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Joint projective spectrum of DY

Chen Li and Kai Wang

ABSTRACT. In this paper, we compute the joint spectrum of DZ, with re-
spect to the left regular representation and identify n generators of the first de
Rham cohomology group of joint resolvent set, which is induced by several
central linear functionals. Through action of Dg, on 2n-ary trees, we obtain
a self-similar realization of the group C*-algebra of D.
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1. Introduction

In classical Banach algebra theory, the Gelfand theory gives a comprehen-
sive description of spectra of operators. However, in the case of several Banach
algebra elements, the (joint) spectral theory is more complicated. It is notewor-
thy that not only the commutativity of the tuple will influence the study, there
is also a distinction between algebraic and spatial joint spectra.

If the tuple A = (A1, 4,, -+, A,) is a commutative tuple, i.e. AA; = AjA;,
1 <i,j < n,J. L. Taylor defines the Taylor spectrum of the tuple by Koszul
complex [19, 23]. We refer the reader to [8, 10] for its applications in operator
theory and sheaf theory.

The matter becomes difficult when the tuple is non-commuting. In [25], R.
Yang considered the invertibility of the linear pencil

A(z) = 1AL + 2A, + -+ + Z,A,.

In fact, there has been increasing interest of the invertibility of A(z) in fields
of algebraic geometry, group theory, mathematical physics, PDEs and operator
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theory. We refer the reader to [1, 2, 22, 24] for more information. This gives rise
to the following notion of projective joint spectrum.

Definition 1.1. Fora tuple A = (A;, A,, -+, A,) of elements in a unital Banach
algebra B, its projective joint spectrum P(A) consists of z € C" such that A(z) =
z1A; + 2,A; + -+ + 2, A, is not invertible in B.

In contrast to other notions of joint spectrum, for example, Taylor spectrum,
the projective joint spectrum is novel in the sense that it is “base free". Instead
of considering the invertibility of

(A —z11,A;y — 2,1, A, — z,]),

it centers on the homogeneous multiparameter pencil A(z). This simplifies
the study in many cases. Moreover, by the homogeneity of A(z), we can con-
sider the projective joint spectrum p(A) in the complex projective space P"~1 =
C"/ ~ defined by p(A) = P(A)/ ~. In [25], it is proved by Hartogs extension
theorem that p(A) is a non-trivial compact subset in P!,

If the Banach algebra 3 is finite dimensional, such as a matrix algebra, then
the projective joint spectrum is the hypersurface {det A(z) = 0}. If the tuple is
commutative, the projective joint spectrum is a union of hyperplanes, which is
closely related to the case of Taylor spectrum.

The projective resolvent set P°(A) = C" \ P(A) and the spectrum itself have
many properties similar to those in the single-operator case. For example, it is
proved that every path-connected component of P°(A) is a domain of holomor-
phy [18]. We also refer the reader to [6, 11, 18, 20, 25] on its connections with
Hermitian metrics, hyperinvariant subspace problem and cyclic cohomology.

Now consider a finitely generated group G' with the generating set S =
{g1,82, -, .} Let p be a unitary representation of G on a Hilbert space H,
which will be denoted by (o, H). Let C;(G) denote the C*-algebra generated
by A; = p(g;), fori = 1,2,..,n. The projective joint spectrum of G with
respect to p, denoted by P(A,), is the projective joint spectrum of the tuple
Ay =, A Ay e Ay

Given two representations (p;, H,) and (p,, H,) of G, they are said to be (uni-
tarily) equivalent if there exists a unitary map U : H; — H, such that

p2(8) =Up (U™, Vg eG.

Apparently, the projective joint spectrum is invariant for equivalent repre-
sentations. Moreover, it is invariant under the weak equivalence of representa-
tions. Let (7, H) and (p, K) be unitary representations of group G. We say that
7 is weakly contained in p if for every £ € H, every compact subset Q of G and
every € > 0, there exists 7y, ---, 7, € K such that,

()€, &) = D {pCImim)l <&, Vx €Q.

i=1

In this paper, all groups are discrete locally compact groups unless otherwise stated.
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We shall write 7 < p for this relation. If 7 < p and p < 7, we say that 7 and p
are weakly equivalent and denote this relation by 7 ~ p. Generally speaking,
it is difficult to determine whether two representations are weakly equivalent
from definition. However, in [9], itis proved that 7 < p if and only if the canon-
ical homomorphism p(g) — 7(g), g € G, extends to a unital «x-homomorphism
from C;(G) onto C;(G). It implies that if p(g) is invertible in C;(G), then
7(g) is invertible in C;(G). Moreover, 7 < p implies P(A;) C P(A,). So
P(A;) = P(A,) if these two representations are weakly equivalent.

