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This paper is dedicated to my beloved teacher Dr. Professor Umakanta Misra
on occasion of his sixtieth anniversary.

Abstract. In this paper, we introduce the x? fuzzy numbers defined by a modulus, study
some of their properties and inclusion results.

1. Introduction

Throughout the paper, w, x and A denote the classes of all, gai and analytic
scalar valued single sequences, respectively.

We write w? for the set of all complex sequences (Z,,,, ), where m,n € N, the set
of positive integers. Then, w? is a linear space under the coordinate-wise addition
and scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [7]. Later
on, they were investigated by Hardy [14], Moricz [25], Moricz and Rhoades [26],
Basarir and Solankan [4], Tripathy [46], Turkmenoglu [49], and many others.

Let us define the following sets of double sequences:

My (t) = {(Zmn) € wW?: sup [Tyl < 0},

m,ne
Cp(t) == {(wmn) € w? ip— lm |z, — /\ltmn = 1 for some A € C},
m,n— o0
Cop(t) = {(xmn> S w2 p— llm ‘xmn|tWLn, — 1}7
m,n— o0

Lo(t) = {(@mn) €025 3 3 [Bn]tmn < 00},

m=1n=1

Cop(t) 7= C,(t) N My (1) and Copp(t) = Cop(t) N M (L)
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where t = (t;nn) is the sequence of strictly positive reals ¢,,, for all m,n € N and
p — limy, oo denotes the limit in the Pringsheim’s sense. In the case t,,, =1 for
all m,n € N; My (t), Cp(t), Cop(t), Lu(t), Cop(t) and Copp(t) reduce to the sets M,
Cp, Cop, Lu, Cvp and Copp, respectively.

Now, we may summarize the knowledge given in some documents related to
the double sequence spaces. Gokhan and Colak [12,13] have proved that M, (¢)
and Cp(t), Cpp(t) are complete paranormed spaces of double sequences and gave
the a—, —,y— duals of the spaces M, (t) and Cp,(t). Quite recently, in her PhD
thesis, Zelter [52] has essentially studied both the theory of topological double
sequence spaces and the theory of summability of double sequences. Mursaleen
and Edely [29] have recently introduced the statistical convergence and Cauchy for
double sequences and given the relation between statistical convergent and strongly
Cesaro summable double sequences. Next, Mursaleen [30] and Mursaleen and Edely
[31] have defined the almost strong regularity of matrices for double sequences and
applied these matrices to establish a core theorem and introduced the M-core for
double sequences and determined those four dimensional matrices transforming
every bounded double sequence x = (z,;) into one whose core is a subset of the
M-core of z. More recently, Altay and Basar [2] have defined the spaces BS,
BS(t), CSp, CSpp, CS, and BY of double sequences consisting of all double series
whose sequence of partial sums are in the spaces M, M,(t), Cp, Cpp, C, and
L, respectively, and also examined some properties of those sequence spaces and
determined the a-duals of the spaces BS, BV, CSy, and the 5(9)-duals of the spaces
CSsp and CS,. of double series. Quite recently Basar and Sever [8] have introduced
the Banach space £, of double sequences corresponding to the well-known space ¢,
of single sequences and examined some properties of the space £;. Quite recently
Subramanian and Misra [44] have studied the space x%,(p, ¢, u) of double sequences
and gave some inclusion relations.

Spaces of strongly summable sequences were discussed by Kuttner [22], Mad-
dox [24], and others. The class of sequences which are strongly Cesaro summable
with respect to a modulus was introduced by Maddox [27] as an extension of the
definition of strongly Cesaro summable sequences. Connor [10] further extended
this definition to a definition of strong A-summability with respect to a modulus
where A = (a,,x) is a nonnegative regular matrix and established some connections
between strong A-summability, strong A-summability with respect to a modulus,
and A-statistical convergence. In [41] the notion of convergence of double sequences
was presented by A. Pringsheim. Also, in [15-18], and [43] the four dimensional
matrix transformation (Az)ke =Y oo 1 >0 Al Tmy was studied extensively by
Robison and Hamilton.

