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ON CERTAIN LINEAR OPERATOR DEFINED BY
BASIC HYPERGEOMETRIC FUNCTIONS

Rabha W. Ibrahim

Abstract. By employing the basic hypergeometric series, we introduce here a linear operator
for analytic functions. By means of this linear operator, we define and investigate a class of analytic
functions. Also, as an application of Jack’s lemma, sufficient conditions for univalence, starlikeness
and strong starlikeness of certain analytic functions are obtained.

1. Introduction

The hypergeometric function plays an important role in mathematical analysis
and its applications. This function is employed in solving many interesting prob-
lems, such as conformal mapping of triangular domains bounded by line segments
or circular arcs, various problems of quantum mechanics, etc. Moreover, various
special functions such as the Legendre polynomials, the Chebyshev polynomials,
the ultraspherical polynomials, the Jacobi polynomials, etc, can be expressed in
terms of the hypergeometric function.

The classical theories of hypergeometric function and the q-basic hypergeomet-
ric function involve many well known summation and transformation formulae such
as the binomial theorem, the Vandermonde summations and their analogues. The
q-hypergeometric function are usually called the basic hypergeometric function,
where “basic” refers to the base q. The theory of basic hypergeometric function
arises in combinatorics and classical analysis, number theory, statistic, physics and
the theory of quantum Lie algebra.

For convenience, we recall some standard notations for basic hypergeometric
series (cf. [1]). Let q be a complex number such that 0 < |q| < 1. Define the
q−shifted factorial for all integers k (including infinity) by

(α; q)k =
k∏

j=1

(1− αqj).
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We write

rφr−1

[
α1, α2, . . . , αr;

β1, β2, . . . , βr−1;
q, z

]
=

∞∑
n=0

(α1, q)n(α2, q)n . . . (αr, q)n

(q, q)n(β1, q)n(β2, q)n . . . (βr−1, q)n
zn

where α1, . . . , αr are called the upper parameters, β1, . . . , βr−1 the lower param-
eters, z is the argument, and q the base of the series. The basic hypergeometric
rφr−1 series terminates if one of the upper parameters, say αr, is of the form q−n,
for a nonnegative integer n. If the basic hypergeometric series does not terminate
then it converges by the ratio test when |z| < 1.

2. Preliminaries

Let H be the class of functions analytic in the unit disk U = {z : |z| < 1}
and for a ∈ C (set of complex numbers) and n ∈ N (set of natural numbers), let
H[a, n] be the subclass of H consisting of functions of the form f(z) = a + anzn +
an+1z

n+1 + · · · . Let A be the class of functions f , analytic in U and normalized
by the conditions f(0) = f ′(0)− 1 = 0. Then a function f ∈ A is called convex or
starlike if it maps U into a convex or starlike region, respectively. Corresponding
classes are denoted by K and S∗: It is well known that K ⊂ S∗; that both are
subclasses of the class of univalent functions and have the following analytical
representations

f ∈ S∗ ⇔ <zf ′(z)
f(z)

> 0, z ∈ U

and

f ∈ K ⇔ <
[
1 +

zf ′′(z)
f ′(z)

]
> 0, z ∈ U.

The Hadamard product for the functions f(z) = z +
∑∞

n=2 anzn, g(z) = z +∑∞
n=2 bnzn ∈ A is

f(z) ∗ g(z) = z +
∞∑

n=2

anbnzn, (z ∈ U).

Let f be analytic in U , g analytic and univalent in U and f(0) = g(0). Then, by
the symbol f(z) ≺ g(z) (f subordinate to g) in U , we shall mean f(U) ⊂ g(U).

Let φ : C2 → C and let h be univalent in U . If p is analytic in U and satisfies
the differential subordination φ(p(z)), zp′(z)) ≺ h(z) then p is called a solution of
the differential subordination. The univalent function q is called a dominant of
the solutions of the differential subordination, p ≺ q. If p and φ(p(z)), zp′(z)) are
univalent in U and satisfy the differential superordination h(z) ≺ φ(p(z)), zp′(z))
then p is called a solution of the differential superordination. An analytic function
q is called subordinant of the solution of the differential superordination if q ≺ p.

