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Full intrinsic quadrics of dimension two

Jiirgen Hausen and Katharina Kiraly

ABSTRACT. A fullintrinsic quadricis a normal complete variety with a finitely
generated Cox ring defined by a single quadratic relation of full rank. We
describe all surfaces of this type explicitly via local Gorenstein indices. As
applications, we present upper and lower bounds in terms of the Gorenstein
index for the degree, the log canonicity and the Picard index. Moreover, we
determine all full intrinsic quadric surfaces admitting a Kéhler-Einstein met-
ric.
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1. Introduction

The purpose of this article is to structure and explore the (infinite) play-
ground of full intrinsic quadric (algebraic) surfaces X, defined over an alge-
braically closed field K of characteristic zero. The name full intrinsic quadric
refers to the property that the Cox ring of X is defined by a single homoge-
neous quadratic relation of full rank; see [5]. Intrinsic quadrics exist as well
in higher dimensions and form an explicit example class closely beneath the
toric varieties which are characterized by having a polynomial ring as Cox ring;
see [6, 11, 22] for sample work.

As we will see in Theorem 2.3, every full intrinsic quadric surface X is pro-
jective, normal, Q-factorial, rational and allows a non-trivial action of the mul-
tiplicative group KK*. This allows us to realize X as a surface in a specific toric
threefold Z. More precisely, consider integral 3 X n matrices P of the form
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Given such P, fix a complete fan ¥ in Z3 having the columns of P as its primitive
ray generators, let Z be the associated toric threefold and set

X ={teT3}1+z,+2,=0} C Z,

where T? C Z is the standard 3-torus with the coordinates z;, z,, z;. Then X is
a full intrinsic quadric surface. The Picard number of X is p(X) = n —3 and X
comes with the effective K*-action given on X N T° by

t-z = (21,25, t23).

Our main results, Theorems 3.5, 4.5 and 5.5, provide an explicit and redun-
dance free presentation of all full intrinsic quadric surfaces via their defining ma-
trices P in terms of local Gorenstein indices and local class group orders of the
possibly singular points: for each of the possible Picard numbers p(X) = 1,2, 3,
we find four infinite series, each depending on two local Gorenstein indices, ',
¢~ and on p(X) — 1 local class group orders, bounded by ¢, (™.

All full intrinsic quadric surfaces X turn out to be log del Pezzo surfaces; see
Proposition 6.1. We use our main results to study their geometry. For instance,
Corollaries 6.3, 6.6 and 6.8 deliver upper and lower bounds on the degree K 2
the log canonicity ex and the Picard index py, all in terms of the Gorenstein
index ty; in particular, we obtain
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Another outcome of Theorems 3.5, 4.5 and 5.5 is the following explicit (infinite)
list of all full intrinsic quadric complex surfaces admitting a K&hler-Einstein
metric; see Corollary 6.9 for the precise formulation and more background.

Corollary 1.1. The full intrinsic quadric complex surfaces admitting a Kdhler-
Einstein metric are precisely those constructed from a matrix P of the shape
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Here, p = 1,3 is the Picard number and 1 € Z, the Gorenstein index of the
resulting full intrinsic quadric complex surface X arising from the matrix P.

-1
-1

1 1 0 O
0O 0 1 1 1.
—2t—c—d 0 ¢ 0 d

Finally, our description yields a filtration of the whole infinite class of full
intrinsic quadric surfaces into finite subclasses by bounding the Gorenstein in-
dex. This allows, for instance, counting results as the following.

Corollary1.2. Up toisomorphy, there are precisely 15 538 339 full intrinsic quadric

surfaces of Gorenstein index at most 200.

(1) In Picard number one, we find in total 883 full intrinsic quadric surfaces
of Gorenstein index at most 200, filtered as follows:
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Exactly 150 full intrinsic quadric complex surfaces of Picard number one
and Gorenstein index at most 200 admit a Kéhler-Einstein metric.

(2) In Picard number two, we find in total 71 198 full intrinsic quadric sur-
faces of Gorenstein index at most 200, filtered as follows:
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In Picard number two, there are no full intrinsic quadric complex surfaces
at all admitting a Kdhler-Einstein metric.

(3) In Picard number three, we find in total 15 466 258 full intrinsic quadric
surfaces of Gorenstein index at most 200, filtered as follows:
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Exactly 1006 633 full intrinsic quadric complex surfaces of Picard number
three and Gorenstein index at most 200 admit a Kdhler-Einstein metric.

