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Reciprocity in the Hecke groups

Debattam Das and Krishnendu Gongopadhyay

ABSTRACT. An element g in a group G is called reciprocal if there exists h €
G such that g=! = hgh™!. The reciprocal elements are also known as ‘real
elements’ or ‘reversible elements’ in the literature. In this paper, we consider
the Hecke groups, which are Fuchsian groups of the first kind and gener-
alizations of the modular group. We have classified and parametrized the
reciprocal classes in the Hecke groups. This generalizes a result by Sarnak
on the reciprocal elements in the modular group.
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1. Introduction

An element g in a group G is called reciprocal if there exists h € G such that
g~! = hgh~!. The reciprocal elements are also known as ‘real elements’ and
‘reversible elements’. We will call the conjugating element h a reciprocator of
g. A reciprocator is also known as a reverser or a reversing symmetry. For a re-
ciprocal element g, the set of all reciprocators is an index two extension of the
centralizer of g, see [BR]. We call an element g in G strongly reciprocal if h is
an involution, i.e., h*> = 1. Equivalently, an element g is strongly reciprocal if
it is a product of (at most) two involutions. Such elements are also known as
‘bi-reflectional’, ‘strongly real’, or ‘strongly reversible’. A strongly reciprocal el-
ement is reciprocal, but the converse is not generally true. The reciprocal and
strongly reciprocal elements appear at several places in the literature, e.g. [FZ],
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[La], [LR], [OS], [Sa] and the references therein. In a group G, given an in-
finite order strongly reciprocal element g and its reciprocator (or reverser) r,
the group (g, r) is an infinite dihedral subgroup. When G is a Fuchsian group,
the conjugacy classes of maximal infinite dihedral subgroups are in one-to-one
correspondence with primitive reciprocal geodesics in the corresponding sur-
face. Here, a geodesic is reciprocal if it is equivalent to itself with orientation
reversed.

Sarnak [Sa] parametrized and counted reciprocal classes for the modular
group. Reciprocity in the modular group PSL(2, Z) has been understood from
many other independent viewpoints as well. For a survey see [OS, Chapter 7]
and the references therein.

The Hecke groups are generalization of the modular group. These are Fuch-
sian groups of the first kind. Our main aim in this paper is to classify the recip-
rocal elements in the Hecke groups. It is also a natural problem to ask about
reversibility in an arbitrary Fuchsian group. In the following, we first answer
this question.

Theorem 1.1. Let T be a Fuchsian group.

(1) Anelement g in T is reciprocal if and only if it is strongly reciprocal. Fur-
ther, the reciprocators of a reciprocal element are all involutions.

(2) The only possible reciprocal elements in T are either the hyperbolic ele-
ments or the involutions.

The above theorem gives an answer to an open problem in [OS, p. 104] when
asking it for Fuchsian groups. By the above theorem, any reciprocator of a recip-
rocal element is an involution. So, we will not prefix ‘strongly’ anymore before
reciprocal elements. The above result might have been known to experts, eg.
[FK]. However, we do not know of any literature where this has been stated
explicitly as in the above theorem.

Now, recall the notion of Hecke groups.

Definition 1.2. The Hecke group I', is a Fuchsian group which is generated
by the maps

1 T
{:z— ——and ap zn—>z+/1p, where, p23and/1p=2cos—.
z p

Geometrically, the Hecke group can be identified with Z, * Z,. Lety, =
tp. Here y, is an element of order p (see [DKS]). If p = 2m, then y}) is an
involution. In this group T') = (1, 7, | 2, yf;) involutions are conjugate to either
tory, (when p is even) by [MKD, Corollary 4.1.4 |.

Note that the Hecke group I'; is the modular group PSL(2, Z). In [OS, p.143],
the reciprocity in ', for p > 4, has been listed as an open problem. Our work
gives a complete solution to this problem. To state our result, we first define the
following.
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Definition 1.3. Let A be a hyperbolic element in PSL(2, R), represented by the

matrix A = [Ccl Z] We define the fixed-point ratio of A by
u, where, a # d.
a—d

04 = oo, where,a=d, b #c.
1, where,a=4d, b =c.

The fixed-point ratio is an invariant of the cyclic group generated by A. When
1+ uu,

a #dor,a =d, b # c, the fixed-point ratio is given by 64, = — , where

U+ U
u; and u, are the fixed-points of A. We would like to note that the degenerate

case a = d may arise in Hecke groups. In this case, any non-zero powers of
A possess ‘symmetric’ fixed points of the form {p, —p}, where p € R. In the
particular case when a = d and b = c, the fixed point set is {—1, 1}, and the
fixed-point ratio is defined to be one of the fixed points. Such elements assume
a special role in the Hecke group I', when p is even. We elaborate the above
comments in Section 4.

The following theorem classifies reciprocal elements in the Hecke groups. It
also generalizes the corresponding result for the modular group I'; in [Sa], [OS,
Proposition 7.30].

Theorem 1.4. Let T, be the Hecke group for p > 3 and let g € T'. Then the
following are equivalent.

(1) gis reciprocal.

(2) For p odd, g is either an involution or conjugate to a hyperbolic element
h such that the lifts of h in SL(2, R) are symmetric matrices. For p even,
g is either an involution or conjugate to a hyperbolic element h such that
the fixed-point ratio of h is either zero, 1, or, cos T/ p.

The next question about reciprocity in the Hecke groups I', would be to pa-
rametrize the reciprocal classes. For this, we will consider only the hyperbolic
reciprocal classes. Given a reciprocal element A, one needs to know the num-
ber of elements in the reciprocal class of A with the same fixed-point ratio 64.
The following theorem answers this question. Sarnak [Sa] proved a version of
this theorem for the modular group. Our proof of the following theorem fol-
lows similar ideas for the Hecke group. To state the theorem, we first define
the following.

