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THE UNIVALENCE OF SOME INTEGRAL OPERATORS
USING THE BESSEL FUNCTIONS

Nicoleta Ularu

Abstract. In this paper we will introduce some new integral operators using the generalized
Bessel functions and analytic functions. For this operators we will prove the univalence condition.

1. Preliminaries and definitions

Let A the class of all functions of the form
f(z)=z+ Z Apg12™ ! (1)
n=1

which are analytic in the unit disk & = {z : |z| < 1} and satisfy the condition
f(0) = f'(0) —1=0.
We denote by S the class of univalent functions.
We will consider the generalized Bessel function of the first kind and order v as
the particular solution of the second-order linear homogenous differential equation
22W" (2) + bz (2) + [e2® — v + (1 — b)vjw(z) = 0.

This solution is denoted by w, 4 -(2) and has the familiar infinite sum representation

> (_C)” 2\ 2n+v

w(z) = wibel?) nz:% n!T(v+n+ b+71) (2) z€C, (2)
where I' is the Euler gamma function. Considering this series we can study the
Bessel, modified Bessel and spherical Bessel functions. Geometric properties for
this were obtained by Baricz in [4].

The Bessel functions are obtained for b = ¢ = 1 in (2) and are defined by

(see [4])
B © (_1)n 2\ 2n+v
Tu(2) = Z n!T(v+n+1) (5) ’

n=0
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for z € C. For b = —c =1 in (2) are obtained the modified Bessel functions and
are defined by (see [4])

oo

1 z 2n—+v

The spherical Bessel functions are obtained for b— 1 = ¢ =1 in (2) and are defined
by (see [4])

K, (2) = \/zm;(z) = fj n,r((yj)n@ (3)2’””, 2 eC.

n=0

In particular cases Bessel functions of the first kind reduces to some elementary
functions, like sine and cosine and modified Bessel functions of the first kind are
reduced to hyperbolic sine and cosine.

The generalized Bessel function of the first kind were studied by A. Baricz
in [3]. Recently, in 2010 Baricz and Frasin proved in [6] the univalence of some
integral operators involving generalized Bessel functions and with Ponnusamy some
conditions of starlikeness and convexity of generalized Bessel functions in [7].

We consider the function defined by

b+1
u,,,b,c(z) = 2”F(V + T)ZV/2WV,Z),C(\/E)

and using the Pochhammer symbol, defined in terms of Euler-Gamma function

F(A+u)_{1, v=0A€C—0
') LMA+1)...(A+n—1), p=nAeC

we obtain for the function w,p .(z) the following series representation

()‘)V =

uu7b7c(z) =z+ Z:l 475([:)):”!2an (3)

forfi::u—l—HTlgzo.

More results about function wu, 4 () of generalized Bessel function w, p (2)
we find in the papers of Baricz in [4] and [5], where he proves some geometric
properties and also some interesting inequalities that involving generalized Bessel
functions.

To prove our main results we will use Ahlfors [1] and Becker [2] univalence
criterion:

THEOREM 1.1. Let d be a complex number, |d| < 1,d # —1. If f(z) =
2+ ag2® + ... is a reqular function in U and
2f"(2)
<1 4
e | = W

for all z € U, then the function f is regular and univalent in U.

dlz|* + (1 = [2*)
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Also we will use some lemmas that were proven by E. Deniz, H. Orhan and
H. M. Srivastava in [8]. These were obtained by the generalization of the results
obtained by Baricz and Ponnusamy in [7].

LEMMA 1.1. If the parameters v,b € R and ¢ € C are so constrained that

le] —2
0
/-£>Inax{, 1 s

then the function @, p.: U — C,

_ - (_c)n n+1
Prael?) =24 D gy
n=1 no

satisfies the following inequalities:

/ <Pubc(z) (’{4’1) |C|
(2) — —= u
@V,b,c(z) P = 5[4(5 + 1) — |CH’ zeu,
Z‘P/u,b,c(z) B ‘ 8(k+1)]c| 5 (5)
Pube(2) T 32k(k+1) — 8(26 + 1) |¢| + |¢* ’
dk(k 4+ 1) — 3k +2) | , dr(k+ 1)+ (k + 2) ||
< ) € u7
T I L = T B Rl
4(k+ 1)+ ||
2 1 < ‘C| U
el < gt e 2 €Y
and )
2ol (2 4 1
Prael®)| AtV ld (©)
(pu,b,c(z) SK("{ + 1) - 2(3K + 2) |C‘

LEMMA 1.2. If the parameters v,b € R and ¢ € C are so constrained that

k>max{0,§|1}

then the function @, p.: U — C,

= (o
Proel?) =242 g
n=1 ne

satisfies the following inequalities:

, Pvpe(2)| _ lel (8(k+1)+]c|
_ b\t I A D ) Uu
Qoy,b,c(z) P = 4k 8(/42 ¥ 1) — ‘C| y 2 €U,
Z@L,b,c(z) B 8(k +1)|c| + |C‘2 (7)
Oube(2) = 32k(k+1)— 402k +3) ||’

