MATEMATNYKN BECHUK OPUTMHAJIHNA HAYYHU DAL
65, 4 (2013), 454-465 research paper
December 2013

A GENERALIZED OPERATOR INVOLVING
THE ¢-HYPERGEOMETRIC FUNCTION

Aabed Mohammed and Maslina Darus

Abstract. Motivated by the familiar g-hypergeometric functions, we introduce here a new
general operator. By this operator, we define a subclass of analytic function. The class generalizes
well known classes of starlike and convex functions. The integral means inequalities of this class are
investigated. Also, we consider p-y-neighborhood for functions in this class. Our result contains
some interesting corollaries as its special cases.

1. Introduction

Let U = {z € C:|z|] < 1} be the open unit disk in the complex plane C and
let A denote the class of functions normalized by

Fl2) =2+ ki ", (1.1)

which are analytic in the open unit disk ¢ and satisfy the condition f(0) = f'(0) —
1=0.

We say that a function f € A is starlike of order ¢ and belongs to the class
S5*(9), if it satisfies the inequality

2f'(2) ,
%<f(z)>>5 (zelU;0<0<1).

The class C of convex functions of order ¢ is a subclass of A where the functions
f € A satisfy the inequality

2f"(2) ,
%(f’(z) +1>>5 (zelU;0<0<1).
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For functions F € A given by F(z) = z+ Y .. ,b,2" and G € A, given by
G(z) =2+ .25 cp2", we define the Hadamard product (or convolution) of F' and
G by

(F+xG)(2) =24 > bucnz™ (z €U).
n=2

Let g and h be analytic functions in the unit disk ¢/. The function g is subor-
dinate to h, written as g < h, if ¢ is univalent, g(0) = h(0) and g(U) C h(lU).

In general, given two functions g and h which are analytic in ¢, the function
g is said to be subordinate to h if there exists a function w analytic in &/ with

w(0) =0 and |w(z)| <1 (z€lU)
such that g(z) = h(w(z)) (z € U).

A g—hypergeometric series is a power series in one complex variable z with

power series coefficients which depend, apart from ¢, on r complex upper parameters

aj,as,...,a, and s complex lower parameters by, ba, . .., bs as follows (see [14, p. 4,
Eq. (1.2.22)]):
A1y ey Qp
r¢s(a17---aar;bla---7bs;Qaz):T¢S 42
by,..., b

% __(ar3a)y (@5 0), [(-1)"g®)] e
n=0 (¢:0),(b139),, -+~ (bs3q),,
with (3) = n(n —1)/2, where ¢ # 0 when r > s + 1.
Here (a, q), is the g-shifted factorial defined by
1, n =20,
@ ={ (- )1 = ag)(1 —ag®)- (1 — "), neN,

where N denotes the set of all positive integers. It is easy to see that

, (1.2)

111’{1_ T(bs(qal? LR aqar; qbla cee 7qbs;qa (q - 1)1+3_Tz) = TFS(a'h vy Qpy b17 ey b57 Z>7
q—)
where .Fs(ai,...,a,;b1,...,bs;2) is the well known generalized hypergeometric

function defined by (for ay,...,a,,b1,...,bs, 2 € C)
rFs(ala“war;blw-';bs;z):rFs 32

| R (ayela),

n=0 (b1),, -+ (bs),, !

(r<s+1,rs € Ny:=NuU{0}), where b; #0,—-1,-2,..., (j
()r, is the Pochhammer symbol defined by

e ifn=0and peC\{0},

(W = { plp+1)---(p+n—-1), ifneNand ueC.

1,2,...,s) and
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An important property that we will use is the convergence criteria of the g¢-
hypergeometric series defined in (1.2) depending on the values of ¢, r and s. Since

un (L= g"*)(1 =b1g") - (1 —bsq)
where u,, denotes the terms of the series (1.2) containing z, then by the ratio test,
we conclude that (see [14]), if 0 < |g| < 1, the ,.¢5 series converges absolutely for all
zifr <sandfor |z| <1ifr=s+1. If |g) > 1 and |z| < |by - - - bsq|/|a1 - - - ar|, then
also ¢, converges absolutely. The series ¢ diverges for z # 0 when 0 < |¢| < 1
and r > s+1, and when |g| > 1 and |z| > |by - - - bsq|/|a1 - - - ar|, unless it terminates.
As is customary the ,.¢s notation is also used for the sums of this series inside the
circle of convergence and for their analytic continuations (called ¢-hypergeometric
function) outside the circle of convergence.

