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FUZZY IDEALS IN LASKERIAN RINGS

Tariq Shah and Muhammad Saeed

Abstract. We introduce strongly primary fuzzy ideals and strongly irreducible fuzzy ideals
in a unitary commutative ring and fixed their role in a Laskerian ring. We established that: A
finite intersection of prime fuzzy ideals (resp. primary fuzzy ideals, irreducible fuzzy ideals and
strongly irreducible fuzzy ideals) is a prime fuzzy ideal (resp. primary fuzzy ideal, irreducible
fuzzy ideal and strongly irreducible fuzzy ideal). We also find that, a fuzzy ideal of a ring is
prime if and only if it is semiprime and strongly irreducible. Furthermore we characterize that:
(1) Every nonzero fuzzy ideal of a one dimensional Laskerian domain can be uniquely expressed
as a product of primary fuzzy ideals with distinct radicals, (2) A unitary commutative ring is
(strongly) Laskerian if and only if its localization is (strongly) Laskerian with respect to every
fuzzy ideal.

1. Introduction

L. A. Zadeh [22] proposed theory of fuzzy sets, which provides a useful math-
ematical tool for describing the behavior of the multifaceted or distracted systems
to admit accurate mathematical analysis by classical technique. The study of fuzzy
algebraic structure has started by Rosenfeld [18] and since then this concept has
been applied to various algebraic structures. Liu introduced the concept of a fuzzy
ideal of a ring in [10]. The notions of prime fuzzy ideals, maximal fuzzy ideals,
primary fuzzy deals were introduced in [12–14]. Also, Malik [11], Mukererjee and
Sen [16] studied rings with chain conditions with the help of fuzzy ideals. The
notion of fuzzy quotient ring was introduced by Kumar [7], Kuroaka and Kuroki
[8]. In [9] K. H. Lee examined some properties of fuzzy quotient rings and used
them to characterize Artinian and Noetherian rings.

Following [22], a fuzzy subset of a non-empty set X is a function µ : X −→
[0, 1]. By [21], the set of all fuzzy subsets of a set X with the relation µ ⊆ ν
if µ(x) ≤ ν(x), ∀x ∈ X is a complete lattice. Whereas for a non empty family
{µi : i ∈ I} of fuzzy subsets of X,

inf{µi : i ∈ I} : X → [0, 1], x 7→ inf{µi(x) : i ∈ I} and

sup{µi : i ∈ I} : X → [0, 1], x 7→ sup{µi(x) : i ∈ I}, ∀x ∈ X.
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A fuzzy subset µ of a ring R is a fuzzy left (respectively right) ideal of R if
for every x, y ∈ R; µ(x − y) ≥ min{µ(x), µ(y)} and µ(xy) ≥ µ(y) (respectively
µ(xy) ≥ µ(x)). If µ is a fuzzy subset of R, then for t ∈ [0, 1] the set µt = {x ∈ R :
µ(x) ≥ t} is called a level subset of R with respect to µ. A fuzzy subset is a fuzzy
left ideal if and only if µ(0) ≥ µ(x) ∀x ∈ R and µt is a left ideal of R, ∀t ∈ [0, µ(0)].
We denote µ∗ = {x ∈ R : µ(x) = µ(0)}. A fuzzy subset µ of R is a fuzzy ideal of
R if it is a left and right fuzzy ideal. Following [20] a fuzzy ideal µ of a ring R is
called a prime fuzzy ideal if for any two fuzzy ideals σ and θ of R the condition
σθ ⊆ µ implies that σ ⊆ µ or θ ⊆ µ. Following [13,14], for a fuzzy ideal µ of a ring
R, the fuzzy radical of µ, denoted by

√
µ, is defined by

√
µ = ∩{σ : σ is a fuzzy

prime ideal of R, σ ⊆ µ, σ∗ ⊆ µ∗}. In [17], V. Murali and B. Makaba has discussed
concepts of primary decomposition of fuzzy ideals and the radicals of such ideals
over a Noetherian ring.

