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WEIGHTED HANKEL OPERATORS AND MATRICES

Gopal Datt and Deepak Kumar Porwal

Abstract. In this paper, the notions of weighted Hankel matrix along with weighted Hankel

operator Sβ
φ
, with φ ∈ L∞(β) on the space L2(β), β = {βn}n∈Z being a sequence of positive

numbers with β0 = 1, are introduced. It is proved that an operator on L2(β) is a weighted Hankel
operator on L2(β) if and only if its matrix is a weighted Hankel matrix. Various properties of the

weighted Hankel operators Sβ
φ

on L2(β) are also discussed.

1. Preliminaries and introduction

Let β = {βn}n∈Z be a sequence of positive numbers with β0 = 1, r ≤ βn

βn+1
≤ 1

for n ≥ 0 and r ≤ βn

βn−1
≤ 1 for n ≤ 0, for some r > 0. Let f(z) =

∑∞
n=−∞ anzn,

an ∈ C, be the formal Laurent series (whether or not the series converges for any
values of z). Define ‖f‖β as

‖f‖2β =
∞∑

n=−∞
|an|2βn

2.

The space L2(β) consists of all f(z) =
∑∞

n=−∞ anzn, an ∈ C for which ‖f‖β < ∞.
The space L2(β) is a Hilbert space with the norm ‖·‖β induced by the inner product

〈
f, g

〉
=

∞∑
n=−∞

an bnβn
2,

for f(z) =
∑∞

n=−∞ anzn, g(z) =
∑∞

n=−∞ bnzn. The collection {en(z) = zn/βn}n∈Z
forms an orthonormal basis for L2(β).

The collection of all f(z) =
∑∞

n=0 anzn (formal power series) for which ‖f‖2β =∑∞
n=0 |an|2βn

2 < ∞, is denoted by H2(β). H2(β) is a subspace of L2(β).
Let L∞(β) denote the set of formal Laurent series φ(z) =

∑∞
n=−∞ anzn such

that φL2(β) ⊆ L2(β) and there exists some c > 0 satisfying ‖φf‖β ≤ c‖f‖β for
each f ∈ L2(β). For φ ∈ L∞(β), define the norm ‖φ‖∞ as

‖φ‖∞ = inf{c > 0 : ‖φf‖β ≤ c‖f‖β for each f ∈ L2(β)}.
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L∞(β) is a Banach space with respect to ‖ · ‖∞. Also, L∞(β) ⊆ L2(β). H∞(β)
denotes the set of formal Power series φ such that φH2(β) ⊆ H2(β). We refer to [13]
as well as the references therein, for the details of the spaces L2(β), H2(β), L∞(β)
and H∞(β). If βn = 1 for each n ∈ Z, and the functions under considerations
are complex-valued measurable functions defined over the unit circle T then these
spaces coincide with the classical spaces L2(T), H2(T), L∞(T) and H∞(T). If
φ ∈ L∞(β) is given by φ(z) =

∑∞
n=−∞ anzn, an ∈ C, then we use the symbols φ, φ∗

and φ̃ to represent the expressions φ(z) =
∑∞

n=−∞ anz−n, φ∗(z) =
∑∞

n=−∞ anzn

and φ̃(z) =
∑∞

n=−∞ a−nzn respectively.

Laurent operators or multiplication operators Mφ(f 7→ φf) on L2(T) play a
vital role in the theory of operators with their tendency of inducing various classes
of operators. In the year 1911, O. Toeplitz [14] introduced the Toeplitz operators
given as Tφ = PMφ, where P is an orthogonal projection of L2(T) onto H2(T)
and much later in 1964, Brown and Halmos [4] studied algebraic properties of these
operators. In 1980, Power [11] studied the Hankel operators Sφ = PJMφ defined on
the space H2(T), where J is the reflection operator. Many more classes of operators
are introduced and studied by mathematicians using Laurent operators, like, Slant
Toeplitz operators, kth-order slant Toeplitz operators, Slant Hankel operators, kth-
order slant Hankel operators, Essentially slant Hankel operators (see [1, 3, 8, 10] and
the references therein). An alternative for the Fourier transforms is the wavelet
transforms, which have many applications in data compression and to solve the
differential equations. An interesting reference connecting the spectral properties
of the slant Toeplitz operators with the smoothness of wavelets is [6].