We need the following inequality in the sequel of the paper. For a,b, > 0 and
0 < p <1, we have

(a+b)P <aP +bP. (1.1)
The double series Z:’nzl Tmn 18 called convergent if and only if the double se-
quence (syy) is convergent, where s, = ;7" @i;(m,n € N) (see(1]).

A sequence = = (,,,)is said to be double analytic if sup,,,, [Tmn |/ < co.
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The vector space of all double analytic sequences will be denoted by A2. A sequence
T = (Tmn) is called double gai sequence if ((m+n)!|Zm,|)/ ™™ — 0 as m,n — oo.
The double gai sequences will be denoted by x2. Let ¢ = {all finite sequences}.

Consider a double sequence © = (z;;). The (m,n)!" section zI™" of the

sequence is defined by zl™n = Z;’yzoxijﬁij for all m,n € N, where G;; denotes
1

@iy in the (i,7)*" place for

the double sequence whose only non zero term is a
each 7,7 € N.

An FK-space(or a metric space)X is said to have AK property if (Sinn) is a
Schauder basis for X. Or equivalently zl™™ — z.

An FDK-space is a double sequence space endowed with a complete metriz-
able; locally convex topology under which the coordinate mappings ¢ = (zx) —
(Tmn)(m,n € N) are also continuous.

Orlicz [39] used the idea of Orlicz function to construct the space (L*). Lin-
denstrauss and Tzafriri [23] investigated Orlicz sequence spaces in more detail, and
they proved that every Orlicz sequence space £;; contains a subspace isomorphic to
¢,(1 < p < 0). Subsequently, different classes of sequence spaces were defined by
Parashar and Choudhary [40], Mursaleen et al. [28] and [32-34], Bektas and Altin
[6], Tripathy et al. [47,48], Rao and Subramanian [9], and many others. The Orlicz
sequence spaces are the special cases of Orlicz spaces studied in [19].

Recalling [39] and [19], an Orlicz function is a function M : [0,00) — [0, 00)
which is continuous, non-decreasing, and convex with M(0) = 0, M(z) > 0, for
x>0 and M(z) — oo as x — oo. If convexity of Orlicz function M is replaced
by subadditivity of M, then this function is called modulus function, defined by
Nakano [35] and further discussed by Ruckle [42] and Maddox [24], and many
others.

An Orlicz function M is said to satisfy the As— condition for all values of
w if there exists a constant K > 0 such that M(2u) < KM (u)(u > 0). The
As-condition is equivalent to M (¢u) < K¢M (u), for all values of u and for £ > 1.

Lindenstrauss and Tzafriri [23] used the idea of Orlicz function to construct
Orlicz sequence space

by ={zecw: ZM(%)<OO7 for some p > 0},
k=1

The space £;; with the norm

|z|| = inf{p > 0: kle(%) <1},

becomes a Banach space which is called an Orlicz sequence space. For M (t) =
tP(1 < p < o0), the spaces £ coincide with the classical sequence space £,,.

If X is a sequence space, we give the following definitions:
(i) X’ = the continuous dual of X;

(ii) X*={a = (amn) : Y. |@mnTmn| < oo, for each z € X};

m,n=1
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(iii) X% ={a = (amn) : Y. GmnTmn is convegent, for each z € X};

m,n=1
M,N
(iv) X7 ={a = (amn) : SUPpp>1| 20 GmnTmn| < 00, for each z € X};
m,n=1

(v) let X be an FK-space D ¢; then X7 = {f(Spn) : f € X'}

(vi) X0 = {a = (amn) : SUP,myp |GmnTmn| /™™ < 00, for each z € X};

