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An arithmetic count of osculating lines

Giosuè Muratore

Abstract. We say that a line inℙ𝑛+1

𝑘
is osculating to a hypersurface𝑌 if they

meet with contact order 𝑛 + 1. When 𝑘 = ℂ, it is known that through a fixed
point of 𝑌, there are exactly 𝑛! of such lines. Under some parity condition
on 𝑛 and deg(𝑌), we define a quadratically enriched count of these lines over
any perfect field 𝑘. The count takes values in the Grothendieck–Witt ring of
quadratic forms over 𝑘 and depends linearly on deg(𝑌).
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1. Introduction
A classical result by Salmon states that, over 𝑘 = ℂ, for a general smooth sur-

face 𝑌 ⊂ ℙ3
ℂ
and a general point 𝑝 ∈ 𝑌 there are exactly two lines meeting 𝑌 at

𝑝 with contact order 3 [Sal65]. That result does not depend on the degree of 𝑌.
A possible generalization of Salmon’s result consists on the number of rational
curves𝐶 ⊂ ℙ𝑛+1

ℂ
meeting a hypersurface with contact order (𝑛+2) deg(𝐶)−1 at

a fixed general point. These curves have recently been used in a number of in-
teresting applications [LP18], and their number has been computed recursively
using Gromov–Witten invariants in [MS21, Mur21]. They are called osculating
curves. In particular, the number of osculating lines to a hypersurface𝑌 ⊂ ℙ𝑛+1

ℂ

is
𝑛!. (1.1)

This result was probably first proved in [CM18, Proposition 3.4]. In this pa-
per, we generalize Equation (1.1) to any perfect field 𝑘 using 𝔸1-homotopy.
In this theory, the solution of an enumerative problem is an element of the
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Grothendieck–Witt ring GW(𝑘) of 𝑘. It is the completion of the semi-ring of
isomorphism classes of nondegenerate, symmetric bilinear forms on finite di-
mensional vector spaces over 𝑘. This technique has been used, for example, to
compute the number of lines in the cubic surface [KW21], in the quintic three-
fold [Pau22], and the degree of the Grassmannian of lines [SW21].

1.1. Statement of the main result. Let 𝑎 ∈ 𝑘 ⧵ {0}. We denote by ⟨𝑎⟩ ∈
GW(𝑘) the class of the bilinear form 𝑘 × 𝑘 → 𝑘 given by (𝑥, 𝑦) ↦ 𝑎𝑥𝑦. Given
a finite extension 𝐾∕𝑘, the group morphism Tr𝐾∕𝑘 ∶ GW(𝐾) → GW(𝑘) is the
natural map induced by the field trace 𝐾 → 𝑘.
We denote by ℍ ∶= ⟨1⟩ + ⟨−1⟩.
Let 𝑌 ⊂ ℙ𝑛+1

𝑘
be a hypersurface of degree 𝑑 ≥ 𝑛 given by a homogeneous

polynomial 𝑓, and 𝑝 ∈ 𝑌 be a point. If 𝑝 is not 𝑘-rational, we extend the scalars
and consider 𝑓𝑘(𝑝) with a lift 𝑝̃ of 𝑝.
If 𝑈 is an affine open set of ℙ𝑛+1

𝑘(𝑝)
centered at 𝑝̃, the restriction of 𝑓𝑘(𝑝) to

𝑈 has a unique Taylor series, that is it decomposes as sum of homogeneous
polynomials 𝑓(𝑖) of degree 𝑖:

𝑓𝑘(𝑝)|𝑈
= 𝑓(1) + 𝑓(2) +⋯+ 𝑓(𝑑).

If the subscheme 𝐹 ∶= 𝑓(1) ∩⋯ ∩ 𝑓(𝑛) of ℙ𝑛
𝑘(𝑝)

is finite, for each point 𝑙 ∈ 𝐹

we denote by 𝐽(𝑙) the signed volume of the parallelepiped determined by the
gradient vectors of 𝑓(1), 𝑓(2),⋯ , 𝑓(𝑛) at 𝑙, and

𝐽(𝑌, 𝑝) ∶=
∑

𝑙∈𝑓(1)∩⋯∩𝑓(𝑛)

Tr𝑘(𝑙)∕𝑘(𝑝)⟨𝐽(𝑙)⟩.

Our main result is the following.

Theorem 1.1. Let 𝑛 and 𝑑 be positive integers such that the following conditions
are satisfied

∙ 𝑛 ≡ 2mod 4,
∙ 𝑑 ≡ 0mod 2.

Let 𝑌 ⊂ ℙ𝑛+1
𝑘

be a general hypersurface of degree 𝑑 ≥ 𝑛, and ℒ be a general
𝑘-rational line meeting 𝑌 transversely. Then

∑

𝑝∈𝑌∩ℒ

Tr𝑘(𝑝)∕𝑘⟨𝐽(𝑌, 𝑝)⟩ = 𝑑
𝑛!

2
ℍ.

When 𝑘 = ℂ, the map rank∶ GW(ℂ) → ℤ is an isomorphism, so the theo-
rem implies Equation (1.1). Indeed, each osculating line contributes with ⟨1⟩ to
the sum. By [Mur21, Proposition 4.1], the number of complex osculating lines
is the same for each of the general 𝑑 points {𝑝1, … , 𝑝𝑑} = 𝑌 ∩ ℒ. Hence there
are 𝑛! lines through each of these points.
Our result is related to Bézout–McKean Theorem, see Remark 6.3.
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1.2. Possible generalizations. Onemay consider conics instead of lines. For
example, the number of osculating conics to a hypersurface 𝑌 ⊂ ℙ𝑛+1

ℂ
at 𝑝 is

(2𝑛 + 2)!

2𝑛+2
−
((𝑛 + 1)!)2

2
.

This is proved in [Mur21, Equation (6.1)]. See also the tree-formula of [MS23].
Hence, if 𝑛 = 2, there are 27 osculating conics. Darboux [Dar80] noted that,
when deg(𝑌) = 3, each line of 𝑌 is coplanar to a unique osculating conic, and
vice versa. This explains why they are 27. Recent examples of enriched counts
of conics are [McK22, DGGM23, BW23b]. We hope to address the problem of
the enriched count of osculating curves of higher degree in the near future. We
do not expect that the solution will be a multiple of the hyperbolic class ℍ.

1.3. Outline. We introduce 𝔸1-homotopy in Section 2. Sections 3 and 5 con-
tain many preliminary results. They follow closely the style of [McK21, Sec-
tion 3]. Section 4 defines the relavant vector bundle, and the bundle of principal
parts. The last section proves the main results.

Acknowledgements. The author thanksEthanCotterill, GabrieleDegano, Stephen
McKean, Kyler Siegel, and Israel Vainsencher for many useful discussions. The
author also thankMichael Stillman andMatthias Zach for their computational
help, and the Reviewers for taking the necessary time and effort to review the
manuscript. This work is supported by FCT - Fundação para a Ciência e a Tec-
nologia, under the project: UIDP/04561/2020 (https://doi.org/10.54499/
UIDP/04561/2020). The author is a member of GNSAGA (INdAM).

2. Background in 𝔸𝟏-enumerative geometry
Let 𝑘 be a field and 𝑋 be a smooth proper scheme over 𝑘 of dimension 𝑛.

Moreover, let 𝐸 be a vector bundle of rank 𝑛 on 𝑋.

Definition 2.1. The bundle 𝐸 is relatively oriented if there exists a line bundle
𝐿 on 𝑋, and an isomorphism 𝜓∶ Hom(det 𝑇𝑋 , det 𝐸) → 𝐿⊗2. The pair (𝐿, 𝜓) is
called a relative orientation of 𝐸.

Definition 2.2. Let 𝑧 be a point of𝑋. A system of Nisnevich coordinates around
𝑧 is a Zariski open neighborhood 𝑈 of 𝑧 in 𝑋, and an étale map 𝜑∶ 𝑈 → 𝔸𝑛

𝑘

such that the extension of residue fields 𝑘(𝜑(𝑧)) ⊆ 𝑘(𝑧) is an isomorphism.

Example 2.3 ([MVW06, Example 12.1]). Let char(𝑘) ≠ 2 and 𝑎 ∈ 𝑘 ⧵ {0}. The
maps 𝑖 ∶ 𝔸1

𝑘
⧵ {𝑎2} ↪ 𝔸1

𝑘
and (_)2∶ 𝔸1

𝑘
⧵ {0} → 𝔸1

𝑘
are a system of Nisnevich

coordinates around all points of 𝔸1

𝑘
.

Example 2.4. Let𝑅 ∶= ℝ[𝑥, 𝑦]∕(𝑥2+𝑦2+1) and let 𝑝 be the ideal generated by
𝑦 + 1. Let 𝑈 be the spectrum of the localization 𝑅𝑝. The inclusion ℝ[𝑥] ↪ 𝑅𝑝
induces a system of Nisnevich coordinates around 𝑧 = Spec(𝑅∕𝑝).

https://doi.org/10.54499/UIDP/04561/2020
https://doi.org/10.54499/UIDP/04561/2020
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Example 2.5. If 𝑘 ⊊ 𝐾 is an extension of fields, then the 𝑘-scheme Spec(𝐾)
does not admit any system of Nisnevich coordinates. Indeed, the residue fields
are not isomorphic.