Corresponding to the function Φ(z) given by

Φ(z) = zrφr−1

[
α1, α2, . . . , αr;

β1, β2, . . . , βr−1;
q, z

]

= z +
∞∑

n=2

(a1, q)n−1(a2, q)n−1 . . . (ar, q)n−1

(q, q)n−1(b1, q)n−1(b2, q)n−1 . . . (br−1, q)n−1
zn,
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we introduce here the following linear operator:

Br[α, β] : = Br

(
α1, . . . , αr; β1, . . . , βr−1, q; z

)
f(z) = Φ(z) ∗ f(z)

= z +
∞∑

n=2

(α1, q)n−1(α2, q)n−1 . . . (αr, q)n−1

(q, q)n−1(β1, q)n−1(β2, q)n−1 . . . (βr−1, q)n−1
anzn. (1)

It is clear that
Br

(
q, 0, . . . , 0; 0, . . . , 0, q; z

)
f(z) = f(z).

When q = (− 1
λ )1/j , λ ≥ 1, α1 = q, α2 = 1, . . . , αr = 1; β1 = n, . . . , βr−1 = n, we

observe that the operator defined by (1) reduces to the operator

Br

(
q, 1, . . . , 1; n, . . . , n, (− 1

λ
)1/j ; z

)
f(z) = z +

∞∑
n=2

[
λ + 1
λ + n

]m

anzn, m ∈ N. (2)

Operator (2) involves the well known operators defined by Bernardi [2,3], Srivastava
and Attiya [4] (see also Rǎaducanu and Srivastava [5], Liu [6] and Prajapat and
Goyal [7]) for integer power. Moreover, when q = (− 1

λ )1/j , λ ≥ 1, α1 = q, α2 =
n, . . . , αr = n; β1 = 1, . . . , βr−1 = 1, we observe that the linear operator defined by
(1) reduces to the operator

Br

(
q, n, . . . , n; 1, . . . , 1, (− 1

λ
)1/j ; z

)
f(z) = z +

∞∑
n=2

[
λ + n

λ + 1

]m

anzn, m ∈ N. (3)

Operator (3) involves the operator introduced by Cho-Kim (see [8]). Finally for
q = (− 1

λ )1/j , λ ≥ 1, α1 = q, α2 = n − 1, . . . , αr = n − 1; β1 = 0, . . . , βr−1 = 0,
operator (1) imposes the Al-Oboudi differential operator (see [9])

Br

(
q, n−1, . . . , n−1; 0, . . . , 0, (− 1

λ
)1/j ; z

)
f(z) = z+

∞∑
n=2

[1+(n−1)λ]manzn, m ∈ N.

(4)
Note that the Al-Oboudi differential operator is a generalization for Sǎlǎgean dif-
ferential operator [10].

In the present paper, our main results reduce to the following subclass: T (µ)
of the analytic function class A which consists of functions f ∈ A satisfying the
subordination relation given below:

(1− µ)f ′(z) + µ
(
1 +

zf ′′(z)
f ′(z)

)
≺ F (z)

where µ ∈ R, F is the conformal mapping of the unit disk U with F (0) = 1. We
study the univalence, starlikeness and strong starlikeness of this class. We need the
following preliminaries:

Lemma 1. [11] Let w(z) be analytic in U with w(0) = 0. If |w(z)| attains its
maximum value on the circle |z| = r < 1 at a point z0, then

z0w
′(z0) = kw(z0), (5)

where k is a real number and k ≥ 1.
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Lemma 2. [12] Let f ∈ A be such that f ′ ≺ 1 + az, 0 < a ≤ 1, then

zf ′(z)
f(z)

≺
(1 + z

1− z

)δ

, z ∈ U, 0 < δ < 1.