Xe XP X7, X° are called a- (or Kothe-Toeplitz) dual of X, - (or
generalized-Kothe-Toeplitz) dual of X, 7-dual of X, d-dual of X respectively. X¢
is defined by Gupta and Kamptan [20]. It is clear that z® C X” and X® C X7, but
X# c X7 does not hold, since the sequence of partial sums of a double convergent
series need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [21] as follows
Z(A)={z = (z1) ew: (Axy) € Z}

for Z = ¢,cp and o, where Axy, = x, — 241 for all k£ € N. Here ¢, ¢y and
denote the classes of convergent,null and bounded scalar valued single sequences
respectively. The difference space bv, of the classical space £, is introduced and
studied in the case 1 < p < oo by Bagar and Altay in [5] and in the case 0 < p < 1
by Altay and BaSar in [3]. The spaces c(A), ¢o(A), foo(A) and bu, are Banach
spaces normed by

o0
]| = |z1| + sup [Azg| and [|2]p0, = (3 2x?)/?, (1 < p < 00).
k>1 k=1
Later on the notion was further investigated by many others. We now introduce
the following difference double sequence spaces defined by
Z(A) = {z = (Tmn) € 0 : (Azpy) € Z},

— A2 L2 — —
where Z = A » X and A:L'mn - (xmn - xmn+1) - (merln - xm+1n+1) = Tmn —
Tmnt+l — Tmtin + Tmains1 for all myn € N.

2. Definitions and preliminaries

Throughout the paper, a double sequence is denoted by (X,,,), a double infi-
nite array of fuzzy real numbers.

Let D denote the set of all closed and bounded intervals X = [a1, az] on the
real line R. For X = [a1,a2] € D and Y = [by,bs] € D, define
d(X7Y) = max(|a1 — b1|, |a2 — b2|)
It is known that (D, d) is a complete metric space.

A fuzzy real number X is a fuzzy set on R, that is, a mapping X : R — I(=
[0,1]) associating each real number ¢ with its grade of membership X (t). The a—
level set [X]%, of the fuzzy real number X, for 0 < o < 1, defined by

[X]* = {teR: X(t) > al.
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The 0-level set is the closure of the strong 0-cut that is, cl{t € R: X (t) > 0}.

A fuzzy real number X is called convex if X(¢) > X(s) A X(r)
= min{X(s), X(r)}, where s < t < r. If there exists ty € R such that X (o) =1
then, the fuzzy real number X is called normal.

A fuzzy real number X is said to be upper-semi continuous if, for each ¢ >
0, X 1([0,a + €)) is open in the usual topology of R for all @ € I. The set of all
upper-semi continuous, normal, convex fuzzy real numbers is denoted by L(R).

The absolute value, | X| of X € L(R) is defined by

max —t)}, ift>0;
= { POXCO) 120

Let d : L(R) x L(R) — R be defined by
A(X,Y) = sup d([X]%, [V]").
0<a<l1
Then, d defines a metric on L(R) and it is well-known that (L(R), d) is a complete
metric space. A sequence (X,,) C L(R) of fuzzy real numbers is said to be null to

the fuzzy real number 0, such that d(X,,,0) = 0.

A double sequence (X, ) of fuzzy real numbers is said to be chi in Pringsheim’s
sense to a fuzzy number 0 if lim,y, , 0 ((M+1)! X, )/ = 0. A double sequence
(Xmn) is said to chi regularly if it converges in the Prinsheim’s sense and the
following limts zero:

lim ((m + n)! X )™+ =0 for each n € N,

m—00

and
lim ((m + n)! Xpnn) Y™+ = 0 for each m € N.

A fuzzy real-valued double sequence space EF is said to be solid if (Y,,) € EF
whenever (X,,,) € B and |Y,,| < | Xymn| for all m,n € N.

Let K = {(m;,n;) : i € Nymy < mg <mg--- andn; <ng <ng<---}C
N x N and E¥ be a double sequence space. A K-step space of E¥ is a sequence
space AE = {(X,n,) € w2 1 (Xonn) € EFY.

