) : (eiter (- [ ovigas)))

. AN 1/2
/ a(ls) o dl; ]) poav(t,z,2)'"?
0

< Cst*?a ((1+46)d(z, \/—_1))2]90,2‘/(15, z, 2)Y/? (4.5)

for some Cs > 0, where we used the estimate |cosx — 1| < |z|?/2 in the first inequality
and used Proposition B-f and the estimate poo(t, 2, 2) = O(t™!) in the third inequality.

Since the function a(cp)? belongs to the class G, it follows from Lemma [L.3 (replaced
a(p) and V by a((1 + &)p)? and 2V, respectively) that, for any ¢ satisfying 0 < § < 1,
there exist C's > 0 such that

/H|pav(t, z,2) — pov(t, z, z)|m(dz)

1 Z,Z
= Spo(tz2)" (E |

< Cst3? /H a((146)d(z, \/—_1))2p072\/(t, z,2)Y?m(dz)

< (05)2153/2 (t—l/Q/d((lJr(;)d(Z’ \/__1))26—t\/5_(z)m(dz)+t—1/8)

holds if 0 < ¢t < 1/(Cs)%. Then we complete the proof of Theorem by choosing Cjs
larger.
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4.2 Proof of Corollary

Before proceeding to the proof, we make a reduction. The condition ([[.4]) implies that,
for any € > 0, there exists C. > 0 such that

(1—e)Aexp (ad(z,vV/—1)) = C. < V(2) < (1+¢e)Aexp(ad(z,vV/—1))+ C.

holds for all z € H. We set W¢(z) = Aexp (ad(z,v/—1)) for any A > 0 and o > 0.
Then the min-max principle (Reed and Simon [[4]) yields that, for any € > 0, there exists
C. > 0 such that

N(Hwg, (a) < A—C.) < N(Hy(a) < A) < N(Hws_ (a) <A+C.)  (46)

(1—e)A

holds for any vector potentials a satisfying the condition (A). If we assume that Corollary
holds for V = Aexp (ad(z,v/—1)) for any A > 0 and a > 1, it follows from ([.q) that,
for any ¢ > 0,

/e ()\ N C€)1+1/a

N(HW(alJre)A(a) <A Ce)/()‘ - Ce) \iti/a
< N(Hy(a) < A)/AFYe
1+1/a
< N(Hws (a) < A Co)f(A+ Coytrife, AE G

(1—e)A \+1/a

holds, from which we obtain the results for general Vs by taking a limit ¢ — +0 af-
ter A — o0o. Therefore, in the rest of this subsection, we may assume that V(z) =
Aexp (ad(z,/—1)) for all 2.

One can also verify that the assumptions (A.1) and (A.2) of the main theorem in
Inahama and Shirai [@] are fulfilled in our situation (by a direct computation, or see
Section 7 in [f]). So, the main theorem in [f tells us that
L @ 4o

: I+1/a
Jim N (Hv(0) < A)/A Satl

Y

or equivalently, by Karamata’s Tauberian theorem,

1
: 141/ —tHy(0) _ : * 2| ¢12
Jim 74Ty e Jim o [ 6) € THIIEP/2+ V() < A}
1 « 1
= - ——AVT(@2+ = 4.7
2a+1 2+ Oz)’ (4.7)
where | - | denotes the four dimensional Lebesgue measure and I' is the Gamma function.

By Remark B.3 after the proof of Lemma B.1] and Theorem [1] with a(p) = Ce”?, we
find that, for any § > 0 satisfying 0 < § < 1, there exists C's > 0 such that

Tre (0 _ Ty~ tHv(a)

< Cgt/ exp (20d(z, \/—1))6’W67(Z)m(dz) + Cstth/8 (4.8)
H

0

IA
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if0<t<1/Cs.

Using the triangle inequality, we observe that the condition d(z,2') < dd(z,v/—1)
implies that d(2',/=1)>d(z,v/—1) — d(z,2')> (1 — §)d(z,v/—1), so we obtain the lower
bound V; (z)>Aexp ((1 — §)ad(z, v/—1)). Then it follows that, for N > 0 suitably chosen
below, the first term on the rhs of ([£§) is less than or equal to

Cst /OO exp (208p) exp (—tAexp ((1 — d)ap))sinh pdp
0

= Gt [ e (20) (tAexp (1 = Do)
x (tAexp ((1 — 8)ap))™ exp (—tAexp (1 — 6)ap)) sinh pdp
< CsATN (SE}% XN6X> th/O exp[(26+1— N(1 - 6)a) p|dp.

The last integral converges if we set N = (fﬁ jg)la + 9. Then, since

1_N:—G*§)+%%32‘Q?$;+0&

we can choose § > 0 so small that 1 — N > —(1+ 1/a) because of the assumption a > (.
Then we conclude that the rhs of (E§) is of order o(t~'~'/%) as t — +0 for any fixed 4.
Hence, by Karamata’s Tauberian theorem and ([.4), we completes the proof of Corollary

3

4.3 Proof of Corollary [[4

We may assume that V(z) = Ad(z,/—1)* for all z € H without loss of generality. To see
this, we observe that the condition ([.5) implies that, for any & > 0, there exists C. > 0
such that

(1—e)Ad(z,v/=1)* = C. <V (2) < (1 +e)Ad(z,V/—1)* + C.

holds for all z € H. Then we can show the claim by the min-max argument as in the
reduction at the beginning of the preceding subsection.

We formulate Kohlbecker’s Tauberian theorem following Bingham, Goldie and Teugels
B]. For any p > 0 and any positive function f on [0,00), we say that f belongs to the
class R, if lim,_, f(Az)/ f(x)=A” holds for each A > 0. For any locally bounded function
on [0, 00) satisfying the condition lim, ., f(z)=00, we set f(x)=inf{y > 0|f(y) > =}.
We write f(z) ~ g(x) as  — oo if lim, . f(z)/g(z)=1 holds. For any f € R,, there
exists g € Ry, such that f(g(x)) ~ g(f(x)) ~ = holds as x — o0, and g is unique in the
sense of the asymptotic equivalence ~. Moreover, [ is one version of g (See Theorem
1.5.12 in [B]). Then Kohlbecker’s Tauberian theorem ([f], Theorem 4.12.1) is formulated
as follows.

Theorem 4.4 Let j1 be a measure on [0,00), which is finite on every compact sets. Let
a>1,¢>0and ¢ € R,. We set Y(x) = ¢(x)/x. The the following two statements 1
and 2 are equivalent.

16



1. log ([0, N)) ~ co=(A) holds as A — oo.
2. log Lu(t) ~ (a —1)(c/a) @Dy =(1/t) holds as t — +0.
Here, Lu(t) = [;° e ™ u(dX) is the Laplace transform of yu.

Lemma 4.5 Let o > 0. Then
R «a
/ p*sinh pdp = R* cosh R — ERO‘_leR(l +0(1))
0

holds as R — oo.
In addition, if o > 1, we have

R
/ p® cosh pdp = R*sinh R — %Ro"leR(l +0(1))
0

as R — oo.

Proof. Using integration by parts, we find that

R R
/ p*sinh pdp = p*coshp|f — a/ p> Y cosh pdp
0 0
R
= R%cosh R — aR“'sinh R+ a(a — 1) / p* %sinh pdp. (4.9)
0

We note that the last integral is finite since a > 0. The last integral in ([L.9) is equal to

R/2 R
/ p*%sinh pdp + / p“%sinh pdp
0 R/2

R/2 R
< sinh (R/2) / P> 2dp + p* 2 cosh p}gp — (a—2) / 03 cosh pdp
0 R/2
R
< O(R*?ef) + |a — 2| coshR/ P 3dp
R/2

= O(R*%eM)
as R — oo, where we used an integration by parts in the first inequality. Note that all the

integrals above are finite since o > 0 and sinh p = O(p) near p = 0. The rest of assertion
follows from the relation

R R
/ p® cosh pdp = p®sinh p|ff — « / p* Lsinh pdp
0 0

and the first assertion. |
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We introduce the volume function

Hae(N) = ﬁ {(2.6) € T'HIE/2+ V(2) < A}

Here | - | stands for the four dimensional Lebesgue measure.