The existence of a system of Nisnevich coordinates is granted if dim𝑋 ≥ 1

by [KW21, Proposition 20]. If 𝐸 is a vector bundle and 𝜑∶ 𝑈 → 𝔸𝑛

𝑘
is a system

of Nisnevich coordinates given by 𝜑 = (𝜑1, … , 𝜑𝑛), by shrinking 𝑈 we may
suppose without loss of generality that there exists a trivialization 𝜑∶ 𝐸|𝑈 →

𝒪
⊕𝑛

𝑈
. This local trivialization induces a distinguished element det(𝜑) ∶= 𝜑1 ∧

… ∧ 𝜑𝑛 of Γ(𝑈, det 𝐸) . On the other hand, there is a distinguished element of
Γ(𝑈, det 𝑇𝑋) induced by the standard basis of 𝑇𝔸𝑛

𝑘
.

Definition 2.6. Let (𝐿, 𝜓) be a relative orientation of 𝐸. Let 𝜑∶ 𝑈 → 𝔸𝑛

𝑘
be

a system of Nisnevich coordinates, and let 𝜑∶ 𝐸|𝑈 → 𝒪
⊕𝑛

𝑈
be a trivialization.

Let 𝜆 be the linearmap sending the distinguished element of Γ(𝑈, det 𝑇𝑋) to the
distinguished element det(𝜑) of Γ(𝑈, det 𝐸). We say that 𝜓 is compatiblewith 𝜑
and the trivialization 𝜑 if the induced map on global sections

𝜓|
𝑈
∶ Hom𝑘(Γ(𝑈, det 𝑇𝑋), Γ(𝑈, det 𝐸))⟶ Γ(𝑈, 𝐿⊗2)

sends 𝜆 to a square element of Γ(𝑈, 𝐿)⊗2.

In differential topology, the Brouwer degree of a differentiable map 𝑓∶ 𝑋 →

𝑌 can be computed in the following way. Take 𝑦 ∈ 𝑌 a regular value, so that
the Jacobian matrix 𝐽𝑓 is invertible for each one of the finite points 𝑥 ∈ 𝑋 such
that 𝑓(𝑥) = 𝑦. The local Brouwer degree at 𝑥 is +1 if det(𝐽𝑓)|𝑥 > 0, and −1
otherwise. The Brouwer degree is the sum of all local degrees, that is

deg(𝑓) =
∑

𝑥∈𝑓−1(𝑦)

sgn(det(𝐽𝑓)|𝑥), (2.1)

and it depends only on the homotopy class of 𝑓. See [Lee13, Chapter 17] for a
nice introduction.
Morel extended this notion by defining the 𝔸1

𝑘
-homotopy degree. Roughly

speaking, in [MV99] a category is constructed upon algebraic varieties over
𝑘, but allowing many tools of usual topology of manifolds. In particular, the
unit interval is replaced by 𝔸1

𝑘
in homotopy. In this new category there is a

Brouwer degree taking value in GW(𝑘) (see [Mor12, Corollary 1.24] and refer-
ence therein, and [Mor06] for an introduction). Morel’s construction has been
made explicit in various contexts (see [Caz12, BMP23]).

2.1. Euler class of a vector bundle. Let (𝐿, 𝜓) be a relative orientation of𝐸 as
in Definition 2.1. Themap𝜓 induces an isomorphism𝜓′∶ det 𝐸∨⊗𝐿⊗2 → 𝜔𝑋 .
For each 0 ≤ 𝑎, 𝑏 ≤ 𝑛, we may use 𝜓′, the graded Koszul complex [Eis95, 17.2],
and Serre duality to construct a perfect pairing

𝛽𝑎,𝑏 ∶ 𝐻
𝑎(𝑋, ∧𝑏𝐸∨ ⊗ 𝐿) ⊗𝐻𝑛−𝑎(𝑋, ∧𝑛−𝑏𝐸∨ ⊗ 𝐿)⟶ 𝑘.

When 2𝑎 = 2𝑏 = 𝑛, 𝛽𝑎,𝑏 is a bilinear form. For all other values of 𝑎 and 𝑏, the
direct sum 𝛽𝑎,𝑏 ⊕ 𝛽𝑛−𝑎,𝑛−𝑏 is also a nondegenerate symmetric bilinear form.
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Definition 2.7. The Grothendieck–Serre–duality Euler number of 𝐸 is

𝑒(𝐸) ∶=
∑

0≤𝑎,𝑏≤𝑛

(−1)𝑎+𝑏𝛽𝑎,𝑏 ∈ GW(𝑘).

See [BW23a, Section 2]. This definition does not depend on the relative ori-
entation.
An older but more explicit definition of Euler class was given in [KW21]. It

requires a section 𝜎∶ 𝑋 → 𝐸 with isolated zeros.

Let 𝑧 be a zero of 𝜎, and let deg
𝔸1
𝑘

𝑧 (𝜎) ∈ GW(𝑘) denote its local𝔸1

𝑘
-degree. In

the case where 𝑧 is simple, has a compatible Nisnevich neighborhood isomor-
phic to the affine space, and 𝑘(𝑧)∕𝑘 is separable, then by [KW19, Proposition
15] we have

deg
𝔸1
𝑘

𝑧 (𝜎) = Tr𝑘(𝑧)∕𝑘⟨det(𝐽𝜎)|𝑧⟩. (2.2)
The Jacobian 𝐽𝜎 of 𝜎 is computed locally at 𝜎∶ 𝔸𝑛

𝑘
→ 𝔸𝑛

𝑘
.

More generally, if 𝑧 is not simple, deg
𝔸1
𝑘

𝑧 (𝜎) is constructed in a different way.
Let 𝑍 denote the zero locus of 𝜎. There is a natural isomorphism

Hom𝑘(𝒪𝑍,𝑧, 𝑘) ≅ 𝒪𝑍,𝑧

of 𝒪𝑍,𝑧-algebras. The Scheja–Storch form ([SS75]) is the map 𝜂 corresponding
to 1 under this isomorphism. This defines a bilinear form 𝑥 ⊗ 𝑦 ↦ 𝜂(𝑥𝑦) on

𝒪𝑍,𝑧 (see [Him77, EL77, Eis78]), and deg
𝔸1
𝑘

𝑧 (𝜎) is the class of this bilinear form
as proved in [KW19, Main Theorem]. Finally

𝑒(𝐸) =
∑

𝑧∈𝜎−1(0)

deg
𝔸1
𝑘

𝑧 (𝜎), (2.3)

by [BW23a, Theorem1.1]. Equation (2.2)makes clear the analogy between (2.3)
and the classical Brouwer degree (2.1).

2.2. The non-orientable case. Many interesting vector bundles are not rel-
atively orientable, so that there is no Euler class as in Definition 2.7. Larson
and Vogt partially solve this problem by introducing the relative orientability
relative to a divisor.

Definition 2.8. Let 𝑋 be a smooth variety, 𝐸 → 𝑋 be a vector bundle and
𝐷 ⊂ 𝑋 be an effective divisor. We say that 𝐸 is relatively orientable relative to 𝐷
if there exists a line bundle 𝐿 on 𝑋, and an isomorphism

𝜓∶ Hom(det 𝑇𝑋 , det 𝐸) ⊗ 𝒪𝑋(𝐷)⟶ 𝐿⊗2.

Equivalently, 𝐸 is relatively orientable on the open subvariety 𝑋 ⧵ 𝐷.

At least over ℝ, this definition allows us to define the Euler class of a vector
bundle that does not satisfyDefinition 2.1. So, let𝑋 be a smooth real variety. Let
𝜎 be a section of 𝐸 with isolated zeros. For each zero 𝑧, the class of the Scheja–

Storch form deg
𝔸1
ℝ

𝑧 (𝜎) is still well-defined. Let us denote by 𝑉𝐷 ⊂ 𝐻0(𝐸) the
locus of ℝ-points of𝐻0(𝐸) with a real zero along 𝐷.



1688 GIOSUÈ MURATORE

Lemma 2.9. Let 𝑋 be a smooth real projective variety and 𝐸 be a vector bundle
relatively oriented relative to an effective divisor 𝐷. Let 𝐻0(𝐸)◦ denote the space
of sections with isolated zeros. Then

∑

𝑧∈𝜎−1(0)

deg
𝔸1
ℝ

𝑧 (𝜎)

is constant for 𝜎 in any real connected component of𝐻0(𝐸)◦ ⧵ 𝑉𝐷 .

Proof. See [LV21, Lemma 2.4]. □

Suppose that 1𝐷 is a global section of𝒪𝑋(𝐷) that gives𝐷. For a vector bundle
𝐸 relatively orientable relative to 𝐷, we say that the relative orientation (𝐿, 𝜓)
is compatible with a system of Nisnevich coordinates 𝜑∶ 𝑈 → 𝔸𝑛

𝑘
if 𝜆⊗1𝐷 is a

square, where 𝜆 is like in Definition 2.6. See [McK21, Definition 3.7] for more
details.