The study of Laurent operators was extended to L2(β) by Shield [13] in the
year 1974. The study over L2(β) is more interesting as well as demandable because
of the tendency of these spaces to cover Bergman spaces, Hardy spaces and Dirichlet
spaces (see [13]). Reference [13] provides a nice survey over the historical growth,
details and applications of these spaces and also provides a comprehensive study of
Laurent operators Mβ

φ on L2(β) with the symbol φ ∈ L∞(β). We call this operator
as weighted Laurent operator. In the present paper we consider these spaces with
β = {βn}n∈Z as a sequence of positive numbers with β0 = 1, r ≤ βn

βn+1
≤ 1 for

n ≥ 0 and r ≤ βn

βn−1
≤ 1 for n ≤ 0, for some r > 0.

Let P β : L2(β) 7→ H2(β) be the orthogonal projection of L2(β) onto H2(β).
In the year 2005, Lauric [9] discussed the notion of weighted Toeplitz operators
T β

φ = P βMβ
φ on H2(β) and obtain a description of its commutant. Authors in [5],

introduced the weighted Hankel operators Hβ
φ on H2(β) and also provided their

connection with weighted Toeplitz operators. Recently Arora and Kathuria [3] has
extended the study to slant weighted Toeplitz operators.

In [7], the notion of Laurent matrix is discussed and Laurent operators on
L2(T) are charcterized in terms of the Laurent matrices. In this paper we extend
the definition of weighted Hankel operator to the space L2(β) and also introduce
the notion of weighted Hankel matrix. Our theorem (Theorem 2.2) in the first
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section of the paper, extends the following result of Halmos ([7, Problem 193]) to
these new notions.

Theorem 1.1. An operator A on L2(T) is a Laurent operator on L2(T) if and
only if it’s matrix with respect to the orthonormal basis {en(z) = zn}n∈Z of L2(T)
is a Laurent matrix.

In the second section of the paper, an attempt is made to study the com-
pactness, hyponormality and normality of the weighted Hankel operators on L2(β)
and it is also obtained that if the product of two weighted Hankel operators is a
weighted Hankel operator then the product must be zero.

2. Operators and matrices

For φ ∈ L∞(β) with formal Laurent series expression φ(z) =
∑∞

n=−∞ anzn,
the weighted Hankel operator Hβ

φ on H2(β) is given by

Hβ
φ ej =

1
βj

∞∑
n=0

a−n−jβ−nen, j ≥ 0.

However, this definition of weighted Hankel operator can be extended to the space
L2(β) as follows.

A weighted Hankel operator Sβ
φ on L2(β) is given by

Sβ
φej =

1
βj

∞∑
n=−∞

a−n−jβ−nen

for j ∈ Z. The weighted Laurent operator Mβ
φ (f → φf), φ ∈ L∞(β) is a bounded

operator with ‖Mβ
φ ‖ = ‖φ‖∞ (see [13]). It is easily seen that Sβ

φ = JβMβ
φ and

Mβ
φ = JβSβ

φ , where Jβ : L2(β) → L2(β) denotes the reflection operator defined as
Jen = e−n and {en(z) = zn/βn}n∈Z is the orthonormal basis of L2(β). This insures
that Sβ

φ is a bounded operator on L2(β). Also, as desired, Hβ
φ = P βJβMβ

φ

∣∣
H2(β)

=

P βSβ
φ

∣∣
H2(β)

. The reflection operator Jβ on L2(β) is a nice example of the weighted
Hankel operator on L2(β) induced by φ ≡ 1. It is self-adjoint and self invertible
i.e. (Jβ)−1 = Jβ .

The matrix representation of Sβ
φ with respect to the orthonormal basis {en :

n ∈ Z} is given on the next page.
As the operators have a close connection with the matrices and in order to

find a matrix having the tendency to characterize the weighted Hankel operator we
introduce the following notion of weighted Hankel matrix.

