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CONVERGENCE THEOREMS OF TWO-STEP IMPLICIT
ITERATIVE PROCESS WITH ERRORS FOR A FINITE FAMILY
OF ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

Gurucharan Singh Saluja

Abstract. The objective of this paper is to study the weak and strong convergence of
two-step implicit iteration process with errors to a common fixed point for a finite family of
asymptotically nonexpansive mappings in Banach spaces. The results presented in this paper
extend and improve the corresponding results of Chang and Cho (2003), Xu and Ori (2001), Zhou
and Chang (2002) and Gu and Lu (2006).

1. Introduction

Let C be a nonempty subset of a real Banach space E. Let T: C — C be a
mapping. We use F(T') to denote the set of fixed points of T, that is, F(T) = {x €
C :Tx = z}. Recall that a mapping T': C — C'is said to be:

(1) asymptotically nonexpansive if there exists a sequence {k,} in [1, c0) with
k, — 1 as n — oo such that

[T"x = T"y|| < knllz = yl|, (L.1)

for all xz,y € C and n > 1;
(2) uniformly L-Lipschitzian if there exists a constant L > 0 such that

[T"z —T"y|| < Lijz -yl (1.2)

for all z,y € C' and n > 1;

(3) semi-compact if any bounded sequence {z,} in C with lim,_,c ||zn — Ty ]|
= 0, there exists a subsequence {x,,} of {z,} such that {x,,} converges strongly
to some z* in C;

(4) demiclosed at the origin, if for each sequence {z,} in C' the condition
T, — x9 weakly and Tz, — 0 strongly imply Tzq = 0.
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Recall that F is said to satisfy the Opial’s condition [9] if for each sequence
{z,} in E weakly convergent to a point x and for all y # x

liminf ||z, — z|| < liminf ||z, — y||.
n—oo n—oo
The examples of Banach spaces which satisfy the Opial’s condition are Hilbert

spaces and all L?[0, 2] with 1 < p # 2 fail to satisfy Opial’s condition [9].

Let E be a Hilbert space, let K be a nonempty closed convex subset of E and
let {T1,T5,...,Tn}: K — K be N nonexpansive mappings. In 2001, Xu and Ori
[15] introduced the following implicit iteration process {zy} defined by

Ty = QpTp—1 + (1 - an)Tn (mod N):L'na n Z ]-7 (13)

where z¢ € K is an initial point, {c, }n>1 is a real sequence in (0,1) and proved
the weakly convergence of the sequence {z,} defined by (1.3) to a common fixed
point p € F =N, F(T;).

Recently, convergence problems of an implicit (or non-implicit) iterative pro-
cess to a common fixed point for a finite family of asymptotically nonexpansive
mappings (or nonexpansive mappings) in Hilbert spaces or uniformly convex Ba-
nach spaces have been considered by several authors (see, e.g., [1-5, 7-8, 10-16]);,

Very recently, Gu and Lu [6] introduced the following implicit iterative se-
quence {z,} with errors defined by

x1 = a1xo + fiTh(drwo + S Thzy + Yivr) + v,
Tg = agm1 + BoTa(damy + BoToxa + Yava) + Yous,

tn = anzy_1 + ONTn(dnen_1 4 ONTNEN + Yvon) + Yvun,

TN+1 = an+1ZN + Ov+1Ti(anNt12n + ON1 TN +1 + YN+1UN+1) + YN41UN+1,

zon = aanTan—1 + PonTn(asnzan—1 + BanTNTon + Vanvan) + YoanUan,

zTon+1 = aant1Zon + Bonvi1 T (@ens12on + Bonvt1TiTan+1 + YoN+1V2N+1)