The operations of sums and products on fuzzy subsets µ and ν of R are defined
as follows:

(µ + ν)(x) = sup{µ(r)Λν(s) : x = r + s; r, s ∈ R}
(µoν)(x) = sup{µ(r)Λν(s) : x = rs; r, s ∈ R},

(µν)(x) = sup{Λn
i=1(µ(ri)Λν(si)) : x =

n∑
i=1

risi; ri, si ∈ R, n ∈ N}.

If x has no such decomposition, the sum and product take the value 0 at x.
The following text presupposes all rings to be commutative rings possessing

an identity element.
Recall that a ring R is Laskerian if each ideal of R admits a shortest primary

representation; R is strongly Laskerian, if R is Laskerian and each primary ideal of
R contains a power of its radical [5, p. 455]. It is equivalent to say that a ring R
is Laskerian (resp. strongly Laskerian) if every ideal of R can be represented as a
finite intersection of primary ideals (resp. strongly primary ideals) [4, pp. 295,298].
There does not exist chain condition on principal ideals of a Laskerian ring (see
[19, Remark 2.2]), but a strongly Laskerian ring has ACCP (cf. [19, Proposition
2.1]). By [1], ring R is said to be a Q-ring, if every ideal in R is a finite product
of primary ideals. A ring R is a Q-ring if and only if R is a Laskerian ring in
which every non-maximal prime ideal is quasi-principal (cf. [1, Theorem 13]). The
followings are non reversible implications.

Q− ring
⇓

Noetherian =⇒ Strongly Laskerian =⇒ Laskerian

In this paper we introduce strongly primary fuzzy ideals and strongly irre-
ducible fuzzy ideals in rings and fixed their role in a Laskerian ring. We determine
that: A finite intersection of prime fuzzy ideals (resp. primary fuzzy ideals, irre-
ducible fuzzy ideals and strongly irreducible fuzzy ideals) is a prime fuzzy ideal
(resp. primary fuzzy ideal, irreducible fuzzy ideal and strongly irreducible fuzzy
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ideal). Furthermore we prove that: (1) Every nonzero fuzzy ideal of a one dimen-
sional Laskerian domain can be uniquely expressed as a product of primary fuzzy
ideals with distinct radicals, (2) A ring R is Laskerian if and only if Rµ is Laskerian
for every fuzzy ideal µ of R.

2. Finite intersection of fuzzy ideals

We initiate with the following proposition.

Proposition 1. Finite intersection of prime fuzzy ideals of a ring is a prime
fuzzy ideal.

Proof. Let {µi : 1 ≤ i ≤ n} be a family of prime fuzzy ideals of a ring R and
let θσ ⊆ Λn

i=1µi for any two fuzzy ideals θ and σ of R. This means θσ ⊆ µi for all
1 ≤ i ≤ n. Since µi are prime fuzzy ideals, therefore if θ * µi for all 1 ≤ i ≤ n,
then σ ⊆ µi, for all 1 ≤ i ≤ n. Similarly, if σ * µi for all 1 ≤ i ≤ n, then σ ⊆ µi,
for all 1 ≤ i ≤ n. This implies that if θ * Λn

i=1µi, then σ ⊆ Λn
i=1µi.Hence Λn

i=1µi

is a prime fuzzy ideal of R.
Following [20], a fuzzy ideal µ of a ring R is known as a primary fuzzy ideal if

for any two fuzzy ideals σ and θ of R the conditions σθ ⊆ µ and σ * µ together
imply that θ ⊆ √

µ.

Proposition 2. Finite intersection of primary fuzzy ideals of a ring is a
primary fuzzy ideal.

Proof. Let {µi : 1 ≤ i ≤ n} be a family of primary fuzzy ideals of a ring R and
let θσ ⊆ Λn

i=1µi for any two fuzzy ideals θ and σ. This implies that θσ ⊆ µi for all
1 ≤ i ≤ n. Since µi are primary fuzzy ideals therefore if θ * µi for all 1 ≤ i ≤ n

then σ ⊆ √
µi for all 1 ≤ i ≤ n. So, if θ * Λn

i=1µi for some i then σ ⊆ √
Λn

i=1µi.
Consequently Λn

i=1µi is a primary fuzzy ideal of R.
Remark 1. Every prime fuzzy ideal of a ring is a primary fuzzy ideal.