Lemma 4.6 Let o > 1 and V(z) = Ad(z,v/—1)*. Then we have

lim A~V log e (\) = A=Y

A—00

and

tlir}rlo tl/(oz—l) log 'Cﬂsc(t) — (a _ l)a—a/(a—l)A—l/(a—l)'

Proof. A direct computation leads us to

V) = 5- /{ o A VD)

(4.10)

Thus we may assume that A = 1 considering the scaling A — A/A. Then it follows that

the rhs of (.I0) is equal to

Al/a
/ (A= pY)sinh pdp = %)\(O‘_l)/“e’\l/a(l +0(1))
0

as A — 00, where we used Lemma [.J with R = AY/®. The first assertion follows just by

taking logarithm.

The second assertion follows from Kohlbecker’s Tauberian theorem .4 with u = p,.,

¢ = A7, g(x) = 27, ¢~ () = 2V, (x) = 22" and Y~ (z) = 2/, |

For any € > 0, we introduce the auxiliary potential

Vi(2) = sup{V()ld(z, ) < 2}

and the associated volume function

1

Psce(A) = 2n)

{26 e THIER/2+ Vi (2) <A}

Lemma 4.7 Let ps.. be as above. Under the same assumption as in Lemma [[.8, we have

lim lim ¢V log L (t) = (o — 1)a~/ @D A=V (@=D)

e—4+0t——+0
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Proof. We first show that limy_ .o A~/*log se.e(A) exists for all € > 0, and
lim lim A~Y%log preec(N) = A7V,

e—4+0 A A—o00

We may consider the case of A = 1 by considering the scaling A — A/A. By the triangle
inequality, one can find that V(j) (z)=inf{d(z’, vV—1)¥d(z, ') < e}=(d(z,vV/—1) + €)* for
large z and small ¢ > 0. Then we have

Aa_g
fsce(A) = / (A = (p +€)?)sinh pdp
0
)\l/oz
= [ - p)sinh(o- e
6)\l/oz
= / (A = p%)sinh (p — )dp
0

- [ = psint (- 21 (4.11)

where we changed the variable p+¢ — p in the second inequality. The second integral on
the rhs of ([.11)) is of order O()) as A — oo. Using the elementary relation sinh (z + y) =
sinh z coshy + cosh x sinh y, by Lemma [, we find that the first integral on the rhs of

(ETT)) is equal to

A/ A\/a
cosha/ (A — p) sinh pdp — sinha/ (A — p%) cosh pdp
0 0

= coshep(e) —sinhe - O()\(O‘_l)/"e»/a)

as A — 00.
Finally, Kohlbecker’s Tauberian theorem [.4 completes the proof as in the proof of
Lemma [I.g. |

Lemma 4.8 Let V(z) € C(H,R). Assume that there exists f € C([0,00),R) such that
lim, .o f(p) = oo holds and V(z) > d(z,/—1)f(d(z,v/—1)) holds for all = € H. Then
the integral [, eV & m(dz) if finite for any t > 0.

Proof. We put R, = inf{p > 0|f(p) > 2/t} for any ¢ > 0. Using the expression m(dz) =
sinh p dpdf in the geodesic polar coordinate, we have

/e‘tv(z)m(dz) < 27r/ e 1) sinh p dp
H 0
< 7r/ e~ trf(p)+p dp
0
Ry 00
7T/ e~ trf(p)+p dp+7r/ e~ trf(p)+p dp
0 Ry
C’eRt+/ e Pdp

Ry

Ceftt 4 ¢

IN

IA
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for some C,C” > 0 independent of ¢t > 0. |

The conclusion of the above lemma is identical to the condition (A.1) in [P], in partic-
ular, the assumption (A.1) in [[ is fulfilled for V(z) = Ad(z,v/—1)* if @ > 1. Then we
can deduce that, for any ¢ > 0, there exists Ts > 0 such that the inequality

Lhtse(t)(1—6) < Tre O < Ly (t)(1+ ) (4.12)

holds if 0 < ¢t < Ty. In fact, this has been proven in subsections 5.2 and 5.3 in [f] (See
Lemma 5.2, Lemma 5.3, Lemma 5.5 and Lemma 5.6 in [P]) with no assumption but (A.1).

Lemma 4.9 Under the same assumption as in Lemma [[.8, we have the asymptotics

tl—i>r£o 1/ (a=1) log Tr e tHv(0) (a — 1)Oéfa/(a71)A71/(afl)’

or equivalently,

lim A\~Y/“log N(Hy(0) < \) = A=Y/,

A—00

Proof. We take logarithm of ({.12) and take a limit ¢ — 40 after a limit ¢ — +0. Then
the first asymptotic formula follows from Lemma [I.§ and Lemma [I.7. The second formula
is a consequence of Kohlbecker’s theorem. |

Lemma 4.10 Assume that a belongs to the class G and a is sub-exponential, i.e., for any
§ > 0, there exists Cs > 0 such that a(p) < Cse holds for any p > 0. Then, for any o
satisfying 0 < 6 < 1, there exists Cs > 0 such that

0< Tre VO — Tre v < Cs(AH) "/ exp (C(% 6)(1 - 5)%3(14@71/(%1))
holds if 0 <t < 1/Cjs, where we set

148\
- .

Clavt) = a=1)

Proof. Let Vi~ be as above. Using the triangle inequality, one can observe that
Vi > inf{A (d(z,vV=1) — d(z,2"))" |d(z,2) < dd(z,vV/~1)}
> A(1—6)%d(z,v/—1).
By Theorem [[.] and the assumption on a(p), we find that, for any ¢ satisfying 0 < 0 < 1,
0 < Tre v _ Ty —thv(a)

< C’g/ a((1+ 0)p)?e 409" sinh pdp
0

IN

Cs /OO exp (—tA(l = 9)*p* + (1 +9)p)dp (4.13)
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holds for small t > 0, where we used the fact that the sub-exponential property of a yields
that a((1+ 0)p) < Cse® holds, in the second inequality.
We use the following elementary inequality

o/(a-1)
ﬂ) o1/(a-1)

(1+5)p§5pa+(a—1)( -

forany p >0, > 0,0 >0 and o > 1. We can show this by considering the minimum of
the function f(p) = ep® — (1 +0)p. Then it follows that, for small € > 0 suitably chosen
below, the first integral on the rhs of (.I3) is less than or equal to

Csexp (Ca, 5)5’1/(”1)) / exp (—tA(1 — 0)%p™ + ep™)dp
0
= Csexp (C(a,5)5_1/(0‘_1))(tA(1 —0)* —g) e (/ e_yady) :
0

where the constant C'(«, d) is as above and we changed the variable y* = (tA(1—0)%—¢)p®
in the second equality. Finally we have the lemma by setting ¢ = tA(1 — §)**L. 1

Lemma 4.11 Let V and a satisfy the same assumption as in Corollary [[]. Then, for
any small e > 0, there exists C. > 0 such that the inequality Tr e~ (1F8)tHw: (0) < Ty p~tHv(2)
holds for any t > 0, where the potential Wy is given by W.(z) = Ad(z,v—1)* + C..

Proof. Because of the min-max theorem, it suffices to show that

(f; Hy()f) < (1 +¢)(f, Hw.(0)f)

holds for any f € C§°(H).

We denote —v/—19, and —/—19, by D, and D,, respectively. Let a = (a;,ay) as
before. In this proof we often use the fact that, for any € > 0, there exists C. > 0 such
that | XY| < eX?+ C.Y? holds for all X,Y € R.

We first claim that, for any small € > 0, there exists C. > 0 such that

((f.y*aDof)l < e(fy*DLf) + Cellyar fI*, (4.14)
(f.y*a2Dy )l < e(f.y?Dy f) + Cellya fII* + Co| £]* (4.15)

hold for any f € C§°(H). Indeed, writing |(f,y?a1D.f)| < |lyD.f|lllyaif]| =: XY, we
can obtain (f.14) by the elementary inequality stated above. Similarly, for any € > 0, we
have

lyDy f1*

(f, Dyy* Dy f) < 2/(f,yDyf)l + (f,y° Dy f)
< elyDyfII* + (f,y*Dyf) + C:lIfI?
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for some C, > 0, from which we have

1
IyDy 1P < ——(/.4*D2p) +
Then we obtain that
|(f7 y2a2Dyf)|

(4.16)

lyaz fllllyDy f |
ellyDyfII* + Cellyaz f*
(YD) + L+ Cllyan P
where we used (f.16) in the last inequality. Thus, by setting (1 — ¢)
shown the claim.