+ YoN+1UIN+1

1.4
for a finite family of nonexpansive mappings {T;}¥,: K — K, where {a,}, {(ﬂn}),
(Y}, {dn}, {8} and {4, } are six sequences in [0,1] satisfying oy, + Bp + Y0 =
oy, + ﬁn + 9, =1for all n > 1, x is a given point in K, as well as {u,} and {v,}
are two bounded sequences in K, which can be written in the following compact

form:
Tp = QpTn—1+ BT, (mod N)Yn + Ynln, (1.5)
Yn = CpTp_1 + BAnTn (mod N)Zn + Y Uns n>1 .
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Especially, if {T;}¥,: K — K are N nonexpansive mappings, {a,}, {Bn}, {7}
are three sequences in [0,1] and ¢ is a given point in K, then the sequence {z,}
defined by

Tn = AnTn—1+ BnTn (mod N)Tn—1 + Ynln, n>1, (1.6)

is called the explicit iterative sequence for a finite family of nonexpansive mappings
{T;}X, and they proved weak and strong convergence of iterative sequence {z,}
defined by (1.5) and (1.6) in Banach spaces.
Inspired and motivated by Gu and Lu [6] and many others, we introduce the
following implicit iterative sequence {z,} with errors defined by
Ty = Qplp_1 + ﬁnTg (mod N)yn + YnUn, (1 7)
Yn = QpTp—1 + BAnT: (mod N)Tn + VnUn, n>1, .
is called the implicit iterative sequence for a finite family of asymptotically nonex-
pansive mappings {7}~ ,, where {a,}, {8.}, {’yn}, {dn}, {Bn} and {7, } are six
sequences in [0, 1] satisfying a,, + B+ = dn + B+ v =1 foralln > 1, zg is a
given point in K, as well as {u,} and {v,} are two bounded sequences in K.
Especially, if {T;}Y ,: K — K are N asymptotically nonexpansive mappings,
{an}, {Bn}, {7n} are three sequences in [0,1] and z( is a given point in K, then
the sequence {z,} defined by

T = QnTp_1 + BT, (mod N)Tn—1 F Vnln, n>1, (1.8)

is called the explicit iterative sequence for a finite family of asymptotically nonex-
pansive mappings {T;} ;.

The aim of this paper is to study iterative sequences defined by (1.7) and (1.8)
for a finite family of asymptotically nonexpansive mappings in Banach spaces and
also establish weak and strong convergence theorems for said iteration schemes and
mappings.

2. Preliminaries

PROPOSITION 2.1. Let C be a nonempty subset of a real Banach space E
and {T;}N.,: C — C be N asymptotically nonexpansive mappings such that F =
ﬂi]il F(T;) # 0. Then there exists a sequence {k,} C [1,00) with k, — 1 asn — oo
such that

1T = Tyl < knllz =yl (2.1)
forallz,ye C,i=1,2,...,N andn > 1.

Proof. Since for each i = 1,2,..., N, T;: C — C is an asymptotically nonex-
pansive mapping, there exists a sequence {kr(f)} C [1,00) with ED S 1asn — oo
such that

1TV = Tyl < k)l — ],
forall z,y e C,i=1,2,...,N and n > 1.
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Letting k,, = max{k:g), kg), el k‘f«LN)}, we have that {k,} C [1,00) with k, —
1 as n — oo and
T2 = Ty < kD |lz =yl < kallz =y,
forall z,y e C,i=1,2,...,N and n > 1.
In the sequel we need the following lemmas to prove our main results.

LEMMA 2.1. [13] Let {an}, {bn} and {d,} be sequences of nonnegative real
numbers satisfying the inequality
Qn41 S (1+5n)an+bna n Z 1

If 3% 6n <00 and Y o, by < 00, then lim, .o a,, ezists. In particular, if {a,}
has a subsequence converging to zero, then lim,_, . a, = 0.

LEMMA 2.2. (Schu [11]) Let E be a uniformly convex Banach space and 0 <
a<t, <b<1foraln > 1. Suppose that {x,} and {y,} are sequences in E
satisfying

limsup ||z, || <7, limsup |ly,|| <r, Um [[thz, + (1 —tn)ynl =7,
n—oo n—oo n—oo
for some r > 0. Then lim,_,o ||Zn — yYn| = 0.