Conversely, it is a natural question whether the projective joint spectrum
determines the representation up to weak equivalence. It is often not the case.
We will give some examples later in this paper. The infinite dihedral group D,
is defined as the group generated by rotations and reflections of the plane that
preserves the origin. Grigorchuk and Yang give a detailed description on the
joint projective spectrum of D, [16].

Throughout this article, D, will denote the group Z, X D,, which is isomor-
phic to Z,, X (Z, * Z,) and has the presentation

DL ={a,t,t|a®> =t* =" = 1,atr = ta,tt = 11). (1)

In particular, D2 can be realized as the group of rigid motions in 3-space con-
sisting of rotations and reflections of the plane that preserves the origin, to-
gether with areflection r through the origin. For example, a(x,y, z) = (x, -y, z),
(x,y,z) = —(x,y,z), and t is chosen to be an involution that makes at an ir-
rational rotation in the plane Oxy. We refer the readers to [14] for more infor-
mation about this group and its application on the electronic wave functions of
molecules.

First, we will compute the projective joint spectrum of DZ, with respect to its
left regular representation.

Theorem 1.2. Ifwe define P(R;) as the projective joint spectrum of
Ry (z) = zpA(e) + z1A(a) + z,A(t) + z3A(7),
then

n
P(R)) = U U {z € C*: (20 + wyz3)* — 20 — 22 — 22,2,x = O},
k=1-1<x<1
where A is the left regular representation of DY and {wy, -+ , w,,_1 } is the set of n-th
roots of unity.

A linear functional ¢ on a unital Banach algebra B is said to be central if
P(xy) = ¢(yx) for all x,y € B. In Section 3, we will concentrate on the 1-
forms generated by central functionals and the Maurer-Cartan form. Let Tr
and tr be the canonical traces on C*(D%) and C*(D,), respectively, and ¢, be
the central linear functional on C*(Z,,) defined by

1 if a=24,
0 otherwise.

¢a(Az,(17)) =
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Then we will get the following theorem.

Theorem 1.3. The set {E;b; ®tr : 1 < a < n—1}induces n— 1 different elements
besides Tr(wg(z)) in the cohomology group H' (P*(R;),C), where b 2 by — b0
forl<a<n-—1,and ¢y 2 .

2. Projective joint spectrum of DY,

In this section, we will compute the projective joint spectrum of D} with
respect to the left regular representation.

For a discrete group G, the group algebra C[G] is the complex algebra gener-
ated by elements in G, i.e.

CIGl={fIf = Z a,8,a, € C, only finitely many a, non zero}.
geiG

It is a * -algebra under the conjugate operation defined by
f*=() a8 = D, g™t
geiG geG

[l

where “-" represents complex conjugation. Let e denote the unit of G. Consider
a positive definite function tr on C[G] defined by tr(f) = a,. Through the GNS
construction for groups [4], a GNS triple (7, H;,, €;) can be obtained, where
e, = e and m,, is defined by 7,,(g,)g, = g18,. Let U : H,, — I*(G) be the
unitary map defined by
U(g) =6, VgEG,

where &, is the function that takes value 1 at g and 0 otherwise. The left regular
representation of group G on I?(G), denoted by A, is defined by

Ac(@)f() = f(g7't), VseG,gel*G).

It is well known that 7;, is unitarily equivalent to the left regular representation
Ag of group G via the map U.