If we denote by R the real part of a complex number, then

(f,Hv(a)f) = R(f, Hv(a)f)
= L (hnf) ~ R(F D, f) — R D, f)

5RO 92 (D) + (Dyan)) ) + 5 (97 (@ +03) 1) + (1, V )
= LU Baf) - Ry D, )~ R(f. D, f)

%(f, v’ (@i +az) )+ (L,V])
holds for any f € C§°(H). Then it follows from (f.14), (E.I7) that

IA A

IA

1 = ¢/, we have

Hy(a) < —(1+ g)%AH FV(2) 4+ C (a2 + a2) + 1)
< —(1+ 5)%AH + Ad(z,v/=1)* + C. (d(z, V=1)% + 1)

< —(1+ a)%AH +(1+¢e)Ad(zv/-1)*+C

holds on C§°(H), since the assumption 23 < « implies that, for any € > 0, there exists
C. > 0 such that p?? < ep® + C. holds for any p > 0. This completes the proof. |

By the same argument at the beginning of this subsection, one can observe that Lemma
9 holds also for the potential of the form V(z) = Ad(z,v/—1)* + C for any C' > 0. We
set C(a,0) = (a — 1)a*/@=_ Let W, be as in the previous lemma. Applying Lemma
9 to V = W,, we find that, for any small § > 0, ¢ > 0 fixed,

Tre~UFetHwe > o=tl+e)Ce oy (C’(a, 0) (A(1 4 e)t) YD1 - 6))
holds for small ¢ > 0. Then it follows from Lemma and Lemma that, for any
small 6 > 0 and £ > 0 fixed,

Tre tHv(0) _ Ty e~tHv(a)
Ty e—(+e)tHw, (0)

t(1+€)Ce —1/a C(a,0) (1—§)C(a 0) 1/(a—1
< OO (AL) Y exp <<< - 6);%{ (15 o)/ ) (At)~ 1/ )> (4.17)
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holds for small ¢ > 0.
Then, using the inequality log (1 + X) < log2 + |log X| for any X > 0, we find that,
for any small § > 0 and € > 0 fixed,

0 < logTre #v© _]og Tre tHv®)
~ g <1 N Tre tHv(O) _ Ty etHV(a)>
Tr e—tHv(a)
Tre tHv(0) _ Ty e~ tHv(a)

< log (1 + Tr o (L il (0) )

Tr e tHv(0) _ Ty e~tHv(a)
s )
Ty o— ()t Hw, (0)

< log2+

C(a,d) (1—-06)C(c,0)

(1—06)a1  (L+e)t/eV

< O(|logt|) + (At)~Y(@=D (4.18)

holds for all small ¢ > 0, where we used Lemma [.11] in the second inequality and used
(ET7) in the last inequality. Then we conclude that

thrﬂo tl/(oe—l) ‘log Tr e—tHV(O) _ log Ty e—tHV(a)‘ -0

by taking a limit J,e — +0 after taking limsup,_,,, since the coefficient of =1/ (e=1)
on the rhs of ([E1§) tends to zero as d,e — +0. Hence, by Lemma [L.9, we obtain the

asymptotic relation

lim tl/(a_l) log Tr e—tHV(a) — (a _ 1)a—a/(o¢—1)A—1/(a—1)
t—+0 g )

from which Corollary [[.4 follows via Kohlbecker’s theorem.

5 Proof of Proposition

In this section we give a proof of Proposition B.0 accepted in Section 3 and Section 4.
To the end of this section, we write p(t, z, 2’) for the heat kernel pgo(t, z, 2) for sim-

plicity. The notation V log p(t, 2o, 2’) stands for

(Oxlogp(t, -, 2")dx + 0y log p(t, -, 2')dy) | .=z, i-e., the exterior differentiation with respect

to the second variable of p. We shall use the notations 9, log p(t, 2, 2’), 9, log p(t, z, 2') in

a similar manner.

Lemma 5.1 Let T > 0. Then there exists Cp > 0 such that
IV logp(t, z,2")|| < Cr (1 +d(z,2')/t)

holds for any (t,z,2') € (0,T] x H x H. Here || - || is the norm on T*H as in Section 1.

Proof. This is a special case of Theorem 4.4 (1) in Aida [[[J. |
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We consider H as the upper-half space of R2. Let 2,2/ € H, T > 0 and let w =
(w', w?) € W, We consider the following SDE on R? for {(; }o<ier={(&:, m) Yo<i<r:

(SDE) { d§y =y (dwf +n0,log p(T —t,(;, 2')dt)
dne = (dw} + Oy log p(T' — t, (s, 2')dt)

with initial condition (, = 2.
Lemma 5.2 The following assertions hold:
1. The solution {;}o<t<r exists as a stochastic process on H.

2. We have the limit lim, »1 (; = 2" a.s.

3. The law of {i}o<t<r 18 P;’Z/.

Proof. Let z, 2’ € H. Up to the explosion time 7, = limy ., inf{t|0 <t < T,d((, /1) >
N}, the above (SDE) has the existence and uniqueness of solutions, since the coefficients
of (SDE) are locally Lipschitz. Now we show that 7., > T for any positive 7"(< T') given,
and the law of {(; }o<t<7 is P;’ZI|BT/.

Let Z; = (X4,Y:) = Z(t, z,w) be the solution of the SDE (RI)). Put e; = p(T —
t, Zy, 2') (T, z,2') and

t t
K, = / Y,0, log p(T — s, Z, 2')dw! + / Y,0,logp(T — s, Z,, ' )dw?.
0 0

We use GirsanoY’s thqorem. Recall that P® is the Wiener measure on W&, We define
a new measure P by P = epP®. Applying Ito’s formula to loge; = logp(T —t, Zy, 2') —
logp(T, z, 2'), we have

dloge; = Y;0,logp(T —t, Z;, 2" )dw; + Y0, log p(T — t, Zy, 2')dw;

1

—§HVlogp(T —t, 7, 2)||Pdt
1

- th - §d<K>t,
where we used the easily verified formula
1 1,
Ologp = 5 Lmlogp + 5[V

for the heat kernel p. Then we conclude that e, = exp (K; — (K);/2) since logey = 0. We
note that since {e; bo<t<r is a bounded, local martingale, so {e;}o<i<7 is a martingale.
Then Girsanov’s theorem says that the process {@W; }o<i<7 defined by

dw} = dw} — Y0, logp(T —t, Z;, 2 )dt,
dw; = dwi —Y,0,logp(T —t,Z;,2')dt
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is a two dimensional Brownian motion under P. Hence it follows from the SDE (271 that
{Z:}o<i<r is a solution to (SDE) under P. This shows that 7., > 77, and it is well-known
that, under P, the law of {Zi}o<t<r 18 P;’ZI|BT/. In particular, the solution {{;}o<i<r
exists since 7, also has the unique law.

To complete the proof, it is suffice to show that the assertion 2, from which the
assertion 3 obeys because of the above argument. This follows from the facts that the map
(w — lim; 7 G(w)) is o(¢|t < T)-measurable and that we have the limit lim, 7 [, = 2/
a.s. under P;’Zl. |

Lemma 5.3 Let {;}o<i<r be the solution to (SDE) as above. Let a € C'(H,R?). Then
we have the following assertions:

1. The Stratonovich integral fo (()od(y is a well-defined, real-valued random variable,
or equivalently, fo (Iy) o dl; is well-defined under P} =

2. Let {a;}32, C Cg°(H,R?). Assume that a; — a and Va; — Va as j — o0

uniformly on every compact subsets. Then fo a;(() o d¢; converges to fo (¢p) 0 d¢;
in probability as j — oo.