A canonical pre-image of a sequence (X,,,,,) € BT is a sequence (Y,,,,,) defined
as follows:

{ Xmn, if (myn) € K,
Ymn =

0, otherwise .
A canonical pre-image of a step space )\f( is a set of canonical pre-images of all
elements in \Z.

A sequence E¥ is said to be monotone if E¥' contains the canonical pre-images
of all its step spaces. A sequence E¥ is said to be symmetric if (X € EF

whenever (X,,,) € BT, where 7 is a permutation of N. A fuzzy real-valued sequence
space ET is said to be convergent free if (V,,,) € EF whenever (X,,,) € Ef' and
Xn = 0 implies Y, = 0.

T(m) T (n) >
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We define the following classes of sequences:

A2 = {(X )t SUP,y, F(A(Xadn™,0)) < 00, Xy € L(R)}.

X3 = {{Xin)  limmn—co f(A(((m + 1)1 Xmp) /747, 0)) = 0}

Also, we define the classes of sequences X?F " as follows:

A sequence (X,,,) € X?F " () € X?F and the following limits hold
Ai_r)noof(cf(((m + n)! X )Y/ 0)) = 0 for each n € N.

nlirréo Fd(((m + n)! X pn) Y™+ 0)) = 0 for each m € N.

2.1. DEFINITION. A modulus function was introduced by Nakano [35]. We
recall that a modulus f is a function from [0, c0) — [0, 00), such that

(1) f(x) =0if and only if z =0

2) fz+y) < f(a) + f(y), forall z > 0,y >0,

(3) f is increasing,

(4) f is continuous from the right at 0. Since |f(z) — f(y)| < f(Jz — yl), it
follows from here that f is continuous on [0, c0).

2.2. DEFINITION. Let A = (af'}) denote a four dimensional summability

method that maps the complex double sequences x into the double sequence Ax
where the &, /-th term to Ax is as follows:

o 0o
(Ax)kf = Z Z G'Z%nxmn;

m=1n=1
such transformation is said to be nonnegative if af;" is nonnegative.

The notion of regularity for two dimensional matrix transformations was pre-
sented by Silverman [45] and Toeplitz [50]. Following Silverman and Toeplitz,
Robison and Hamilton presented the following four dimensional analog of regu-
larity for double sequences in which they both added an adiditional assumption
of boundedness. This assumption was made because a double sequence which is
P-convergent is not necessarily bounded.

3. Main results

3.1. THEOREM. Let N1 = min{ng : sup,,,>n, f(d(((m + n)(Xpmn —

Y)Y/ 0)) P < o0}, Ny = min{ng : SUD,p>ng Prn < 00} and N =
HlaX(NhNQ).

(1) (Xomn) € X?SR is a paranormed space with

9(X) = lim  sup f(d(((m+n)!(Xpp — Yipn))'/ 757, 0)) Frn/M (3.1)

N —oo mn>N

if and only if p > 0, where p = lImy_,ooinfpn>n Popn and M = max(1,
SupngN Pmn)
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(i) X%?R is complete with the paranorm (3.1).

Proof. (i) Necesity. Let xf " be a paranormed space with (3.1) and sup-
pose that ¢ = 0. Then o = infpp>nPmn = 0 for all N € N and g(A\X) =
limpy oo SUP,,,s v | AT/ = 1 for all A € (0,1], where X = {(a) € X?va whence
A — 0 does not imply AX — 6, when X is fixed. But this contradicts to (3.1) to
be a paranorm.

Sufficiency. Let g > 0. It is trivial that g(6) = 0,¢9(—X) = ¢(X) and g(X +
Y,0) < g(X,0) + g(Y,0). Since pu > 0 there exists a positive number 3 such that
P, > [ for sufficiently large positive integer m,n. Hence for any A € C, we may
write [A|Pmn < max(|A|M,|\|®) for sufficiently large positive integers m,n > N.
Therefore, we obtain g(AX,0) < max(|\|,|\|?/*)g(X). Using this, one can prove
that AX — 6, whenever X is fixed and A - 0 or A — 0 and X — 6, or X is fixed
and X — 6.