We assume the reader to be familiar with the very basics of toric geome-
try, in particular the construction of a toric variety from its defining fan, the
orbit decomposition, toric divisors and homogeneous coordinates; see for in-
stance [10, 12, 9]. Theorems 3.5, 4.5 and 5.5 are formulated and proven in Sec-
tions 3, 4 and 5, respectively. The considerations follow a common pattern but
differ in the details; for convenience, we present the complete arguments in
each case. The geometric applications are given in Section 6. The defining
matrices for the full intrinsic quadrics are available under [14] for Gorenstein
index up to 200 in Picard numbers one, two and for Gorenstein index up to 40
in Picard number three.

We are grateful to the referee for carefully reading the manuscript and for
providing us with helpful comments and valuable suggestions.
2. Full intrinsic quadric surfaces allow a K*-action

In this section, we show that every full intrinsic quadric surface is rational,
Q-factorial, projective and admits a non-trivial K*-action. This will allow us
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to work with the approach to K*-surfaces provided by [16, 21]; see also [3,
Sec. 5.4]. First, let us give a precise definition of a full intrinsic quadric; see
also [5, Sec. 9].

Definition 2.1. A full intrinsic quadric is a normal complete variety X with
finitely generated divisor class group CI(X) and Cox ring of the form

RX) = @ IX,0D)) = K[Ty,...,T,1/(g)
CI(X)
with CI(X)-homogeneous generators Ty,...,T,, € R(X) and a CI(X)-homo-
geneous quadric g € K[Ty, ..., T, ] of full rank.

Remark 2.2. In the setting of Definition 2.1, the divisor class group is generated
by any n — 1 of the degrees w; = deg(T;) € CI(X), see [3, Def. 3.2.1.1 and
Cor. 3.2.1.11]. Moreover, if X is Q-factorial, then the Picard number p(X) equals
the dimension of the rational vector space Clg(X) = Q ®7 CI(X) and as well
the dimension of the convex cone Mov(X) C Clg(X) generated by the movable
divisor classes, see for instance [3, Lemma 4.3.3.2].

Theorem 2.3. Let X be a full intrinsic quadric surface. Then X is Q-factorial,
rational, projective and admits an effective [<*-action. Moreover, the Picard num-
ber of X satisfies p(X) < 3 and its Cox ring allows a CI(X)-graded presentation
as
K[T1, ..., Tyl /{T1 T, + T3 + T3), p(X) =1,
RX) = {KI[Ty, .., Tsl/{T1 T, + TsT, + T3),  p(X) =2,
K[Ty, ..., Tel {T1T5 + T5T4 + TsTg), p(X) = 3.

Proof. By definition, X is a normal complete surface with finitely generated
Cox ring. From [3, Thm. 4.3.3.5] we infer that X is Q-factorial and projective.
Moreover, by [11, Prop. 2.1], we have a CI(X)-graded presentation

RX) 2 K[T1, e, Tyl /(8)r 8=T1To4 e+ Ty Ty +To + o+ Thp

We use this to show p(X) < 3. Recall from [3, Cor. 1.6.2.7 and Constr. 1.6.3.1]
that X is the geometric quotient of an open subset of the total coordinate space
X = Spec R(X) = V(g) C K™
by the quasitorus H = Spec K[CI(X)], which, due to Q-factoriality of X, is of

dimension p(X). Consequently, we have

2 = dimX) = dim(X) —dim(H) = n+m —1 — p(X).
The degrees wy, ..., W, 4, Of Tq,..., Tyym generate CI(X). Moreover, the de-
gree u = deg(g) € CI(X) satisfies u = w; + w;y; fori = 1,3,...,n — 1 and
M = 2w, for j = 1,..,m. Thus, the divis class group CI(X) is generated by
Wy, Wy, W3, Ws, ..., W,_; and we see

-2
n+m—-3 = p(X) < 2+n2
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We conclude n/2 + m < 4 and thusn < 8. Assumen = 8. Thenm = 0

and p(X) = 5 hold. Consequently, (w;, w,, ws, Wws, W) is a basis for the rational
vector space Clg(X). Let u be a linear form on Clg(X) such that

(u,wy) = (u,wy) = (U, w3) = (u,ws) =0,  (u,wy) <0.