According to the presentation (1), D consists of elements that have the form
of 7%(at)/, t*t(at)) for 0 < k < n—1and j € Z. From the GNS construction

n—1
mentioned above, the Hilbert space H;, can be decomposed as H,, = @ t*(H®
k=0

tH), where
o] [oo] 2
H={f= Z ocj(at)k : Z )ocj| < oo}.
j=—o J=—e

Multiplication by at on the Hilbert space H will be denoted by T in the sequel.
Through the unitary map V ((at)¥) = ¢/*°, H is isomorphic to L*(T, ide) and
Tis %nitarily equivalent to the bilateral shift operator defined by multiplication
by e*°.

ySince projective joint spectrum is invariant with respect to unitary equiva-
lence, we will omit writing the unitary operator V in the sequel.
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Theorem 2.1. Ifwe define P(R;) as the projective joint spectrum of
R;(z) = zgA(e) + z1A(a) + z,A(t) + z3A(7),

then

n

P(R)) = U U {z € C*: (20 + wyz3)* — 20 — 22 — 22,2,x = O},

k=1-1<x<1

where A is the left regular representation of D} and {wy, -+ , w,,_1 } is the set of n-th

roots of unity.

Proof. Using the orthogonal direct sum H,,

n—1

n—1

n—1

= @ *(H @ tH) and the unitary
k=0

map W : @ *(H @ tH) » @ (H & H) defined by
k=0 k=0

W =diag[1,t,n,m,n%,tn%, -, n" L, "1,

we can easily compute that

A(z)
z3I,
w1l 0
Ry(z) =| .
0
0
w
Here, A =
Zy 1T + z,
z,T* + z, Z

0 0
A(z) O
z3l, A(z2)

0 0

0 0

0 z3l,

0 0

o0 @
A(iz) O
z3l, A(z)

B means A and B is unitarily equivalent under W and A(z) =

) . We divide the argument into two cases.

Case I. If z; = 0, it is trivial since R;(z) is invertible if and only if A(z) is
invertible. In this case, the projective joint spectrum P(R;) equals

P(R;) = U {zeC*:z} -2z — 2] —2212,x = 0,23 = 0}

—-1<x<1

by [16, Theorem 1.1].

Case I1. If z3 # 0, by multiplying ( IO
2

z3l,
0
k@ =| ¢
0

A(z2)

A(z)
z3l,
0

0

0
A(2)
z31,

IZn—Z

) on the right, we turn R;(z) into

0 0
0 0
o 9 3)
z3l, A(z)
0z,
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By the Schur complement trick in [17], R;(z) is invertible if and only if z§ —
(=1)"A(z)" is invertible.

Using the spectral theorem for normal operators in [7, Theorem 9.2.2], we
can write

T = f AdE(Q), 4)
T

where dE(A) is the spectral measure of T. Noting that

n
2 — (1"A@)" = ()" [ [ (z30 + A2)
k=1
and z3wy + A(z) mutually commutes for 1 < k < n, it follows that z§ —
(=1)"A(z) is invertible if and only if z;w, + A(z) is invertible for each k, or
more precisely, by (4)

(zo + wxz3)? — 27 — 25 — 212,(A+ 1) #0, VAeT,1<k<n.

Letting A = el for 0 € [0, 27), x = cos 6, we have

n
P¢(Ry) = ﬂ ﬂ {z € C*: (2o + wyz3)? — 2} — 25 — 22,2, # O},

k=1-1<x<1

and the theorem is proved by taking its complement. O
In the sequel, we set

Gy(2) = (2 + wiz3)* — 23

— z% — 22,2, c0s 6. (5)
Remark. It is proved in [16] that the Koopman representation and the left
regular representation of D, are weakly equivalent. Without much effort, we

can obtain by Theorem [4, Proposition F.3.2] that the result also holds for DZ.

3. Trace of Maurer-Cartan form and de Rham cohomology group

In [25], for a tuple A = (A4, A,, ..., A,), the Maurer-Cartan form w, is an
operator-valued 1-form defined by

n
wa(z) = A(2)"'dA(z) = D, A(z) ' Aidz;, Yz € P(A).
i=1
Alinear functional ¢ on a unital Banach algebra B is said to be central if $(xy) =
¢(yx) for any x,y € B. In [25, Theorem 3.2], it is proved that if ¢ is central and
¢(I) # 0, then ¢(w, ) is a non-trivial element in the de Rham cohomology group
Hée(PC(A), C). This section is devoted to studying 1-forms induced by different
central linear functionals.
For a discrete group G, it is well known that its reduced group C*-algebra
C;(G) admits a canonical tracial state

tr(a) ={aéd,,s,), Va € C;(G). (6)
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In [5, Corollary 4.3], it is proved that the reduced group C*-algebra C;(G) has
only one tracial state if and only if G is amenable or none of its normal subgroup
are amenable. Since D, itself is amenable, the canonical trace T is the unique
tracial state on C;(D%).