Definition 1. A fuzzy ideal µ of a ring R is called strongly primary fuzzy
ideal in R if µ is a primary fuzzy ideal and (

√
µ)n ⊂ µ for some n ∈ N.

Following [17, Definition 4.1], a fuzzy ideal µ of a Noetherian ring R is said to
be irreducible if µ 6= R and whenever µ = µ1Λµ2, where µ1, µ2 are fuzzy ideals of
R, then µ = µ1 or µ = µ2. A prime fuzzy ideal is necessarily irreducible; however,
the converse is not true (see [17, Example 4.6]).

In the rest of text instead of a Noetherian ring we consider an arbitrary ring.

Definition 2. A proper fuzzy ideal µ of a ring R is said to be strongly
irreducible if for each pair of fuzzy ideals θ and σ of R, if θΛσ ⊆ µ, then either
θ ⊆ µ or σ ⊆ µ.

Remark 2. A strongly irreducible fuzzy ideal is irreducible.
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Proposition 3. Finite intersection of strongly irreducible fuzzy ideals of a
ring is a strongly irreducible fuzzy ideal.

Proof. Let {µi : 1 ≤ i ≤ n} be a family of strongly irreducible fuzzy ideals
of a ring R and let θΛσ ⊆ Λn

i=1µi for any two fuzzy ideals θ and σ. This means
θΛσ ⊆ µi for all 1 ≤ i ≤ n. This implies θ ⊆ µi or σ ⊆ µi for all 1 ≤ i ≤ n.
Since µi are strongly irreducible fuzzy ideals, therefore if θ ⊆ µi or σ ⊆ µi for all
1 ≤ i ≤ n, then θ ⊆ Λn

i=1µi or σ ⊆ Λn
i=1µi for all i. Hence Λn

i=1µi is a strongly
irreducible fuzzy ideal of R.

Recall that a fuzzy ideal µ of a ring is known as radical ideal if µ =
√

µ.

Proposition 4. A strongly irreducible fuzzy ideal in a ring is a prime fuzzy
ideal if and only if it is a radical ideal.

Proof. If µ is a prime fuzzy ideal of a ring R, then by [3, Theorem 5.10]
µ =

√
µ. Conversely assume that µ =

√
µ. Let µ1Λµ2 ⊆ µ, where µ1 and µ2 are

fuzzy ideals of R. Then µ1µ2 ⊆ µ1Λµ2 ⊆
√

µ1Λµ2 =
√

µ1µ2 ⊆ √
µ = µ , and since

µ is a strongly irreducible fuzzy ideal of R. Hence µ1 ⊆ µ or µ2 ⊆ µ.

Following [6], a fuzzy ideal µ of a ring R is called semiprime if µ2(x) = µ(x)
for all x ∈ R.

Proposition 5. A fuzzy ideal µ of a ring R is prime if and only if it is
semiprime and strongly irreducible.

Proof. Suppose µ is a fuzzy prime ideal of R. Obviously µ is fuzzy semiprime
ideal. Moreover, if σ and θ are fuzzy ideals of R, satisfying σΛθ ⊆ µ, then σθ ⊆ µ,
since σθ ⊆ σΛθ. This implies σ ⊆ µ or θ ⊆ µ. Hence µ is strongly irreducible.
Conversely, assume that µ is a strongly irreducible semiprime fuzzy ideal of R.
Suppose σ and θ be two fuzzy ideals of R with σθ ⊆ µ. Consider

(σΛθ)2(x) = ((σΛθ)(σΛθ))(x)

= sup{Λn
i=1((σΛθ)(ri)Λ(σΛθ)(si)) : x =

n∑
i=1

risi; ri, si ∈ R, n ∈ N}

= sup{Λn
i=1 min{(σΛθ)(ri), (σΛθ)(si)} : x =

n∑
i=1

risi; ri, si ∈ R, n ∈ N}

= sup{Λn
i=1 min{min{σ(ri), θ(ri)}, min{σ(si), θ(si)}} :

x =
n∑

i=1

risi; ri, si ∈ R, n ∈ N}

≤ sup{Λn
i=1 min{σ(ri), θ(si)} : x =

n∑
i=1

risi; ri, si ∈ R,n ∈ N}

= (σθ)(x).