Lemma 3. [13] Let f ∈ A be such that f ′ ≺ 1 + az, 0 < a ≤ 1
2 , then

zf ′(z)
f(z)

≺ 1 +
( 3a

2− a

)
z, z ∈ U.

3. Main results

Theorem 1. Let P be the class of analytic functions in U of the form p(z) =
1 + b1z + b2z

2 + · · · , satisfy the condition

(1− µ)p(z) + µ
zp′(z)
p(z)

≺ (1− µ)(1 + γz)b, (6)

where 0 < µ ≤ 1, 0 < γ ≤ µ
2 , b ∈ R+, then

p(z) ≺ (1 +
2γ

µ
z)b. (7)

Proof. Let us assume that p(z) = (1 + 2γ
µ w(z))b, where w(z) be analytic in

U with w(0) = 0. Our aim is to show that |w(z)| < 1, z ∈ U . If |w(z)| ≮ 1, by
Lemma 1, there exists z0, |z0| < 1 such that |w(z0)| = 1 and z0w

′(z0) = kw(z0)
where k ≥ 1. When we put w(z0) = eiθ, we have

∣∣∣(1− µ)p(z0) + µ
z0p

′(z0)
p(z0)

∣∣∣ =
∣∣∣(1− µ)(1 +

2γ

µ
w(z0))b +

2γbz0w
′(z0)

(1 + 2γ
µ w(z0))

∣∣∣

=
∣∣∣(1− µ)(1 +

2γ

µ
w(z0))b +

2γbkw(z0)
(1 + 2γ

µ w(z0))

∣∣∣

=
∣∣∣(1− µ)(1 +

2γ

µ
eiθ)b +

2γbkeiθ

(1 + 2γ
µ eiθ)

∣∣∣.

By choosing eiθ → 1, we observe that 2γbkeiθ

(1+ 2γ
µ eiθ)

> 0; thus

∣∣∣(1− µ)p(z0) + µ
z0p

′(z0)
p(z0)

∣∣∣ ≥
∣∣∣(1− µ)(1 +

2γ

µ
)b

∣∣∣

≥
∣∣∣(1− µ)(1 +

γ

µ
)b

∣∣∣ ≥
∣∣∣(1− µ)(1 + γ)b

∣∣∣, 1
µ
≥ 1,

which is a contradiction with (6). Therefore, we must have |w(z)| < 1, z ∈ U .
Hence the assertion (7) holds.



Operator defined by basic hypergeometric functions 5

By letting p(z) = Br[α, β]′ in Theorem 1, we have the following result

Corollary 1. Let f ∈ A. If for 0 < µ ≤ 1, 0 < γ ≤ µ
2 , b ∈ R+, the relation

(1− µ)Br[α, β]′ + µ
(
1 +

zBr[α, β]′′

Br[α, β]′
)
≺ (1− µ)(1 + γz)b

holds then
Br[α, β]′ ≺ (1 +

2γ

µ
z)b. (8)

By putting α1 = q, α = 0, β = 0 in Corollary 1, we have the following result

Corollary 2. Let f ∈ A. If the condition

(1− µ)f ′(z) + µ
zf ′′(z)
f ′(z)

≺ (1− µ)(1 + γz)b

is satisfied then

f ′(z) ≺ (1 +
2γ

µ
z)b (9)

and therefore f is a bounded turning function (univalent).

By taking p(z) = Br[α,β]
z in Theorem 1, we have the following result

Corollary 3. Let f ∈ A. Assume that for 0 < µ ≤ 1, 0 < γ ≤ µ
2 , b ∈ R+,

the relation

(1− µ)
Br[α, β]

z
+ µ(

zBr[α, β]′

Br[α, β]
− 1) ≺ (1− µ)(1 + γz)b

is satisfied then
Br[α, β]

z
≺ (1 +

2γ

µ
z)b.