Definition 2.1. A doubly infinite matrix [αij ]i,j∈Z is said to be a weighted
Hankel matrix with respect to a sequence β = {βn}n∈Z of positive real numbers if

βj

β−i
αij =

βj+1

β−(i−1)
αi−1j+1,

for each i, j ∈ Z.
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Shield [13, Theorem 3(a)], proved that a bounded operator T on L2(β) is a
weighted Laurent operator if and only if it commutes with the weighted Laurent
operator Mβ

z and this result provides an important tool for our study. Now using
this result, we present a characterization of the weighted Hankel operators on L2(β)
in terms of weighted Hankel matrix.

Theorem 2.2. An operator A on L2(β) is a weighted Hankel operator on
L2(β) if and only if its matrix with respect to the orthonormal basis {en(z) =
zn/βn}n∈Z of L2(β) is a weighted Hankel matrix with respect to the sequence β =
{βn}n∈Z.

Proof. The proof of the necessary part follows directly from the matrix of the
weighted Hankel operator Sβ

φ on L2(β). We prove the sufficient part only. For, let A

be an operator on L2(β) with its matrix [αij ]i,j∈Z with respect to the orthonormal
basis {en(z) = zn/βn}n∈Z satisfying

βj

β−i
αij =

βj+1

β−(i−1)
αi−1j+1

for each i, j ∈ Z. Now a straightforward computation shows that
〈
JβAMβ

z ej , ei

〉
=

〈
AMβ

z ej , e−i

〉

=
βj+1

βj

〈
Aej+1, e−i

〉
=

βj+1

βj
α−i j+1

=
βi

βj

βj+1

βi
α−i j+1 =

βi

βi−1
α−i+1 j .

Similarly, using the fact that Mβ∗
z ei = βi

βi−1
ei−1 we can see that

〈
Mβ

z JβA ej , ei

〉
=

βi

βi−1
α−i+1 j . Consequently, JβA commutes with the weighted Laurent operator

Mβ
z and hence JβA = Mβ

φ for some φ ∈ L∞(β). This gives A = JβMβ
φ = Sβ

φ ,
φ ∈ L∞(β). This completes the proof.

It is now natural from Theorem 2.2 to expect that the adjoint of a weighted
Hankel operator need not be a weighted Hankel operator on L2(β). This can even
be verified through the following example.
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Example 2.3. Consider the sequence β = {βn}n∈Z, where

βn =
{

1 if n ≤ 0
2n if n ≥ 1.

Let φ(z) = z2. Now, for r = 1/2, β satisfies the conditions r ≤ βn

βn+1
≤ 1 for n ≥ 0

and r ≤ βn

βn−1
≤ 1 for n < 0. Also, φ ∈ L∞(β). But the matrix of Sβ∗

φ in not a
weighted Hankel matrix as, if we take i = −1 and j = −1 then the condition

βj

β−i

〈
Sβ∗

φ ej , ei

〉
=

βj+1

β−(i−1)

〈
Sβ∗

φ ej+1, ei−1

〉

implies that 1 = 4. Hence Sβ∗
φ is not a weighted Hankel operator on L2(β).

If φ ≡ c is a constant, then the adjoint of weighted Hankel operator is a
weighted Hankel operator, in fact, Sβ∗

φ = cJβ . Now we find a characterization for
the general case as follows.

Theorem 2.4. If φ is a non-constant function in L∞(β), then the adjoint Sβ∗
φ

of a weighted Hankel operator Sβ
φ on L2(β) is a weighted Hankel operator on L2(β)

if and only if βn = 1 for each n ∈ Z.

Proof. Let βn = 1 for each n ∈ Z and φ(z) =
∑∞

n=−∞ anzn ∈ L∞(β). Now, it
is a matter of study over the classical space L2(T) and we find that φ, φ∗ ∈ L∞(β),
Mβ∗

φ = Mβ

φ
and JβMβ

φ∗ej(z) = (
∑∞

n=−∞ anz−n)z−j = Mβ

φ
Jβej(z). Hence Sβ∗

φ =

Mβ∗
φ Jβ = Mβ

φ
Jβ = JβMβ

φ∗ = Sβ
φ∗.