Definition 1.5. A reciprocal element M in T, is said to be symmetric if the
fixed point ratio 8y, is either 0 or 1.

Definition 1.6. A reciprocal element M in I, is said to be p-reciprocal if the
fixed point ratio 6, is either cos 7 /p or, 1.

Definition 1.7. A reciprocal element M in T, is said to be symmetric p-
reciprocal if the fixed point ratio 6, is 1.
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As we shall see in Section 6 that equivalently, symmetric and p-reciprocal
elements respectively have tand y;' as reciprocators. Also symmetric p-reciprocal
elements have reciprocators y;’f, aswell as t.

Theorem 1.8. For any reciprocal hyperbolic element in Ty, the following possi-
bilities can occur :

(1) Ifpis odd, every reciprocal class has exactly four symmetric elements.
(2) Ifpiseven.
(a) Suppose in the reciprocal class, the reciprocators are conjugate to L.
Then, there are exactly four symmetric elements in that class.
(b) Suppose in the reciprocal class, the reciprocators conjugate to y}'.
Then, there are exactly 2p p-reciprocal elements.
(c) Supposein the reciprocal class, each reciprocal element has two types
of reciprocators, one type of reciprocators conjugate to t and another
type of reciprocators conjugate to y;'f.
(i) If the reciprocal class does not contain any non-zero power of
typ then the class has exactly two symmetric elements and p
p-reciprocal elements.
(i) Ifthe reciprocal class contain any non-zero power of ty ', then
the class has exactly two symmetric p-reciprocal elements and
p — 2 p-reciprocal elements.

The above theorem parametrizes the reciprocal classes as follows. Let p be
the set of the conjugacy classes of reciprocal elements in the Hecke group I,
other than the involution classes.

¢ ={(a,b,c,t) € Z[A,]* | a,c,t > 0, d = 4ac + b*, t* —d = 4,
((t —b)/2,¢), = ((t + b)/2,a), =1, a =c, or . ¢ _ cos7/p}
where, (.,.),, is defined in Subsubsection 2.1.1. Define ¢ C e

(a,b,c,t) —> {[(t —Cb)/z . o )/2]}Fp _ 1.1)

Corollary 1.9. There is a parametrization of the reciprocal classes in T, as fol-
lows.

(1) If p is odd. Then, every preimage of ¢’ of a reciprocal class has two ele-
ments.
(2) If p = 2m for m € Z. Then one of the following cases will occur:
(a) Areciprocal class has reciprocators conjugate tot. Then the preimage
of the reciprocal class under ¢’ of contains two elements.
(b) A reciprocal class has reciprocators conjugate toy,'. Then the preim-
age of the reciprocal class under ¢’ contains p elements.
(c) A reciprocal class has two types of reciprocators, some are conjugate
to 1, and others conjugate to y},. If the class does not contain any
power of iy}, then the preimage of ¢’ of the reciprocal class contains
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m + 1 elements. If the reciprocal class contains a power of ty}), then
the preimage of the reciprocal class under ¢’ contains exactly m ele-
ments.

When p is odd, we can further modify the parametrization as follows. Let
¢={(a,b,t) € Z[A,) | a,t > 0,d = 4a® + b*,t* —d = 4,

((t=b)/2,a), =((t +b)/2,a), =1},
where 1, = 2cos7/p. Define ¢ : €+ p:

@oo— {77 +C;>>/z]}rp’ (-2

where {y}r is the conjugacy class of y in I'j,.

Corollary 1.10. There is a map ¢ from C to p where every fiber has two elements.

As it is known, there are several ways to understand the reciprocity in the
modular group. We expect that the same should be true for the Hecke groups
as well, and there should be several other methods to understand reciprocity in
the Hecke groups.

Finally consider the family of Fuchsian groups A, ;, where p, q > 0 are dis-
tinct integers such that 1/p + 1/q < 1/2. The group A, , is generated by the
maps

1 1
———————,and n, lzZzF—> ——————.
z+2cosm/p z+2cosm/q

The group A, 4 is finitely generated and may be identified with Z, * Z,. Fol-
lowing the proof of Theorem 1.4, it is easy to classify the reciprocal elements in
A, - We observe the following in this regard.

Np : ZrH

Corollary 1.11. If both p and q are odd numbers, then there is no reciprocal
elementin A, ;.

If both of p and q are not odd, then for an element g in A, 4 the following are
equivalent.

(1) gis reciprocal.
(2) g is either an involution or conjugate to a hyperbolic element h such that

1or, cosm/p if p is even;
O, =1{1or cosm/q if qis even;
1or, cosm/por, cosm/q if both p and q are even.

Structure of the paper. In Section 2, some basic notions are recalled. Theo-
rem 1.1 has been proved in Section 3. The fixed-point ratio and its relationship
with reciprocity has been noted in Section 4. Proof of Theorem 1.4 has been
split into two sections. Section 5 contains the proof for p odd, and Section 6
contains the proof for p even. Section 7 is devoted to the proof of Theorem 1.8.
Proof of the subsequent corollary has also been given in this section.
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2. Preliminaries

Throughout the following, we consider the upper-half space model of the
hyperbolic plane H2. The boundary dH? may be identified with the circle R U
{oo}. The group SL(2, R) acts on H? by the Mébius transformations:

[a b] .Z'_)az+b
c d cz+d’

The isometry group of H? can be identified with PSL(2, R). For an element g in
PSL(2,R), we denote by g as one of the lifts of g in SL(2, R). And a symmetric
element in PSL(2, R) is an element that is presented by a symmetric matrix in
SL(2, R). For basic information on Fuchsian groups, we refer to the text [Ka].