Proof. Since the well-definedness of the Stratonovich integral fo a((y) o d¢; follows from
Lemma p.3 as long as 0 < T" < T, it suffice to show the well-definedness near ¢ = T
Recall that the law of {(; }o<t<r is P7° by Lemma .9, and note that the law of the time-
reverse process {lr_;}o<i<r IS P;/’Z because of the anti-symmetricity of the Stratonovich
integral with respect to the time-reversal. Then this time-reverse t — T' — t transfers the
problem near t = T' to that near ¢ = 0, so the assertion 1 obeys.

We show the assertion 2. Using (SDE), we find that

T T T
| atreds = [ acs+g [ n@acas
T T
= [ ma@dut + [ a@mro.togp(T - 1., /)
0 0

w3 | o) 6.1)

for any a; € C?*(H,R?). We consider the first term on the rhs of (5.]) since a similar
argument works for the second and third terms.

Let 6 > 0. We introduce a first exit time 7y = inf{¢|0 < t < T,d({;,v—1) > N}.
Then for any € > 0 there exists Ny > 0 such that P({w|ry, < T}) < ¢, since the image
{G}o<t<r on H is compact a.s. by Lemma p.2. So, it follows that

P( >5})

p ({w| > 8, > T}) +e,  (5.2)

T T
nean (G)dw! — / man;(G)dw?
0

T T
/ may (G)dw, — / may;(G)dw;
0 0

25



where a; ; stands for the first component of a;.
On the other hand, for any € > 0, there exists jo > N such that

sup{Jya(2) — yar;(2)]|d(z, V=1) < No} < <.

Then Burkholder’s inequality yields that

2

E[/O h (a1 () — mea1 (&) dwy | ]

IN

T/\TNO
E[/ |77ta1(<t) - Utal,j(Ct)‘Q dt]
0
< &r

for all 5 > jo. Hence, Chebyshev’s inequality yields that
T T
P ({w| / Utal(Ct)dwtl —/ ntal,j(Ct)dwtl
0 0

T/\’TNO T/\TNO
= P {w|/ ntal(gt)dwtl_/ ntal,j(Ct)dwtl
0 0

< T/ (5.3)

> 5, TNy > T})

2

> 52,7']\70 > T})

for all 7 > jo. Finally it follows from (f.2) and (b.3) that, for any € > 0, there exists jg
such that

P (twl

holds for all 7 > jo. Then the arbitrariness of € > 0 shows that fOT ay,;(¢)dé, converges

T T
/ man (G)dw! — / man 5 (G,
0 0

> 5}) <eT/6* +¢

to fOT a1(¢;)d§, in probability as 7 — oo. The same conclusion holds for the case of
fOT as((;) o d¢;. We completes the proof. 1

Let 0 < e <1 and z € H. We consider the following SDE for ¢; = (&, n;):

(spg). | % =i (edw; + %00, log p(e*(1 — 1), ¢, 2)dt) ,
= dyp =i (edwi + ;o logp(e*(1 — 1), (F, 2)dt)

with initial condition (; = z.

Lemma 5.4 Let {(;}o<i<c2 be the solution to (SDE) with 2’ = z and T = €*. Then we
have the following assertions:

1. The process {C.2 fo<i<1 has the same law as {(f }o<i<1. In particular, the condition

(G = Cf = z s fulfilled.
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2. Let a € C'(H,R?). Then fo a(¢;) o d¢; and fo (¢F) o d¢f have the same law. In

particular, we have

2 2

[ stcyouc] 1= mz [ ayoa

Proof. The pathwise uniqueness of solutions to (SDE). can be verified as in the case of
(SDE). Applying the Brownian scaling property ¢t — %t to (SDE), we have the assertion
1.

We show the assertion 2. Let P stand for the partition 0 =to < Ty < ... < t, = &2 of
[0,€2] and |P| the size of mesh of P. Obviously, P’ = (0 = to/e? < t;/e?... < t,/e? =1)
is a partition of [0, 1]. Then we find that

a(Ct¢> + a(Ctiﬂ)

4

!

1

El | =E¥] |=E[ [ a(¢)edg

2

d¢; = i —
/0 a((y) o dg; \Pgiro 8 5 (Gt — Gtisy)
. a(CE2 i 82 ) + a(CEQ i—1 82 )
= hm (t / ) (t / ) (<62(ti/62) — CE2(ti—1/52)) (54)
|P/|—+0 p 2

is well-defined by Lemma [.3. Here, lim above denotes limit in probability.
On the other hand, it follows from the assertion 1 that the law of the rhs of (£.4)
coincides with that of

[ o = g 3 NG
0

|P/|—+0 p 2

Here, lim above denotes limit in probability. This proves the assertion 2. |

Lemma 5.5 Let z = (z,y) € H and let {({}o<i<1 be the solution to (SDE). as above.
Let @ be as in Section 1. Assume that b € C(H) and the estimate y|b(z)| < a(d(z, v/—1))
holds for all z. Then, for any § satisfying 0 < 6 < 1 and for any n € N, there exists
Cs > 0 independent of z such that

B / B de) < Cay™a((1 + 8)d(z, V)"
holds if 0 < e < 1/Cs.

Proof. Let 0 <t <1,neNand0 << 1. By Schwarz’ inequality, we find that

Elo(eH)"] = Ellnib(¢H)I" () ™"]
E(lngb(¢E) P2 E[(nF) ")
Cy~"Ela(d(¢;, v=1)"]""?
Csy~"a((1+ 8)d(z, v=1))",
where we used the assumption on b and Lemma B.4 in the second inequality and used
Lemma B in the last inequality. This shows the lemma. |

IA N CIA
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Lemma 5.6 Letn € N and let (§ be as above. Assume that a stochastic process {b; }o<i<1
satisfies the condition supg<,<, E[|b;|*"] < co. Then

n

1
/ dt by nidlogp(e*(1 —1),¢5, 2)| | < Ce™ sup E[|b|*"]/? (5.5)
0

0<t<1

El

holds for some C > 0, independent of z,e. Here O stands for 0, or 0,.

Proof. By Lemma p.1], we have

Infologp(e*(1 —t),¢,2)| < [Viogp(e*(1 —1t),¢f, )|l
( d( 572))
< o142 )

e2(1—1t)
Then

n

the lhs of (£.3) < CE]|

\bt|dt

om (G 2)|"
]+Ca2E'/dt\b\ —

]

< c/ dt Elb|"] + Ce- 23'/ dt b @’t) L (56)

where we used Jensen’s inequality in the second inequality. The first term on the rhs of
(b-6) is bounded uniformly in € by the assumption of the lemma.

We consider the second term on the rhs of (b.6). Holder’s inequality with exponents
p=mn,q=mn/(n—1) yields that

(Ctu ) _ ! (Ct’ ) 1
/Odt|bt|1 2 - /Odt|bt|(1_t)L( t)
1 . (Ctu ) 1 dt (n—1)/n
< </0 dt|by| (1— 1) ) (/0 (1—t)1/2)
1/n
a2
< C(/O dt|by| (1—75)”7“) .

Then it follows that the second term on the rhs of (B.4) is less than or equal to

1
C [t Bbgrd( 21— 1y
0

IN

1
c= [t BB B 2P - 0
0

IN

1
C€2n/ dt E[|bt\2"]1/2 (52(1 . t))n/2 (1- t)—(n+1)/2
0
1
= 05"/ dt E[|b>"]V2(1 — £)~2/2,
0
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where we used Schwarz’ inequality in the second inequality and used Lemma .3, Lemma
F.4 and the invariance of the pinned Brownian motion with respect to time reversal
t — 1 — ¢t in the third inequality. This completes the proof. |

4
To prove Proposition B.§, it is enough to consider E[’ fol a(¢s) odcs ’ | because of

Lemma [.4] (2). Moreover, we consider only the integral F [’ fol ar(¢) o d&fr] in the fol-
lowing, since a((f) o d(; = a1((F) o d&§ + ao((F) o dnf by definition and the same argument
works for E[’fol as(¢f) o dnfr].