32k(k 4+ 1) — 8(3k + 2) |¢| — |¢|? .
4k[8(k + 1) — |c|] - ‘Zwy’b’C(Z”
_326(k 1) +43r+4) || + EE
- 4k[8(k + 1) — |¢|]
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and
Zsag,b,c(z)
@L7b,c(z)
64(k + 1)2[8(r + 2) — |ef] + 128(k + 1)(k + 2) — [8(k + 2) + |c]] |¢?
2(k+ 1)[8(k + 1) — |c]]16(x + 1)(2K — |c|) — |e| (4K + |c|) '

(®)

In this paper, using the generalized Bessel functions, we will introduce the
operators:

L)) = [ _H (sl b(“)(“) i, (9)

It = [T e ar (10
T, (0.9)(:) = [ (a0, )

where u,, p .(2) are generalized Bessel functions and g¢;(z) € A.

These operators are derived from the operators defined in [9] and [10].

2. Main results

THEOREM 2.1. Let v;,b,c € R, k; > IC‘ —2 for k; =v; + ["*'Tl and the function

Uy, b.c(2) be defined by (3) for i =1,n. If/a' =min{k1,...,kn}, n €C—-0,d eC,

d # -1, g;(z) € A with Zgl(z) < M; for M; > 1,i = 1,n and if we have the
inequality
- 8(k +1
)+l [ 1+ (k4 1) |el M) <1, (12)
Pl 32k(k+1) —8(2k+ 1) |c] + |¢|

then the operator I,,(u, g)(z) defined by (9) is in the univalent function class S.
Proof. From the definition of I, (u, g)(z) we obtain that

ZIL/L(U,Q)(Z) o - ) Zum bc(z) o zg;(z)
III/L (u,g)(z) B ;fﬁ ( uVi;b7C< ) gz(z) ) .

It follows that
21! (

i(2)

29;
9i(2)

1/1,17 C(Z) ‘

Uy, , bc( )

ZI Vi ( ) (13)
We will use relation (5 ) from Lemma 1.1 and we obtain
P pel?) 8(ri +1)|d
Uy, b,e(2) 32k (ki + 1) — 8(2k; + 1) || + |c|*
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From (14) and from the hypothesis that % < M; the relation (13) is equivalent
with
2107 (u, 9)(2) 8(ki +1)]c
I th (i )1 5 +M; | .
(u,9)(2) 32/@(/@- +1)—8(2r; + 1) |c] + |¢]

= 8(z+1)|c| .
(ZE) T 32x(x+1)—8(2z+1)|c|+|c|? " This

We define the function G : ‘;2
is a decreasing function, so it follows that
8(ki +1) || < 8(k+1)|c|
326 (ki + 1) — 8(2k; + 1) [e| + |c[> ~ 32m(k + 1) — 8(2k + 1) |e| + |c|*
In order to prove the univalence we will use Theorem 1.1. So we have that
21 (u, g)(2)
I}, (u,9)(2)

- 8(k+1
< Jd[+ ) il <1+ (rt Dl 2+Mi>. (15)
i=1

dlz” + (1= |2]*)

32k(k +1) — 826+ 1) || + ||
Using (5) in (15) we obtain that

217 (u, 9)(2)
T, (wg)() | =

so the operator I, (u, g)(z) is in the univalent function class S. m

\d|z|2 (1|

Foryy=---=v,=vand M =--- =M, = M in Theorem 2.1 we obtain

COROLLARY 2.1. Letv;,b,c € R, k; > cl 2 for k; = I/ler—i_?l and the function
Uy, p.c(2) be defined by (3) fori=1,n. If Kk = mm{;@l7 ..k}, 7€C—-0,deC,
d # —1, gi(z) € A with 20:(2) < M for M > 1,i = 1,n and if we have the

9i(2)
inequality

8(k + 1
dl+nhyl {1+ (s 1)c )<,
32k(k+1) — 826+ 1) |c| + ¢

Uy . v . . . .
then the operator I, (u, g)( fo ie1 ( ”;‘ib(’;)(t)) dt is in the univalent function
class S.