3. Results on the flag variety
Let 𝑛 be a nonnegative integer, and 𝑘 be a perfect field. Let 𝑖 ∈ {0, … , 𝑛 + 1},

we denote by 𝑈𝑖 the open subset

𝑈𝑖 ∶= Spec (𝑘 [
𝑥0

𝑥𝑖
, … ,

𝑥𝑛+1

𝑥𝑖
]) ⊂ Proj (𝑘[𝑥0, … , 𝑥𝑛+1]) =∶ ℙ

𝑛+1

𝑘
.

Remark 3.1. In [McK21, Section 2], 𝑈𝑖 is defined as the open subset of ℙ𝑛+1𝑘

parameterizing points [𝑝0 ∶ … ∶ 𝑝𝑛+1] such that 𝑝𝑖 ≠ 0. This notation makes
sense only for 𝑘-points, as it denotes the point corresponding to the homoge-
neous ideal

(𝑝𝑖𝑥0 − 𝑝0𝑥𝑖, … , 𝑝𝑖𝑥𝑛+1 − 𝑝𝑛+1𝑥𝑖).

Nevertheless, we adopt the same convention. In particular, we characterize any
morphism by its action on the coordinates {𝑥0, … , 𝑥𝑛+1}.

Let 𝐺 = 𝐺(2, 𝑛 + 2) be the Grassmannian of lines in ℙ𝑛+1
𝑘

. It is the space of
matrices of order 2×(𝑛+2) of maximal rank, modulo the action ofGL(2, 𝑘). In
particular, for each pair of distinct indices {𝑖, 𝛼} ⊂ {0, … , 𝑛+1}, there is an open
subset isomorphic to 𝔸2𝑛

𝑘
parameterizing those orbits in 𝐺 whose submatrix

containing the columns 𝑖 and 𝛼 is invertible. See, for example, [Muk03, 8.1].
We denote by𝒪𝐺(−1) the determinant of the tautological vector bundle 𝒮 of 𝐺,
see p. 248 of loc. cit.. We denote by 𝑋 the variety of flags

{0} ⊂ 𝑘 ⊂ 𝑘2 ⊂ 𝑘𝑛+2.

It has two natural maps:

𝜋∶ 𝑋 → 𝐺, ev ∶ 𝑋 → ℙ𝑛+1.

The pair (𝑋, ev) is naturally isomorphic to the projectivization of tangent
bundle of ℙ𝑛+1

𝑘
, thus it is a ℙ𝑛

𝑘
-bundle over ℙ𝑛+1

𝑘
. We denote by 𝒪𝑋(1) the line

bundle ev∗𝒪ℙ𝑛+1
𝑘
(1). We will use the following properties of the Grassmannian.
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Proposition 3.2. Let 𝑝 ∈ ℙ𝑛+1
𝑘

(𝑘) and 𝑍 = ev−1(𝑝). In the notation above, we
have the following:

𝜔𝐺 ≅ 𝒪𝐺(−𝑛 − 2), (3.1)
𝜋∗𝒪𝐺(1) ≅ 𝜔𝜋 ⊗𝒪𝑋(2), (3.2)

𝜔𝜋|𝑍 ≅ 𝒪ℙ𝑛
𝑘
(1). (3.3)

Proof. Thefirst equation follows by [EH16, Proposition 5.25]. In order to prove
the second formula, note that (𝑋, 𝜋) is naturally isomorphic the projectivization
of the vector bundle 𝒮. Theorem 11.4 of loc. cit. implies that

𝑐1(𝜔
∨
𝜋) =

(1 + 1 − 0

1 − 0

)
𝑐1(𝒪𝑋(1)) +

(1 + 1 − 1

1 − 1

)
𝑐1(𝜋

∗𝒮).

Since 𝑐1(𝜋∗𝒮) = 𝜋∗𝑐1(det 𝒮) = 𝜋∗𝑐1(𝒪𝐺(−1)), we easily deduce Equation (3.2).
In order to prove the last one, note that 𝑍 parameterizes the set of flags

{0} ⊂ 𝑝 ⊂ 𝑘2 ⊂ 𝑘𝑛+2.

Dividing the above equation by 𝑝, we see that 𝑍 is naturally isomorphic to the
variety of projective lines of 𝑘𝑛+2∕𝑝, which is ℙ𝑛

𝑘
. Thus there is a natural em-

bedding 𝑖 ∶ 𝑍 ↪ 𝐺. This embedding preserves the Schubert cycles as discussed
in Chapter 4.1 of loc. cit., thus 𝑖∗𝒪𝐺(1) = 𝒪𝑍(1) and the result follows from the
second equation. □

Remark 3.3. If𝑝 is not 𝑘-rational, then𝑍 = ℙ(𝑇ℙ𝑛
𝑘
,𝑝) ≅ ℙ𝑛

𝑘(𝑝)
. Since𝐺 is covered

by affine spaces, the equation 𝜔𝜋|𝑍 = 𝒪𝑍(1) could still be proved using Galois
descent (see [BLR90, Example 6.2/B]).

Given a set of indeces 𝐼 and a sequence of elements {𝑎𝑖}𝑖∈𝐼 , by (… , 𝑎𝑗, …) we
mean that 𝑎𝑗 is missing from the sequence.
There is a standard system of Nisnevich coordinates of ℙ𝑛

𝑘
that we denote by

{(𝑈𝑖, 𝜑𝑖)}
𝑛
𝑖=0
. That is

𝜑𝑖([𝑝0 ∶ … ∶ 𝑝𝑛+1]) = (
𝑝0

𝑝𝑖
, … ,

𝑝𝑖−1

𝑝𝑖
,
𝑝𝑖+1

𝑝𝑖
, … ,

𝑝𝑛

𝑝𝑖
) . (3.4)

These coordinates give a natural system of coordinates of 𝑇ℙ𝑛+1
𝑘

in the following
way. Let (𝑥0, … , 𝑥𝑗, … , 𝑥𝑛+1) ∈ 𝔸𝑛+1

𝑘
be local coordinates. The maps

𝜑𝑖◦𝜑
−1
𝑗
(𝑥0, … , 𝑥𝑗, … , 𝑥𝑛+1) = (… ,

𝑥𝑗−1

𝑥𝑖
,
1

𝑥𝑖
,
𝑥𝑗+1

𝑥𝑖
, … ,

𝑥𝑛+1

𝑥𝑖
) ∈ 𝔸𝑛+1

𝑘
(3.5)

are the standard gluing of the projective space along𝑈𝑗 ∩𝑈𝑖. In order to obtain
the standard gluing of the tangent bundle with respect to the standard basis
{
𝜕

𝜕𝑥𝑡
}𝑡≠𝑗, we take the Jacobian 𝐽𝑖𝑗 of (3.5), leading to maps

𝐽𝑖𝑗 (
𝜕

𝜕𝑥𝑠
) =

⎧

⎨

⎩

1

𝑥𝑖

𝜕

𝜕𝑥𝑠
if 𝑠 ≠ 𝑖, 𝑗

−
1

𝑥2
𝑖

𝜕

𝜕𝑥𝑖
−

∑

𝑡≠𝑖,𝑗

𝑥𝑡

𝑥2
𝑖

𝜕

𝜕𝑥𝑡
if 𝑠 = 𝑖.

(3.6)
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Thus the cocycle det(𝐽𝑖𝑗)◦𝜑𝑗 maps the distinguished basis

𝜕

𝜕𝑥0
∧ … ∧

𝜕̂

𝜕𝑥𝑗
∧ … ∧

𝜕

𝜕𝑥𝑛+1

to

𝐽𝑖𝑗 (
𝜕

𝜕𝑥0
) ∧ … ∧ 𝐽𝑖𝑗 (

𝜕

𝜕𝑥𝑗−1
) ∧ 𝐽𝑖𝑗 (

𝜕

𝜕𝑥𝑗+1
) ∧ … ∧ 𝐽𝑖𝑗 (

𝜕

𝜕𝑥𝑛+1
) ,

which is equal to

(−1)𝑖+𝑗

𝑥𝑛+2
𝑖

𝜕

𝜕𝑥0
∧ … ∧

𝜕̂

𝜕𝑥𝑗
∧ … ∧

𝜕

𝜕𝑥𝑛+1
.

The Jacobian determinant is −1∕𝑥𝑛+2
𝑖

, but we multiply by (−1)𝑖+𝑗+1 after re-
ordering the derivations. See the proof of [Huy05, Proposition 2.4.3]. We will
use another system of coordinates, which is better suited for our problem.