[t0’s formula yields that

(G = )+ [+ [(@ocm + 5 [ Guaas

Lemma 5.7 Let a be as in Section 1. For any small e > 0 and § > 0, there exists Cs > 0

such that
1
Bl| [ Datt)o dé;
0

holds for all z € H. Here, Cs is independent of €, z.

4

| < C5 €™ ((1+0)d(z, V1))

Proof. Using (SDE)., we find that the integral fol Ds(t) o d&5 is equal to

/Ong(t)dﬁf = —/ (/ (Amar)( C)ds) 17; dw,
et / ( / (Lgar)( C)ds) (5520, log p(£>(1 — 1), G5, =) dt. (5.7)

Then it follows that

E/[|the first term on the rhs of (5.7)|"]
1 ¢ 4
/ ( / <AHa1><<§>ds) edu}
0 0

]

/01 (/ot(AH“ﬁ(C?)ds) ()t 2

| ( / <AHa1><<§>ds) ()
C / AtB] | I(20r) (€2 Ps] [0
Cs 512~((1+5)d( V-1)), (5.8)

IN

|

IN

C e2E| ]

IN

IN

IN
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where we used Burkholder’s inequality in the second inequality, Jensen’s in the third
inequality, Schwarz’ and Jensen’s in the fourth inequality and used Lemma B.4 with
a = 8, Lemma [p.J with b = Agay, n = 8 in the fifth inequality.

Applying Lemma p.g to the case of b, = (fJ(AHal)(Cg)ds)nf and n = 4, we obtain

E|[the second term on the rhs of (57)] < Ce'? sup E[|b|®]"/>.

0<t<1

On the other hand, the same argument we have used to prove (5.8) shows that, for small
§ >0, E[|b|?]Y? < Csa((1 + 6)d(z,v/—1))* holds for some Cs > 0. This completes the
proof. 1

Lemma 5.8 Let a be as in Section 1. Let j = 1,2. For any small e > 0 and § > 0, there
exists Cs > 0 such that

4

E| | < Cs % (1 + 6)d(z,v/—1))"

/ Dy (1) 0 def

holds for all z € H. Here, Cs is independent of €, z.

Proof. We show the assertion only for the case j = 1 since the proof is similar in the case
of j = 2. Using (SDE)., we find that

1
0
1

- [ ([ @) i +5 [ @ancu a

_ 2 1( ! AR 1) e 1
= . / / (Ouar)(CE)rdw} ) i

v | 1 (/ t(axao(c;)n:dw;) (17?0, log p(*(1 — 1), G 2)d
#2 [ ([ @ ontosp(es - .62, 2)is ) sl
v [ ([ @ancronrontonnn - o.¢:.0 as)

X (nf)*0 log p(e*(1 = 1), (f, 2) dt
62 1
5 [ @y a
0
= J1+J2—|—J3—|—J4+J5. (59)
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We estimate J;. By Burkholder’s inequality, we obtain

/01 ( /0 l@mal)(CE)nidw;)Q (nf)%dt 2

ElLlY] < CeE ]

< oo [wm( [omica) o
< oo [am( [ e
< Oy B /0 (G ueras] 17

< Cyefa((1+6)d(zv=1))", (5.10)

where we used Jensen’s inequality in the second inequality, Schwarz’ in the third inequal-
ity, Burkholder’s and Lemma B.4 with o = 8 in the fourth inequality, and used Jensen’s
and Lemma p.5 with b(z) = y9,a;(z), n = 8 in the last inequality.

We estimate Jo. We use Lemma p.6 with b; = (fg(@wal)(gg)ngdw;)nf and n = 4. First
we find that

16

Enf) < E| / (Bran) ()| V2 E[() )12

< CyE] /0 [(9pa1)(¢CS)z| 0 ds] /2
< Csa (1+8)d(z,vV—1))°,

where we used Schwarz’ inequality in the first inequality, Burkholder’s, Jensen’s and
Lemma B.4 with o = 16 in the second and used Lemma [.5 with b(z) = y(9,a1)(z) and
n = 16 in the last. Next we apply Lemma p.6 and obtain

E[|7|"] < C® sup E[|b,[*]"?

< Cs 58;1 E(l + 6)d(z, \/—_1))4. (5.11)

We estimate J;. By Burkholder’s inequality, we have

2

B < cea] [ (/ (0001) (€ (1)?0r log p((1 — ), z,z>ds)2<nf>2dt |

8

o [t Bi( [ 0uan €0, 08p(e2 (1~ 91,6521 ) 1B

< Ce%" sup E|b]")",
0<t<1

IN

where we used Jensen’s and Schwarz’ inequality in the second inequality, and used Lemma
B4 with a = 8 and Lemma p.g with b, = (0,a1)(¢;)n;, n = 8 in the third inequality. Using
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Lemma 3 with b(2) = y(,a1)(z) and n = 16, we obtain
Ellb"5]Y4 < Coy~4a (1 + 0)d(z,v=T)) ",
hence we have
E[|Js]*] < Cs 8% (1 + 6)d(z, vV—1))". (5.12)

We estimate J;. By Lemma (.6 with

t
b — ( [ @acmontonne - ).¢: z)ds) .
0
and n = 4, we obtain

EHJ4|4] < Ce'? sup E[|bt\8]1/2

0<t<1

/0 (85an) () ()0 Jog p(2(1 — 8), CZ, 2)ds
< Oy sup BY|(Boar)(C) ()P

0<t<1

A B[

IN

Ce?E|

4

Cs % ((1+6)d(z,vV-1)) , (5.13)

IN

where we used Schwarz’ inequality in the second inequality, Lemma B.4 with o = 16,
Lemma p.6 with n = 16 in the third and used Lemma p.5 with b(z) = y(9,a1)(2), n = 32
in the last.

We estimate J;. Similarly we have

Bl < Ce / dt El|(D.a0) (€)1 ()?

— e /0 dt E57(|(0pa1) (1) |*(1%,)"]
< Gy &% ((1+6)d(z,v/—1))", (5.14)

where we used Lemma and the assumption on ¢ in the last inequality.

Then the lemma follows from (p.9)—(p.14) since fol aj(z)od& =ar1(2)(§5— &) =0. |

Thus we have proved the following assertion: For § > 0 small enough, there exists
Cs > 0 such that

4

Bl | < Cy % (14 6)d(z, V—1))"

1
/ a(C) o des
0

holds for all z € H and all € > 0 satisfying 0 < e < 1/Cs.
Then we can deduce Proposition B.6 as we mentioned after the proof of Lemma [.6
above.
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6 Continuity of the heat kernel of Hy(a)

In this section we give a proof of Proposition [L.1 accepted in Section 3. We follow the
same argument as in the proof of Proposition 6.1 in Broderix, Hundertmark and Leschke

B

We introduce some notations. Let Wr(H) be the space of all continuous paths from

'~

[0,7] to H. Define a transformation * by I, = Iy, for any | € Wy (H). Let P* be the
diffusion measure corresponding to Ay/2 with starting point z € H. Then {P?},cy is
reversible with respect to m(dz), i.e.,

/H m(dz) /W - PAd)F(l) = /H m(dz) /WH) PdlF(i) (6.1)

for all non-negative Borel function F' on Wy (H), from which it follows that m(dz) is
invariant measure for { P*},cq, i.e.,

[ mias) [ Pl = [ tzmiaz) (6.2

H

for all ¢ > 0 and all bounded Borel function g on H. In the following we refer the words
reversibility’ and ’invariance’ to the facts (B.1)) and (.9), respectively.
For any ¢,s > 0 and 2z € H, we define the functionals

S(s,t;z,w) = —\/—_1/ a(Z(u,z,w))odZ(u,z,w)—/ V(Z(u, z,w))du
on (W® P®) and
S(s, ;1) = —ﬁ/ta(zu)odlu—/tvau)du (6.3)

on (Wy(H), P?) or on (Wy(H), PF7).
Let the potentials a and V' satisfy the assumptions (A) and (V), respectively. For any
t > 0, we define an operator T; by

(Tif)(2) = E@[SO=0 f(Z(t, 2, w))]
on L*(H).