(ii) Let (X**) be a Cauchy sequence in X?fR, where X*¢ = (Xk¢ ), cn. Then

n
for every € > 0 (0 < € < 1) there exists a positive integer sg such that

g(X*H = X" = lim sup F(d(((m+mn)l(Xh, = Xj5,))H/ " 0) P /M < 2
(3.2)
for all k, 2,7t > sg. By (3.2) there exists a positive integer ngy such that
7, r m+n A mn €
Squf(d(((m + ) (X, = X)), 0)) P /M < B (3.3)
for all k,¢,r,t > sg and for N > ng. Hence we obtain
7 T m+n mn €
FA(((m -+ mU (X5, = Xb)Y e, 0)) e/ M < ;<1 (3.4)

so that
F(((m -+ m)U(XE = X )Y ™, 0))
< F(((m 4+ )X, = XL )Y 0) P/ M < 2 (3.5)

for all k,¢,r,t > so. This implies that (X ).scn is a Cauchy sequence in C for

n
each fixed m,n > ng. Hence the sequence (XX¢ ), cn is convergent to X, say,

lim Xﬁfn = X,.n for each fixed m,n > ng. (3.6)

kf— o0

Getting X, we define X = (X,,,,). From (3.2) we obtain
(XM= X) = lim sup  F(d(((m+n) (XK, = X))/, 0)) /M < S (3)

N—oo mn>N
as r,t — oo, for all k,£,7,t > so. By (3.6). This implies that limys o, X*¢ = X.
Now we show that X = (X,,,) € X?{R. Since X** ¢ X%’R for each (k,1) €
N x N for every € > 0(0 < € < 1) there exists a positive integer ny € N such that

FA(((m A+ 1)) X ) /7 0)) P /M < g for every m,n > nj. (3.8)
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By (3.6), (3.7) and (1.1) we obtain f(d(((m + n)!(Xmn))t/™ ", 0))Fmn/M <
FA(((mAm) (XN, 0)) P M f(d (o) U XN = X))/, 0)) e M
= ¢ for k,¢ > max(sp,s1) and m,n > max(ng,ni). This implies that

3.2. PROPOSITION. The class of sequences A?F is symmetric but the classes

of sequences X?F and X;FR are not symmetric.

Proof. Obviously the class of sequences A?F is symmetric. For the other classes
of sequences consider the following example

ExaMPLE. Consider the class of sequences X?CF . Let f(X) = X and consider
the sequence (X,,,) be defined by

(=t _
W, fOr t= —1,
_ _\14n
Xin(t) = (t(li)n)! , fort =1,
0, otherwise.
and for m > 1,
(t+2)m _
(m+n)! for ¢ = 727
— _f4_1\ymtn
Xonn(t) = CEDEE - fort = —1,
0, otherwise.
Let (Y,,n) be a rearrangement of (X,,,,,) defined by
(7(?”1))!2", for t = —1,
Yin(t) = %, fort =1,
0, otherwise.
and for m # n,
m—+n
%, fOr t= _2,
— —$_1)ym+n
Ymn(®) =4 (thlr)n)! , fort=-1,
0, otherwise.

Then, (Xn,) € X?F but (V..) ¢ X?F . Hence, x2F' is not symmetric. Similarly
other sequence also not symmetric. m

3.3. PROPOSITION. The classes of sequences A?F, X?F and x?cFR are solid.

Proof. Consider the class of sequences X}F . Let (X)) and (Yi) € x?F be
such that d(((m 4 n)!Y;,,)Y ™+ 0) < d(((m + n)! Xpnn)/™*™,0). As f is non-
decreasing, we have 1im,,, oo f(d(((m+n)!Y0)Y ™7, 0)) < limyp oo f(d(((m+
1)! X ) /™57, 0)). Hence, the class of sequence x# is solid. Similarly it can be
shown that the other classes of sequences are also solid. m
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3.4. PROPOSITION. The classes of sequences Xch and X?FR are not monotone
and hence not solid.