LEMMA 2.3. [3, 5, 12] Let E be a uniformly conver Banach space, C be a
nonempty closed convexr subset of E and T: C — C be an asymptotically nonex-
pansive mapping with F(T) # O. Then I — T is semi-closed at zero, i.e., for each
sequence {x,} in C, if {xn} converges weakly to q € C and {(I —T)x,} converges
strongly to 0, then (I —T)q = 0.

LEMMA 2.4. Let E be a real Banach space and C' be a nonempty closed convex
subset of E. Let {T;}.,: C — C be N asymptotically nonexpansive mappings with
F = ﬂfv:l F(T;) # 0. Let {u,} and {v,} be two bounded sequences in K and let
{an}, {Bn}, {m}, {dn}, {Bn} and {7,} be siz sequences in [0,1] and {k,} be the
sequence defined by (2.1) and p = Sup,,>1 kn > 1 satisfying the following conditions:

(Z) ap + B+ T :ozn‘i’ﬁn‘i”}?n =1;

(i1) 3oy (kn — 1)Bn < 00;

(ii5) T = sup{fp :n > 1} < p%;

(iv) S0 1 A < 00, 2o Fn < 00.

If {x,} is the implicit iterative sequence defined by (1.7), then for each p €
F= ﬂfvzl F(T;) the limit lim, o ||x, — pl|| exists.

Proof. Since ' = ﬂf\]:l F(T;) # 0, for any given p € F, it follows from (1.7)
and Proposition 2.1 that

[#n = pll < (1= Bn — ) |#n—1 — pll + Bull T} (mod N)Yn = pll + Ynllun = pll

= (1= Bn = )llzn—1 = pll + BallTY (moa n)¥n — T3 (moa MPl
+ Yullun — pl|
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Again it follows from (1.7) and Proposition 2.1 that
lyn = pll < (1 = Bn = Fo)ll2n-1 = Pl + Bull Tp (moa wyTn — Pl + Fnllvn — bl
= (1= B = Fu)ll@n—1 = Il + Bull T3 (mod my@n = T3 (tmod wyPll
+ nllvn = pll

< (1= B)llzn—1 = pll + Buknllzn = pll +Fnllvn — p|l (2.3)
Substituting (2.3) into (2.2), we obtain that

2n = pll < (1= BuBukn)|@n—1 = pll + BuBuksll2n — pll

+ BaYnknllve = pll + nllun — pll, (2.4)

which implies that

(1= Bubukg)l@n = pll < (1= Bufnkn) @01 = Pl + fin, (2.5)

where p, = Bn¥nknlvn — || + Ynllun — pl|- By condition (iv) and boundedness

of the sequences {8,}, {kn}, {llun — p||} and {||v, — p||}, we have Y07 | p, < oc.
From condition (iii) we know that

Brfnk? < Bk <7 <1 andso 1—fBpfuk? >1—1p>>0; (2.6)
hence from (2.5) we have

1- ﬁngnkn

fin
n - S (7/\) n— - +
o =l = 2, g N 7P T
kn — 1)BaBk
= (14 L Dby o
1- ﬁnﬁnkn 1 P
(kn B 1)ﬂngnkn Hn
< (14 Gn Dby,
< (e e -l
= (1+ An)zn-1 = pll + Bn, (2.7)
where R
kn — 1) BnOnkn n
n = —( )6 26 and B, = Hn
1—71p 1—71p?
By conditions (ii) and (iii) we have that
ngl An = 1_ Tp2 ( l)ﬁngnkn
Brkn - 1)b,
and B, = > 7 Hn 5 < 00. Taking a, = |[z,—1 — p|| in inequality (2.7), we have
n=11—"Tp

an+1<( +A )an—i—Bn; \V/Tl>1

and all the conditions in Lemma 2.1 are satisfied. Therefore the limit hm |z — pll
exists. Without loss of generality we may assume that

im |z, —pll=d,  peF,
n— oo

where d is some nonnegative number. This completes the proof of Lemma 2.4. m
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3. Main results
We are now in the position to prove our main results in this paper.