Lemma 6.1 Let a and V be as above. For any t > 0, the inequality || Ty f|| < ||f]| for all
L2*(H). Moreover, lim;_ ¢ ||Ti.f — f|| =0 and

Lif-f
t

lim
t—+0

+Hv(a)fH =0 (6.4)

hold for all f € Dom(Hy(a)).
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Proof. The well-definedness of T; on L?(H) follows from Proposition B.6. The first asser-
tion of the lemma follows from a simple dia-magnetic argument. We show ([.4). The rest
of the assertion follows in a similar way. It follows from It0’s formula that

eSO820) f(Z(t 2, w)) = f(z)+ / teS<°’S;Z’“’)(—Hv(a)f)(Z(s,z,w))ds
0

+ a martingale

for all f € C§°(H). In the rest of the proof we denote —Hy (a)f simply by g. Note that
g € C°(H). Then we have

)tht—f_gH ~ [ mias
[ miaz)
i / m(dz) [EO[ / ds(g(Z(s, 2,0)) — g(2))]
</ m<dz>E<2>[1 L/ 5055 1Plg(2(s, 2, w))

+ [z / aslg(Z(s, 2, w)) — g(=)|? (6.5)

Tif(2) = f(2)
t

1 t
B / ds(e” =) —1)g(Z(s, z,w))]
0

2

2

IN

Then the first term of the rhs of (B.3) is equal to

1 t
—/ ds/ m(dz)E? [|e$05;l) —11*g(L5)]?]
t Jo H
1 t

= _/ ds/m(dz )E* [|6508’ 1[g(ls |2]
tJo H
1 t

= —/ds/m(dz [ SOs0) _ 11%|g(z |2]

= / ds/mdz lg(2)|*E* [|e ©.50) 1|2]

where we used the invariance in the second equality and we set

S(s.t:1) = F/ Yo, —/:V(lu)du. (6.7)

Since |e‘§(0’5;l) — 1] — 0 as s — +0 a.s. [ for each z, by Lebesgue’s dominated convergence

theorem, we deduce that (f.6) tends to zero as t — +0.
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The second term of the rhs of (6.3) is equal to
/ ds/m (dz)E [ ls) — (10)|2]
= —/ dS/m(dZ)EZ [(g(ls) = g(l)) 9(ls) = (g(Ls) = 9(l)) 9(lo))
= 1 [as [ mi@E [-2 (00 - 000 50
= 2 [ s [ ma=g I (90 ~ o), (68)

where we used the reversibility in the second inequality, the invariance in the third equality.
By Lebesgue’s theorem, (p.§) tends to zero as ¢ — +0. Then the assertion follows from a
simple density argument. |

Lemma 6.2 Let a and V' be as above. For any t > 0, the operator T, is self-adjoint.
Moreover, the family of operators {T}}i>0 defines a semigroup, i.e., T;Ts = Tiys holds for
all t,s > 0.

Proof. First we show the self-adjointness. The reversibility implies that

[ i@ T @aE = [ B )5

_ / m(dz) B[SO £(1,)g(lo)]
- /m dZ Ttg( )

for any f,g € C3°(H).
Next, using the Markov property of the diffusion, we have

Tirof(2) = E7 [SO0 f ()]
_ g -Ez[63(0,t+8;l)f(lt+8)|8t](Z)}

- F* _€S(O,t;[)Ez [eS(t,t-l-s;l)f(ltJrs)‘Bt](i):|
— F* _€S(O,t;l)El~t [68(0,s;l)f(ls)]:|
— F* -eS(O,t;f) (Tsf) (it)]

for all f € C§°(H), where we used the fact that E[E[f|B;]] = E[f] in the second equality.
I
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Lemma 6.3 Let a and V' be as above. The operator T; coincides with the heat operator
e V@) for any t > 0 and the integral kernel of e @) s given by

pav(t, z,2") = poo(t, 2, z')Ef’Z/ [es(o’t?”]. (6.9)

Proof. By Lemmas p.1]and .2, the domain of the infinitesimal generator of the contraction
semigroup {73} contains C§°(H) and the generator is given by —Hy (a) on C§°(H). Since
the operator —Hy (a) is essentially self-adjoint on C§°(H), we see that T; = e~ *1v(®),

We first assume that a € C{°(H, R?) and V € C§°(H, R). We note that the superpo-
sition f = [y 0. f(z)m(dz) holds for any f € &'(R) with supp (f) € H (C R?). Then we

can deduce from the same argument as in Tkeda and Watanabe [{], p.414 that
parlte ) = EOESOEIE (75 0)
= poo(t, z, Z/) / eg(o’t;'z’w)ﬂf&l(dw)
w(2)

= poolt, z, 2 ) B [eSO8D), (6.10)

where S(0,t; 2, -) stands for a quasi-continuous modification of S(0,¢; z,-) and ,uf’z/ is as
in Subsection 2.3. Here, we used also the facts that, when the size of mesh of partition
of [0,t] tends to zero, 27 (a(Z;,) + a(Z;,_,))(Z;, — Z;,_,) converges to fot a(Z,) odZ, in
D, and that 27 (a(l;,) +a(l;,_,))(ls, — l;,_,) converges to fot a(ls) odls in probability with
respect to Pf’zl in the second equality. Hence the assertion holds if a,V € C§°. Next
we consider the general case. Given a,V, we can find a sequences a; € C5°(H, R?), V;
€ C3°(H, R) so that a;, da; and V; converge to a, 0a and V on every compact subset of H
as j — 00, respectively. Then we can deduce from Lemma p.3 and Lebesgue’s dominated
convergence theorem that the rhs of (£.10) for a; and V; converges the one for a and V as
j — 00. On the other hand, Hy,(a;) converges to Hy (a) strongly, so e i) converges
to e *1v(@) strongly. Hence, we deduce that the equality (F.I0) is still valid for the case
of general a, V. |

Lemma 6.4 Let K be a compact subset of H, The following two assertions hold:
(1) Assume (V). Then we have

t
lim sup E7| / V(ls)ds|] = 0. (6.11)
t=+0 ek 0
(2) Assume (A). Then we have
¢
lim sup E?| / a(ly) odls|] = 0. (6.12)
t—=+0 ;e 0
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Proof. First we show the assertion (1), which is equivalent to

/Ot V(Z(s, 2, w))ds]|].

li E®
o sup B

For any small ¢ > 0 and any z € H, the lhs of (£.I1]) is less than or equal to

lim sup / dsEO(V(Z(s, 2, w))]]

=40 ek
= lim sup/ ds/m (d2)|V (2)|poo(s, 2, 2")
< lim CtY?supexp (cd(z, vV—1)%).

Here we can show the last estimate above as in the proof of Lemma B.] 2, replaced a by

Cexp (cd(z,v/—1)).

Next we show the assertion (2). It is enough to show that

li E®
S, sup B

/0 a(Z(s,z,w)) 0dZ(s,z,w)ds|] = 0.

Taking (B.]]) into account, using It6’s formula, we see that for j = 1,2
da;j(Z(s,z,w)) = 0ya;(Z(s,z,w))dX(s,z,w)+ 0ya;(Z(s,z w))dY (s, z,w)
1
+§ARzaj(Z(s, z,w))Y (s, z,w)*ds.