For the converse, suppose φ(z) =
∑∞

n=−∞ anzn ∈ L∞(β) is a non-constant
function such that Sβ∗

φ is a weighted Hankel operator. Choose an integer j0 6= 0 such
that aj0 6= 0. If [γij ]i,j∈Z denotes the matrix of Sβ∗

φ with respect to the orthonormal

basis {en(z) = zn/βn}n∈Z of L2(β) then for each i, j ∈ Z, γij = a−i−j
β−j

βi
so that

βi

β−j
γij =

βi−k

β−(j+k)
γi−k j+k (2.4.1)

for each k ∈ Z.
If Sβ∗

φ is a weighted Hankel operator on L2(β), then using Theorem 2.2,

βj

β−i
γij =

βj+k

β−(i−k)
γi−k j+k (2.4.2)

for each i, j, k ∈ Z. Now γ0 −j0 = aj0
βj0
β0

6= 0 and using (2.4.2), we find that
γ−k −j0+k 6= 0 for each k ∈ Z. Now using (2.4.1) and (2.4.2) for i = 0 and j = −j0,
we have

β2
0

βj0β−j0

=
βkβ−k

β−j0+kβj0−k
(2.4.3)
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for each k ∈ Z. If we put k = j0 in (2.4.3), we get βj0β−j0 = 1 and hence
βj0 = β−j0 = 1. Now let βj0 = β−j0 = β2j0 = β−2j0 = · · · = βmj0 = β−mj0 = 1.
Now on substituting k = (m + 1)j0 in (2.4.3), it gives β(m+1)j0 = β−(m+1)j0 = 1.
The result follows from here by applying the principle of mathematical induction
and using the fact that βn ≤ βn+1 for n ≥ 0 and βn ≤ βn−1 for n ≤ 0.

One can easily check that if β = {βn}n∈Z is a semi-dual sequence i.e. β−n = βn

for each n then Mβ
z Jβej = JβMβ

z−1ej for each j ∈ Z. This observation helps to
conclude the following.

Theorem 2.5. If β = {βn}n∈Z is a semi-dual sequence then a necessary and
sufficient condition for an operator A on L2(β) to be a weighted Hankel operator is
that Mβ

z A = AMβ
z−1 .

Proof. If A = Sβ
φ then

Mβ
z A = Mβ

z JβMβ
φ = JβMβ

z−1M
β
φ

= JβMβ
φ Mβ

z−1 = Sβ
φMβ

z−1 .

Conversely, if Mβ
z A = AMβ

z−1 then on pre multiplying by Jβ , we get

Mβ
z−1J

βA = JβAMβ
z−1 ,

which on pre and post multiplying both sides by Mβ
z gives

JβAMβ
z = Mβ

z JβA.

Therefore, JβA is a weighted Laurent operator, symbolically JβA = Mβ
φ for some

φ ∈ L∞(β). Hence A = JβMβ
φ = Sβ

φ .

It is worth noticing that weighted Hankel operators are linear with respect to
their symbols. Thus, if we denote the class of all weighted Hankel operators on
L2(β) by wβ

H , then wβ
H is a linear subspace of B(L2(β)), the space of all bounded

operators on L2(β). Furthermore, we show that it is closed.

Theorem 2.6. wβ
H is a closed (strongly) linear subspace of B(L2(β)).

Proof. Suppose A ∈ B(L2(β)) and a sequence {φn} in L∞(β) are such that
Sβ

φn
→ A as n →∞. Evidently,

JβAMβ
z = lim

n→∞
JβSβ

φn
Mβ

z = lim
n→∞

(Jβ)2Mβ
φn

Mβ
z

= lim
n→∞

Mβ
z Mβ

φn
= lim

n→∞
Mβ

z JβSβ
φn

= Mβ
z JβA.