Since Dy, = Z X Z, and D} = Z,, X D, the inclusion maps

Z < Dy, < DY

induce the inclusion maps of group C*-algebras. Based on this observation, we
have the following proposition.

Proposition 3.1. The canonical traces on C;(Z), C;(Dy,) and C; (DY) coincide
by restriction.

Proof. We first denote the canonical traces on these C*-algebras by trz, tr and
Tr.

By the form of elements in D, [?(D,,) = [1>(Z) & 1?(tZ). This implies that
any a € C;(Z) can be treated as a @ 0 € C; (D). Thus

trz(a) = (ad,,0,,) = (@ @ 0)3,,_,3,, )= tr(a®0),

which leads to tr|, = tr.

Since
B(I*(DY,))

C}(DL) = CH(Z,y) ® C; (Do)
and 8, , = 5% ® 53D°°’ for any a € C} (D),

epn
DOO

tr(a) = (ad,,_,8.,_ ) =(ade, ,8e, )(Sc, -6, )
- (€ g 50
=Tr(a®1)
Therefore, Tr|p_ = tr. O

Due to this proposition, we will not distinguish the canonical traces on these
groups and denote them all by tr.

The group Von Neumann algebra L(G) is the closure of 15(C[G]) with re-
spect to the weak operator topology in the Hilbert space. Thus, formula (6) can
be naturally extended to L(G). In the previous section, we obtained the matrix
representation of R;(z) by (2). In order to compute the trace of the Maurer-
Cartan form, we can canonically define the extended trace ir on 2n X 2n matri-
ces with L(Z) entries by

2n
(@) = 5ptr S o) ™)

The sign "~" will be omitted if there is no confusion.
By the observation in [16], we have

tH(dE(L)) = tr(dE(e)) = dtr(E(e®)) = %d@, )
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where E(4) is the spectral measure in (4).
For DZ, the Maurer-Cartan form is

wgr(z) = R™Y(2)dR(z) = R7'(z)(dzy + adz, + tdz, + tdz;), (9
where R(z) is defined in (2).

Lemma 3.2. Suppose z = (zy, 21,25, 23) € C*, and let f and g denote z,¢° + z,
and z,e~ + z,, respectively. If

(n) Zzn 2k< n2k)fkgk
and
[—]
(i’l) Z Zn —2k— 1( nk )fk k
—2k—-1 ’

a , then we have the following factorization:

where (") =

m (n—m)im!’
(2 = (~1)"a{?)? — (@2 fg = HGk<z>

Proof. Using direct computation,
LHS = (21 - (1@} + a)V D) (24 - (1@ - ay V)
= (@ + VT ~ (-22) ()~ N FE) ~ (=227
= ((z0 + VF&)y" = (=29)") ((20 — @)”—(—zg,)")

n—1
=] 1o +V g+ zs)(z0 — Vg + z3008)
k=0
n—1

= H ((ZO + Z3C()k)2 - Z% — Z% — 2Z1Z2 COS 9)
k=0

=RHS

Proposition 3.3. The trace of Maurer-Cartan form wg(z) is
1 27 n
= — k c
on@) = d( gz [ tou([] chnae). = < ey,

where Gé‘ (z) is defined in (5), and d stands for

0 0 0
—dZO‘I‘a ldzl+6 z

d
3z, —dz;.

de + aZS
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Proof. As in the proof of Theorem 2.1, the argument will be divided into two
parts.

Casel.If zy; = 0, then wg(2) = (zy + zya + z,t) "} (dz, + adz, + tdz,). In this
case, we can directly use [16, Proposition 3.2] to get

2
tr(wgp(2)) =d (% / log(z% — z} — z3 — 22,2, cos G)de) )
0
Case II. For z; # 0, we will first compute the inverse of ﬁ(\zl) defined in (3).