THEOREM 3.1. Let E be a real Banach space and C' be a nonempty closed
convex subset of E. Let {T;}N;: C — C be N asymptotically nonexpansive map-

pings with F = ﬂil F(T;) # 0. Let {u,} and {v,} be two bounded sequences in C

and let {an}, {Bn}, {7}, {dn}, {Bn} and {7} be siz sequences in [0,1] and {k,}
be the sequence defined by (2.1) and p = sup,>, kn > 1 satisfying the following
conditions:

(i) n + B + Yo = i + Bn + 7 = 15

(i) 3=y (kn = 1)Bp < 00

(i) T =sup{B, :n>1} < p%;

(iv) 2211 Tn < 0, 2211 Yn < 00.

Then the implicit iterative sequence {x,} defined by (1.7) converges strongly
to a common fized point p € F = ﬂf\il F(T;) if and only if

lim inf d(z,,, F') = 0. (3.1)

Proof. The necessity of condition (3.1) is obvious.

Next we prove the sufficiency of Theorem 3.1. For any given p € F, it follows
from (2.7) in Lemma 2.4 that

lzn —pll < 1+ Ap)l|n-1 —pll| + B.  Yn2>1, (3.2)
where .

A, = {En = 1)BnBukn T ?f;?nkn and B, = 1 _'u:_p2
with >°° | A, < oo and > 2 | B, < co. Hence, we have

d(xn, F) < (1+ Ap)d(xn_1,p) + B, Vn2>1, (3.3)

It follows from (3.3) and Lemma 2.1 that the limit lim,, o d(z,, F) exists. By the
condition (3.1), we have
lim d(z,, F) = 0.

n—oo
Next, we prove that the sequence {x,} is a Cauchy sequence in C. In fact, since
Yoot Ay <00, 1+ < e forall > 0, and (3.2), therefore we have

|20 —pll < e ||lzps —pl| + B, Yn>1. (3.4)
Hence, for any positive integers n, m, from (3.4) it follows that
|Zn+m —pll < eAn+men+Yn—l —pll+ Buim

< eA"+m [eAn+m_1 ||-Tn+m—2 - p” + Bn-i-m—l] + Bn+m

IN
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’Tl+m Ai} { Tz+m Ai} n+m
< e{ i=n+1 ||17n _p” te i=n+2 Z Bz’
i=n—+1

n+m
<Qllzn —pl+Q X Bo (3.5)
1=n-+

oo

{Zma)
where QQ = e n=t < 00.

Since lim, o0 d(z,, F) = 0 and > -, B, < oo, for any given ¢ > 0, there
exists a positive integer ng such that

3

R €
d(xp, F) < ——, B, < —, Yn > ng.
( ) 4Q+1) i:;—i—l 2Q 0
Therefore there exists p; € F such that
€
d(Zn, STA T Vn > ng.
(x p1)<2(Q+1) n > ng

Consequently, for any n > ng and for all m > 1, we have

|Tntm — 2ol < | Tngtm — ool + |20 — 21|

n+m
SQlzn —pill+@Q X Bi+ |lzn —pill
i=n-+1

n+m
=@+ Dz, —m+Q X B

1=n—+1
<(Q+1)-m+@%:a.

This implies that {z,} is a Cauchy sequence in C. By the completeness of C, we
can assume that lim,, ., z,, = p*. Since the set of fixed points of an asymptotically
nonexpansive mapping is closed, hence F' is closed. This implies that p* € F' and so
p* is a common fixed point of 77,75, ..., Txy. This completes the proof of Theorem
3.1 m

THEOREM 3.2. Let E be a real Banach space and C be a nonempty closed con-
ver subset of E. Let {T;}N.;: C — C be N asymptotically nonexpansive mappings
with F = ﬂivzl F(T;) # 0. Let {un} be a bounded sequence in C and let {ay,},
{Bn}, {¥n} be three sequences in [0,1] and {k,} be the sequence defined by (2.1)
and p = sup,,> kn > 1 satisfying the following conditions:

(Z) Qnp +ﬁn +m =1

(i) Yopy (K — 1)Bn < 00;

(i) 0 < T =sup{f, :n>1} < p%;

(iv) 3 0=y Yn < 00

Then the implicit iterative sequence {x,} defined by (1.8) converges strongly to
a common fized point p € F = ﬂfil F(T;) if and only if liminf,, o d(x,, F) = 0.
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Proof. Taking ﬁn =, =0 for all n > 1 in Theorem 3.1, then the conclusion
of Theorem 3.2 can be obtained from Theorem 3.1 immediately. This completes
the proof of Theorem 3.2.

THEOREM 3.3. Let E be a real uniformly convex Banach space satisfying Opial
condition and C be a nonempty closed convex subset of E. Let {T;}}Y.,: C — C

be N asymptotically nonexpansive mappings with F = ﬂfil F(T;) # 0. Let {u,}
and {v,} be two bounded sequences in C and let {am}, {Bn}, {n}, {dn}, {On}
and {vy,} be siz sequences in [0,1] and {k,} be the sequence defined by (2.1) and
p =sup,>1 k, > 1 satisfying the following conditions:

(Z) Oén"'ﬂn""}/n :dn+ﬁn+’}7n = 17'

(i) Z?:l(kn —1)Bn < 00;

(1) 0 <7 =inf{f,:n>1}<sup{Bp:n>1}=n< ,7127.

(iv) B — 0, (n — 00);

(V) Yooy Yn < 00, D o0T ) Y < 005

(vi) 0 <8 =sup{B, :n>1} < L;

(vii) there exists constants L > 0 and o« > 0 such that, for any i,j €
(1,2,...,N} withi # j,

1T e = Tjyll < Lz —yll*,  Vn=>1,

forall x,y € C.

Then the implicit iterative sequence {x,} defined by (1.7) converges weakly to
a common fized point of the mappings {T1,Ta,...,Tn}.

Proof. First, we prove that
lim ||x, —T7 (mod N)+jxn|| =0, Vji=1,2,...,N. (3.6)

n— oo n

Let p € F. Put d = ||x,, — p||, where d is some nonnegative number. It follows from
(1.7) that

[zn = pll = (1 = Bn)[#n—1 =P+ Yn(un = 2n-1)]

+ BulTY (ot )Y — P+t — 2| > dy o
(3.7)

Again since lim,,_. ||z, — p|| exists, so {x,} is a bounded sequence in C. By virtue
of condition (v) and the boundedness of sequences {z,} and {u,} we have
limsupHxn,l —-p+ ’Yn(un - xnfl)H
n—oo
<limsup ||xy—1 — p|| + limsup v, ||up — Tp-1]| =d, pe€ F.
n—oo

n—oo

(3.8)
It follows from (2.3) and condition (iv) that

Hmsup(|T7 (nod NyYn — P+ Yn(tn — Tp—1)|

n—oo
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< limsup |13} (moq 5)Yn — Pl +limsup p un — 2|

n—oo n—oo

= limsup ||y, — ||

n—oo
< limsup((L = Bo)[[#n—1 = pll + Buknllzn = pll +Fullvn = pl]
<d, p € F. (3.9)
Therefore from condition (iii), (3.7)-(3.9) and Lemma 2.2 we know that
nILHgO ”T:Ll (mod N)yn — Tn-1 || =0. (310)
From (1.7), (3.10) and condition (v), we have
Hxn - -rn—1|| = HﬁN[Tr? (mod N)Yn — xn—l] + 'Yn(un - xn—l)H
S ﬁnHTg (mod N)yn - xnle +A/n||un - xnflu - 07 as n — o0,
(3.11)
which implies that
lim ||, — 2n-1] = 0. (3.12)
and so
lim ||z, — 2 =0  ¥j=1,2,...,N. (3.13)

n—oo

On the other hand, we have
||£Cn - T’f:,l (mod N)érnH < Hx’ﬂ - xanH + ||‘r’ﬂ*1 - T:’Z (mod N)y’ﬂ”
+ HT:LL (mod N)Yn — T;,L (mod N)xn” (314)