By assuming α1 = q, α = 0, β = 0 in Corollary 3, we have the following result

Corollary 4. Let f ∈ A. Assume that for 0 < µ ≤ 1, 0 < γ ≤ µ
2 , b ∈ R+,

the relation

(1− µ)
f(z)

z
+ µ(

zf ′(z)
f(z)

− 1) ≺ (1− µ)(1 + γz)b

is satisfied then
f(z)

z
≺ (1 +

2γ

µ
z)b.

By considering b = 1, a = 2γ
µ in Corollary 2 together with Lemma 2, we have

the following result

Corollary 5. Let f ∈ A. If the condition

(1− µ)f ′(z) + µ
zf ′′(z)
f ′(z)

≺ (1− µ)(1 + γz)
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is satisfied then
zf ′(z)
f(z)

≺ (
1 + z

1− z
)δ and hence f is strongly starlike for 0 < µ ≤ 1

in U .

By considering b = 1, a = 2γ
µ in Corollary 2 together with Lemma 3, we have

the following result:

Corollary 6. Let f ∈ A. If the condition

(1− µ)f ′(z) + µ
zf ′′(z)
f ′(z)

≺ (1− µ)(1 + γz)

is satisfied then
zf ′(z)
f(z)

≺ 1 + (
3a

2− a
)z and thus f is starlike for 0 < µ ≤ 1 and

γ ≤ µ
4 in U .

Note that Corollary 1 together with Lemmas 2 and 3, gives the starlikeness
and strong starlikeness of the operator Br[α, β] respectively. Now we consider the
class Sb(γ, µ) of analytic functions that satisfy condition (9). Then we obtain the
following result

Theorem 2. Let f ∈ A. If

<{zf ′′(z)
f ′(z)

} <
2bγ

µ + 2γ
, 0 < µ ≤ 1, 0 < γ ≤ µ

2
, b ∈ R+ (10)

then f ∈ Sb(γ, µ).

Proof. Our aim is to apply Lemma 1. Let us define w(z) by

f ′(z) =
(
1 +

2γ

µ
w(z)

)b

.

Then w(z) is analytic in U with w(0) = 0. It follows that

<{zf ′′(z)
f ′(z)

} = <{
2bγ
µ zw′(z)

(1 + 2γ
µ w(z))

} <
2bγ

µ + 2γ
.

Now, we suppose that there exists a point z0 ∈ U such that max|z|≤|z0| |w(z)| =
|w(z0)| = 1. Then, by Lemma 1, we can write that w(z0) = eiθ and z0w

′(z0) =
kw(z0) = keiθ. Thus we have that

<{z0f
′′(z0)

f ′(z0)
} = <{

2bγ
µ z0w

′(z0)

(1 + 2γ
µ w(z0))

} = <{
2bγ
µ keiθ

1 + 2γ
µ eiθ

} =
2bγ
µ k cos θ

1 + 2γ
µ cos θ

=
2bγ
µ k

1 + 2γ
µ

, cos θ → 1 ≥ 2bγ

µ + 2γ
, k ≥ 1,

which contradicts (10). Therefore, f ∈ Sb(γ, µ). This completes the proof of the
theorem.
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Corollary 7. If f ∈ A satisfies the condition in Theorem 2, then

|(f ′(z))1/b − 1| < 1.

That is f(z) is strongly close-to-convex of order b.

Proof. Since f(z) ∈ Sb(γ, µ), there exists an analytic function w(z) with

w(0) = 0 and |w(z)| < 1 (z ∈ U) such that f ′(z) =
(
1 +

2γ

µ
w(z)

)b

. Consequently,

we have w(z) =
µ

2γ

(
(f ′(z))1/b − 1

)
; hence

µ

2γ

∣∣∣
(
f ′(z)

)1/b

− 1
∣∣∣ = |w(z)| < 1 =⇒

∣∣∣
(
f ′(z)

)1/b

− 1
∣∣∣ < 1.

In the same manner as in Theorem 2 and its corollary, condition (8) gives that the
operator Br[α, β] is close to convex in U .
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