Using the Schur complement as in the proof of Theorem 2.1, we define a
2(n — k) X 2(n — k) matrix S,,_;(z) by

2 ) A(z) 0 - 0 0
0 zl, A(z) -+ O 0
0 0 2z, - 0 0
Sn—k(2) = : : oo e
0 0 0 - zI, A(z)
YA 0 0 e 0zl
2k 342

3

Thus, S,,_;(z) is the Schur complement of IE(\ZS, and S,_,(z)isthatof S,,_j.1(2).
To perform the computation, we should first focus on S;(z)~! and A(z)".

m M
We obtain by induction that A(z)" = ( c% (n)f ) where a ) and a(") are
12 1
defined in Lemma 3.2.
Using Lemma 3.2, for S;(z) = ), we have
S12)! = z3~ (z - (10, w (—1)" f )
@y @\ el 2 1ral?

_ Z;l_z (Z;l —(- 12}1) (”) (_1);1 (n)f( ))
ﬁ Gg(Z) (_1)}1 12 4 ( 1)n
k_

By induction, we have S, (z)~! = (s; J)k with

.
511=231+ oy S1(2) T A(2)",
3
( 1)k 1
s = T s @A,
Z
1 Jj—1 1 n+j-1 .
sy = T+ C s A, 2<j<k-1
Z3 Z3
-1 n—i+1 .
sn= T s @A, i

n—i+1
Z3
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and (Sl])l] =2 Sk 1(2) -

Thus R(z) = (r;j); o1 with

— ( )n -1 n
= Z3 S1(z2)""A(2)",
3
( 1)n 1
Fin = S1(z) A2,
j-1 n+j—1
ry = ( 1) A( )j -1 %Sl(z) 1A(Z)n+j 1 2< ] <n-1
Z3 3
(_1)n_i+1 -1 n—i+l
rp = WS&(Z) A(Z) , i>1

3
and (Vij)l-rfJ-:Z = S,1(2)7n

Therefore, by (7), (8) and the matrices of A(z)"~! and S;(z)7},
1 n— lA n— IS
i« ()

n—1
Z3

D@ - Yl + G el )

27
0 HGg(z)
k=1
2nzn: 2(ZO+C‘)kZ3) 6
4n7r b Gk(z)
Similarly, we have that
2T n
Ts 2
fr(R™Y(2)a) = — 5 (z, +kzzcos6) o,
4n7T = G (z)
2w n
2(z, + 0
tr(R7'(2)t) = _4_ Z (zy kzlcos ) 0
nTJ 1 Gi2)
and
2T n
2w (2o + wiz3)
1 k\40 k<3
FR@0) = g | 3 g,

0 k=1 Gk(z)
By (9), summing all the results above, we obtain

27 n
(wop(2)) = d(ﬁ f log([ | Gg(z))de).
0 k=1
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At the beginning of this section, we mentioned that a central linear func-
tional ¢ will induce a non-trivial closed 1-form in the de Rham cohomology
group of the projective resolvent set if $(I) # 0. In [16, Corollary 4.4], it is
shown by the de Rham duality theorem that the H(lie(PC(R Ao, ), C) is generated

by ZLU’(Q’R@ ). So it is a natural question what the case is for DZ. In fact,
T oo

there are other central linear functionals that yield nontrivial elements in the
cohomology group.
It is well known that for any discrete groups G and H

C*(Gx H) =C*"G) Quax C*(H),
C3(G X H) = C}(G) @pin C; (H).

Moreover, if one of the groups, for example G, is amenable, then the group
C*-algebra C*(G) is nuclear and is isomorphic to C;(G). Back to our question,
since both D, and Z,, are amenable, C*(Z, X D) is the closure of algebraic
tensor product of C*(D,,) and C*(Z,)) in B(I>(D™)). Therefore, a tensor product
of two linear functionals, on the two respective C*-algebras, extends to a linear
functional on C*(DL).
Apparently, dim C*(Z,)) = n. For every element x € C*(Z,), it takes the

form

n—1

x =Y bglz (tF),bs € C.

B=0

Since 47, (7) has the matrix representation

010 - 00
001 .- 00
0o0o0 - 00
Az, @O =|. . . I
000 - 01
100 .- 00

C*(Z,) can be identified as a subalgebra of M, (C) by the map ¢ defined by
n—1 n—1-3

p(Az, (PN = X Ei((ni)—n+ﬁ) + El(glﬁ) Here {Ei(j'.l) :0<i<n-1,0<j<
i=n— i=0

n — 1} is the generating set for M,,(C), where El(]n) denotes the matrix with a 1

at the i-th row and j-th column and 0 elsewhere.
We first define n linear functionals ¢,,0 <« <n —1, on M,(C) by

L j-i=a,

wy_ )T . . .
¢a(El.j)— - if i—-j=n-aqa,
0 otherwise.
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It follows that every linear functional on C*(Z,,) is a complex linear combina-
tion of {¢,}"_; by restriction.

