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On line arrangements with odd
multiplicities

Marco Golla

ABSTRACT. We obstruct the existence of certain complex line arrangements
with singular points of odd multiplicity using topological arguments on
locally-flat spheres in 4-manifolds. As a corollary, we show that there is no
line arrangement comprising 13 lines and with only triple points.

A classical result due to Gallai asserts that any non-trivial real line arrange-
ment must have at least a double point. This fact, known as the Sylvester—
Gallai theorem, was strengthened and generalised to pseudoline arrangements
by Melchior [Mel41]. By contrast, complex line arrangements can lack double
points: for instance, the arrangement defined by the polynomial (x3 — y3)(3* —
z3)(z3 — x3), known as the dual Hesse arrangement, comprises 9 lines meeting
at 12 triple points. Using the Bogomolov—Miyaoka-Yau inequality, Hirzebruch
has proven that every non-trivial complex line arrangement must contain at
least a double or a triple point [Hir83]. It has been speculated that the pencil
of degree 3 and the dual Hesse arrangement are the only complex line arrange-
ments to have only triple points [Urz22, Question 3].

Theorem 1. Let L be a locally-flat line arrangement in CP? of degree d with only
triple points. Thend = 1,3,9,19 (mod 24).

Here, by locally-flat, we mean that each line in the arrangement is a locally-
flatly embedded sphere of self-intersection 1, and that every two lines intersect
transversely and positively exactly once.

If an arrangement of degree d has only triple points, then d = 1,3 (mod 6)
by an easy counting argument. Therefore, Theorem 1 covers half of the possi-
ble degrees in which these line arrangements can exist, including in particular
d = 13 (which was the smallest previously unknown case). The case d = 7
is the Fano plane: that it is not realised as a complex line arrangements re-
quires an easy elementary argument; see [RS19] for the case of locally-flat line
arrangements. Since the Fano plane is the projective plane over the field with
two elements, the statement of the Theorem 1 is not purely combinatorial nor
algebraic.
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Corollary 2. There is no pseudoline arrangement, symplectic or complex line ar-
rangement of degree 13 with only triple points. O

The corollary had been proven for complex line arrangements by Limbos
[Lim80] and recently verified by Kiihne, Szemberg, and Tutaj-Gasinska in
[KSzT24]. They used the enumeration of all possible matroids with the com-
binatorial type of a line arrangement of 13 lines and 26 triple points (of which
there are two), and showed that none of them is realised over any field.

Theorem 1 is a direct consequence of the following more general statement.

Theorem 3. Let L C CP? be a locally-flat line arrangement of total degree d
whose singular points have only odd multiplicities. Call t,, the number of singular
points of L of multiplicity m. Then

Z(m —t,=d—-1 (mod 16).

Notation and background. Homology is taken with integer coefficients. The
intersection product and the signature of a 4-manifold are denoted by - and o,
respectively. We refer to [GS99] or [Kir89] for background on 4-dimensional
topology.

If X is a blow-up of CP? at distinct points, then we have a preferred basis of
H,(X) given by the homology classes of a complex line and of the exceptional
divisors. We say that a class in H,(X) is characteristic if all of its coefficients are
odd in this basis. Equivalently, a class A € H,(X) is characteristicif A-B = B-B
(mod 2) for each B € H,(X).

Lemmad4. Let Fy,...,F; C X be a collection of disjoint, locally-flat spheres in a
blow-up X of CP? at t points, such that ([Fi] C Hy(X) is a characteristic class.
Then
ZFk -Fp=1—-t (mod 16).
k

Proof. Let us tube the spheres Fy,..., F; together by doing an internal con-
nected sum in X. That is to say, we first choose d — 1 pairwise disjoint paths
Y2, -, Yq1n X, so thaty, connects F; to F), and is disjoint from F,U---UF; except
for its endpoints. We then perform a connected sum of F; and F; in X along
Yi- (See Figure 1 for a schematic picture.) In this way, we obtain a locally-flat
sphere F with [F] = 3 [Fi] € Hy(X)and F - F = }}, Fy - F}.

Now, F is characteristic and, since X is a smooth manifold, its Kirby-Sieben-
mann invariant vanishes. Since X is simply-connected, by the locally-flat ver-
sion the Kervaire-Milnor theorem [KeM61 |, which is due to Lee and Wilczyniski
[LeW90], we have

DF Fy=F-F=0(X)=1-t (mod 16),
k

which proves the statement. O
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FIGURE 1. Tubing F; and F, along the path y,: on the left, there
are F; (left) and F, (right) and y, (dashed); on the right, the
result of the operation.

Proof of Theorem 3. Suppose that L = L, U--- UL, is a locally-flat realisation
of an arrangement as in the statement. Since the multiplicities of all its singular
points are odd, each line intersects an even number of lines, so d is odd. Call
Pi the number of singular points on the line Lj.

Blow up CP? at all the singular points of L, to obtain a configuration of sur-
faces in a blow-up X of CP? att :=t; + ts + - + ty_, + t4 points.

First, we observe that the strict transform of L comprises d pairwise disjoint
locally-flat spheres, Fy, ..., Fy, of self-intersection 1 — p;,...,1 — py.

Since we have only blown up at points of odd multiplicity, the sum of the
homology classes [F,], ..., [F4] is characteristic. By Lemma 4, we have:

d-—Y . pk=),1—-p)=1-t (mod 16).
k k
Recall thatt = 3 t,, and note that
Z Pk = Z miy,,
k m
so that

Z(m—l)tm:thm—tzz:pk—tzd—l (mod 16). O
m m k

Proof of Theorem 1. If L is a locally-flat realisation of a line arrangement of
degree d with only triple points, t; = d(d_l), which implies that d = 0,1
(mod 3). To prove the theorem, it suffices to show thatd = 1,3 (mod 8).
Applying Theorem 3, we obtain:
did—-1)
e

which is equivalent to asking that (d — 1)(d — 3) = 0 (mod 16), which in turn
impliesd = 1,3 (mod 8). O

2 =3-1)-t3=d—1 (mod 16),
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Remark 5. Note that the congruence
Z(m —t,,=d—-1 (mod 8)
m

is entirely combinatorial, and in particular it holds for line arrangements over
any field as well as for locally-flat line arrangements in CP2. Indeed, for m odd,

2(m) =1-—m (mod 8), so that, working modulo 8:

2
>m - Dt = -2 mzo:’m(’;q)tm = —2%} (r;)tm = —2(‘;) =d-1.

Remark 6. Theorem 3 generalises to configurations of rational curves whose
singularities have only odd multiplicities. It also extends to certain classes of
collections of spheres with conical singularities that are modelled over plane
curve singularities whose multiplicity sequence only has odd entries. In turn,
this generalises an obstruction for rational cuspidal curves described in [GK23,
Proposition 4.2.4].
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