This gives JβA = Mβ
φ for some φ ∈ L∞(β) so that A = JβMβ

φ = Sβ
φ . This

completes the proof.
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3. Properties of weighted Hankel operator

This section is devoted to study some basic algebraic properties of the weighted
Hankel operators on L2(β). It is shown that there is a dearth of compact weighted
Hankel operators, in fact, the only compact weighted Hankel operator on L2(β)
is the zero operator. We also discuss the case for self-adjoint weighted Hankel
operator. Product of weighted Hankel operators with the weighted Laurent as well
as weighted Hankel operators are calculated.

The following lemma is a common knowledge among the readers who study
the Laurent operator. Unfortunately, we have not been able to find a reference
providing the proof in the case of weighted Laurent operator. We include the proof
of the result here.

Lemma 3.1. The weighted Laurent operator Mβ
φ on L2(β) is compact if and

only if φ = 0.

Proof. Nothing is needed to prove the if part. We prove the converse part only.
For, let φ(z) =

∑∞
n=−∞ anzn in L∞(β) be such that Mβ

φ is a compact operator.
Then, it maps weakly convergent sequences to strongly once. Hence, for each j ∈ Z,
|〈Mβ

φ en, en+j

〉| ≤ ‖Mβ
φ en‖ → 0 as n →∞. But,

|〈Mβ
φ en, en+j

〉| =
∣∣∣

∞∑
m=−∞

am
βm+n

βn

〈
em+n, en+j

〉∣∣∣ = |aj |βn+j

βn
.

Therefore, if j ≥ 0, then

|aj | ≤ |aj |βn+1

βn

βn+2

βn+1
· . . . · βn+j

βn+j−1
→ 0

as n → ∞. As a consequence, aj = 0 for each j ≥ 0. In case j < 0, then for any
natural number n such that n + j ≥ 0,

|aj |rj+1 ≤ |aj |βn−1

βn

βn−2

βn−1
· . . . · βn+j

βn+j+1
.

This implies that aj = 0 for each j < 0. Hence, φ = 0.

Theorem 3.2. The weighted Hankel operator Sβ
φ on L2(β) is compact if and

only if φ = 0.

Proof. The operator Sβ
φ is compact if and only if JβSβ

φ = Mβ
φ is compact. The

latter is compact if and only if φ = 0.

We recall that for φ given by φ(z) =
∑∞

n=−∞ anzn, an ∈ C, the symbol φ̃

mean the expression φ̃(z) =
∑∞

n=−∞ a−nzn. It is easy to see that if β = {βn}n∈Z
is a semi-dual sequence and φ ∈ L∞(β) then φ̃ ∈ L∞(β).
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Lemma 3.3. Let β = {βn}n∈Z be a semi-dual sequence and φ ∈ L∞(β). Then

(1) JβMβ
φ = Mβ

φ̃
Jβ.

(2) The product Mβ
φ Sβ

ψ is a weighted Hankel operator on L2(β). Moreover,
Mβ

φ Sβ
ψ = Sβ

φ̃ψ
.

(3) The product of two weighted Hankel operators on L2(β) is a weighted Lau-
rent operator on L2(β).

Proof. Being β = {βn}n∈Z a semi-dual sequence, we have βn = β−n for each
n ∈ Z and hence

Sβ
φej(z) = JβMβ

φ ej(z) =
1
βj

∞∑
n=−∞

anβn+je−n−j(z)

=
1
βj

(
∞∑

n=−∞
anz−n)z−j = Mβ

φ̃
Jβej(z).

This means that Sβ
φ = Mβ

φ̃
Jβ and hence JβMβ

φ = Mβ

φ̃
Jβ .

Now proof of (2) follows as ˜̃
φ = φ and hence Mβ

φ Sβ
ψ = Mβ

φ JβMβ
ψ =

JβMβ

φ̃
Mβ

ψ = JβMβ

φ̃ψ
= Sβ

φ̃ψ
.

If Sβ
φ and Sβ

ψ are two weighted Hankel operators on L2(β) then

Sβ
φSβ

ψ = (JβMβ
φ )(JβMβ

ψ ) = (Mβ

φ̃
Jβ)(JβMβ

ψ ) = Mβ

φ̃
Mβ

ψ = Mβ

φ̃ψ
.