Recall that every isometry g of H? has at least one fixed point on H? U dH?.
The isometry g is elliptic if it has a fixed point on H?, equivalently if |trace(g)| <
2; itis parabolic if g has a unique fixed point on dH?, equivalently if |trace(g)| =
2; g is hyperbolic if it has exactly two fixed points on dH?, equivalently, if
|trace(g)| > 2.

A Fuchsian group is elementary if it has a finite orbit in H? U dH?. We note
the following result that will be used later.

Theorem 2.1. [Ka, Theorem 2.4.3] Any elementary Fuchsian group is either
cyclic or is conjugate in PSL(2,R) to a group generated by g(z) = kz, k > 1,
and h(z) = -1/z.

Lemma 2.2. Let g be an element in PSL(2,R). Let g=' = hgh™! for some h in
PSL(2,R). Then h keeps the fixed point set F of g invariant, i.e. h(F) = F.

Proof. Let x € F. Then hgh~!(h(x)) = g7'(h(x)) = g(h(x)) = h(x). Thus
h(x) is also a fixed point of g. This proves F C h(F) and that the converse case
is analogous. U

2.1. Hecke groups. Let p > 3 be an integer, the Hecke group I'j, is gener-

0 -1
1 0 ] and

ated by ¢ and «,,. The lifts of ¢ and «), in SL(2,R) are S = [
0 1

group as a subgroup of PSL(2, Z[4,]). This group, however, is not itself a dis-

crete group for p > 4. It is possible to know when an element of PSL(2, Z[4,])

belongs to ', with the help of the paper [LL].

T = [1 AP] resp. where 4, = 2cos7/p. So, we can think of the Hecke
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2.1.1. Pseudo Euclidean algorithm. [LL| Let a,b (# 0) € Z[4,]. Then
there exists an integer n such that a = b(ndp,) + r where —|bA,|/2 < r <
|bA,|/2. Now repeat the procedure as follows.

a = b(nyd,) +rq,

b = Vl(nl/lp) + l’2,
-1 = re(npdp) + Fieprs

Fm—1 = rm(nz/lp) +  mt1-
If this algorithm terminates at the m'"-step, that is r,,,; = 0 for some m € N,
then (a,b), = |rpl-
Some properties of (., .),, are the following:

(1) (a,b), = (b,a)p.
(@) (a,b), = (—a,-b), =(-a,b), = (a,—b),.

3. Proof of Theorem 1.1
The Theorem 1.1 will follow from the following lemmas.

Lemma 3.1. The only possible reciprocal elements in a Fuchsian group are either
the hyperbolic elements or the involutions.

Proof. Let I' be a Fuchsian group. To prove this theorem it suffices to show
that elliptic elements and parabolic elements are not reciprocal elements. So,
we can divide it into two cases.

Case 1. Suppose that an elliptic element y (other than an involution) is re-
ciprocal in I'. Then there exists an element g € I" such that

grg =y
Since the elliptic elements in PSL(2, R) have a unique fixed-point in H?, ¥ and
y~! fix the same point x € H?2. This implies that g(x) = x and thus, g, ¥
commute (from [Ka, Theorem 2.3.2]). This implies y = y~1, so y is an involu-
tion. Then, the involutions are only finite order reciprocal elements in Fuchsian
groups.

Case 2. For the parabolic case, the proof is very much similar. But they are
not finite order elements. Then, this is a contradiction. O

Definition 3.2. An element g of a group G is said to be a primitive element if
there does not exist any b in G such that g = b* for some k € Z and |k| > 1.

In general, primitive elements may not exist in every group. However, for
Fuchsian groups, it is necessary for hyperbolic elements to have primitive ele-
ments within the group; otherwise, the group would no longer be discrete.
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Lemma 3.3. Let g be a primitive hyperbolic element in the Fuchsian group T.
Then, g is reciprocal if and only if g" is reciprocal for any n € Z — {0}. Further-
more, g and g" have the same set of reciprocators for any n € Z — {0}.

Proof. If g is reciprocal then it is easy to see that g" is reciprocal. So, we will
show the converse part only. Suppose, g" is a reciprocal element in T with n a
non-zero integer. Then, there exists & in I" such that

h=1gth = g™ (3.1
This implies
(h'ghy" = g™".
We know that the fixed point set remains invariant under a change of power for
the hyperbolic elements. Then,

Fix(h~'gh) = Fix(h~1g"h) = Fix(g™") = Fix(g).

So, g and h™~'gh share the same fixed point set, and g is the primitive element.
Then, from [Ka, Theorem 2.3.5] we obtain that

h~'gh = gk
where k € Z — {0}. If we consider |k| > 1, this implies that g is not a primitive
element which would be a contradiction. Therefore, k = 1 or —1. Suppose
k = 1. Then, h lies in the centralizer of g. Then g?" = Id from Equation 3.1,

i.e., g is a finite order element. This implies k must be —1. This proves our
lemma. 0

Lemma3.4. Let T bea Fuchsian group. Anelement ginT isreciprocal if and only
if it is strongly reciprocal. In particular, the reciprocators of a reciprocal element
are involutions.

Proof. If g € I'is strongly reciprocal, then it is also reciprocal. We now prove
the converse.

Without loss of generality (from Lemma 3.3), assume that g is a primitive el-
ement in I'. Then suppose g is reciprocal. This implies, there exists an element
h € T such that hgh™! = g=1. So, h keeps the fixed point set of g invariant
due to Lemma 2.2. In other words, (g, h) would be an elementary subgroup
of I'. If g and h have the same fixed point set, then (g, h) must be cyclic, us-
ing Theorem 2.1. Hence h would be a power of g. In this case, g would be an
involution.