In fact, ¢, @ tr is just the trace on C*(D). Now define ¢, £ ¢, — ¢, for 1 <
a < n—1,and ¢, £ ¢,. One can check that ¢, isnotatracefor1 < a < n—1,as
it takes the value -1 at the identity. We first present the following observation.

Lemma 3.4. The formula of (¢, ® tr)((a;;)?"2}) is

i,j=0
1 2n—1 2n—2a-1
(¢ ® tr)((aij)iz’;;é) = EU’( Z Qi(i—2n+2a) + Z Ai2a+i))s
i=2n—2a i=0

Vi<a<n-1, (aij)l.z’;.;é € C*(DML).

Proof. Let{E;; : 0 < i <2n—1,0 < j < 2n — 1} be the generating set for

M,,,(L(Z)), and {Eij :0<i<1,0<j<1}for My(I(Z)). Here
The following equation can be easily verified:
— g™ 5o
B =E iy, @ Fatdpaty

where the brackets [x] denote the floor operation and {x} denote the fractional
part operation.
Thus,

— () E
2772
= \Ceddi-ip * Co-tii-12D) 2 " (2{3})(2{99
if j—i=2a,
it i—j=2n-2a,

|
g

otherwise,

where 6, is the kronecker symbol and

IL*(2) if x=y,
0 otherwise.

Ay =

Therefore,

n—1
(¢q ®tr)((aij)§;!;é) = Z ¢a(Ei(;l))tr (( Aiy2j) A(2i)(2j+1) ))

=0 AQi+1)2)j)  A2i+1)2j+1)

n-l-a 1
%”’ (a@i@i+2q) F A@it1)2it2a+1))F

i=0
n—1

Z %t” (a(zi)(2i+2a—2n) + a(2i+1)(2i+2a—2n+1))
i=n—a
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2n—1 2n—2a-1
”’ (D) Gzt D, Gigat)-
i=2n—2a i=0

O

Theorem 3.5. {%@ tr}”_1 induces n-1 different 1-forms besides Tr(wg(z)) in the
cohomology group H | ! (PC(R Ao ), C), where Tr is the canonical trace on C*(DL,).

Proof. Firstly, using the formula in Lemma 3.4, wegetforl <a <n-1

2 n—a—la(n—“—l)zn+ade
(¢ ® tr)(R(2)™) = i./ — . 3
2r ),

n
11 6@
L 27r( 1)a(a(”) (n—a-1) _ i;) (n—a— ng)z“d@
2
0 k
1164
k=1

(1) l(z +zzcose)a(" a=1) Z3+%do

(¢ ® MRG0 = - [
0

HGg(z)
1 (7 (=12 + 25c088)(@Pa ™V — a{Pa D)z de
E )
° 11 GX(2)
k=1

7 (—1) Yz, + zycos0)aly V2 dg

¢ MRG0 =1
0

11 64)
k=1
1 7 (- 1)“(zz+zlcos6)(a(") (n-a-1) _ (n) (n e 1))z"‘de
E 9
’ I1 GX(2)

k=1
and
27 (_l)n—aaglz—a)zglﬂx—lde

(¢ @ R@ D) = 5 [
0

n
k
[1G4(2)

k=1
1 2 ( 1)a+1(a(") (n—a) ag;)agz—a)fg)zg—lde
27 n '

0 k
[1G4(2)

k=1
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Fixk € {0,1, ---,n — 1} and choose a closed path
¥k = (b + Dy, wpcnpe + @y, 0,b) 1 0 < t < 27},
where ¢, = %min{n_;ilgblwk — wj|, min|(b + 2)w, — bw;|}, and b is a non-
j j

negative constant. For every —1 < x < land j € {0,1,---,n — 1}, we have
that

(2o + ;23)* — 22
= (bwy — bw; — wyce)(b + 2)wy — bw; + wicye') # 0,

— 23— 22,2)X

This means y; € P°(R;_, ) by Theorem 2.1.
On y, for 0 < a < n — 1, the path integral

3w | (e @ o)