Definition 3.4. The twisted open cover {(𝑈𝑖, 𝜑̃𝑖)}
𝑛
𝑖=0

ofℙ𝑛
𝑘
is defined as 𝜑̃0 = 𝜑0

and
𝜑̃𝑖([𝑝0 ∶ … ∶ 𝑝𝑛]) = ((−1)𝑖

𝑝0

𝑝𝑖
, … ,

𝑝𝑖−1

𝑝𝑖
,
𝑝𝑖+1

𝑝𝑖
, … ,

𝑝𝑛

𝑝𝑖
) . (3.7)

Proposition 3.5. The twisted covering maps {(𝑈𝑖, 𝜑̃𝑖)}
𝑛+1

𝑖=0
are a system of Nis-

nevich coordinates. Moreover, for each pair of indeces (𝑖, 𝑗), the morphism 𝜑𝑖 de-
termines: the distinguished basis element

(−1)𝑖 ⋅ 𝜕𝑖 ∶= (−1)𝑖
⋀

𝑡≠𝑖

𝜕

𝜕(𝑥𝑡∕𝑥𝑖)
∈ Γ (𝑈𝑖, det 𝑇ℙ𝑛+1

𝑘
|
𝑈𝑖

) ,

and the transition functions 𝑔𝑖𝑗 ∶ 𝑇ℙ𝑛+1
𝑘
|
𝑈𝑗

→ 𝑇ℙ𝑛+1
𝑘
|
𝑈𝑖

such that

det 𝑔𝑖𝑗 = (−1)𝑖+𝑗 (
𝑥𝑖

𝑥𝑗
)

𝑛+2

. (3.8)

Proof. See [McK21, Proposition 3.8]. □

We will use the coordinates described in Equation (3.7) to a natural atlas of
𝑋.

Definition 3.6. Let 𝑖, 𝛼 ∈ {0, … , 𝑛 + 1} be such that 𝛼 ≠ 𝑖. Let { 𝜕

𝜕𝑥𝑡
}𝑡≠𝑖 be

a trivializing base of 𝑇𝑈𝑖
. Let 𝑈𝛼 ⊂ ℙ(𝑇𝑈𝑖

) be the open set corresponding to
𝜕

𝜕𝑥𝛼
≠ 0. Thus ev−1(𝑈𝑖) = 𝑈𝑖 × ℙ

𝑛

𝑘
is covered by open subsets 𝑈𝑖𝛼 ∶= 𝑈𝑖 × 𝑈𝛼.

The morphism 𝜑̃𝑖𝛼 ∶ 𝑈𝑖𝛼 → 𝔸𝑛+1

𝑘
× 𝔸𝑛

𝑘
is defined as follows

𝜑̃𝑖𝛼([𝑝0 ∶ … ∶ 𝑝𝑛+1]×[𝑞0 ∶ … ∶ 𝑞𝑛]) ∶= 𝜑𝑖([𝑝0 ∶ … ∶ 𝑝𝑛+1])×𝜑̃𝛼([𝑞0 ∶ … ∶ 𝑞𝑛]).

(3.9)

Since 𝜑̃𝑖𝛼 is the direct product of two isomorphisms, it is an isomorphism. In
particular it gives a system of Nisnevich coordinates.
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Proposition 3.7. The covering maps {(𝑈𝑖𝛼, 𝜑̃𝑖𝛼)} are Nisnevich coordinates.
Moreover, 𝜑̃𝑖𝛼 determines a distinguished basis element of det 𝑇𝑋|𝑈𝑖

with tran-
sition functions 𝑔(𝑖𝛼),(𝑗𝛽)∶ 𝑇𝑋|𝑈𝑗𝛽

→ 𝑇𝑋|𝑈𝑖𝛼
such that

det 𝑔(𝑖𝛼),(𝑗𝛽) = (
𝑥𝑖

𝑥𝑗
)

2

(
𝑥𝑖𝑦𝛼

𝑥𝑗𝑦𝛽
)

𝑛+1

. (3.10)

Proof. In order to obtain the gluing functions of 𝑋, we need to combine (3.5)
and (3.6). A few calculations lead to the following maps of 𝔸𝑛+1

𝑘
× 𝔸𝑛

𝑘
:

𝜑̃𝑖𝛼◦𝜑̃
−1

𝑗𝛽
((𝑥0, … , 𝑥𝑗, … , 𝑥𝑛+1) × (𝑦0, … , 𝑦𝑗, … , 𝑦𝛽, … , 𝑦𝑛+1)) (3.11)

= (𝑥′
0
, … , 𝑥′

𝑖
, … , 𝑥′

𝑛+1
) × ((−1)𝛼+𝛽𝑦′

0
, … , 𝑦′

𝑖
, … , 𝑦′𝛼, … , 𝑦

′
𝑛+1

),

where for 𝑠 ≠ 𝑖, 𝑗, 𝛽,

𝑥′𝑠 =
𝑥𝑠

𝑥𝑖
, 𝑥′

𝛽
=
𝑥𝛽

𝑥𝑖
, 𝑥′

𝑗
=

1

𝑥𝑖
,

𝑦′𝑠 =
𝑦𝑠

𝑦𝛼
, 𝑦′

𝛽
=

1

𝑦𝛼
, 𝑦′

𝑗
=
−1

𝑥𝑖

𝑦𝑖

𝑦𝛼
−
𝑥𝛽

𝑥𝑖

1

𝑦𝛼
−

∑

𝑡≠𝑖,𝑗,𝛽

𝑥𝑡

𝑥𝑖

𝑦𝑡

𝑦𝛼
.

The determinant of the Jacobian matrix of (3.11) is

𝐽𝑖𝑗𝛼𝛽 ∶= (−1)𝛼+𝛽 det 𝐽𝑖𝑗 det (
𝜕𝑦′

𝑡

𝜕𝑦𝑠
) .

Note that in order to compute it, we can take 𝑦′
𝑗
= −𝑦𝑖∕(𝑥𝑖𝑦𝛼) since the linear

combination of the other coordinates 𝑦′𝑠 does not influence the determinant.
Thus

det 𝐽𝑖𝑗 det (
𝜕𝑦′

𝑡

𝜕𝑦𝑠
) = (−1)𝛼+𝛽 (

1

𝑥𝑖
)

𝑛+2

(
−1

𝑥𝑖
) (−1) (

1

𝑦𝛼
)

𝑛+1

= (−1)𝛼+𝛽 (
1

𝑥𝑖
)

2

(
1

𝑥𝑖𝑦𝛼
)

𝑛+1

.

We have a distinguished basis element of det 𝑇𝑋|𝑈𝑖𝛼
given by

(−1)𝛼 ⋅ 𝜕𝑖 ∧ 𝜕𝛼 ∶=
⋀

𝑡≠𝑖

𝜕

𝜕(𝑥𝑡∕𝑥𝑖)
∧ (−1)𝛼

⋀

𝑡≠𝑖,𝛼

𝜕

𝜕(𝑦𝑡∕𝑦𝛼)
.

After reordering, we see that the cocycles 𝐽𝑖𝑗𝛼𝛽◦𝜑̃𝑗𝛽 equal (3.10) and are com-
patible with the distinguished basis. The reason for the compatibility is that the
transition map in (3.11) acts with a permutation (𝑗 + 1, 𝑖) if 𝑗 < 𝑖 (or (𝑖 + 1, 𝑗),
if 𝑗 > 𝑖) on the coordinates {𝑥𝑠}𝑠≠𝑗. On the other hand, if 𝑗 < 𝑖 and 𝛽 < 𝛼 it acts
with a permutation (𝑗 + 1, 𝑖)(𝛽 + 1, 𝛼) on the coordinates {𝑦𝑠}𝑠≠𝑗,𝛽 . In any case,
the signature of (3.11) is (−1)𝛼+𝛽+1. □
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Lemma 3.8. The line bundles 𝒪𝑋(1) and 𝜋∗𝒪𝐺(1) are locally trivialized over
𝑈𝑖𝛼, respectively, by

(
𝑥𝑖

𝑥0
) , (

𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
) .

Moreover, the transition functions are, respectively,

(
𝑥𝑖

𝑥𝑗
) , (

𝑥𝑖𝑦𝛼

𝑥𝑗𝑦𝛽
) .

Proof. On ev−1(𝑈𝑖) (thus, on𝑈𝑖𝛼), 𝒪𝑋(1) is trivialized by the pullback of (
𝑥𝑖

𝑥0
),

which is the trivializer of 𝒪ℙ𝑛+1
𝑘
(1) on 𝑈𝑖. The induced transition functions on

𝒪𝑋(1) are those of Equation (3.8); see [McK21, Proposition 3.9]. In order to
trivialize 𝜋∗𝒪𝐺(1), we recall that 𝐺 is defined as the space of GL(2, 𝑘)-orbits of
2 × (𝑛 + 2)matrices. In particular, we may see 𝑋 as the space of pairs

[𝑥0 ∶ … ∶ 𝑥𝑛+1] × [(
𝑥0 … 𝑥𝑛+1
𝑦0 … 𝑦𝑛+1

)]
GL(2,𝑘)

.