Un+1 _ (1 - alqn)(l - a2qn) U (1 - G‘an) (_ n)lJrsfrZ

In 1908, Jackson reintroduced and started a systematic study of the g-difference
operator [4, 14]:

h(gz) — h(x)

s a#F 1 x#0, 1.3

(¢—1)z (13)

which is now sometimes referred to as Euler-Jackson, Jackson g-difference operator,
or simply the g-derivative. Observe that

D,h(z) =

2""! and lir% D,h(z) = h'(z2),
q—?

where h'(z) is the ordinary derivative.

The formulas for the g-derivative D, of a product and a quotient of two func-
tions are

Dy(h(2)g(2)) = h(qz)Dyg(2) + 9(2) Dgh(z),

M)\ _ g()Dgh() ~h()Dygz)
Da (g(Z)) B 9(a2)9(2) » 9(qz)g(z) # 0.

For more properties of D, see [9, 15].

Now for z € U, 0 < |g| < 1, and r = s + 1, the ¢-hypergeometric function
defined in (1.2) takes the form

S (Cth) '“(af’7q)
7b5; 72 = n L Zn’
©H = L o), G ),

which converges absolutely in the open unit disk ¢/. Let

rq)s(ala”'var;blv"'

m(a’la”'7ar;b17"‘7bs;q7z) :Z’r‘q)s(a17"'7a’r’;b17'"ubs;qWZ)
— ioj (a17 Q)n_l ce (ara Q)n_1 o
n=2 (q7 q)nfl(bh q)nfl T (bT7 q)nfl

We define for f € A, an operator M%(aq,...,a,;b1,...,bs;q) by the Hadamard
product

Mi(ar,...,ar;b1, ... bs;0) f(2) =mla,...,ar;b1,...,bs;q,2) % f(2). (1.4)
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So, for a function of the form (1.1) and from (1.4),
MZ(ala sy Qpg b17 R b?a q)f(Z) =z+ Z Tnanzna (15)
n=2

where, for convenience,

(@1,9)p 1~ (@ @)n 4
(Qa Q)n_l(bh q)n—l e (bsa Q)n_l

T, =

For brevity, we write,

Mai;bj; g f(2) = M(ar,...,a;301,...,bs;9) f(2),
(i=1,2,...rj=12_..5).

REMARK 1.1. When a; = ¢, b; = 7%, a, B; € C, B; # 0,-1,...;
(it =1,2,...r, j = 1,2,...8) and ¢ — 1, we obtain the Dziok-Srivastava linear
operator [8] (for r = s+ 1), so that it includes (as its special cases) various other
linear operators introduced and studied by Ruscheweyh [22], Carlson-Shaffer [6]
and Bernardi-Libera-Livingston operators [5, 19, 21]. Some of relations for the
general operator (1.5) are discussed in the next lemma.

LEMMA 1.1. For f € A, we have
(i) Mola:sdlf(2) = f(2),

(i) Mylg% 5qlf(2) = 2Dy f(2), and lim,_1 M{[q?, 5 qlf(2) = zf'(2), where D,
is the q-derivative defined in (1.3).

Now using M7 [a;; b;; q] f, we define the following subclass of analytic functions.

DEFINITION 1.1. Given 0 < a <1 and 0 < # < 1 and functions
D(2)=2z+4+ > 2™, V(2)=2z+4 > pnz",
n=2 n=2

analytic in U such that A\, > 0, g, > 0, Ay > pn, (n > 2), we say that f € A isin
M5 (ai,b,¢, 2,9, a, 8) if f(z) * ¥(2) # 0 and

(i, MJ) (f+®)(2) s (ai by, q) (f + @) (2)
M (aisbj ) (f * ) (2) M (ai, by, q) (f V) (2)

where M7 [a;, b;; q]f(z) is given by (1.5). We further let

+1

)

<o

MT’I",S (ai7 ijqu (I)v \Ila aaﬁ) = M'r‘,s (ai7 bj7q7 (I)v \Ila avﬁ) nT

where

Tz{feA;f(z)zz—§|an|zn,zeu}, (1.6)
n=2

a subclass of A being introduced and studied by Silverman [25].
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By suitably specializing the values of r, s, a1, as,... ,ar, by, ba,... ,bs, q, , 0,
a and 3, the class M7, ; (a;,b;,q, P, V¥, o, 3) leads to various subclasses. As illus-
trations, we present some examples:

ExXAMPLE 1. For r =1, s =0 and a; = ¢, we have

MT],O (Qa -, q, (I)a \I,a «, ﬁ) = DT((I)7 \Ila «, ﬁ)
_ | 2)(2) ‘ (f+®)(2) ‘}
= T | —— T
{rerfimmG -l <epirma b
where D7 (®, U, o, ) was introduced and studied by Darus [7].

EXAMPLE 2. Forrzl,SzO,alzq,azz(ll;fy),ﬂ:O,

(f D) (2) _1’ < 1-96 }
(f = W) () 21-v)J’
which implies the class Br (®, ¥, §, v), introduced and studied by Frasin [10], Frasin
and Darus [11, 12].

EXAMPLE 3. Forr=1,s=0, a1 = ¢, ®(2) = ﬁ, U(z) = &, we get

1-9
MTI,O <Q77qa(b7\1]72(1_y),0> = {fET’

1—2z7
MTI,O (q77qa(1_’zz)2a1iz7aaﬁ> = MT(Q?B)
) |G 2f(2) ‘}
{feT. e 1’<aﬁf(z) + 1|7,

where M(a, 3) was introduced by Lakshminarasimhan [18].
EXAMPLE 4. Forr=1,s=0,a1=¢q,a=1-0,3=0,

*®) (2
MTI,O(Q777q7(I)7\IJ71_6aO) :DT((I)vqlv(S) = {f €T: ‘M _1‘ < 1_5}a
where D7 (®, VU, d) was introduced by Juneja et.al [16]. In particular, for r = 1,
S:()v ay = ¢, @(z):ﬁ, \II(Z): ﬁ,a:]_—(s,ﬁ:()v

z z _Gr(§) — |=f'(2)
MT1,0<Q»—aQamaf;1—5aO)—57(5)—{f67. ) 1‘<1 5}
andfor?":173=07a1=q7‘1>(2):%>q’(z):ﬁ»azl—&ﬁ:Oweget

z+ 2* z - B .zf”(z)
MTLO(QVML(1_,2)3,(172)2,175,0)—CT(d)f{feT. e <1-a},

where S%(6) and C7(J) denote the subfamilies of 7 that are starlike of order § and
convex of order § which were studied by Silverman [25].

EXAMPLE 5. Forr=1,5=0, a; = ¢*> and ¢ — 1, we get

MTLQ (QQ,,, 1,‘1’,\I/7a’ﬁ) = ‘W—l‘ <a’ﬁm

(0 (2) “"
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t EXAMPLE 6. Forr=1,s =0, a1 =¢% ¢ — 1, ®(2) = 55, ¥(2) = 15, we
ge
z z
MTI,O (q27 - 1) ma Ea Oé,ﬁ)
~{rem e < (e =) =)
EXAMPLE 7. Forr=1,5=0,a; = ¢ q— 1, ®(2) = %7 V(z) = 755
we get
9 z+ 22 z
MTLO (q v 1 (1 —2)37 (1 _2)2,0[75)
_ |2 (&f"(2) +2f"(2)) 2 (21" (2) + 2f"(2))
= {feT. D)1 ’ <a‘ﬁ< (2 + () +1> +1‘}.

Making use of the similar arguments as Darus [7], we get the following necessary
and sufficient condition of the class M, ; (as,b5,q,®, ¥, o, ).

A function f € Mz, ¢ (a;,b;,q,®, ¥, a, () if, and only if,

[(L+aB) Adn — (1 — ) pn]

5 Tollan| <1, 0<a<1, 0<A<1.  (1.7)
n=2

a(f+1)
The result is sharp with the extremal functions
a(f+1)
n = T AN TL7 > 27
fu(z) =2 J(a,ﬁ,n)z n >

where o(a, 8,n) = [(1 + af) A\p — (1 — @) pn] | Thl-

In [25], Silverman found that the function fa(z) = z — % is often extremal
for the family 7. He applied this function to resolve his integral means inequality

settled in [26], that

27 27
/ | f(re?®)|" do < / | fo(re'®)|" ad),
0 0

forall f€7,n>0and 0 <r < 1. Silverman [27] also proved his conjecture for
the subclasses S%(0) and Cr () of 7.