Proof. The result follows from the following example.

ExAMPLE. Consider the class of sequences X?F and f(X) = X. Let J =
{(m,n):m >n} C N x N. Let (X,,,) be defined by

(t43)™Fn
W’ f0r73<t§72,
X = (mp)™+" (Bm)™m 1
mn(t) G T @ ey for —2 <t < —14

0, otherwise.

for all m,n € N. Then (X)) € X?F. Let (Y,.n) be the canonical pre-image of
(Xmn) g for the subsequence J of N x N. Then

Xmn, for (m,n) € J,
Ymn = = .
0, otherwise.
Then, (Y;nn) ¢ x7°. Hence x3" is not monotone. Similarly, it can be shown
that the other classes of sequences are also not monotone. Hence, the classes of
sequences X?F and X?CF " are not solid. m

) L 2F 2F 2F ) 2FR 2F R 2F R
3.5. PROPOSITION. (i) Xt NXF S Xhitfar (i) Xt X S Xhtfe
Proof. 1t is easy, so it is omitted. m

3.6. PROPOSITION. Let f and f1 be two modulus functions, then, (i) X?f -
2F )y 2F R 2FR Ly A2F 2F
Xfofi- () X3 C Xfop,- (1) Nj" S Afop,-
Proof. We prove the result for the case Xfcf C X?f £, the other cases similar.

Let € > 0 be given. As f is continuous and non-decreasing, so there exists n > 0,
such that f(n) =e€. Let (X;n) € Xfcf Then, there exist mg, ng € N, such that

FLA(((m + n) X )Y/ ™F70)) < 1, for all m > mg,n > ny,
= fo fi(d(((m +n)! X)) ™H 0)) <€, for all m > mg,n > ng.

Hence, (X, € x?«ffl- Thus, X?f - X?”ffl' -

. ?.7. PROPOSITION. (%) X%F - A%F. (i) xchR - A?F. The inclusion are
strict.

Proof. The inclusion (i) vaF - A?F (i) X?F " c A?F is obvious. For establish-

ing that the inclusions are proper, consider the following example.
ExAMPLE. We prove the result for the case X?F - A?F , the other case similar.

Let f(X) = X. Let the sequence (X,,,) be defined by for m > n,
(mt—m—1)"*"(m—1)"(m+tm)

(m+n)! ’

Xonn(t) = % for 2 < t < 3,

0, otherwise.

for 1+ 1 <t <2,
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and for m <n

(mtfl)m'"n(mfl)_(m*") 1
(m+n)! , for o <t<1,
X (t) = %, for 1 <t <2,
0, otherwise.

Then, (X,n) € AFF but (Xpn) ¢ X7 ®

3.8. PROPOSITION. The classes of sequences A?F,X?F and X?FR are not
convergent free.

Proof. The result follows from the following example.
ExaMPLE. Consider the classes of sequences X?F . Let f(X) = X and consider
the sequence (X,,,,) defined by ((1 4+ n)!X,)/1*" =0, and for other values,

L for 0 <t<1,
_ - m+n 1)~ (m+n) 4 (o 1ym+n(q —(m+n)
Ximn (1) Lot Dbl el Ty , forl<t<2+ L,
0, otherwise.

Let the sequence (Y,,) be defined by ((1 4 n)!Y1,)/'*™ =0, and for other values,

(}n%r)!, for 0 <t<1,
_ _pym+n _1y—(m+n)
Yinn(t) = ¢ (m=t) (nffn)!l) , for1<t<m,
0, otherwise.

Then, (X,,,) € X7 but (Yiun) ¢ x7°. Hence, the classes of sequences x3" is not
convergent free. Similarly, the other spaces are also not convergent free. m

ACKNOWLEDGEMENT. I wish to thank the referees for their several remarks
and valuable suggestions that improved the presentation of the paper.