THEOREM 2.2. Let v;,b,c € R, k; > MT_2 for ki =v; + H—l and the function
Uy, b.e(2) be defined by (3) for i =1,n. If kK = min{xy,..., Iin}, v e€C—-0,deC,
d # -1, gi(z) € A with Zg((z)) < M; for M; > 1,i = I,n and if we have the
inequality
- 8(k+1)c|

d| + 1+ o M; <1,

I ;h( 326(k + 1) — 8(26 4 1) |c| + |¢|? Z
then the operator J,,(u, g)(z) defined by (10) is in the univalent function class S.
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Proof. Similar with the proof of Theorem 2.1. m

THEOREM 2.3. Let v;,b,c € R, k; > % —1 forrk;, =v;+ HTl and the function
Uy, b.c(2) be defined by (3) fori=1,n. If k = min{ky,...,kn}, 1 € C—0,d € C,
d # -1, gi(z) € A with Zg((z)) < M; for M; > 1,1 = 1,n and if we have the
inequality

- 8(r+ 1) || + ||
d (1 M| <1, 16
| |+Z}M< et 1) —4@r+3)]d (16)

then the operator I, (u, g)(z) defined by (9) is in the univalent function class S.
Proof. From (9) we obtain that

21y (u, 9)(2) z”: i (ZU’Vi,b,c(Z) B zgé(Z))

Lwg)) 2 Vi) 0)

and
I” u g
I (

29i(2)

le ( 9i(2) )

Now we will use the relation (7) from Lemma 1.2 and we obtain that

I/L,b C(Z) ‘

Uy, b,c(2)

8(ri + 1) e + |cf
32k (ki +1) — 4(2r; + 3) |¢|

Zului,b,c(z)
Uy, b,c(2)

‘gl—i—

29;(2)

9i(2)
_ Z Ny 8 + 1) el + |e”
’ 32/@-(/{1- +1) =42k +3) || |

We consider the function H : (%l - 1,00)7 H(z) = 32w(i(i-li_)17)‘4€(|2—;‘jrl3)|c| that is a

Using this and the hypothesis that

< M; it follows that

ZI//

decreasing function, so

8(ri + 1) e + |cf ~_ B+ el+e
32ki(ks + 1) — 4265 + 3) c] — 326(k+1) —4(26 + 3) ||
Using Theorem 1.1 it follows that

21 (u, g)(2)
I, (u, 9)(2)

- 8(r+ 1) || + ||
<|d (1 M| <1
< 'ﬂ;”( et 1) —4@r+3)]d

From the above relation it follows that I,,(u,g)(z) € S. m

dlz]* + (1 = |2]%)

THEOREM 2.4. Let v;,b,c € R, k; > ‘c‘ —1 fork;, =v;+ H—l and the function
Uy, bc(2) be defined by (3) fori=1,n. Ifli = min{ky,.. an} v €C—-0,deC,
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d # -1, gi(z) € A with
inequality

% < M; for M; > 1,i = 1,n and if we have the

n 8(k + 1) [e| +|c|” -
| |+;M< T BR(k+ 1) —42n 1 3)|d] +;U '

then the operator I,,,(u, g)(z) defined by (9) is in the univalent function class S.

Proof. The proof is similar with the proof of Theorem 2.3. m

THEOREM 2.5. Let v,b,c € R, kK > |C|4_2 fork = v+ b+71 and the function

Upb,c(2) be defined by (3). Ifa € C—0,d e C— -1, g(z) € A with |zg}(z)| < M
and if we have the inequality

Ak +1) |e] + ||
d M) <1
] + e <8n(ﬁ+1)—2(3n+2)c|+ =L

then the operator T, (u, g)(z) defined by (11) is in the class of univalent function S.

Proof. From the definition of T, (u, g)(z) we obtain that

Twg)e) (e
Tlug)(z) (uu,b,cw) a9 ))

2T (u, g)(2) N 2uy (%) 2 (x
w9 | = '( . E ‘* g >>‘ (18)

For the function u, p .(z) we will use the relation (6) from Lemma 1.1 and we obtain
that

and

Spel2)| At 1) Je] [P
Uppe(z) | ~ 8k(k+1) —2(3k+2)|c|
Now using the hypothesis that |zg(z)| < M and the above relation from (18) we

obtain )
1!
TY0)E)| (Al el
8ri( ) Il

T)(u,9)(2) R 1) — 2035+ 2
To prove the univalence we will use Theorem 1.1. So from Theorem 1.1 and from
the theorem hypothesis it follows that
2
2217 (u, 9)(2) Ak +1) |e| + ||
0V < |d M|<1
T (u,9)(2z) | — ] + [ 8k(k+1)—2(3x+2)|c] + -

which implies that the operator is in the univalent function class S. m

\dw -

THEOREM 2.6. Let v,b,c € R, k > % -1 fork=v+ bizl and the function
U b,c(2) be defined by (3). If y e C—0,d € C, d # —1, g(z) € A with |z¢'(z)] < M
for M > 1 and if we have the inequality

|d] + [af x
(Ll 645+ 12[8(k 4 2) — |ef] + 128(k + 1)(k +2) — [8(k + 2) + |¢[] |¢|? o
2 2(k+ D)[8(k + 1) — |¢]]16(k + 1)(2K — |c|) — |e| (4K + |¢])

<1

)
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then the operator T, (u, g)(z) defined by (11) is in the univalent function class S.

Proof. The proof is similar with the proof of Theorem 2.5, or the results from
Lemma 1.2 can be used. m
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