In this paper, we prove Silverman’s conjecture for the functions in the fam-
ily Mz, s (ai,bj,q,®,¥,,3). By taking appropriate choices of the parameters
7, 8,a1, A2, ... ,0r, b1, b, .. bs, ¢, P, ¥, and (B, we obtain the integral means
inequalities for several known as well as new subclasses of convex and starlike func-
tions in . In fact, these results also settle the Silverman’s conjecture for several
other subclasses of 7. Also we consider the p-y-neighborhood for function f(z)
belongs to this class. For other results dealing with integral means inequalities and
neighborhoods of certain subclasses of analytic functions, see [1, 2, 3, 17, 24].
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2. Integral means inequalities

Following the work of Littlewood [20], we obtain integral means inequalities
for the functions in the family M7, ; (a;,b;,q, ®, ¥, a, 3).

LEMMA 2.1. [20] If the functions f and g are analytic in U with g < f, then
form>0and0<r <1,

27 27
/0 ’g(rew)r7 do < /0 ‘f(rewk)‘n de.

Applying (1.7) and Lemma 2.1, we prove the following result.

THEOREM 2.1. Let f € M, (ai,bj,q,2,¥,0,08),0 <a<1,0<6<1,
{o (o, B,n)},2, be a non-decreasing sequence and f2(z) be defined by

— a(B+1) 2
fa(z) = 70(0[7@ 2) )
where
o(a,3,2) =[(1+apf) A2 — (1 — ) po] [T (2.1)

and Yo is given by
1-a1) - (1—a.)
(1—q)(I=b1) - (1 —bs)

Then for z =re?, 0 < r < 1, we have

Ty =

2 2T
/ F)do < / | fa(2)|" do. (2.2)
0 0

Proof. For a function f of the form (1.6), the inequality (2.2) is equivalent to

2m 0 n 2m n
1
/ 1= 5 Jag)zm! d9§/ 1- (5+)z do.
0 n=2 0 (a Bv )
By Lemma 2.1, it suffices to show that

o + 1)
an|2™ L < a(ﬁiz. 2.3

n§2| | O'(Ot,ﬂ,2) ( )

Setting Z anz"t = af+1) w(z), from (2.3) and (1.7), we obtain

n=2 ( ﬁa )
_[g et resfim), ),

By the definition of subordination, we have (2.3). This completes the proof. m

In the view of Examples 1 to 7, we state the following corollaries.
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COROLLARY 2.1. Let f € Mz o(q,-,¢,®,%,0,8) = Dr(®, ¥, 0, 3), 0 <
a<1,0<3<1 and fo(z) be defined by

. a(B+1) 2
S Ty, vy Ry T
Then for z =re?, 0 < r < 1, we have
27 2
| ueras [inenre. (2.4)
0 0

COROLLARY 2.2. Let f € Mt (q,,7 q,®,0, 2(11;75”),0), and fo(z) be defined

by
1-6 )

L Y [ vy v
Then for z =re’, 0 <r <1, (2.4) holds true.

COROLLARY 2.3. Let f € Mt (q,f,q, e ﬁﬂﬁ) = Mr(a,p), 0 <
a<1,0<3<1 and fo(z) be defined by
a(f+1)

Then for z =re? 0 <r <1, (2.4) holds true.
COROLLARY 2.4. Let M1q 0(q,-,¢,®,¥,1-6,0) = D7 (®,¥,6) and fo(2)
be defined by

1-46
f2(z)_z_7)\2—5,u2z'

Then for z =re? 0 <r <1, (2.4) holds true.

COROLLARY 2.5. Let f € Mz (qaf,%ﬁ,ﬁ,l—d,o) = 55(6) and

fa(z) be defined by
fa(z) =2z — ; : ng.

Then for z =re?,0 < r < 1, (2.4) holds true.

COROLLARY 2.6. Let f € Mz o (q,,,q, E i 10, o) = Cr(6) and

f2(2) be defined by
falz) =2 — 2(12__66)22.