REFERENCES

[1] T. Apostol, Mathematical Analysis, Addison-Wesley , London, 1978.

[2] B. Altay, F. Bagar, Some new spaces of double sequences, J. Math. Anal. Appl. 309 (2005),
70-90.

[3] B. Altay, F. Basar, The fine spectrum and the matriz domain of the difference operator A
on the sequence space £p, (0 < p < 1), Commun. Math. Anal. 2 (2007), 1-11.

[4] M. Basarir, O. Solancan, On some double sequence spaces, J. Indian Acad. Math. 21 (1999),
193-200.

[5] F. Basar, B. Atlay, On the space of sequences of p-bounded variation and related matriz
mappings, Ukrainian Math. J. 55 (2003), 136-147.

[6] C. Bektas, Y. Altin, The sequence space £ps (p,q,s) on seminormed spaces, Indian J. Pure
Appl. Math. 34 (2003), 529-534.

[7] T.J.I’A. Bromwich, An Introduction to the Theory of Infinite Series, Macmillan and Co.Ltd.,
New York, 1965.

[8] F. Basar, Y. Sever, The space Ly, of double sequences, Math. J. Okayama Univ 51 (2009),
149-157.



[9]

The x? fuzzy numbers 509

K. Chandrasekhara Rao, N. Subramanian, The Orlicz space of entire sequences, Int. J. Math.
Math. Sci. 68 (2004), 3755-3764.

J. Connor, On strong matriz summability with respect to a modulus and statistical conver-
gence, Canad. Math. Bull. 32 (1989), 194-198.

R. Colak,M. Et, E. Malkowsky, Some Topics of Sequence Spaces, Lecture Notes in Mathe-
matics, Firat Univ. Press, 2004, pp. 1-63.

A. Gokhan, R. Colak, The double sequence spaces ¢k (p) and c5’'Z (p), Appl. Math. Comput.
157 (2004), 491-501.

A. Gokhan, R. Colak, Double sequence spaces £3°, ibid. 160 (2005), 147-153.

G.H. Hardy, On the convergence of certain multiple series, Proc. Camb. Phil. Soc. 19 (1917),
86-95.

H.J. Hamilton, Transformations of multiple sequences, Duke Math. J. 2 (1936), 29-60.

H.J. Hamilton, A Generalization of multiple sequences transformation, Duke Math. J. 4
(1938), 343-358.

H.J. Hamilton, Change of Dimension in sequence transformation, Duke Math. J. 4 (1938),
341-342.

H.J. Hamilton, Preservation of partial limits in multiple sequence transformations, Duke
Math. J. 4 (1939), 293-297.

M.A. Krasnoselskii, Y.B. Rutickii, Convez Functions and Orlicz Spaces, Gorningen, Nether-
lands, 1961.

P.K. Kamthan, M. Gupta, Sequence Spaces and Series, Lecture notes, Pure and Applied
Mathematics 65, Marcel Dekker, Inc., New York , 1981.

H. Kizmaz, On certain sequence spaces, Canad. Math. Bull. 24 (1981), 169-176.
B. Kuttner, Note on strong summability, J. London Math. Soc. 21 (1946), 118-122.
J. Lindenstrauss, L. Tzafriri, On Orlicz sequence spaces, Israel J. Math. 10 (1971), 379-390.

I.J. Maddox, Sequence spaces defined by a modulus, Math. Proc. Cambridge Philos. Soc 100
(1986), 161-166.

F. Moricz, Extentions of the spaces ¢ and co from single to double sequences, Acta. Math.
Hungar. 57 (1991), 129-136.

F. Moricz, B.E. Rhoades, Almost convergence of double sequences and strong regularity of
summability matrices, Math. Proc. Camb. Phil. Soc. 104 (1988), 283-294.

1.J. Maddox, On strong almost convergence, Math. Proc. Cambridge Philos. Soc. 85 (1979),
345-350.

M. Mursaleen, M.A. Khan, Qamaruddin, Difference sequence spaces defined by Orlicz func-
tions, Demonstratio Math. XXXII (1999), 145-150.