Suppose h interchanges the fixed points of g. Then h has a fixed point which
is distinct from the fixed points of g. This would imply that h? fixes three dis-
tinct points. Then h? must be identity. Thus, this is proved. O

4. The fixed-point ratio and reciprocity
For a hyperbolic element A, let 6 4 be the fixed-point ratio as in Definition (1.3).

Theorem 4.1. Let A be a hyperbolic element in PSL(2, R). Then 6,4 = 6 4. forall
n € Z —{0}. In otherwords, 6 4 is an invariant of the cyclic group generated by A.
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Proof. Let A is one of the lifts of A in SL(2, R) with the matrix form [Ccl b]
with |a + d| > 2. To prove this theorem, we divide it into three cases.
b—c

a—d’
Let, ¢ # 0. The fixed point set of A is given by

First, assume b # c and a # d then, 6,4 =

a—d)+y(a+d)?—-4
Fix(a) = | 2= DEVEHD }  fuy,w}
2c
(say). Note that, u; + u, = 47 ¢ and Uy = —%. Using this we see that,

0, = b—c _ b/c—1 :_1+u1u2.
a—d (a—d)/c u; +u,

Since, the fixed points of A and A" are the same for anyn € Z — {0} i.e., 04 =
O 4n-
When, ¢ = 0, we have Fix(A) = {oo, a_—bd
argument as the previous case, the theorem holds for this case also.

Now consider a = d and b # c. In this case, ¢ must be non-zero. Foi ot};e;r-

1

b
}and 6, = T So, by the same

wise, A would be parabolic. So, we have u; + u, = 0and 64 = — .
u; +u,

Accordingly 64 = oo. Since, u; and u, are also fixed points of A" for any
n € Z — {0}, this implies 84, = O 4n.

In this remaining case, when a = d, b = c, the fixed points are 1 and —1,
and by definition 8,4 = 1. Since the fixed points do not change under iteration
of A, 6,4 remains unchanged. O

Corollary 4.2. Let A = [Ccl Z] be a matrixwith |a+d| > 2in SL(2, R). Then,

04 = O4x for any non-zero integer n.

Proof. The proof follows from Theorem 4.1 and the fact that 6, = 6,4 for
any real number r. (]

Lemma 4.3. Let A be a hyperbolic element in PSL(2, R) such that |04| =n < 1.
Then A is a reciprocal element with a reciprocator

)

m -1 —04

Proof. Let A = [a b]. Then
c d

a6A+C=b+deA.

It is easy to see by direct computation that ®A®~! = A~! in PSL(2,R). This
implies, A is reciprocal with reciprocator ® in PSL(2, R). O
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We know that every hyperbolic element in PSL(2, R) is a product of two in-
volutions. By the previous corollary, we can determine the involutions in the
product which are given by

1 [eA 1 ] 1 64 1
S — d— A.

-1 -6, ™" [—1 -6,
1/1—951 ,/1—6124

Observe that for a hyperbolic element A in PSL(2, R) with 64 # 1, oo,

2
1+ uu
1-6%=1- (A)
U + U,
(g +up)? = (A +uuy)?
(uy +uy)?
2 2 2,2
B uj +u2—1—u1u2
(u; +uy)?
2 20,2
_ (uy =1 —us(u; —1)
(U + uy)?
(] -1 —ud)
(uy +u,)?

Thus, for |64| < 1, one fixed point lie in the interval (—1, 1) and the other lie
outside (-1, 1).

In PSL(2,R), we have some hyperbolic elements which are reciprocal in
PSL(2, R), but the invariant is greater than 1. For example, B = [i g] gives

a hyperbolic element in PSL(2, R) that is reciprocal but 65| > 1.

For such Bwhose |85| > 1, the fixed points are either inside of (—1, 1) or both
are outside (—1, 1). By conjugation, we can move the fixed points such that one
will lie inside (—1,1). Then, we can do the rest as we have done in Lemma 4.3.
In that case, the reciprocators are conjugate to an element of the form ®.

If we consider 84 = 1, i.e.,, a = d,c = b for the hyperbolic element A,
the hyperbolic axis I of A is the semi-circle of (Euclidean) radius one which is
already discussed in Introduction. We may obtain the reciprocator ® as

1 [cost 1

sint | —1 —cost|’
where t € R. The fixed points of the involution & lie on that axis I. Then, ®
interchanges the fixed points {—1, 1}. This implies that ® will be a reciprocator
for A.
The following Corollary 4.4 follows from the above discussion.

Corollary 4.4. Let f be a hyperbolic element in PSL(2, R). The fixed point set of
fis{=1,1}. Then f is a strongly reciprocal element and the reciprocators of f are
of the form e wheret € R.
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Recall Definition (1.2) for the definition of .

Corollary 4.5. If A is conjugate to B by t in PSL(2,R) with 6,4 # 1, then 6,4 =
—0p.

Corollary 4.6. Let A be a reciprocal element in the Hecke group T', with recipro-
cator 1. Then, 64 = 0or 1, i.e., every lift of A in SL(2, R) is a symmetric matrix.

The converse is also true, and that follows from Lemma 5.2. Finally, we note
the following lemma.
Lemma 4.7. Let A be a hyperbolic element in PSL(2, R) then, A¥ is symmetric if

and only if A is symmetric for any non-zero integer k.

Proof. Let A = [Ccl b] be a matrix in SL(2, R), and Fix(A) = Fix(A¥).

d
The fixed points, say z; and z,, of A satisfy this equation,
cz2—(a—d)z—b=0. 4.1)
If A is a symmetric matrix, then b = ci.e., z;2, = —1. Since, Fix(A) = Fix(A¥),

and Ak = [f 2] Then z;, z, both are roots of the equation,

rz2—(p—s)z—q=0. 4.2)
Then, z,z, = —q/r = —1 = —q/r = q = r. Similarly, the converse is also
true. (]

5. Proof of Theorem 1.4 for p odd
We note the following observations.

Lemma5.1. Letg € PSL(2, R) be represented by a symmetric matrixg € SL(2, R).