Now, we consider the third term of the right hand side of (3.14). From the Propo-
sition 2.1, (1.7) and the condition (vi) we have

||T777,l (mod N)Yn — TZLL (mod N)xﬂ” < kn”yn - CEn”
< pllonan—1 + ﬂAnTr? (mod N)Tn + YnVn — Zn |
< pldinllns = 2all + Ball T moa nyzn = 2all + Fallon — 2]

< pain||Tn—1 — zull + pS|| T, (mod N)Tn — Znll + pVnllvn — @n].
(3.15)

Substituting (3.15) into (3.14), we obtain that
(1 - p6)||.’11‘n - T;Ll (mod N)an

< (L pan)|@n = @n—al| + [|on—1 = T3 (mod N)ynll + pVnllvn — @nl|-
(3.16)

Hence, by virtue of the condition (v), (3.10) and (3.12), we have
(1= pb)limsup [ — T2 (o oyl < 0. (3.17)

n—oo

From the condition (vi), 0 < pé < 1, hence from (3.17) we have

nhjgo zn — T (mod N)l‘nH =0. (3.18)

m
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By condition (vii), we have
||T:7(iwd Ny T~ T(':;ll) (mod N):cn,1|| < Ll|zp — xpn-1]|* (3.19)
From (3.10), (3.18), (3.19) and Proposition 2.1, it follows that

”xn - T, (mod N)an
< lzn =T}, (mod N)an + T3, (mod N)Tn — T (mod N)an

< Hx” - T’V? (mod N)an + k1||T1:’LI_(Ilnod N)'Tn - .’EnH

< Nn = T (o 0y @nll + B { 1T o 3y = To ) (o )T

-1
1T (mod 3yt = Tn-ll + ll2n1 = @all |
< lan - T3 (mod N)an + ki L|[xn — 2n—1 ]|
+ k1||T&:11) (mod N)yTn—1— To—1|| + k1l|zn-1 — zx||

-0 as n — oo,

which implies that
lim ”wn — 4n (mod N)xn” - 07 (320)

n—oo

and so from (3.10) and (3.20), it follows that, for any j =1,2,..., N,

||£L’n - T, (mod N)+jxn||
< lln = @niill + @nrs = T (mod )+
+ 1T (mod N)+5Tn+5 — T (mod N)+5Tnl|

< len = 2ol + |20t — Tn (mod Ny+jZn+jll + K1l|@nt; — 2n| — 0 as n — oo,

which implies that
lim ||z, — T3 (mod N)+jZnll = 0. (3.21)

n—oo

Since F is uniformly convex, every bounded subset of E is weakly compact. Again
since {z,} is a bounded sequence in C, there exists a subsequence {z,,} of {z,}
such that {z,,} converges weakly to p; € C. Without loss of generality, we can
assume that ngy = j (mod N), where j is some positive integer in {1,2,...,N}.
Otherwise, we can take a subsequence {z,, } of {zn,} such that ny, =j (mod N).
For any ¢ € {1,2,...,N}, there exists an integer ig € {1,2,...,N} such that
ng + io = ¢ (mod N). Hence, from (3.21) we have

kllngo | zn, — Tqxn, || = 0. (3.22)

By Lemma 2.3 we know that p; € F(T,). By the arbitrariness of ¢ € {1,2,..., N},
we know that p; € F' = ﬂjvzl F(Tj).
Finally, we prove that the sequence {x,} converges weakly to p;. In fact,

suppose this is not true. Then there exists some subsequence {x,,; } of {z,} such
that {x,,} converges weakly to po € C' and p; # p2. Then by the same method as

given above, we can also prove that py € F = ﬂ;vzl F(T}).
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Taking p = p; and p = py and using the same method given in the proof of
Lemma 2.4, we can prove that the following two limits exist and
lim |z, —p1 = du, lim |z, — po| = d2
n—oo n—oo

where d; and ds are two nonnegative numbers. By virtue of the Opial condition of
FE, we have

dy = limsup ||y, — p1|| < limsup ||z,, — p2| = da
N — 00 N — 00
— lim sup [, — pal| < limsup |z, —pr| = dy.