M. Mursaleen, O.H.H. Edely, Statistical convergence of double sequences, J. Math. Anal.
Appl. 288 (2003), 223-231.

M. Mursaleen, Almost strongly regular matrices and a core theorem for double sequences, J.
Math. Anal. Appl. 293 (2004), 523-531.

M. Mursaleen, O.H.H. Edely, Almost convergence and a core theorem for double sequences,
J. Math. Anal. Appl. 293 (2004), 532-540.

M. Mursaleen, A. Mohiuddine, Double o-multiplicative matrices, J. Math. Anal. Appl. 327
(2007), 991-996.

M. Mursaleen, A. Mohiuddine, Regularly o-conservative and o-coercive four dimensional
matrices, Comput. & Math. Appl. 56 (2008), 1580-1586.

M. Mursaleen, A. Mohiuddine, On o-conservative and boundedly o-conservative four dimen-
sional matrices, Comput. & Math. Appl. 59 (2010), 880-885.

H. Nakano, Concave modulars, J. Math. Soc. Japan 5 (1953), 29-49.
S. Nanda, On sequences of fuzzy numbers, Fuzzy Sets and Systems 33 (1989), 123-126.

F. Nuray, E. Savas, Statistical convergence of fuzzy numbers, Math. Slovaca 45 (1995), 269—
273.



510 N. Subramanian

[38] F. Nuray, Lacunary statistical convergence of sequences of fuzzy numbers, Fuzzy Sets and
Systems 99 (1998), 353-356.

[39] W. Orlicz, Uber Raume (L™), Bull. Int. Acad. Polon. Sci. A (1936), 93-107.

[40] S.D. Parashar, B. Choudhary, Sequence spaces defined by Orlicz functions, Indian J. Pure
Appl. Math. 25 (1994), 419-428.

[41] A. Pringsheim, Zurtheorie derzweifach unendlichen zahlenfolgen, Math. Ann. 53 (1900),
289-321.

[42] W.H. Ruckle, FK spaces in which the sequence of coordinate vectors is bounded, Canad. J.
Math. 25 (1973), 973-978.

[43] G.M. Robison, Divergent double sequences and series, Amer. Math. Soc. Trans. 28 (1926),
50-73.

[44] N. Subramanian, U.K. Misra, The semi normed space defined by a double gai sequence of
modulus function, Fasciculi Math. 46 (2010).

[45] L.L. Silverman, On the definition of the sum of a divergent series, unpublished thesis, Uni-
versity of Missouri Studies, Mathematics series.

[46] B.C. Tripathy, On statistically convergent double sequences, Tamkang J. Math. 34 (2003),
231-237.

[47] B.C. Tripathy, M. Et, Y. Altin, Generalized difference sequence spaces defined by Orlicz
function in a locally conver space, J. Anal. Appl. 1(3) (2003), 175-192.

[48] B.C. Tripathy, B. Sarma, Some double sequence spaces of fuzzy numbes defined by Orlicz
function, Acta Math. Scientia 31 B(1) (2011), 1-7.

[49] A. Turkmenoglu, Matriz transformation between some classes of double sequences, J. Inst.
Math. Comp. Sci. Math. Ser. 12 (1999), 23-31.

O. Toeplitz, Uber allgenmeine linear mittel bridungen, Prace Matemalyczno Fizyczne (War-
saw) 22 (1911).

L.A. Zadeh, Fuzzy sets, Information and Control 8 (1965), 338-353.

M. Zeltser, Investigation of double sequence spaces by soft and hard analitical methods, Dis-
sertationes Mathematicae Universitatis Tartuensis 25, Tartu University Press, Tartu, 2001.

(50

[51
(52

(received 15.12.2011; in revised form 19.06.2012; available online 10.09.2012)

Department of Mathematics, SASTRA University, Thanjavur-613 401, India

E-mail: nsmaths@yahoo.com