Therefore (σΛθ)2 ⊆ σθ ⊆ µ. But, since µ is semiprime, therefore σΛθ ⊆ µ. Hence
σ ⊆ µ or θ ⊆ µ, as µ is strongly irreducibile.
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3. Fuzzy ideals in Laskerian rings

Following [17, Definitions 3.1 and 3.2], if for a collection {vi : i = 1, 2, . . . , n} of
primary fuzzy ideals of R and {µi : i = 1, 2, . . . , n} a finite collection of vi-primary
fuzzy ideals of R,then, µ = Λn

i=1µi is called a primary decomposition of µ. This
decomposition is said to be reduced or irredundant if

(a) the v1, v2, . . . , vn are all distinct and
(b) µj � Λn

i=1,i6=jµi, for all j = 1, 2, . . . , n.

Every irreducible fuzzy ideal of a Noetherian ring is a primary fuzzy ideal (cf.
[17, Proposition 4.7]). In the following proposition we generalize [17, Proposition
4.7], in case of Laskerian rings.

Proposition 6. In a Laskerian ring an irreducible fuzzy ideal is a primary
fuzzy ideal.

Proof. By passage to the quotient rings, it is enough to assume that the
(0) ideal is an irreducible fuzzy ideal and show that it is primary. So, suppose
that µυ = 0 and µ 6= 0, where µ and υ are fuzzy ideals of R. Consider the
chain of ideals ann(υ) ⊆ ann(υ2) ⊆ · · · ⊆ ann(υn) · · · . Since R is Laskerian
(strongly Hopfian), this chain stabilizes: there exists a positive integer n such that
ann(υn) = ann(υn+k) for all k. It follows that µΛ υn = 0. Indeed, if a ∈ µ,
then aµ = 0, and if a ∈ υn, then a = bυn for some b ∈ R. Hence bυn+1 = 0, so
b ∈ ann(υn+1) = ann(υn). Hence bυn = 0; that is, a = 0. Since the (0) ideal
is irreducible and µ 6= 0, we must then have υn = 0, and this shows that (0) is
primary.

Proposition 7. If every primary fuzzy ideal of a ring R is a strongly irre-
ducible fuzzy ideal, then every fuzzy minimal primary decomposition for each fuzzy
ideal of R is unique.

Proof. Let a fuzzy ideal µ of R has two fuzzy minimal primary decompositions
Λn

i=1µi and Λm
i=1σi. For n ≤ m, we have Λn

i=1µi ⊆ Λm
i=1σi and since σ1 is strongly

irreducible fuzzy ideal for some j, 1 ≤ j ≤ n, therefore µj ⊆ σ1. On the other hand,
Λm

i=1σi ⊆ µj . Since µj is strongly irreducible fuzzy ideal, for some k, 1 ≤ k ≤ m,
we have σk ⊆ µj ⊆ σ1. Since Λm

i=1σi is a fuzzy minimal primary decomposition,
σk = σ1 and so k = 1. Hence σ1 = µj . Without loss of generality, let σ1 = µ1.
Similarly we can show that σ2 = µt for some t, 1 ≤ t ≤ n, and since σ2 6= σ1

µt 6= µ1. That is, t 6= 1. Therefore, without loss of generality, we can assume that
σ2 = µ2. The same argument will show that for each t, 1 ≤ t ≤ m, σi = µi and
n = m.

Two ideals I and J in a ring R are said to be co-prime (or co-maximal) if
I + J = R [2, p. 7].

Proposition 8. Let D be a Laskerian domain of dimension 1. Then every
nonzero fuzzy ideal µ of D can be uniquely expressed as a product of primary fuzzy
ideals with distinct radicals.
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Proof. Let µ be a nonzero fuzzy ideal of a Laskerian domain D. Then
µ = Λn

i=1µi, where each µi is P−primary fuzzy ideal of D. The ideals P1, . . . , Pn

are maximal since they stem from reduced primary decomposition, they are pair-
wise different and therefore pair-wise coprime. Therefore µ1, . . . , µn are pair-wise
coprime and by [2, Proposition 1.10.] Πµi = Λµi. Hence µ = Πµi.