Thus we have

/0 a(Z(s,z,w)) 0dZ(s,z,w)

— / a1(Z (s, z,w))dX (s, z,w) +/0 as(Z(s,z,w))dY (s, z,w)
/ Opa1(Z (s, z,w))d{X (s, z,w), X (s, z,w))
—|—§/0 Oyas(Z(s, z,w))d(Y (s, z,w),Y (s, z,w))

= /Oa(Z(s,Z,w))dZ(s,z,w)Jr%/O Y (s, 2,w)*(9par + 0ya2)(Z(s, z,w))ds.
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Finally, Burkholder’s inequality yields that

E(Z)[/O a(Z(s,z,w))OdZ@,Zaw)']
< E(2)[/O a(Z(s,z,w))dZ(s,z,w)']

—|—%E(2)[ /0 Y (s, z,w)*(0pa1 + 0ya2)(Z (s, z,w))ds|]
<

CE<2>[/O Y (s, 2 w)a(Z(s, =, w))|%ds]

+1E(2) [/ Y (s, 2, w)*|(Opar + Oyaz)(Z(s, z,w))|ds]

2 0
< ¢ [as [ i) (/a0 + 0/10un + 0y02) (1) pos 2.2

_ C’/O ds E*[a(l)® + a(ly)],

where @ is as in (A). Then the assertion follows from (Bl) since if @ € G then a? € G as
we mentioned in Section 1. |

Lemma 6.5 Let z,2"” € H and s,t > 0. Let K be a compact subset of H. Then we have

iy s [ (o) lpoos, ) — ool 20, lponlt 2. 20) = 0. (6.13)
d(2',2")—=0 e K Ju

Proof. Fix t,s > 0. For any R > 0, we denote by Bgr(z”) the geodesic ball centered
at 2" of radius R. We may assume that 2 € By(2”). By (B.J) and (£:4), the value of
Poo(s, z,2') tends to zero as d(z,2') — 0. Thus, for any a > 0, there exists R > 0 such

that |poo(s, z,2")| < e for any z, 2" € H satisfying d(z,2") > R. If d(2”,29) > R+ 1, then
d(Z', z9) > R. Hence we have

[ mldzlns, . ) = poa(ss 20,2 pon(t 5 2)
BR+1(Z//)C
< 25/ m(dzo)poo(t, 2, 20) < 2¢. (6.14)
BR+1(Z”)C
Here we used the fact that poo(t, z, 20)m(dzp) is a probability measure.

Since the function Bry1(2") X B1(Z") 3 (20, 2') — poo($, 20, 2’) is uniformly continuous
we see that, for any € > 0, there exists § > 0 such that |[poo(s, 20, 2’) — poo(s, 20, 2”)| < €
if d(#,2") < 4. Hence, we have

[ mldza)lpon(s,20.) = pouts. 20, lpoalts 2,20
Bri1(2")

< 5/ m(dzo)poo(t, z, z0) < € (6.15)
Br1(2")
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if d(z/,2") < min{0, 1}, where we used the fact that poo(t, 2, z0)m(dzo) is a probability
measure.

Then the result follows from (p-19) and (6.14). 1

Lemma 6.6 Let 2z € H and let K be a compact subset of H. Then we have

lim sup |pav (t, 2, 2") — pav(t, 2,2")| =0

2'—2" ek

holds for each t > 0.

Proof. We take and fix any compact set K and t > 0. For any s > 0 small enough, by
(6-9), we calculate

Pav(t, 2,2") — pav(t, 2, 2")
= poo(t, 2, Z’)Ef’zl[(es(ovt?l) — 3(07t—8;l))]
+poo(t, 2 Z”)Ez’z [( SO _ SOt Sl))]
i (poo(t 2,2V EP7 [5O 0] — poo(t, 2, ") B [e5<0»t*sﬂ>])
= ]1+.[2+13. (616)

First, we consider the integral I; and I,. Taking the form (F.3) and (£.7) into account,
we estimate

1| < poolt, 2, z’)Ef=z'HeS(t—s,t;l) Y

_ p00<t72’ Z/)Etz’,z[ 65(0,3;[) o 1‘]

< Croolts 2 2)E;(|S(0,5:0)|

= CEZ/HS(O 53 1)|poo(t — 5,15, 2)]

< Cpoo(t — 5,2,2) E¥[|8(0, 5;1)]]

< Cpoo(t —s,2,2)E* [/ a(l,) odl,| + / V(l,)dul]

< Cpoo(t — s,v/—1,v/—1) sup E [ (lu) odl,| + /s V(l,)dul], (6.17)

ZeK

where we used the fact that

/t: V(l)du = /0 s V(l,)du,

/ttsa(lu)odlu = —/OS a(l,) o dl,
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in the second equality and used the elementary inequality |e* — 1| < C|z| if Rz < 0 in
the second inequality and used (B.]) in the fourth equality. Note that the rhs of (B.17) is
independent of 2z’ and z. In the case of Iy, we can find a similar estimate.

Next we consider I3. Then it follows from (2.G) that

11| = B[O (poo(5, li-s: 2') — Poo(5, li—s: 2))|
< EZHpOO(Svlt s /) _pOO(S lt_S,Z”)H
= Ellpoo(s, Z(t — 5, z,w), ') — poo(s, Z(t = 5, 2,w), 2")]]

/m dz0)|poo (s, 20, 2") — Poo(s, z0, 2")|Poo(t — s, 2, 20). (6.18)

Hence it follows from (B.17) and (6.1§) that

lim sup [[; + I + I3

< 2Cpoo(t — s, V=1,V ~1) sup B

Z'eK

]

/OS a(ly) o dly| + /0 V(ly)du

+ lim SUP/ m(dzo)|poo(s, 20, 2) — Poo(s; 20, 2")[Poo(t — 8, 2, 20).  (6.19)

zl =z

The first and the second terms of the rhs of (p.19) tend to zero as s — +0 by Lemma [.4]
and by Lemma p.5, respectively. This completes the proof. |

Lemma 6.7 For eacht > 0, the kernel pay (t, 2z, 2') is continuous in (z,2") € H x H.

Proof. We consider the continuity at (zo, ). Using the self-adjointness of e~*v(®)  we
have

pav<t7 Z, ZI) - paV(t7 20, 26)
= (paV<t7 Z, ZI) - paV(t7 Z, Z(I))) + (paV(tu 267 Z) - paV(tu 267 ZO))

for all z, 2" and t > 0. Then, for any (z, z’) near (2o, 2{), the estimate

‘paV(ta Z, Z/> - paV(t7 20, Zé)‘

< sup |paV(tv 272,) _paV(tv 272(,))|
z€B1(20)
+|paV(t7 Z(l)a 2) - paV(t7 Z(l)a ZO)|7

where we denote the compact set {z € H|d(z, z9) < 1} by By(zp). Then the lemma follows
from (6.16) and Lemma (.6. 1

Then Proposition [ follows from Lemmas b.1], £.2, 6.3, .6 and .7

40



7 Appendix

In this appendix we show the condition (B) below on the magnetic field w implies the
existence of a magnetic vector potential a = aydx + asdy satisfying the condition (A) in
Section 1. (See Proposition [.6).

As before we identify a = (ay,as) with the 1-form aydx + asdy. For the notational
simplicity, we use the symbol V to denote not only the Levi-Civita connection on TH
but also to denote the induced connections on the tensor bundles. We denote by || - || the
norms on the tensor bundles induced from the metric g = y~2dr ® dz +y~2dy ® dy on H.
We denote by (-, -) the natural pairing between T*H and T,H, etc. For any vector bundle
E over H, we denote by C*(E) the set of all C*-sections of E. We adopt a convention
that a connection on E is a map from C*T(E) to C*(E @ T*H).

Lemma 7.1 The condition (A) in Section 1 is equivalent to the following condition (A)’:

(A)” The vector potential a = aydz + asdy belongs to C*(AT*H). Moreover, there erists
a € G such that

la(2)l| + [IVa(2)]| + [ VZa(2)|| < a(d(z,v/~1))
holds for all z € H.

Remark 7.2 We can choose a in condition (A)’ above so that it is a constant multiple of
a on the rhs of ([I.3) in condition (A). We can easily check this from the proof of Lemma

[71 below.

Proof of Lemma [71] Note that if we write Vy,0; = Tfj@k for 7,5,k = 1,2, all the
non-zero Christoffel symbols are I'}, = T3, = —1/y, '}, = 1/y and '3, = —1/y.

We fix a orthonormal basis e; = y0,, ex = y0, for T,H and the dual basis e} = dx/y,
e5 = dy/y for T*H. Then we find that

Va = y(az +y0zar)e; @ €] + y(ay + ydhas)e; ® €
+y(a1 +yoyar)e] ® e; + ylaz + ydyas)e; @ ey,
so we have
IVal? = o? ((as + yd,a1)* + (a1 + yd,as)
+ (a1 + yya)? + (ag + yd,yas)?) .