Then u annihilates as well u = w; +w, and thusalsow, = y—w; and wg = u—
ws. Moreover, u evaluates positively on wg = u—w,. Consequently, computing
the cone of movable divisor classes according to [3, Prop. 3.3.2.3], we obtain

8
Mov(X) = ﬂ cone(w;; j#1i) C ker(u) C Clg(X).
i=1
This contradicts to Remark 2.2, telling us that Mov(X) is a cone of full dimen-
sion in Clg(X). We conclude, n < 6. Thecasen = 6, m = 1 and p(X) = 41is
excluded by the same arguments as used for n = 8 and p(X) = 5.

Thus, we have p(X) < 3. If p(X) = 3, then n = 6 and m = 0, which leads to
third case in the assertion. For p(X) = 2, we are left with the choices n = 4 with
m = 1and n = 0,2. The first one gives the second case of the assertion and
the other two would produce, similarly as before, a cone of movable divisors of
dimension less than that of Clg(X) and hence can’t occur.

For p(X) = 1, we find the possibility n = m = 2, which is the first case of the
assertion. Also, n = 0,4 might happen. We first exclude the case n = 4. There,
the prospective total coordinate space X = Spec K[R(X)] is explicitly given as

X = V(T1T2+T3T4) Q K4.

In this setting, we find a diagonal action of a three-dimensional torus T on
K* turning X into a toric variety. Thus, X as a GIT-quotient of X by a one-
dimensional subgroup of T is as well a toric variety and must have a polynomial
ring as its Cox ring; a contradiction to X being singular.

Finally, we treat the case p(X) = 1 and n = 0. If any two of the degrees
w; = deg(T;) coincide, say w; = w, then we may substitute T; =T, +1IT,
and T, = T; — IT, with I = /=1, which brings us into the setting n > 0 just
discussed. Thus, we are left with discussing the situation

RX) = K[T1, Ty, T3, T4 (T + T3 + T3 + T3), w; # w; fori # j.
Due to Q-factoriality of X, the divisor class group CI(X) is of rank one and hence

of the form ZxT with a finite abelian group I'. We claim that up to renumbering
the variables and an automorphism of C1(X), we have

1111
CUX)=ZXZ/2ZxZ/2Z, Q=[wy,..,w]=|0 1 1 0
0101

Since wy, ..., w, are non-torsion elements generating a pointed cone in the ra-
tional divisor class group Clg(X) = Q, we may assume w; = (s;,;)) € Z@ T
with s; > 0. By CI(X)-homogeneity of the relation, all s; coincide. Hence, as
the s; generate Z, they are all equal to one. Write I as a direct product of finite
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cyclic groups. Then, subtracting suitable multiples of the first row of Q from
the last ones, we can achieve
11 1 1

0 m m my [’
Note that this adjusting process is realized by an automorphism of CI(X). By
Remark 2.2, any two of 1,, 93, 74 generate I as a group. Thus, I' is in fact either

cyclic or a sum of two cyclic groups. Moreover, 27; = 0 by homogeneity of the
relation. Hence, any element of T is of order two and we are left with the cases

r = 7/27, T = Z/2xZ/2Z.

Q = [wy, ..., wy] N2:M3, M4 €T

The first case cannot occur as it will not allow a choice of pairwise different
wy, ..., Wy. Thus, suitable renumbering of the variables and applying a suitable
automorphism of Z @ T to the w; leads to CI(X) and Q as claimed.

The task is to show that the above CI(X)-graded algebra R(X) can’t be a Cox
ring. Assume that R(X) is a Cox ring. Then, since the variables T4, ..., T4 de-
fine pairwisse non-associated primes in R(X), we are in the setting of [20, Con-
str. 3.2.1.3] and can apply the theory developed thereafter. In particular, as X is
smooth apart from the origin, X would be quasismooth [11, Prop. 2.8], hence
log terminal. Moreover, we can apply [3, Cor. 3.3.3.3] to see that X is a del Pezzo
surface of Picard number one and Gorenstein index one; we used the software
package [19] for the computation. The Cox rings of all log del Pezzo surfaces of
Picard number one and Gorenstein index one without torus action have been
computed in [20, Thm. 4.1] and for those with torus action the Cox rings are
listed in [3, 5.4.4.2]; none of these Cox rings is isomorphic to R(X) from above.