Suppose that [𝑥0 ∶ … ∶ 𝑥𝑛+1] ∈ 𝑈𝑖. Using the fact that 𝑥𝑖 ≠ 0 all orbits appear-
ing in the above equation admit a representative with 𝑦𝑖 = 0. In particular, we
may think that 𝐺 is the moduli space of orbits of the form

(
𝑥0 … 𝑥𝑖 … 𝑥𝑛+1
𝑦0 … 0 … 𝑦𝑛+1

) . (3.12)

Moreover, the coordinates of ev−1(𝑈𝑖) are naturally identified with the projec-
tive points [𝑥0 ∶ … ∶ 𝑥𝑛+1] and [𝑦0 ∶ … ∶ 0 ∶ … ∶ 𝑦𝑛+1] appearing above.
Let Π∶ 𝐺 → ℙ(∧2𝑘𝑛+2) be the Plücker embedding. That is, the embedding

sending a matrix like in Equation (3.12) to the point [… ∶ 𝑃𝑡𝑠 ∶ …] where 𝑡 < 𝑠

and 𝑃𝑡𝑠 = 𝑥𝑡𝑦𝑠 − 𝑥𝑠𝑦𝑡. Suppose that 𝑖 < 𝛼. Note that the composition Π◦𝜋
defines an isomorphism between 𝑈𝑖𝛼 and 𝜋(𝐺) ∩ {𝑃𝑖𝛼 ≠ 0}.
Since 𝜋 is surjective and Π is not degenerate, the map 𝑈𝑖𝛼 → 𝔸1

𝑘
defined by

(𝑃01∕𝑃𝑖𝛼) is regular and nonzero.
As above, 𝒪ℙ(∧2𝑘𝑛+2)(1) is trivialized over {𝑃𝑖𝛼 ≠ 0} by (𝑃𝑖𝛼∕𝑃01). Thus by

pullbackwe get that𝜋∗𝒪𝐺(1) = 𝜋∗Π∗𝒪ℙ(∧2𝑘𝑛+2)(1) is trivialized by𝑥𝑖𝑦𝛼∕(𝑥0𝑦1−
𝑥1𝑦0) with transition functions (𝑥𝑖𝑦𝛼∕𝑥𝑗𝑦𝛽). If 𝛼 < 𝑖, we take without loss of
generality the map −(𝑃01∕𝑃𝛼𝑖) and repeat the same argument. □

4. Osculating lines

Let𝑌 ⊂ ℙ𝑛+1
𝑘

be a smooth hypersurface, andℒ ⊂ ℙ𝑛+1
𝑘

be a line. We say that
ℒ and 𝑌 have 𝑡-contact with each other if ℒ ∩ 𝑌 contains a divisor of ℒ of the
form 𝑡𝑝 for some point 𝑝 ∈ ℒ.
We say that ℒ is osculating to 𝑌 if they are (𝑛 + 1)-contact.
Lines with (𝑡 + 1)-contact with 𝑌 are parameterized by the zero locus of a

section of the 𝑡th bundle of principal parts, see [Vai81, Section 5].
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Definition 4.1. Let 𝑑 be an integer. For every 𝑡 ≥ 0, the 𝑡th bundle of principal
parts of 𝒪𝑋(𝑑) is

𝒫𝑡(𝑑) ∶= 𝑞∗(𝑝
∗𝒪𝑋(𝑑) ⊗ 𝒪𝑋×𝐺𝑋

∕ℐ𝑡+1
∆

), (4.1)

where 𝑝 and 𝑞 are the two projections 𝑋 ×𝐺 𝑋 → 𝑋.

There exists a canonical differentialmorphismof sheaves 𝜕𝑡 ∶ 𝒪𝑋(𝑑) → 𝒫𝑡(𝑑)

(see [Gro67, Définition (16.3.6)]). For any section 𝑠 of 𝒪𝑋(𝑑), the section 𝜕𝑡𝑠 of
𝒫𝑡(𝑑) is called principal part of 𝑠. Geometrically, 𝜕𝑡maps a local section defined
at a point 𝑥 ∈ 𝑋 to its first 𝑡 Hasse–Schmidt derivatives relative to 𝜋. This is
because (𝜕𝑡, 𝒫𝑡(𝑑)) represents the functor sending a line bundle 𝑀 to the set
of 𝒪𝐺-linear 𝑡-derivations 𝐷∶ 𝒪𝑋(𝑑) → 𝑀 relative to 𝜋 [Gro67, Proposition
(16.8.4)]. See [Voj07, CDH23] for a more explicit approach. Finally the exact
sequence

0 → ℐ𝑡+1
∆

∕ℐ𝑡+2
∆

→ 𝒪𝑋×𝐺𝑋
∕ℐ𝑡+2

∆
→ 𝒪𝑋×𝐺𝑋

∕ℐ𝑡+1
∆

→ 0

induces the exact sequence

0 → 𝜔
⊗𝑡+1
𝜋 ⊗𝒪𝑋(𝑑) → 𝒫𝑡+1(𝑑) → 𝒫𝑡(𝑑) → 0. (4.2)

Finally, we define the following vector bundle.

Definition 4.2. We denote by 𝒱 the vector bundle on 𝑋 given by 𝒫𝑛(𝑑) ⊕
𝒪𝑋(1)

⊕𝑛.

5. Relative orientation
The rank of𝒱 is clearly 2𝑛+1. Moreover, using the property of the determi-

nant of a vector bundle, it is easy to see that

det𝒱 = 𝒪𝑋(1)
⊗𝑛 ⊗𝒪𝑋(𝑑)

⊗𝑛+1 ⊗𝜔
𝑛(𝑛+1)∕2

𝜋 . (5.1)

Indeed, det𝒱 = det(𝒫𝑛(𝑑)) ⊗ 𝒪𝑋(𝑛). Using (4.2) and an easy induction,

det(𝒫𝑛(𝑑)) = det(𝒫𝑛−1(𝑑)) ⊗ 𝜔
⊗𝑛
𝜋 ⊗𝒪𝑋(𝑑)

= 𝜔
⊗𝑛(𝑛+1)∕2

𝜋 ⊗𝒪𝑋((𝑛 + 1)𝑑).

We use this equation for trivializing det𝒱 .

Proposition 5.1. The line bundle det𝒱 is trivialized on𝑈𝑖𝛼 by the distinguished
element

(
𝑥𝑖

𝑥0
)

𝑛+𝑑(𝑛+1)

(
𝑥𝑖

𝑥0
)

−𝑛(𝑛+1)

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
)

𝑛(𝑛+1)∕2

, (5.2)

with transition functions det𝒱|𝑈𝑗𝛽
→ det𝒱|𝑈𝑖𝛼

being

(
𝑥𝑖

𝑥𝑗
)

𝑑(𝑛+1)−𝑛2

(
𝑥𝑖𝑦𝛼

𝑥𝑗𝑦𝛽
)

𝑛(𝑛+1)∕2

. (5.3)
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Proof. ByEquation (5.1), weneed only the local trivializations of𝜔𝜋 and𝒪𝑋(1).
They are easily deduced from Lemma 3.8 and Equation (3.2). In particular,
𝜔𝜋|𝑈𝑖𝛼

is trivialized by

(
𝑥𝑖

𝑥0
)

−2

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
) .

Finally, Equations (5.2) and (5.3) follow from (5.1). □

5.1. Relatively orientable case. The following proposition gives us the con-
ditions on 𝑛 and 𝑑 such that 𝒱 is relatively orientable.

Proposition 5.2. The vector bundle 𝒱 is relatively orientable if and only if the
following conditions are satisfied:

∙ 𝑛 ≡ 2mod 4,
∙ 𝑑 ≡ 0mod 2.

We prove this proposition after the following two simple lemmas.

Lemma 5.3. The following conditions are equivalent:
(1) 𝑛 ≡ 2mod 4, or 𝑛 ≡ 3mod 4.
(2)

∑𝑛

𝑡=0
𝑡 ≡ (𝑛 + 1)mod 2.

Proof. Since the sum of four consecutive integers is even, we may take the re-
mainder of 𝑛modulo 4. By a direct computation, we see that 𝑛 ∈ {2, 3} satisfies
the condition, but 𝑛 ∈ {0, 1} does not. □

Lemma 5.4. Let 𝑛 ≥ 0 and 𝑑 > 0 be integers. Then

Hom(det(𝑇𝑋), det(𝒱)) = 𝜔
⊗(𝑛+1)(𝑛∕2−1)

𝜋 ⊗𝒪𝑋((𝑛 + 1)(𝑑 − 1) − 3). (5.4)

Proof. Since𝜋 is a smoothmap, the exact sequence [Har77, Proposition II.8.11]
is exact also on the left, thus

𝜔𝑋 = 𝜔𝜋 ⊗𝜋∗𝜔𝐺 .

By Equations (3.1) and (3.2) it follows:

𝜔𝑋 = 𝜔𝜋 ⊗ (𝜔𝜋 ⊗𝒪𝑋(2))
⊗−𝑛−2 = 𝜔

⊗−𝑛−1
𝜋 ⊗𝒪𝑋(−2𝑛 − 4).