Conversely, if µ = Πµi, the same argument shows that µ = Λµi; this is a min-
imal primary decomposition of µ, in which each µi is isolated primary component,
and by [2, Theorem 4.10], is therefore unique.

The following proposition will help us to find the rings for which every primary
fuzzy ideal is a strongly irreducible fuzzy ideal.

Proposition 9. In a ring R, the following are equivalent.
(1) Every fuzzy ideal of R is a strongly irreducible fuzzy ideal.
(2) Every two fuzzy ideals of R are comparable.

Proof. (1)⇒(2). Let µ and σ be two fuzzy ideals of R. Note that µΛσ is a
strongly irreducible fuzzy ideal, and µΛσ ⊆ µΛσ. So µ ⊆ µΛσ ⊆ σ or σ ⊆ µΛσ ⊆ µ.

(2)⇒(1) The proof is obvious.
Let µ be a fuzzy ideal of a ring R and x ∈ R. By [9], the fuzzy subset of R is

µ∗x(r) = {µ(r−x) for all r ∈ R} is termed as the fuzzy coset determined by x and µ.
The set of all cosets of µ in R is a ring under the binary operations µ∗x +µ∗y = µ∗x+y

and µ∗xµ∗y = µ∗xy for all x, y ∈ R and it is denoted by Rµ, and known as fuzzy
quotient ring of R induced by the fuzzy ideal µ.

In [9], K.H. Lee has characterized Artinian and Noetherian rings, respectively,
using fuzzy quotient rings (see [9, Propositions 3.9 and 3.10]). In the following
proposition we characterize Laskerian rings by fuzzy quotient ring using the same
technique of [9].

Proposition 10. A ring R is strongly Laskerian if and only if Rµ is strongly
Laskerian for every fuzzy ideal µ of R.

Proof. Let ν : Rµ → [0, 1] be a fuzzy ideal of Rµ. To show that ν has
a finite reduced strongly primary decomposition, define a map θ : R → [0, 1] by
θ(x) = ν(µ∗x) for every x ∈ R. Then θ is a fuzzy ideal of R and it has a finite reduced
strongly primary decomposition. Since the set of values of θ is same to the set of
values of ν therefore ν also has a finite reduced strongly primary decomposition.
Hence Rµ is strongly Laskerian.

Conversely, let µ be a fuzzy ideal of a ring R. Then the fuzzy ideal ν of Rµ

defined by ν(µ∗x) = µ(x) for every x ∈ R has a finite reduced primary decomposi-
tion, so that µ also has finite reduced strongly primary decomposition. Hence R is
strongly Laskerian.

Proposition 11. A ring R is Laskerian if and only if Rµ is Laskerian for
every fuzzy ideal µ of R.
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Proof. Let ν be a fuzzy ideal of Rµ. To show that ν has a finite reduced
primary decomposition, define a map θ : R → [0, 1] by θ(x) = ν(µ∗x) for every
x ∈ R. Then θ is a fuzzy ideal of R and it has finite primary decomposition. Since
the set of values of θ is same to the set of values of ν therefore ν also has a finite
reduced primary decomposition. This implies that Rµ is Laskerian.

Conversely, let µ be a fuzzy ideal of a ring R. Then the fuzzy ideal ν of Rµ de-
fined by ν(µ∗x) = µ(x) for every x ∈ R has a finite reduced primary decomposition,
so that µ also has finite fuzzy primary decomposition. Hence R is Laskerian.

The following table summarizes findings of [9, Propositions 3.9 and 3.10] and
Proposition 3.11.

R Rµ

Artinian ⇐⇒ Artinian
Noetherian ⇐⇒ Noetherian

Strongly Laskerian ⇐⇒ Strongly Laskerian
Laskerian ⇐⇒ Laskerian

Q-ring =⇒ Laskerian
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