1
Themapt : z — —3 keeps the fixed point set of g invariant under t.

Proof. Let g, a lift of g of PSL(2, R) represents by the matrix [Ccl Z] in

SL(2, R). Recall that the fixed point set of g is given by the equation
cz2+(d—-a)z—-b=0.

If A is symmetric, then b = ¢, and hence the above equation is invariant under
the map . O

Lemma 5.2. Let a hyperbolic element g in I, be such that g is conjugate to an
element in T, that has a symmetric matrix representation in SL(2, R). Then g is
reciprocal.

Proof. Let g be a hyperbolic element in I',. Then, without loss of generality,
we show that if ¢ is a symmetric matrix in SL(2, R), then g is reciprocal with
reciprocator t. Also, without loss of generality (see Lemma 4.7), we assume
that g is a primitive element in I',. By Lemma 5.1, the fixed point set of g is
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invariant under t. So, g and (gt have the same set of fixed points. Thus, (g, tgt) is
an elementary two-generator subgroup of I',. Using arguments as in the proof
of Lemma 3.4, it follows that

gt = gP for some p € Z — {0}.

But, g = 1gP1,i.e. g = (1g)?. That means p must be 1 or —1; otherwise, it will
be a contradiction to the assumption that g is primitive. If p = 1, then g must
lie in the centralizer of ¢ in T, so g and ¢ have same fixed point. Then, g has
finite order, which is the contradiction. Hence p must be —1, and hence g is
reciprocal. O

Proposition 5.3. The symmetric hyperbolic elements in PSL(2, R) are reciprocal,
and the reverser is L.

Proof. The proof follows from the Lemma 5.2 and Lemma 4.7. O

Lemma 5.4. A hyperbolic element g in T'p, is reciprocal if and only if § is conju-
gate to an element that has a symmetric matrix representation in SL(2, R).

Proof. The necessary condition follows from Lemma 5.2. We now prove the
converse.

Suppose that g is a reciprocal and primitive element in the Hecke group T,
Then there is an involution h in I, such that hgh~! = g=1. Since p is odd, up
to conjugacy, ¢ is the only involution in I',. Let m € I, be an element such that
h = mum~!. Now we see that,

1 _ 51

hgh ™ =gl = mmigmml =g

= (m™gm)=m=g7m

Let k = m~lgm. Then ( conjugates k to k='. This implies, m~'gm has sym-
metric matrix representation due to Corollary 4.6. Hence g is conjugate to a
symmetric matrix. O

5.1. Proof of Theorem 1.4 for odd p. Combining Lemma 3.4 and Lemma 3.1,
we obtain the equivalence of (1) and (2). Equivalence between (2) and (3)
follows from the above two lemmas. So, the theorem is proved for the odd
case. O

6. Proof of Theorem 1.4 for p even

We have seen reciprocity in I', for p > 3 odd. But for p even, some questions
appear.

(1) Is there any other involution not conjugate to ¢?
(2) Ifitis, then does it work as a reciprocator?

The answers to these questions are yes. For the first question, the other involu-
tions are conjugate to (1, )™ where 2m = p. We will denote tax, by y,. And for
the second, it suffices to show the existence of reciprocator other than .
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6.1. Suppose p is even, p = 2m, m > 2. The element y, defined by y, :

1 . . . L .
77 . is of order p. Then y}' is an involution in T, see [DKS]. Lifts of
. -1 . . .
Yp in SL(2,R) are + [(1) 2 ] To determine the involution y}', we need the
P

following lemma.

Lemma 6.1. Let A = [(1) ;1] be the lift of yp, in SL(2,R). Then, for any
P

—ay_ —a
natural number k, A¥ = [ k=1 k] where ai; = —ay_; + A,a; and
ai Ag+1
Qg = 0, a; = 1.
. . . . . [—a —-a
Proof. We will use induction on k. For k = 1, the matrix A4 is [ a 0 a 1],
1 2

ie., 0 —1 . So the lemma is true for k = 1.
1 p

. . -1
Let us consider the lemma is true for k = n. So, that means A" = [(1) 2

p
=AM = [_an—l _an]
ap an41
where a,; = —a,_ + 4,a,. Then
N T
a, ape] 11 Ap
— [_an —Ap41 ]
Ap+1 —ap + /1pan+1
— [_an _an+1]
Any1 any2
since, Qg1 = —ag_1 + 4,a;. So the lemma is true for k = n + 1. Hence the

lemma is proved. O

Lemma 6.2. The involution y,' in T, lifts to the following matrices in SL(2, R):

cos z
p 1
T n N
sin — sin —
+ p
- cos —
1 P
. T G
sin — sin —
p p

Proof. Let us consider p = 2m. Let A be one of the lifts of y,, in SL(2, R).

—a,,_ —a .
So,B =A™ = m-=1 ™1, where a,,., = —a,_1 + Apap, is a lift of the
am Am+1
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involution y}'. Thus, then B? = +Id. That implies,
2

[_am_l —am] = +Id
A Am+1 o
a?  —a? Q1A — Q@
= m—1 m m—1 2m m2 m+l| _ +Id
—Ap—10, + QA A1~ Om

2 2 2 2
=>a, ,— 0y =%, Qy_10y —Apap1 =0, a, , —a, =+

From the second equation, if we obtain two cases.
Casel. a,, = 0, then from the first and third equation afn a=1=>a, =
+1. Similarly a,,_; = +1. Also for the determinant condition a,,_; and a,,;
have opposite signs. This implies, B must project to the identity of PSL(2, R).
This contradicts our hypothesis. So, this case will not appear.