If we define f;; by V?a = Z?,j:l fi; ® ef ® €}, we have fi; = Vi@eja = (V. Va,e;) =
Ve, Ve,a—(Va, V e;). By a direct computation shows that

fuu = y(2yodyas — yoyas + y28§a1)e’1‘ + y(2y0,a1 — yO,as + y28§a2)e§
= 11161k + 121‘3;7

fiz = ylaz+ydsa1 + yoyas + yzaxayal)é{ +y(a1 + yoyar + yoyas + yzaxayaz)(?;
. 1 * 2 %
=1 Ji2€1 T Ji2€9,

for = fia=: fnel+ fhes,

fao = ylar + 3ydya + y28§a1)e’1‘ + y(as + 3y0,as + y28§a2)e§

. I Y 2 %
=1 [ype] + [5e5,
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so we have |VZa(z2)|]? = Zij,kzl | Z’;\Q
Hence. one can observe that the lhs of ([.3) defines a norm on T,H equivalent to the
norm ||a(z)|| + |[Va(z)| + ||[V?a(z)||. This proves the lemma |

In what follows we consider the problem in the geodesic (polar) coordinate X =
rcosf,Y =rsinf (r > 0,0 < 6 < 2m) at the base point /—1, which is linked z = (z, )
via z = tanh (r/2) eV~ In this coordinate the Riemannian metric is expressed as g =
dr @ dr + sinh? rdf @ df.

In this coordinate, we write w = B(X,Y)dX AdY = B(r,0)rdr Adf (Precisely, B(r,0)
on the rhs stands for B(r cos,rsinf)). We may assume that B is real.

We introduce the following functions

gl (r T
o= 3 EEEB0)

! 1
O<atB<2 sinh®*!
and
10295 (rB)(r, 6)|
Ros(r,0) = —
s(r,9) sinh?*!
for any «, 3.

Lemma 7.3 Assume that w = Brdr A df belongs to C*(A*T*H). Let R be as above and
we write z = tanh (r/2)e¥Y=1 as before. Then there exists C' > 0 such that the estimate
R(r,0) < C(|lw)|| + [Vw(2)|| + [|V?w(2)]]) holds for any z with r > 1.

Proof. Note that all the nonzero Christoffel symbols in the geometric polar coordinate are
[, = —sinhrcoshr and T = T'9 = 1/tanhr, so we find that Vdr = sinh r cosh rdf®d®,
Vdf = —(1/tanhr)(df ® dr + dr ® df), which follows from the fact that (Vyw, W) =
(d{w, W), V) — (w, ViyW) holds for all V,W € C*(TH) and w € C*(T*H).

Then, differentiating w = Brdr A df, we can obtain

1
1
2 2
S - B
Vew (O, tanhr> (Br)(dr A df) ® dr @ dr
2
+(0, — tanhr)(aeBr)(dr Adf) @ (dr @ df + df & dr)

+ <sinh rcoshr(0, — )(Br) + 8§(BT)) (dr Ndf) @ df @ df, (7.1)

tanh r

after straightforward calculations using the Leibniz formula Vx (Y1 ®Y3) = (VxY1)®@Ys+

Y1 ® (VXY2)-
Up to a constant multiple, the norm ||wi(2) A wa(2) is given by ||w;(2)||||ws(2)]| for
any wy,ws € T*H. In the following we assume that ||wi(z) A wa(2)| = [|w1(2)||]|ws2(2)]].

This does not cause any problem.
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Since ||dr(z)|| = 1 and ||df(z)|| = 1/sinhr (z = tanh (/2) eV~ as before), it follows
from ([1) that ||w(2)|| = |Br|/sinhr,

0 — i) (B 106(rB)P

IVw(2)|* = R i
IV2w(2)|? = (G tanhr2> B @~ tanhrzﬁe(B'f’)\
sinh® r sinh?r
+ [sinhr coshr (ar R )2<Br> £ B(Br)| —
tanhr sinh® r

Hence, we find that Ry = |[rB(r,0)| = ||w(z)]],

|67’(TB)| < ’(87"_ tanhr)(Br)} + |B7"|

Fo = sinhr — sinh r tanh r sinh r
< |[Vw(@)|| + Cllw(2)]],
Op(rB
Ro = 20BN 9,0,
sinh” r
o 000B) |0 = b)) 2 B
11 = +

sinh?r sinh? r tanhr sinh?7r
< V2w (2)|| + ClIVw(2)||

for all » > 1, where the constant C' > 0 is independent of z, w. Similar calculations show
that Ry < [[V2w(2) + C[Vw(2)|| + Cllw(2)|| and Roz < [|V2w(z)|| + [|Vw(2)]| hold for
some C' > 0. This proves the lemma. 1

Lemma 7.4 Let w = Brdr Adf € C*(A*T*H) and let R be as above. Then there exists
a € C?(AT*H) such that da = w holds and the following estimate

la(2)| + [Va(2)[| + [ V2a(2)]| < Cr /0 R(tr, 0)di (7.2)

holds for any z € H, where C' > 0 is independent of z = tanh (r/2)eV~10.

Proof. Given w, we take a = (fol (tr, 9)r2tdt) df. Then, by an integration by parts,

one can observe that da = fo (tr, 0)r?tdt)dr A d0 = B(r,0)rdr A df = w holds.
We show ([7.9). In this proof we denote the function fol B(tr,0)trdt by b for simplicity.
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Direct calculations show that

1
Va = (r (& — 7) b+ b) df @ df + r(0sb)d @ db,
tanh r

1 2 1
2
Vv = — + 2 —
@ (T (& tanh 7’) b (& tanh’f’) b) 49 ® dr ® dr,

r(0,b) 2rb
- - dr @ dr @ do
(tanh r tanh®r  tanh r) redre

1 b b
_ (T <87" - tanhr) (tanhr> + tanhr) dr @ df @ dr

_2r008) 4o a0 @ de
tanh r
2

+ sinh r cosh r <T (& — L) b+ b) df ® df ® db.
tanhr

Hence it follows from the fact that ||dr(z)|| = 1 and ||dé(z)|| = 1/ sinhr that

L4 B 1 1
laz)| < oL o, [ lrBlro), r/ Roo(tr, 0)dt < 7“/ R(tr, 0)dt,
sinh r 0 sinhr 0 0
1 12| rod |?
2 _ 0
IVa@)I™ = (r (ar tanhr) bt b) sinh r sinh?r
1 2 1 2
< Clr (R()l (tT, 9) + Roo(t’l‘, 9))dt + C T/ R01 (t’f’, H)dt
0 0

<cfrf R em)g

holds for some C > 0. Similarly we can show that ||VZa(z)| < Cr fo (tr,0)dt holds for
some C' > 0. This proves the lemma. 1

Lemma 7.5 Let G be the class as in Section 1. Assume that R € C([0,00)) and there
exists a € G such that 0 < R(r) < a(r) holds for all p > 0. Set R(r) = fol R(tr)dt. Then
there exists ¢ € G such that |R(r)| < &(r) holds for all v > 0.

Proof. 1f we set &(r fo a(tr)dt, then we have the estimate |R(r)| < &(r) by definition.
Moreover, it follows that ¢ € Q sincea € gG. |

Now we introduce the following condition (B) and we show the claim at beginning at
Appendix.
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(B) w belongs to C?(A?T*H) and moreover, there exists ¢ € G such that w satisfies the
estimate

d(z,V=1) ([lw(2)]| + [[Vw(2)]| + [V (2)]l) < éd(z, v=1))
for any z € H.

Proposition 7.6 Assume that the 2-form w satisfies the condition (B). Then, there exists
a 1-form a such that da = w and the condition (A) holds. Moreover, as a € G in (A), we
may choose a function of the following form:

a(r)=Cr /01 R(tr)dt + C,

where C' is a positive constant, R(r) = ¢(r)/r except in a neighborhood of r = 0 and ¢ is
as in (B).

Proof. By Lemma [7.3, the function rR(r,6) is dominated by some a € G, from which
we can deduce that R(r,0) is also dominated by some element of G if » > 1 since any
continuous function defined on [0, c0) which coincides with 1/r except near r = 0 belongs
to G, and the class G is closed under multiplication. Finally the claim obeys from Lemmas

1, [[4 and Lemma [.§ with R(r) = R(r,6). |
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