27r( 1)noc1(f+g) n—a—1 n
me 271] d@dz1
H%@
j=1

27 (_1)a+1(f + g)(Z(Z) _ Z%)n—a—laicz-l-l od
27n 27r n 71
k
116
1 bn+a —oc 1((1) +2 4+ cnkelt)n a—1 (b _ cnkeit)n—rx—l) J
= — t

47r
0 H((b + 2)wy — bw; + wycyelt) Hk(bcuk — bw; — wycpielt)
J#

1 / b *7H(b + 2 + cpe)* (b + 1)* — (e +1)%)
+ —_—
47

dt

n
Tk H((b + 2)C0k - bcoj + wkcnke”) H(ba)k - bCUj - COkaneit)
J=1 Jj#k

! /~ b0 b — e Y HHB 4 1P — (e + D)
t

7T n
Ye TT((b + 2)awy — bw; + wicye) [ (bwy, — bw; — wic,ieit)
j=1 j#k
1 f b”+°‘a)lz“_1((b + 2+ ¢ )% — (b — )%
v

dw
4ri

n
@ [T((b + 2)wy — bw; + wicprw) [ [ (b — bw; — wycyw)
j=1 J#k
1 f b *H(b + 2 + o)™ )((b + 1)* — (e + 1)%)
T

+ -
4ri

w

n
@ [T((b + 2)wy — bw; + wicprw) [ [ (b — bw; — wicyrw)
j=1 J#k
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1 b 4N (b = cp)* (b + 1)% — (cprew + 1)) o
47i n
Tw T1((b + 2)wy — bw; + wycpw) [ (bwy — bw; — wycyw)
j=1 j#k
(10)

Since ¢, = % min{rgéil? blwy — w;|, min|(b + 2)wy — bw;|}, the only residue
J J
of the integral is the residue at w = 0.
Thus,

(10) _ bn+awlrct—oc—1((b + z)n—oc—l _ bn—cx—l)

2 [T + 2)wy = bw;) [ (bawy — bw))
J=1 Jj#k

bawin—a—l(bz + zb)n—oc—l((b + 2)a+1 _ bot+1)
+

21D + 2)wy — bw;) [T (bwy — bw))

Jj=1 j#k
B a)—oc—l bn—l[bcx+1(b + 2)n—a—1 —b" + (b + 2)n _ (b + 2)n—a—1boc+l]
2 nw!~bn=1((b + 2)n — bn)
w
k
= on T %

Suppose that (a; ® tr)(wg(z)), 0 < a < n—1, are linearly dependent. Then,
(P, ® tr)l(coR(z)) are linearly dependent in H;E(PC(RA), C). Thus,d b, € C,0 <
asln-—1,s.t.

n—1
D ba($e ® tr)(wi(2)) = [0]. (11)

a=0

Integrating (11) on y;, we have

n—1
Z baaka = 0.
a=0

Choosingk = 0,1, ---,n—1 in turn, we obtain a homogeneous linear system of
equations with a coefficient matrix (aka)z;lzo. Since

det((aa)isi) =G I1 (-2

o<j<k<n—1 Pk @]

the only solution to the homogeneous linear system of equations is the zero
solution, i.e. VO < a < n—1,b, = 0. Thus (¢, ® tr)(R~!(2)) are n different
elements in the cohomology group. O

Remark 1. Lety = {z(t) : 0 <t < 27} be a closed path in the resolvent set.
By Theorem 2.1, Gg(z) # 0 on P(Ry)°. If we define the winding number W(y)
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n
of y around the projective joint spectrum as the winding number of [ Gé‘(y)

k=1

around 0, then

w( )—Zn]if do _ Zn]ifhilo (GX(z(t)))dt
V)= i ggi iy @ 2w Jy dt 86 '

k=1

Thus, the integral

= f (0 ® 1) (wr(2)) = —— f d(i f " log<f[Gk<z>)de)
27 , 0 R 27l , 4dnrw b paiey 6

2m , n 21
_ 1 1 d .
" dnrw 'l <kZ::1 2mi J, dt log(G, (Z(t)))dt>d6
_ W
~ 2n

This provides the explanation for why a;, is not an integer.

Remark 2. In the above theorem, we only provide n linear independent ele-
ments in the cohomology group. However, it still remains a question whether
the cohomology group is n generated.
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