Case 2. a, # 0, then a,,,; = a,_; then

Apy1 = —Ap + lpam = 20,11 = Apam
T
= Q4] = COS D) @

2 2
Therefore, apq < Ay and

sin Z sin Z
So the lifts of ' are + P s |10 SL(2, R). O
1

sin Z sin —
p

Now, we show the existence of reciprocator conjugate to y}'.
Lemma 6.3. Any reciprocal hyperbolic element in I, have reciprocators conju-
gate to either tory}.

Proof. Let us consider M to be a reciprocal element in the Hecke group T,
So, by [HR, Lemma 3.1], M is conjugate to

W = VJIVJZ ...an,
where V; = (U)a,, U=a,,1< jy<p-—1forl<k<mnandneN.

The product is unique up to cyclic permutation. Since reciprocity is invariant
under the conjugation, by [MKD, Theorem 1.4], the reduced form of W and

W~ differ by a cyclic permutation. Then,

W—l — V—lv—l V—l
jn jn— o jl

1
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=> Wl = a UPIntlg tuP=inatl g tgpmitl
=> W = a; N apt.. ap0a, (@papt ... apl) ... oy (@ptapt ... ayt)
=> W = (aptopt ... apOptapl .. apDL .. (Al pl ... ApL)
=> W = (ap,)P I ay(a,)P I tag, L (ap)P T gt
-1 _
=>W = [Vp—jan—jnq Vp_jll
-1, —
> W= Vp—jn Vp_jn—l Vp—j1 =P (Say).
P is a cyclically reduced word in I',. Then it is a cyclic permutation of W. That
implies, RPR™! = W where R = (V; V;, ..V, )*' forr <nandletq =n—r.
Then either R or R~! is a subword of W. Without loss of generality, let us assume

R is a subword. Then, RPR™! = W = RIW LR™! = W. By Lemma 3.4 it
follows that Rt is an involution. Then

Rt = leij erz
= Ul ta, Ul a, .. Ui ta,t
= Uhta,uU tapu ... Ul ta
= UnUJ2 ..U,
Therefore,
RiRt=1d

= UnU2 . . UrUMU2 . U = 1d
= UnU2 . Uty U = 1d.
Since every j, > 1, then the above equation will hold if the following conditions

are satisfied: j, + ji = p.jr—1 + jo = Prerdi + jii = Powrdr + Jr = P.
Therefore,

P=R'WR
= Vp_jnvp_jn—l o VP VJr+1 V]r+2 V]r+qV V VJr

= UPinlq,UP~in17lq,  UPlg, =
Ulrnle, Ul e, . Ul ta, U, . U a,
= UP~Inlo,uUP~In1"tau . . UP~ 1 au
= Ulrnta,ullr"tapu. LU+l apuUn=ta,u.. Ur—ta,u
= UP=InUP=in-1y . UP~I1y = UdrenUdrsz . UlrraUdre .. Uy,

Thisimplies, j,+jr41 = D ju-1FJr+2 = Psooes Jnoks1FJrsk = P oees jn—q+1 +
Jr+q = p- Let o(x) denote a cyclically reduced form of x, i.e., o(x"yx) = o(y)
for x, y are elements of Lp.

Then the cyclic reduced form of Rt i.e. o(Rt) = o(U/nUP2t ... U'r) is either ¢
or U™ where 2m = p. Also U™ is conjugate to y},'. That means Rt is conjugate
tocor y, depending on r is even or odd, respectively. O
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Remark 6.4. In the proof of the Lemma 6.3, we just show that y}' is a recipro-
cator for some reciprocal elements. But, eventually it provides more informa-
tion. Consider W = RQ where R, Q are subwords of W. We know that Rt is
an involution and a reciprocator for W. Then, (R™! = Rt. Also, RtW will be an
involution. Then,
W = RQ = RuQ
= RiW = (R)*Q = Q.
That means (Q is an involution. Then, (Q is also a reciprocator of W.

Q = er+1er+2 o er+q’
where, r + g = n. This implies,
1Q = Wi~ lq, Ui, . Ul la,
= Wit uUi e Ul au
= (U Ulrezg . Ulr+ay,
So, o(1Q) = c((UIr+1 Ulr+2q ... Ulr+ay).
If q is even, then, 0(tQ) = o(1). If q is odd, then o(tQ) = o(y},'). So, the
conclusion is that the reciprocator of W depends on the value of n. If n is odd,
then the reciprocators of a reciprocal element conjugate to t and y}' respectively.

If n is even, then the reciprocator conjugate either to ¢ (if » and q are both even
), or yp' (if r and g are both odd). For example, if we choose

W = Vle_le
where, V; = U/"'a,,. Then we see that
W = ap(a,0P2a,(ap,0)™ tay, = ayule,)P2a,ule,)™ Tapu
= (apOu(ap)P (o, )™
= 1(tac, )eeer, )P i, )™

-1
=y, -
So, one of the lifts of W is

1 (BAz+2)/2 (A, +31,)/2

31,/2 A +2)/2 |

1- (2

We notice that 8y, = 1,/2 = cos 7/ p. If we take the conjugate element of W,
yg_lthyp, then one of the lifts of this element is

1 1 2

2
34 2
1_(,1_p)2 > 2/1p+1
\Y; 2

which is a symmetric matrix with fixed point ratio 0.
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Corollary 6.5. Some infinite order reciprocal elements have two types of recipro-

cators one conjugates to t, and the other one conjugates to yy,'.
Proof of the Corollary 6.5 follows from the previous remark.