On the other hand, using Equation (5.1)

Hom(det(𝑇𝑋), det(𝒱)) = det(𝑇𝑋)
∨ ⊗𝒪𝑋(𝑛 + 𝑑(𝑛 + 1)) ⊗ 𝜔

⊗𝑛(𝑛+1)∕2

𝜋

= 𝜔
⊗𝑛(𝑛+1)∕2−𝑛−1

𝜋 ⊗𝒪𝑋(𝑛 + 𝑑(𝑛 + 1) − 2𝑛 − 4)

= 𝜔
⊗𝑛(𝑛+1)∕2−𝑛−1

𝜋 ⊗𝒪𝑋((𝑛 + 1)(𝑑 − 1) − 3).

as stated in Equation (5.4). □

Finally, we can proceed with the proof of the proposition.
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Proof of Proposition 5.2. By Equation (5.4), 𝒱 is relatively orientable if and
only if

𝜔
⊗(𝑛+1)(𝑛∕2−1)

𝜋 ⊗𝒪𝑋((𝑛 + 1)(𝑑 − 1) − 3)

is the square of a line bundle. Since𝜔𝜋 and𝒪𝑋(1) generate Pic(𝑋) (for example,
by (3.2)), we need that (𝑛 + 1)(𝑛∕2 − 1) and (𝑛 + 1)(𝑑 − 1) − 3 to be even. By
Lemma 5.3, it is easy to see that it must be 𝑑 even and 𝑛 ≡ 2mod 4. □

So, we know exactly when 𝒱 is relatively orientable. In particular, there is
a well-defined Euler class. Now, we define explicitly a relative orientation and
we will prove that it is compatible with the coordinates given in Definition 3.6.
For each open set 𝑈𝑖𝛼, let us consider the following map 𝜆𝑖𝛼 ∶ det 𝑇𝑋|𝑈𝑖𝛼

→

det𝒱|𝑈𝑖𝛼
where

𝜆𝑖𝛼((−1)
𝛼 ⋅ 𝜕𝑖 ∧ 𝜕𝛼) = (

𝑥𝑖

𝑥0
)

𝑛+𝑑(𝑛+1)

(
𝑥𝑖

𝑥0
)

−𝑛(𝑛+1)

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
)

𝑛(𝑛+1)∕2

.

Combining Proposition 3.7 and 5.1, we see that

𝜆𝑖𝛼((−1)
𝛼 ⋅ 𝜕𝑖 ∧ 𝜕𝛼) = (

𝑥𝑖

𝑥𝑗
)

𝑁

(
𝑥𝑖

𝑥𝑗
)

−2𝑀

(
𝑥𝑖𝑦𝛼

𝑥𝑗𝑦𝛽
)

𝑀

𝜆𝑗𝛽((−1)
𝛼 ⋅ 𝜕𝑖 ∧ 𝜕𝛼) (5.5)

where we denoted

𝑁 ∶= (𝑛 + 1)(𝑑 − 1) − 3, 𝑀 ∶= (𝑛 + 1)(𝑛∕2 − 1).

It follows that there exists a well-defined morphism

𝜓∶ 𝜔
⊗𝑀
𝜋 ⊗𝒪𝑋(𝑁) → Hom(det(𝑇𝑋), det(𝒱)),

such that

𝜓|
𝑈𝑖𝛼

((
𝑥𝑖

𝑥0
)

−2𝑀

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
)

𝑀

(
𝑥𝑖

𝑥0
)

𝑁

) = 𝜆𝑖𝛼. (5.6)

We conclude this section by proving that 𝜓 induces a trivialization compatible
with the twisted coordinates, as in Definition (2.6).

Lemma 5.5. Let 𝑛 and 𝑑 be positive integers such that 𝑛 ≡ 2mod 4, 𝑑 ≡ 0mod 2.
The local trivializations

(
𝑥𝑖

𝑥0
)

𝑛+𝑑(𝑛+1)

(
𝑥𝑖

𝑥0
)

−𝑛(𝑛+1)

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
)

𝑛(𝑛+1)∕2

of det𝒱 are compatible with the Nisnevich coordinates {(𝑈𝑖𝛼, 𝜑̃𝑖𝛼)} and the rela-
tive orientation (𝜔⊗𝑀∕2

𝜋 ⊗𝒪𝑋(𝑁∕2), 𝜓).

Proof. As we saw in Proposition 5.2, 𝑁 and 𝑀 are even, so it makes sense to
consider𝑁∕2 and𝑀∕2. By construction, 𝜆𝑖𝛼maps the distinguished basis of the
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anticanonical bundle to a distinguished basis of det𝒱 . Finally, Equation (5.6)
implies that

𝜓|
𝑈𝑖𝛼

⎛

⎜

⎝

((
𝑥𝑖

𝑥0
)

−𝑀

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
)

𝑀∕2

(
𝑥𝑖

𝑥0
)

𝑁∕2

)

⊗2
⎞

⎟

⎠

= 𝜆𝑖𝛼.

Hence, 𝜆𝑖𝛼 is a square. □

5.2. Non-relatively orientable case. Let us assume that 𝑛 ≡ 2mod 4, and
that 𝑑 is odd. So𝑁 is odd, and𝒱 cannot be relatively orientable. We show that,
in this case, 𝒱 is relatively orientable relative to the divisor 𝐷 = ev∗({𝑥0 = 0}).
We adopt the same approach of [McK21, Lemma 3.11].
Since 𝒪𝑋(𝐷) = 𝒪𝑋(1) and𝑀 and𝑁 + 1 are even, by Equation (5.4) we have

Hom(det(𝑇𝑋), det(𝒱)) ⊗ 𝒪𝑋(𝐷) = (𝜔
⊗𝑀∕2

𝜋 ⊗𝒪𝑋 (
𝑁 + 1

2
))

⊗2

,

that is, it is a tensor square. As 𝒪𝑋(𝐷) is locally trivialized by (
𝑥𝑖

𝑥0
), we may

define on 𝑈𝑖𝛼

𝜓̃|
𝑈𝑖𝛼

((
𝑥𝑖

𝑥0
)

−2𝑀

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
)

𝑀

(
𝑥𝑖

𝑥0
)

𝑁+1

) = 𝜆𝑖𝛼. (5.7)

Lemma 5.6. Let 𝑛 and 𝑑 be positive integers such that 𝑛 ≡ 2mod 4, 𝑑 ≡ 1mod 2.
The local trivializations

(
𝑥𝑖

𝑥0
)

𝑛+𝑑(𝑛+1)

(
𝑥𝑖

𝑥0
)

−𝑛(𝑛+1)

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
)

𝑛(𝑛+1)∕2

of det𝒱 are compatible with the Nisnevich coordinates {(𝑈𝑖𝛼, 𝜑̃𝑖𝛼)} and the rela-
tive orientation (𝜔⊗𝑀∕2

𝜋 ⊗𝒪𝑋((𝑁 + 1)∕2), 𝜓̃) relative to the divisor 𝐷.

Proof. The canonical section 1𝐷 of 𝒪𝑋(𝐷) is locally given by (the pullback of)
𝑥𝑖

𝑥0
. By construction,

𝜆𝑖𝛼((−1)
𝛼 ⋅ 𝜕𝑖 ∧ 𝜕𝛼) ⊗ (

𝑥𝑖

𝑥0
)

= (
𝑥𝑖

𝑥0
)

𝑛+𝑑(𝑛+1)

(
𝑥𝑖

𝑥0
)

−𝑛(𝑛+1)+1

(
𝑥𝑖𝑦𝛼

𝑥0𝑦1 − 𝑥1𝑦0
)

𝑛(𝑛+1)∕2

,

so by Equation (5.5),

𝜆𝑖𝛼((−1)
𝛼 ⋅ 𝜕𝑖 ∧ 𝜕𝛼) ⊗ (

𝑥𝑖

𝑥0
)

= (
𝑥𝑖

𝑥𝑗
)

𝑁+1

(
𝑥𝑖

𝑥𝑗
)

−2𝑀

(
𝑥𝑖𝑦𝛼

𝑥𝑗𝑦𝛽
)

𝑀

𝜆𝑗𝛽((−1)
𝛼 ⋅ 𝜕𝑖 ∧ 𝜕𝛼) ⊗ (

𝑥𝑗

𝑥0
) .
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Thus the maps 𝜓̃|
𝑈𝑗𝛽

and 𝜓̃|
𝑈𝑖𝛼

differ by the transition function

⎛

⎜

⎝

(
𝑥𝑖

𝑥𝑗
)

(𝑁+1)∕2

(
𝑥𝑖

𝑥𝑗
)

−𝑀

(
𝑥𝑖𝑦𝛼

𝑥𝑗𝑦𝛽
)

𝑀∕2
⎞

⎟

⎠

⊗2

.

So {(𝑈𝑖𝛼, 𝜑̃𝑖𝛼)} is well-defined, and the relative orientation is a square by con-
struction. This proves the lemma. □

6. Euler Class
In this section we compute the Euler class of 𝒱 . Although the result is an-

ticipated by the fact that 𝑋 is odd-dimensional (see Remark 6.2), we adopt the
classical strategy of defining a section with only one zero, compute the Scheja–
Storch form, and finally apply Equation (2.3).