This is a contradiction. Hence p; = po. This implies that {z,} converges weakly
to p1. This completes the proof of Theorem 3.3. m

THEOREM 3.4. Let E be a real uniformly convex Banach space satisfying Opial
condition and C' be a nonempty closed convex subset of E. Let {T;}N..: C — C be
N asymptotically nonexpansive mappings with F = ﬂfil F(T;) # 0. Let {u,} be
a bounded sequence in C' and let {a,}, {Bn} and {y,} be three sequences in [0, 1]
and {k,} be the sequence defined by (2.1) and p = sup,,~1 kn > 1 satisfying the
following conditions: -

(Z) ap + B+ =1;
(i1) 2?21(]% — 1), < o005
(1)) 0 <7 =inf{B, :n>1}<sup{Bp:n>1}=n< 7127.

(i'U) 2211 Yn < 005
(v) there exists constants L > 0 and o > 0 such that, for any i,j €
{1,2,...,N} with i # j,

|T] e — TPyl < Lz —yl|*,  Vn>1,
for all x,y € C.

Then the explicit iterative sequence {x,} defined by (1.8) converges weakly to
a common fized point of the mappings {T1,Ts,...,Tn}.

Proof. Taking By = Yn = 0 for all » > 1 in Theorem 3.3, then the conclusion of
the Theorem 3.4 can be obtained from Theorem 3.3 immediately. This completes
the proof of Theorem 3.4.

THEOREM 3.5. Let E be a real uniformly convexr Banach space and C be a
nonempty closed convex subset of E. Let {T;}}.,: C — C be N asymptotically
nonexrpansive mappings with F = ﬂil F(T;) # 0 and there exists anT}, 1 <1 < N
which is semi-compact (without loss of generality, we can assume that Ty is semi-
compact). Let {u,} and {v,} be two bounded sequences in C and let {an}, {Bn},
Y}, {dn}, {Bn} and {§,} be siz sequences in [0,1] and {k,} be the sequence
defined by (2.1) and p = sup,,>q kn > 1 satisfying the conditions (i)—(vii) as in
Theorem 3.3. Then the implicit iterative sequence {x,} defined by (1.7) converges
strongly to a common fixed point of the mappings {T1,Ts,...,Tn} in C.
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Proof. For any given p € F = ﬂfvzl F(T;), by the same method as given in
proving Lemma 2.4 and (3.22), we can prove that

lim ||z, —p| =d, (3.23)
where d > 0 is some nonnegative number, and
klirn |n, — Tqxn, |l =0, (3.24)
forallg=1,2,...,N.
Especially, we have
klim |2n, —T1i2n,] = 0. (3.25)

By the assumption of the theorem, T} is semi-compact, therefore it follows from
(3.25) that there exists a subsequence {,, } of {z,,} such that x,, — 2* € C.
Hence from (3.24) we have that

% = Toa™| = klirr;o [€ns, = Ton,, || =0,

for all g =1,2,..., N, which implies that * € F = ﬂfil F(T3).

Take p = a* in (3.23), similarly we can prove that lim, . ||z, — 2*| = di,
where d; > 0 is some nonnegative number. From Tp,, — z* we know that dy = 0,
i.e., x, — z*. This completes the proof of Theorem 3.5. m

THEOREM 3.6. Let E be a real uniformly convexr Banach space and C be a
nonempty closed convex subset of E. Let {T;}N.,: C — C be N asymptotically
nonexpansive mappings with F = ﬂf;l F(T;) # 0 and there exists an T;, 1 <
I < N which is semi-compact (without loss of generality, we can assume that Ty
is semi-compact). Let {u,} be a bounded sequence in C and let {a,}, {Bn} and
{n} be three sequences in [0,1] and {k,} be the sequence defined by (2.1) and
p = sup,,>, kn > 1 satisfying the conditions (i)—-(v) as in Theorem 3.4. Then the
explicit iterative sequence {x,} defined by (1.8) converges strongly to a common
fized point of the mappings {T1,Ts,...,Tn} in C.