This completes the proof of (3).

Proposition 3.4. Let β = {βn}n∈Z be a semi-dual sequence and φ, ψ ∈
L∞(β). Then following are equivalent:

(1) Mβ
φ Sβ

ψ is a compact operator.

(2) Sβ
φSβ

ψ is a compact operator.

(3) φ̃ψ = 0.

Proof. Equivalency of (1) and (3) follows from Theorem 3.2 and Lemma 3.3(2)
and equivalency of (2) and (3) is immediate from Lemma 3.1 and Lemma 3.2(3).

Now we are in a stage to state the following result which follow immediately
from the preceding analysis.

Proposition 3.5. Let β = {βn}n∈Z be a semi-dual sequence and φ, ψ ∈
L∞(β). Then

(1) Sβ
ψMβ

φ = Mβ

φ̃
Sβ

ψ.

(2) σ(Sβ
φ ) = σ(Sβ

φ̃
), where σ(Sβ

φ ) denotes the spectrum of the operator Sβ
φ .
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Now we investigate the situations under which the weighted Hankel operators
on L2(β) are self-adjoint.

Theorem 3.6. Let φ =
∑∞

n=−∞ anzn, an ∈ C be a non-constant function in
L∞(β). Then the weighted Hankel operator Sβ

φ on L2(β) is self-adjoint if and only
if each βn = 1 and an is a real number.

Proof. If part follows directly from the definition, as for each j ∈ Z, Sβ
φej =

1
βj

∑∞
n=−∞ a−n−jβ−nen and Sβ∗

φ ej = β−j

∑∞
n=−∞

a−n−j

βn
en.

Conversely, suppose that Sβ
φ on L2(β) is a self-adjoint operator. Then for each

j ∈ Z, Sβ
φej = Sβ∗

φ ej which implies that

a−n−jβ−n

βj
=

a−n−jβ−j

βn
(3.6.1)

for each n, j ∈ Z. Being φ is non-constant, there must exist a non-zero integer k
such that a−k 6= 0. Now we use the induction to conclude that βmk = β−mk = 1
for each m ≥ 1. Equation (3.6.1) with j = 0 and n = k becomes βkβ−k = 1, which
in turn implies βk = β−k = 1. Assume that βk = β−k = β2k = β−2k = · · · = βpk =
β−pk = 1. Now on substituting j = −pk and n = (p + 1)k in (3.6.1), we get

a−(p+1)k+pkβ−(p+1)k

β−pk
=

a−(p+1)k+pkβpk

β(p+1)k
,

which, on taking the modulus both sides, gives β(p+1)k = β−(p+1)k = 1. Therefore,
we have βn = 1 for each n ∈ Z. Now go back to (3.6.1), we find that a−n−j = a−n−j

for each n, j ∈ Z. This provides that each an is a real number.
Normal operators are always hyponormal, however the next result provides a

condition for the converse to hold for the weighted Hankel operators on L2(β).

Theorem 3.7. Let φ =
∑∞

n=−∞ anzn, an ∈ C be a non-constant function
in L∞(β). Then the hyponormal weighted Hankel operator Sβ

φ , induced by φ, on
L2(β) is normal if and only if βn = 1 for each n ∈ Z.

Proof. Let the hyponormal weighted Hankel operator Sβ
φ on L2(β) is normal.

Then for each j ≥ 0, ‖Sβ∗
φ ej‖ = ‖Sβ

φej‖ which implies that

β2
−j

∞∑
n=−∞

|a−n−j |2
βn

2 =
1

βj
2

∞∑
n=−∞

|a−n−j |2β2
−n. (3.7.1)

For j = 0, this gives
∑∞

n=−∞(|a−n|2β2
−n − |a−n|2

βn
2 ) = 0 and hence, being each term

in the bracket is positive, we get

|a−n|2
βn

2 = |a−n|2β2
−n (3.7.2)

for each n ∈ Z.
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First we consider the situation, when there exist some non-zero integer p such
that ap 6= 0 and an = 0 for |n| > |p|. Accordingly, for p > 0, φ(z) = a−pz