Proposition 6.6. Let A be a hyperbolic element in T', with 6, = cos % Then A

is a reciprocal element in T, with reciprocator y'.
O

Proof. The proof of the proposition follows from the Lemma 4.3.
Lemma 6.7. Let g be a hyperbolic reciprocal element in T, with reciprocator h,
conjugatetoyy'. Then, itis conjugate to an element AinT , with either 6, = cos i

o,0,4 = 1.
Proof. g is a hyperbolic reciprocal element in ', and

hgh™! = gL
So, h must be conjugate to ¢t or y'. From the hypothesis consider, A is conjugate

to y;," then, there exists t € T, such that,
tht™' =y}

/o
CcoS—

This implies,
tht=ttgt='tht=! = tg=1t~L.
Let us consider tgt~! as a matrix c Z] in SL(2,R) and B is one of the lifts
of y, from Lemma 6.2. Then _
} -1
a bl,, .[a b
B [c d| B =+ [c d]
a b a b !
=B [c d] =+ [c d] B
/9 /9
1 —COoS — -1 a b 1 d —b —cos;
= =+ ==+
_Sin Z 1 COS Z [C d] _Sin E —C a ] 1
p p
Ap yl
-2 -1 S A -1
= 2 a [a b] =i[d b 2 1 | where, 4, = 2c0s =
1 | [c d —c all 1 tp p
2 2
a2 ¢ —p_g lgobp —d-pk
= 2, 2 o =x] g2 22
a+7"c b+d7p 2Lc+a c+a7"
Case 1.
yl yl 2 pl
—a-t—-c¢ —b2L —-d —2d-b —d —b-2L
2, 2 == 12
a+ 2c b+d-2 2Lc+a c+al
2 2 2 2
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Then,

A A
p _ p —
—bT—d—Oanda+—2C 0

Ap
:7(b+c)+a+d=0.
Here, b + ¢ # 0 since, |a + d| > 2. Also,
A A
p _p
—CI?—C——zd'Fb

From the above equations we obtain that

/1p__b+c dll a+d

p
= and — = .
2 a+d 2 b+c
A2 .. . .
Then, 7" = 1 which is contradiction. So, this case will not appear.

Case 2.

—aZ-c -pZ-d| [-Zd-b -d-bp2
a+/1—Pc b+d/1—p B A—Pc+a c+aA—P
2 2 2 2
This implies,
A A A
p — P — AP _p_
a— —c= 2d b= (a d)2 b—c.

Subcase 1. If the lifts are symmetric matrices i.e., b = c then, a = d. This and
Proposition 5.3 implies that if the lifts have the same diagonal and off-diagonal
entries, then they have reciprocators as ¢ and y' both and 6,4 = 1.
Subcase 2. If the lifts are non-symmetric matrices then

/1p _ b-c

2 a-d

So, the reciprocal elements whose reciprocator is y},', conjugate to a matrix

A= [g Z] such that either 64 = cos% or,b=canda =d. O

6.2. Proof of Theorem 1.4 for even p. Combining Lemma 3.4, Lemma 3.1
and Lemma 6.3, we obtain that the reciprocal elements of ', are either invo-
lutions or hyperbolic elements with reciprocator ¢ or y}. If y}' conjugates to a
reciprocator of a reciprocal element, then by Lemma 6.7, the reciprocal element
is conjugate to an element whose fixed point ratio is cos Zorl. Ify conjugates

p
to a reciprocator of a reciprocal element, then by Corollary 4.6, the reciprocal

element is conjugate to an element whose fixed point ratio is 0 or 1. Hence, the
theorem is proved. O
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7. Parametrization of the reciprocal classes in '),

7.1. Proof of Theorem 1.8. Without loss of generality, consider a primitive
reciprocal hyperbolic element r in 'y, Let S be a reciprocator for r. Then,
S7lrS =rL. (7.1)
This implies,
rksrk = Svk e 7. (7.2)
Then, by Lemma 6.3, S is conjugate to either ¢ or y;’f.
Case 1. First, suppose S is conjugate to t. Then, letn € I', be an element
such that,
7Sy =1 (7.3)
If 55 is a solution of Equation (7.3) then Sy is also a solution of the equation.
This gives two hyperbolic symmetric elements, 775_1”775 and inverse of it.
Let us consider another symmetric element in the conjugacy class of r, say
B~1rp. Since it is symmetric, then
BB =g r1B. (7.4)
That means,
BB =1
= B HrBpH =r"
= B Irpp =SS
= SRR IrpB IS =1
= BBISHrpp IS =1
That implies, Bt3~1S~! € C(r) centralizer of r. Then, i3~! = bS, where b €
C(r)i.e.,

b =r"forsomen € Z. (7.5)
Suppose S’ = r?*S for k € Z. This implies
rks'rk = rksrk, (7.6)
Combining (7.6) and (7.2), we obtain,
rks'vk = §. (7.7)
Again, S’ also satisfy (7.1) and (7.3). So, g and S’ are the solutions for
1Sy =1 (7.8)

Then, (nsmgl)_lrk € C(S) ={Id, S}. If

(s )~irk = Id.
Then it implies,
(smst) = rk
= 1 = rkns
= ng'rng = ng'rys.
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If 5y = r*Sns. This implies,
g s = (rSns)trrkSns = nglS7lrSns = ngtrlys.
Thus, if two reciprocators differ by an even factor of r, then the pair of symmet-

ric elements related to the respective reciprocators are the same.
Case 2. Suppose the reciprocator of r, S is conjugate to y},'. Then,

S7rS =rL. (7.9)
And there is an element 7 € T, such that,
niSn =y (7.10)

=>S=nypn =S =0y, "
So, C(S) ~ (nypn‘l) inT,, then let o be the generator of C(S), such that S = a™.
Let ng and ng be solutions for (7.10), i.e.,

N Sns =vp = ()~ Sn.
This implies,
ns(ng) ™ € (a) = ng = a'(ny)
where, i = 0,1,..., p — 1. Then, there are p solutions for the equation (7.10)

for each S. Those are in the set P = {ng, ang, ..., aP~ 5}, and they generate the
p-reciprocal elements and their inverses in the same reciprocal class.