Proof. Taking 6;1 =, = 0for all n > 1 in Theorem 3.5, then the conclusion of
the Theorem 3.6 can be obtained from Theorem 3.5 immediately. This completes
the proof of Theorem 3.6.

REMARK 3.1. Since 0 < (k, — 1)8, < k, — 1, therefore it is easy to see that
if condition (4¢) is replaced by (i7)":

(i) 3oy (kn — 1) < 00,

then also the conclusion of Theorem 3.1 - 3.6 holds true.

REMARK 3.2. Theorem 3.3 improves and extends Theorem 3.1 of Chang and
Cho [2] in its two ways:

Cxgl) The key condition >~ (k,—1) < 00” is replaced by more weak condition
S (ky = 1)B, < 00”.
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(2) The implicit iteration process {x,} in [2] is replaced by the more general
implicit or explicit iteration process {x,} with bounded errors defined by (1.7) or
(1.8).

REMARK 3.3. Theorem 3.3 improves and extends Theorem 1 of Zhou and
Chang [16] in its two ways:

(1) The key condition “Y>° | (k,—1) < 0o” is replaced by more weak condition
S (b —1)B, < 007

(2) The condition (v) in [16, Theorem 1]: there exists a constant L > 0 such
that for any 4,5 € {1,2,...,N}, i #j

|Te =Tyl < Lz —yll,  Yn>1,
for all z,y € C is replaced by the more general condition (vii) in Theorem 3.3.

(3) The implicit iteration process {x,} in [16] is replaced by the more general
implicit or explicit iteration process {x,} with bounded errors defined by (1.7) or
(1.8).

REMARK 3.4. Theorems 3.1-3.6 generalize and improve the corresponding
results of Bauschke [1], Halpern [7], Lions [8], Reich [10], Wittmann [14], Xu and
Ori [15] in the following aspects:

(1) The Hilbert space is extended to that of Banach space satisfying Opial’s
or semi-compactness condition.

(2) The class of nonexpansive mappings is extended to that of asymptotically
nonexpansive mappings.

(3) The implicit iteration process {z, } is replaced by the more general implicit
or explicit iteration process {x,} with bounded errors defined by (1.7) or (1.8).

REMARK 3.5. Our results also extend the corresponding results of Gu and Lu
[6] to the case of more general class of nonexpansive mappings considered in this
paper.

EXAMPLE 3.1. Let X =R and C' = [0,1]. Define T: C — C by T(z) = z/2,
x € [0,1]. Hence

Tz =Tyl =1/2z —y| < [z —y|
for all z,y € C. Therefore T is a nonexpansive mapping and hence it is an asymp-
totically nonexpansive mapping with constant sequence {1}. But the converse is
not true in general.
~ ExamPLE 3.2. Let X =/ly = {7 = {z:}2, s € C, )2 |7:]* < oo}, and let
B={z €ly: || <1}. Define T: B — {5 by

- 2
Tz = (0,27, asxa, asxs, . .. ),

where {a;}32, is a real sequence satisfying: az > 0, 0 < a; < 1, j # 2, and
[[;Z;a; = 1/2. Then

Iz =7l < 2( [T o)z = 9l < kallz — 5]
j=2
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where k,, = 2( H;’L:Q a]-) and Z,7 € X. Since lim,,_,o k,, = lim,,_, oo 2( H;-L:2 aj> =
1, it follows that T is an asymptotically nonexpansive mapping. But it is not a
nonexpansive mapping.
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