We verified, that the Cox ring of any full intrinsic quadric surface X is as in
the assertion, in particular it is defined by trinomial relations. Consequently,
the associated total coordinate space X allows a diagonal torus action of com-
plexity one. This action induces a non-trivial iK*-action on X. Since CI(X) is
finitely generated by assumption, this forces X to be rational. O

3. Picard number one

The main result of this section, Theorem 3.5, provides the description of all
full intrinsic quadric surfaces of Picard number one in terms of the local Goren-
stein indices of two of their possibly singular points.

Construction 3.1 (Full intrinsic quadric surfaces X of Picard number one as
[K*-surfaces). Consider an integral matrix of the form

-1 -1 2 0
P := [v1,05,03,04] =] -1 -1 0 2|, b<-2,0<a<-b-2
a b 11

Let Z be the toric variety arising from the fan ¥ in Z3 with generator matrix P,
i.e. vy, ..., Uy are the primitive ray generators of X, and the maximal cones

+

ot 1= cone(vy, U3, Uy), o~ := cone(v,, U3, Uy), To .= cone(vy, Uy).
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Denote by U;, U,, Us the coordinate functions on the standard 3-torus T3 C Z.
Then we obtain a normal, non-toric, rational, projective surface

X = X(P) := V(h) C Z, h = 1+U; +U, € O(T3).
Moreover, the K*-action on T3 given by ¢ - x = (x;, x5, tx3) extends to an action

on Z, it leaves V(h) C T? invariant and hence induces a K*-action on X.

Proposition 3.2. Consider P and X C Z as in Construction 3.1, let P* be the
transpose of P and set K := Z*/im(P*). For the divisor class group of X, we have

CiX) 2Cl(Z) 2 K =2 ZxZ/2gcd(Ra+2,a—Db)Z.
Moreover, denoting by Q : Z* — K the projection, we obtain the following de-
scription of the Cox ring of X as a graded algebra:
RX) = K[Ty,...,T4]/{T:T, + T§ + Ti), deg(T;) = Q(e;) = [D;],

where D; C X is the prime divisor on X obtained by intersecting X with the toric
prime divisor of Z given by the ray through v; and [D;] € CI(X) denotes its class.

Proof of Construction 3.1 and Proposition 3.2. Due to their definition, the
columns vy, ..., v, of P are pairwise different primitive integral vectors. More-
over, they generate Q3 as a convex cone, as we have

20; + U3+ Uy =[0,0,2a+2], a >0, 20, + U3 + U, =[0,0,2b+2], b < -2.

Thus, P is a defining matrix of a normal, rational, projective K*-surface X’ in
the sense of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-e)]. Both, X’ and X from Construc-
tion 3.1 share the same ambient toric variety Z and are given in homogeneous
coordinates of Z by

X' =V(TT,+T;+T;) = X.

Now [3, Thm. 3.4.3.7] tells us that the divisor class group of X = X’ is given
as CI(X) = CI(Z) = K, that the Cox ring R(X) of X is as claimed and that the
generator degrees satisfy deg(T;) = [D;]. Note that X is non-toric as its Cox ring
is not a polynomial ring. O

The local class group CI(X, x) of a point x € X is the group of Weil divisors
of X modulo those being principal near x, and by cl(X, x) the order of CI(X, x).

Proposition 3.3. Let X = X(P) arise from Construction 3.1. The fixed points of
the K*-action on X are given in Cox coordinates by

xt :=1[0,1,0,0, x~ :=[1,0,0,0], x, := [0,0,1,1].

Moreover, for the orders of the local class groups of the fixed points of the [K*-action
we obtain

cl(X,x*) = 4a + 4, cl(X,x™) = —4b — 4, cl(X,xy) =a—b.

Finally, the ordered pair (4a + 4, —4 — 4b) is an isomorphy invariant of the alge-
braic surface X.
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Proof. For the first statement, we refer to [13, Rem. 5.6]. For the second one,
we use the description [3, Prop. 3.3.1.5] of the local class groups and its Gale
dual representation provided by [3, Lemma 2.1.4.1]. Concretely, for the fixed
points x* and x~ this means

X, x™) = |K/Q(linz(ey)|
(X, x7) = |K/Q(linz(ey))]

Similarly, we obtain that the local class group order cl(x,) of the fixed point x,
is given by

|23/ ling(vy, v3,04)| = det[vy,v3,04],

123/ linz (v, v3,v9)| = det[vy, v, 04].