−p +
a−p+1z

−p+1 + · · · + a−1z
−1 + a0 + a1z

1 + · · · + apz
p. We use the mathematical

induction to conclude that βn = 1 for each n ∈ Z. Equation (3.7.2) for n = p gives
βpβ−p = 1, which means βn = 1 for |n| ≤ p. Suppose that βmpβ−mp = 1 for m > 1.
Then equation (3.7.1) for j = mp provides





−(m−1)p∑
n=−(m+1)p

(|a−n−(m+1)p|2β2
−n − |a−n−(m+1)p|2

β2
n

) = 0 if p > 0

−(m+1)p∑
n=−(m−1)p

(|a−n−(m+1)p|2β2
−n − |a−n−(m+1)p|2

β2
n

) = 0 if p < 0.

In any case, we can conclude that β2
(m+1)pβ

2
−(m+1)p = 1. Therefore βmpβ−mp = 1

for every m ≥ 1 and hence βn = 1 for each n ∈ Z.

If the first situation fails to occur then for each n ≥ 0, we can find n0 > n
such that an0 6= 0 or a−n0 6= 0. In any case, from equation (3.7.2) we can obtain
|a−n0 |2

βn0
2 = |a−n0 |2β2

−n0
, which provides βn0 = β−n0 = 1. Hence, βm = 1 for

|m| ≤ n0. Thus βn = 1 for each n ∈ Z. This completes the proof of the necessary
part.

For the converse, we suppose that βn = 1 for each n ∈ Z. Now, if
f(z) =

∑∞
n=−∞ bnzn ∈ L2(β) then f∗(z) =

∑∞
n=−∞ bnzn ∈ L2(β). Moreover,

simple computations show that ‖Sβ∗
φ f‖ = ‖Sβ

φf∗‖ and ‖Sβ∗
φ f∗‖ = ‖Sβ

φf‖. Now hy-
ponormality of Sβ

φ means that ‖Sβ∗
φ f‖ = ‖Sβ

φf‖, which implies that Sβ
φ is a normal

operator.

Now we proceed to answer the question: When is the product of weighted
Hankel operators on L2(β) a weighted Hankel operator?

Lemma 3.8. Let β = {βn}n∈Z be a semi-dual sequence and φ ∈ L∞(β). Then
Mβ

φ Jβ is a weighted Laurent operator on L2(β) if and only if φ = 0.

Proof. If Mβ
φ Jβ is a weighted Laurent operator on L2(β) then it commutes

with Mβ
z . As a fact, we have

〈
Mβ

z Mβ
φ Jβej , ei

〉
=

〈
Mβ

φ JβMβ
z ej , ei

〉
, which turn

out as βj

β−j
ai+j−1 = βj+1

β−j−1
ai+j+1. As β is a semi-dual sequence, this implies that

ai+j−1 = ai+j+1 for each i, j ∈ Z. It is easy to conclude from here that a2n = a0

and a2n+1 = a1 for each n ∈ Z. As L∞(β) ⊆ L2(β), so we find that an → 0 as
n →∞ and this yields that each an = 0. Hence, φ = 0. The converse is obvious.

Using this lemma, we can prove the following.

Theorem 3.9. Let β = {βn}n∈Z be a semi-dual sequence and φ ∈ L∞(β).
Then the product of two weighted Hankel operators on L2(β) is a weighted Hankel
operator on L2(β) if and only if the product is the zero operator.
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Proof. Let the product Sβ
φSβ

ψ of two weighted Hankel operators Sβ
φ and Sβ

ψ

on L2(β) is a weighted Hankel operator say Sβ
ξ for some ξ ∈ L∞(β). Now using

Lemma 3.2(1),
JβMβ

ξ = Sβ
ξ = Sβ

φSβ
ψ = JβMβ

φψ̃
Jβ .

Thus, Sβ
φSβ

ψ is a weighted Hankel operator (Sβ
ξ ) if and only if Mβ

φψ̃
Jβ is a weighted

Laurent operator (Mβ
ξ ). Using Lemma 3.6, the latter holds if and only if φψ̃ = 0.

This completes the proof.
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