Let 7, € Pie., n = a'ns. So,

IN=1y0n — o —1.—i i — =1 m—ig—1 —m+i — =1 m—i,.—1.—m+i
()7 rng =ng alralns = ngaTISTirSaT M g = ngta™ T r T a T g

— (nglam—ira—mﬂns)—l.
That means, for the reciprocator S, there are p p-reciprocal elements. If we
choose another p-reciprocal element distinct from the previous ones, i.e., fr3
in the reciprocal class of r. Then, from the previous equation, (7.4), we obtain
similar result i.e., By}~ € C(r), ie., By, ™" = bS for some b € C(r) where
b = r" for some n € Z. Similar to the previous case, we suppose that ﬁ’y;,”ﬁ_l =
S’ and n = 2k. Then, by (7.6) and (7.7), S’ satisfies the equation,

n\S'y =vy (7.11)
for some 7 € T'p. Let the solutions for each S’ be 7 (8 is one of the solutions
for the above equation). Then,

ng'rkSrkng = n3lSns = neng'rk € C(S) = (a).
So, forsome0<i<p-1,

nsng'rk = al. (7.12)

Therefore,
rk = nemgtal = rkaP~ing = ng = ng'rne = (aPns) traP s,

That means we get the same set of p-reciprocal elements if S’ = r¢S.
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It remains to show the odd n case. First, we claim that if S’ = rZ+1S and
S’, S both are conjugate to the same involution, then, 775_1"775 and ns‘,lrns, are
distinct for any 7g, 7y satisfying (7.3), (7.10) respectively.

For a contradiction, we suppose,

ng'rns = nglrng = nengrengt =r.

Then, g = bng where b € C(r). Therefore,
ng'Sns = ng'S'ng (7.13)

= nsmg ' Snsng' =S = bSh = 5.
If S is an involution then, r'S is also an involution for any t € Z. That means,
Shb1=S5b=Sb2 =5
This implies,
S’ = b2S, where, b € C(r). (7.14)
This contradicts our assumption.

The same claim will not work for the case where the reciprocators S and S’
are the solutions of (7.3) and (7.11), respectively. To show that suppose

ng s =g Mg (7.15)
That implies,
ng ' Snsng ST rSnsng Sns = 0 S msm ST rS nemg S ng:
= mg rinst =Yg r gyl
= g r Ty = (ng'r'ns)
= yptng ' r sy = (g 'rlns)
= (n5'rns) = (tyy)* where, k € Z.
Since r is a primitive element, k is either 1 or —1. So, the elements conjugate to
any non-zero power of (" have exactly p p-reciprocal elements and exactly two
symmetric p-reciprocal elements. If there is any other symmetric p-reciprocal
element, it must be a power of r (since r is a primitive element.). This leads to a
contradiction. If possible, let there be another 7 such that it satisfies either (7.3)
or (7.11) with (7.15). Without loss of generality, we choose 7 satisfying (7.11)
then,
nglalralng = ngtrys.
This implies,
alral =r
which is a contradiction for any non-zero i. So there are only two elements 7g
and 7 such that g'rng = ng'rng.
Now fix a reciprocator S. We can divide the class of reciprocators in terms of

[S] and [rS] as reciprocators of each class will generate the same set of symmet-
ric elements or p-reciprocal elements. If S and rS are both conjugate to either ¢
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or y,, the proof of part (a) and (b) of the theorem follow. If any of S, rS conju-
gates to ¢ and the other one conjugates to ' and r is a primitive element. This
implies the proof of (c). O

To parametrize the reciprocal classes in proof of Corollary 1.9, we need to
recall the definition of (.,.),, in Section 2. Also, we require the following propo-
sition.

Proposition 7.1. [LL] Let A = [‘Z Z] be a lift in SL(2, R) of an element A in
PSL(2, Z[4,]). Then A € Ty, if and only if (a,c), = (b,d), = 1.

For the proof, we refer the Proposition 3.7 from [LL].

7.2. Proof of the Corollary 1.9. Let A be a reciprocal element in I', such that
A is either symmetric or p-reciprocal. Let A = [; 5)] be a lift of A in

SL(2,R). Then, u,v,y,w € Z[4,]. Also, uw—vy = 1 and from Proposition 7.1,
(u,v), = (y,w), = 1. Consider,

uw—-vy =1
> 4(uw —vy) =4

= (u+w)? —(u—w)*—4vy =4.
Let,u + w=tandu —w = b and d = 4vy + b2. That means

t2—d=4.

Then, we get a 4-tuple (v, b, y,t) in €’ such that [(t +b)/2 v ~

(t—by2] =4

If A is represented by some 4-tuple in €’ then there does not exist a 4-tuple in
C’ that represents A~!. To see this, let (a, b, ¢, t) € €. Then there is a symmetric
or, a p-reciprocal element B such that

B:[a—fyz a }

(t+b)/2
So,
~1 _[+Db)/2 —a
=T )

but (—a, b, —c,t) & C’. Also, in PSL(2, R), B and —B are same, but (a, b, c, —t) &
C’. So, there are at most half of the symmetric, p-reciprocal or symmetric p-
reciprocal elements that can be given by €’. Now the assertion follows from
Theorem 1.8. O
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