Then for z =re? 0 <r <1, (2.4) holds true.
COROLLARY 2.7. Let f € Mt g (q2,,,1,<1),\11,a,6) and fy(z) be defined by

o a(B+1) 2
T Eve (e
Then for z =re? 0 <r <1, (2.4) holds true.
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COROLLARY 2.8. Let f € M1y (q27,,17ﬁ,1—fz7a76> and fa(z) be de-
fined by
. a(f+1) 2
RE) =2 sresrn 0t

Then for z =re’, 0 <r <1, (2.4) holds true.

COROLLARY 2.9. Let f € Mz, (qzlﬁﬁaﬁ) and fo(z) be
defined by
. a(f+1) 2
RE) =2 mesr 0

Then for z =re?, 0 <r <1, (2.4) holds true.

REMARK 2.1. If we take § = 0in S%(9) of Corollary 2.5 and C'7(6) of Corollary
2.6, we get the integral means results obtained by Silverman [27].

REMARK 2.2. With the help of Remark 1.1 and by suitably specializing the
various parameters involved in Theorem 2.1, we can state the corresponding results
for the subclasses defined in Examples 1 to 7 and also for many relatively more
familiar function classes.

3. Neighborhoods of the class Mz, ; (a;,b;,q, P, ¥, a, 3).

For f € T of the form (1.6), and v > 0, Frasin and Darus [13] investigated the
p-v-neighborhood of f as the following

R P O R T o L NP1 SR )

n=2

where p is a fixed positive integer. It follows from (3.1), that if e(z) = 2, then

MZ(e) = {g eT: g(z)=2z-— n22bnz”, ST P, | < 'y} .

n=2

We observe that MI(f) = N,(f), MI(f) = M,(f), where N,(f) is called a ~-
neighborhood of f introduced by Ruscheweyh [23] and M., (f) was defined by Sil-
verman [28].

Now, we obtain p-y-neighborhood for function in the class
MTT,S (aiv bj» q, (I)a \Ila Qa, /6)

THEOREM 3.1. If {U (oz,ﬂ,n)/np“}zoz2 18 a non-decreasing sequence, then
MTT,S (ai7 bj, q, q)a \Ila «, ﬁ) - M};(e); where

_2p+1a(ﬂ—|—l)
7T (@82

and o (o, 3,2) is defined as in (2.1).
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Proof. 1t follows from (1.7) that if f € M7, ; (a;,b;,q, P, ¥V, a, 3), then

e 27*la(B+1)
p+1 <\ 77
nX:IQn |a”| o o(auﬂa 2)

This gives that M7, ; (ai,bj,q,®, ¥, a, 3) C MP(e). m

By taking different choices of 7, s,a1, as, ... ,ar, b1, ba,...  bs, ¢, ®, ¥V, a and
[ in the above theorem, we can state the following neighborhood results for various

subclasses studied earlier by several researchers.

In view of the Examples 1 to 7 in Section 1 and Theorem 3.1, we have the

following corollaries for the classes defined in these examples.

COROLLARY 3.1.

COROLLARY 3.2.

COROLLARY 3.3.

COROLLARY 3.4.

COROLLARY 3.5.

COROLLARY 3.6.

COROLLARY 3.7.

COROLLARY 3.8.

Dr(®,¥,a,3) C MP(e), where

B 2P+tla (B4 1)
T aB) he— (1 —a) )’

MTI,O ((L -4, ©7 \117 2(11;_(2)7 O) C Mg(@), where

2P L (1 - 9)
21 —v)da— (1 4+ —2v)po’

’y:

2P la(B + 1)

Mz (a, B) C ME(e), where v =

[a(28+1)+ (26 - 1))

2P 1 (1 —6)
Dr(®,¥ MP _ (-9
7(®,¥,9) C 7(e), where Fop—
* 2p+1 (1 o 5)
S3(0) C M!;(S), where v = W
2P+1 (1 _ 5)
p _ @7
Cr(6) C ME(e), where v 725

MTLO (q2777 1,(1),\11,06,,8) C M'€(8)7 where

(34 1)
2[(1+aB) Ao — (1 —a) pa]

’y:

M1 (qQ,—7 L a2 ﬁ,a,ﬁ) C MZ(e), where

2Pl (B +1)
2(1+42a8+a)
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2
COROLLARY 3.9. M7 g (q2,,, 1, (:ffij)m ﬁﬂ,ﬁ) C M2(e), where

27+a (B +1)
414208+ )’
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