Theorem 6.1. Let 𝑛 and 𝑑 be positive integers such that the following conditions
are satisfied

∙ 𝑛 ≡ 2mod 4,
∙ 𝑑 ≡ 0mod 2.

The vector bundle 𝒱 is relatively orientable. Moreover, if 𝑑 ≥ 𝑛, the Euler class of
𝒱 is

𝑒(𝒱) = 𝑑
𝑛!

2
ℍ. (6.1)

Proof. By Proposition 5.2, 𝒱 is relatively orientable and its Euler class is well-
defined. Consider the global section 𝑓 of 𝒪ℙ𝑛+1

𝑘
(𝑑), and the global sections

{𝑔𝑗}
𝑛
𝑗=1

of 𝒪ℙ𝑛+1
𝑘
(1) given by

𝑓 = 𝑥𝑑
0
+

𝑛∑

𝑖=1

𝑥𝑑−𝑖
𝑛+1

𝑥𝑖
𝑖
, 𝑔𝑗 = 𝑥𝑗.

Combining 𝑓 and {𝑔𝑗}𝑛𝑗=1, we obtain a global section of 𝒪ℙ𝑛+1
𝑘
(𝑑) ⊕𝒪ℙ𝑛+1

𝑘
(1)⊕𝑛,

with zeros in 𝑋 consist only of one 𝑘-point 𝑝 in 𝑈𝑛+1 ∶= {𝑥𝑛+1 ≠ 0} ≅ 𝔸𝑛+1

𝑘
.

Let 𝑍 ∶= ev−1(𝑝) ≅ ℙ𝑛
𝑘
. Clearly 𝒪𝑋(1)|𝑍 is trivial and by Equation (3.3)

𝜔𝜋|𝑍 = 𝒪𝑍(1). Thus any bundle of principal parts 𝒫𝑡(𝑑) splits when restricted
to ev−1(𝑈𝑛+1) = 𝑈𝑛+1 × 𝑍 as Ext

1
(𝒪𝑍 , 𝒪𝑍(𝑡)) = 0 for 𝑡 ≥ 0.

Let 𝜕𝑛𝑓 be the induced section of 𝒫𝑛(𝑑) and consider the section

Λ = (𝜕𝑛𝑓, 𝑔1, … , 𝑔𝑛)

of 𝒱 . Note that, by evaluation, all zeros of Λ are contained in ev−1(𝑈𝑛+1). The
surjection

𝜏∶ 𝒱 ⟶ ev∗(𝒪ℙ𝑛+1
𝑘
(𝑑) ⊕ 𝒪ℙ𝑛+1

𝑘
(1)⊕𝑛), (6.2)
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restricted to ev−1(𝑈𝑛+1) splits because all the 𝒫𝑡(𝑑) do. Thus the kernel of (6.2)
is

ker(𝜏) = 𝒪𝑈𝑛+1
⊗

𝑛⨁

𝑖=1

𝒪𝑍(𝑖).

Let 𝑧𝑖 ∶= ev∗(𝑥𝑖|𝑈𝑛+1
) = ev∗(𝑥𝑖∕𝑥𝑛+1) and consider the pullback of 𝑓|𝑈𝑛+1

ev∗(𝑓|
𝑈𝑛+1

) = 𝑧𝑑
0
+

𝑛∑

𝑖=1

𝑧𝑖
𝑖
.

Computing the Hasse derivatives of 𝑓, we see that Λ|ev−1(𝑈𝑛+1)
is the global sec-

tion of ker(𝜏) ⊕ 𝒪
⊕𝑛+1

𝑈𝑛+1
, given by

Λ|ev−1(𝑈𝑛+1)
= (𝑓(1), 𝑓(2), … , 𝑓(𝑛), ev∗(𝑓|

𝑈𝑛+1
), 𝑧1, 𝑧2, … , 𝑧𝑛), (6.3)

where for all 𝑖 = 1, … , 𝑛,

𝑓(𝑖) ∶=
(𝑑

𝑖

)
𝑧𝑑−𝑖
0

(d𝑧0)
𝑖 + (d𝑧𝑖)

𝑖 +
(𝑖 + 1

𝑖

)
𝑧𝑖+1(d𝑧𝑖+1)

𝑖 +⋯+
(𝑛

𝑖

)
𝑧𝑛−𝑖𝑛 (d𝑧𝑛)

𝑖,

and {d𝑧0, … , d𝑧𝑛} are independent global sections of𝒪𝑍(1). The section inEqua-
tion (6.3) has a unique (non-simple, rational) zero in ev−1(𝑈𝑛+1), and it is in
the open set 𝑈𝑛+1 × 𝑈0, where 𝑈0 ∶= {d𝑧0 ≠ 0}. This open set is a compat-
ible Nisnevich neighborhood around the zero by Lemma 5.5. Finally, setting
𝑤𝑖 ∶= d𝑧𝑖∕d𝑧0,

𝒪{Λ=0},0 ≅
𝑘[𝑤1, … , 𝑤𝑛, 𝑧0, … , 𝑧𝑛]0

(𝑓(1), 𝑓(2), … , 𝑓(𝑛), ev∗(𝑓|
𝑈𝑛+1

), 𝑧1, … , 𝑧𝑛)
(6.4)

≅
𝑘[𝑤1, … , 𝑤𝑛, 𝑧0, … , 𝑧𝑛]0

((
𝑑

1

)
𝑧𝑑−1
0

+ 𝑤1,
(
𝑑

2

)
𝑧𝑑−2
0

+ 𝑤2
2
, … ,

(
𝑑

𝑛

)
𝑧𝑑−𝑛
0

+ 𝑤𝑛
𝑛 , 𝑧

𝑑
0
, 𝑧1, … , 𝑧𝑛

) (6.5)

≅
𝑘[𝑤1, … , 𝑤𝑛, 𝑧0]0

((
𝑑

1

)
𝑧𝑑−1
0

+ 𝑤1,
(
𝑑

2

)
𝑧𝑑−2
0

+ 𝑤2
2
, … ,

(
𝑑

𝑛

)
𝑧𝑑−𝑛
0

+ 𝑤𝑛
𝑛 , 𝑧

𝑑
0

) ⊗
𝑘[𝑧1, … , 𝑧𝑛]0

(𝑧1, … , 𝑧𝑛)
. (6.6)

The passage from (6.4) to (6.5) is possible because the ideal (𝑓(𝑖), 𝑧1, … , 𝑧𝑛) equals

(
(𝑑

𝑖

)
𝑧𝑑−𝑖
0

+ 𝑤𝑖, 𝑧1, … , 𝑧𝑛) ,

as 𝑓(𝑖) −
(
𝑑

𝑖

)
𝑧𝑑−𝑖
0

−𝑤𝑖 ∈ (𝑧1, … , 𝑧𝑛). The same holds for ev∗(𝑓|𝑈𝑛+1
) − 𝑧𝑑

0
. Using

functoriality, the class of the Scheja–Storch form of (6.6) is the product of the
classes of the forms computed in each ring. For the ring on the right it is ⟨1⟩ by
[KW20, Lemma 5]. For the other ring, a direct computation (e.g., by induction
on 𝑛) shows that its class is

𝑑
𝑛!

2
ℍ,

so Equation (6.1) is proved. □
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Remark 6.2. A priori, we can deduce that 𝑒(𝒱) is a multiple of ℍ by applying
[SW21, Proposition 19] to ℰ = 𝒪𝑋(1)

⊕𝑛 and ℰ′ = 𝒫𝑛(𝑑). After that, me may
apply [SW21, Lemma 5] paired with [Mur21, Proposition 6.1].

We are now ready to prove the main theorem.

Proof of Theorem 1.1. Suppose that 𝑌 and ℒ are given by, respectively, poly-
nomials𝑓 and {𝑔𝑗}𝑛𝑗=1. Sinceℒ is 𝑘-rational, all 𝑔𝑗 are linear. For each𝑝 ∈ 𝑌∩ℒ,
let 𝑈 be an affine open set containing 𝑝. We can construct a morphism

Λ∶ 𝑈′ ⟶ 𝔸2𝑛+1

𝑘
(6.7)

𝑥 ⟼ (𝜕𝑛ev∗(𝑓)(𝑥), ev∗(𝑔1)(𝑥), … , ev
∗(𝑔𝑛)(𝑥)),

defined in any affine open set 𝑈′ ≅ 𝑈 × 𝔸𝑛

𝑘
mapping surjectively to 𝑈. Con-

sider the 𝑘(𝑝) lift Λ𝑘(𝑝) of Λ. Since the extension of scalars is compatible with
pullback, and with the differential morphism 𝜕𝑛 (see [Gro67, (16.7.9.1)]), we
get

Λ𝑘(𝑝)(𝑥) = (𝜕𝑛ev∗(𝑓𝑘(𝑝))(𝑥), ev
∗(𝑔1)(𝑥)𝑘(𝑝), … , ev

∗(𝑔𝑛)(𝑥)𝑘(𝑝)).

Wemay suppose, after a translation, that a 𝑘(𝑝) lift 𝑝̃ of 𝑝 is the origin of𝑈𝑘(𝑝).
Moreover, after a linear transformation, we may suppose that ev∗(𝑔𝑖)(𝑥) = 𝑧𝑖
where {𝑧0, … , 𝑧𝑛} are coordinates of 𝑈. Note that 𝑓𝑘(𝑝) decomposes as sum of
homogeneous polynomials around 0, thus

ev∗(𝑓𝑘(𝑝)) =

𝑑∑

𝑖=1

ev∗(𝑓
(𝑖)

𝑘(𝑝)
) =

𝑑∑

𝑖=1

𝑓𝑘(𝑝)(𝑧0, … , 𝑧𝑛)
(𝑖).

In the ring
𝑅 = 𝑘(𝑝)[d𝑧0, … , d𝑧𝑛, 𝑧0, … , 𝑧𝑛],

the 𝑡th Hasse derivative d𝑡ev∗(𝑓𝑘(𝑝))(𝑖) is contained in the ideal (𝑧0, … , 𝑧𝑛) if 𝑡 <
𝑖. Moreover, since the intersection of 𝑌 and ℒ is transverse at 𝑝, there must be
an 𝛼 ∈ 𝑘(𝑝)⧵ {0} such that ev∗(𝑓𝑘(𝑝))−𝛼𝑧0 is contained in the ideal (𝑧0, … , 𝑧𝑛).
It follows:

𝑅

(Λ𝑘(𝑝))
≅
𝑘(𝑝)[d𝑧0, … , d𝑧𝑛]

(𝑓
(1)

𝑘(𝑝)
, … , 𝑓

(𝑛)

𝑘(𝑝)
)
⊗
𝑘(𝑝)[𝑧0, … , 𝑧𝑛]

(𝑧0, … , 𝑧𝑛)
.

Since𝑌 andℒ are general, the polynomials𝑓(1)
𝑘(𝑝)

, … , 𝑓
(𝑛)

𝑘(𝑝)
meet at finite number

of reduced points. If 𝑙 is any of those points, by [McK21, Lemma 5.5] it follows

deg
𝔸1

𝑘(𝑝)

(𝑙,𝑝̃)
(Λ𝑘(𝑝)) = deg

𝔸1

𝑘(𝑝)

𝑙
(𝑓

(1)

𝑘(𝑝)
, … , 𝑓

(𝑛)

𝑘(𝑝)
) = Tr𝑘(𝑙)∕𝑘(𝑝)⟨𝐽(𝑙)⟩.

Thus the sum
∑

𝑙
deg

𝔸1

𝑘(𝑝)

(𝑙,𝑝̃)
(Λ𝑘(𝑝)) is 𝐽(𝑌, 𝑝). The polynomials 𝑓 and {𝑔𝑗}𝑛𝑗=1 de-

fine a global section Ψ of 𝒱 . Hence by Theorem 6.1,
∑

𝑥∶Ψ=0

deg
𝔸1
𝑘

𝑥 (Ψ) = 𝑑
𝑛!

2
ℍ. (6.8)
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On the other hand, for each 𝑥 we may find a sistem of Nisnevich coordinates
𝑈′ such that Ψ|𝑈′ is represented like in Equation (6.7). Hence

∑

𝑥∶Ψ=0

deg
𝔸1
𝑘

𝑥 (Ψ) =
∑

𝑝∈𝑌∩ℒ

∑

𝑙∶ev(𝑙)=𝑝

Tr𝑘(𝑙)∕𝑘⟨deg
𝔸1

𝑘(𝑙)

(𝑙,𝑝̃)
Λ𝑘(𝑙)⟩ (6.9)

=
∑

𝑝∈𝑌∩ℒ

Tr𝑘(𝑝)∕𝑘

⎛

⎜

⎝

∑

𝑙∶ev(𝑙)=𝑝

Tr𝑘(𝑙)∕𝑘(𝑝)⟨deg
𝔸1

𝑘(𝑙)

(𝑙,𝑝̃)
Λ𝑘(𝑙)⟩

⎞

⎟

⎠

(6.10)

=
∑

𝑝∈𝑌∩ℒ

Tr𝑘(𝑝)∕𝑘

⎛

⎜

⎝

∑

𝑙∶ev(𝑙)=𝑝

deg
𝔸1

𝑘(𝑝)

(𝑙,𝑝̃)
Λ𝑘(𝑝)

⎞

⎟

⎠

(6.11)

=
∑

𝑝∈𝑌∩ℒ

Tr𝑘(𝑝)∕𝑘⟨𝐽(𝑌, 𝑃)⟩. (6.12)

We used [BBM+21, Corollary 1.4] in Equations (6.9) and (6.11), while in Equa-
tion (6.10), we used the decomposition of the trace of a tower of fields, see
[Wei09, Theorem 3.8.5.(3)]. Finally, combining Equations (6.8) and (6.12), we
conclude the proof. □

6.1. Final remarks.

Remark 6.3. In the proof, we used the geometric interpretation of 𝐽(𝑙) given in
Section 5 ofMcKean’s article. There is another possible way to prove our result,
which uses the main result of his paper. We give a sketch of it here. One may
observe that, by [McK21, Theorem 1.2],

𝐽(𝑌, 𝑝) =
𝑛!

2
ℍ ∈ GW(𝑘(𝑝)).

Together with Tr𝑘(𝑝)∕𝑘(ℍ) = [𝑘(𝑝) ∶ 𝑘]ℍ (see [KP23, Lemma 2.12]), and
∑

𝑝∈𝑌∩ℒ

[𝑘(𝑝) ∶ 𝑘] = 𝑑,

these would imply Theorem 1.1.

Remark 6.4. Onemay ask to compute the lines meeting a smooth hypersurface
𝑌 ⊂ ℙ𝑛+1

𝑘
with contact order 2𝑛+1. For example, inflectional tangent lines to a

plane curve. These would be given by a zero section of 𝒫2𝑛(𝑑), but that bundle
is not relatively orientable for any value of 𝑛.

One may extend the result when 𝑑 is odd and 𝑘 = ℝ. Following Subsec-
tion 5.2, we consider a divisor 𝐷 = ev∗(𝐻) where 𝐻 ⊂ ℙ𝑛+1

𝑘
is a hyperplane.

Thus 𝒱 is relatively orientable with respect to 𝐷, so Lemma 2.9 applies to 𝐸 =

𝒱 .
In general, the space 𝐻0(𝐸)◦ ⧵ 𝑉𝐷 could be totally disconnected, so there

might not be interesting enumerative results.
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However, we believe that it happens something similar to [LV21, Lemma4.1].
That is,𝐻0(𝒱)◦ ⧵ 𝑉𝐷 has only two connected components. For any section

(𝑓, 𝑔1, … , 𝑔𝑛) ∈ 𝐻0(𝒪ℙ𝑛+1
𝑘
(𝑑) ⊕ 𝒪ℙ𝑛+1

𝑘
(1)⊕𝑛), (6.13)

let us denote by ℒ the locus {𝑔1 = … = 𝑔𝑛 = 0}, and by
𝐴 ⊂ 𝐻0(𝒪ℙ𝑛+1

𝑘
(𝑑) ⊕ 𝒪ℙ𝑛+1

𝑘
(1)⊕𝑛)

the space of all sections such that either
(1) dim(ℒ ∩ 𝐻) ≥ 1, or
(2) 𝑝 = ℒ ∩ 𝐻 is a ℝ-point and 𝑓(𝑝) = 0.

One can easily show that only the second condition makes 𝐴 a subspace of
codimension 1. Thus, the complement of 𝐴 has two connected components,
where one is the locus of sections as in Equation (6.13) such that ℒ is a line
not contained in 𝐻 and 𝑓(𝑝) > 0. The other component is obtained by the
involution

(𝑓, 𝑔1, … , 𝑔𝑛)⟼ (−𝑓, 𝑔1, … , 𝑔𝑛). (6.14)
By the continuous map

𝐻0(𝒱) ⧵ 𝑉𝐷 ⟶𝐻0(𝒪𝑋(𝑑) ⊕ 𝒪𝑋(1)
⊕𝑛) ⧵ ev∗(𝐴),

Wededuce that𝐻0(𝒱)◦⧵𝑉𝐷 has at least two connected components. We believe
that there are only two, and they are isomorphic through an involution similar
to (6.14). With minor changes, the proof of Theorem 6.1 is still valid in this
case.
In the appendix of the arXiv version of this paper, we exhibit a computation

described by the theorem for two cubic surfaces, 𝑌+ and 𝑌−, meeting a line ℒ,
with respect to a relative divisor. Our example is set for 𝑘 = ℚ, but can easily
be adapted to ℝ. Thus, Lemma 2.9 implies that, in the connected components
of sections defined by (𝑌+, ℒ) and (𝑌−, ℒ), the theorem holds true. In order to
perform the cohomological computations, we usedMacaulay2 and OSCAR (see
[GS, DEF+24]).
Finally, we may extend the theorem even to other values of 𝑛. For example,

when 𝑛 = 1 osculating lines are exactly tangent lines to a point of a curve 𝑌.
We plan to address this problem in the future.
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