. . . -1 -1
IK/Qinz(es el = [lina(—ey = es,e)/linz(oy, 0] = dee| T3 73 |.
For the last statement, recall from [3, Prop. 5.4.1.9] that x*, x~ are the only
[K*-fixed points lying in the closure of infinitely many orbits. Thus,

{el(X, x™), cl(X, x7)}

and cl(X, x,) are invariants of the KK*-surface X. Since on a non-toric, ratio-
nal, projective surface any two K*-actions are conjugate in the automorphism
group, the assertion follows. O

Proposition 3.4. Every full intrinsic quadric surface X of Picard number one is
isomorphic to an X (P) for precisely one matrix P from Construction 3.1.

Proof. According to Theorem 2.3 and [18, Ex. 7.1], the defining matrix P is of
the format 3 X 4 and the first two rows are as in the assertion:

-1 -1 2 O
P = -1 -1 0 2
d, d, dy d,

Note that d; and d, are odd by primitivity of the columns. Thus, subtracting
the (d; — 1)/2-fold of the first and the (d, — 1)/2-fold of the second row from
the last one turns our matrix into a defining matrix

-1 -1 2 0
P = -1 -1 0 2
a b 11

These are admissible operations in the sense of [13, Def. 6.3] which do not affect
the resulting K*-surface due to [13, Prop. 6.7]. Moreover, swapping the first two
columns if necessary, we achieve that P is slope-ordered, meaning

a>b.
Again, this is an admissible operation. As for any defining matrix of a rational
K*-surface with two elliptic fixed points, slope orderedness implies
1 1 1

1
S+s=1mt>0 b+s+>=:m <0
a+ts+3 >0, +5+5 <0,
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see [13, Rem. 7.5]. Multiplying the last row by —1 is another admissible opera-
tion and turns m* into m*. Doing so, if necessary, and re-arranging via the first
two admissible operation steps yields

a+1 < -b-1.

If X(P) ~ X(P") holds with P, P! as in Construction 3.1, then we have P = P/,
as due to Proposition 3.3, the entries a, b of P and a’, b’ of P’ satisfy

(4a+4, —4b—4) = (4d' +4, —4b' — 4).
O

Recall that the Gorenstein index of a Q-factorial variety X is the smallest pos-
itive integer ¢y such that the tx-fold of a canonical divisor of X is Cartier. The
local Gorenstein index t, of a point x € X is the smallest positive integer such
that the ¢, -fold of a canonical divisor of X is Cartier near x.

Theorem 3.5. Fort € Z,, consider the set M, of pairsn = (1+,17) € Zil with
lem(tt, 7)) = 1. Define subsets

S;1(1,0) = {neM;todd, " odd, (t <17},

S, = {peM;todd, i even, 4|1, 2t <17},
S(1,1) = {neM,; teven, " odd, 4|, it <27},
Sy,(1,0) = {npe Mg tteven, " even, 4|, 4|, F <}

Then each set S;;(1,1) provides us with a series of defining matrices P, of full in-
trinsic quadric surfaces:

n=0*"r)esndy: n=0"1)eSnpd,0):

-1 -1 2 0 [ -1 -1 2 0 |
P,=| -1 -1 02|, p=| -1 -1 0 ;

=1 —=1 1 1 -1 —‘;—1 1
n=0"r)esuy: n=0"1)eSn1,0:

-1 -1 2 0 [ -1 -1 2 0]
p = -1 -1 0 2 p = -1 -1 0 2
n o+ ’ n ~+ -

“—1 —-11 1 -1 -—-11 1

2 L 2 2 _

Each of the surfaces X (P,)) is of Picard number 1, Gorenstein indext = lem(ct, )
and (* are the local Gorenstein indices of the points

x+ = [0’ 1’0’ 0]’ x_ = [15 0’ 05 0]'

Every full intrinsic quadric surface of Picard number 1 and Gorenstein index t is
isomorphic to X(P,) for precisely one P, from the above list.
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Proof. Let X be a full intrinsic quadric surface of Picard number one. We first
show X = X(P,) with P, from the above list and check the local Gorenstein
indices. Proposition 3.4 allows us to assume X = X(P) with a unique P of the
form

-1 -1 2 0
P = -1 -1 0 2 |, b<-2,0<a<-b-2.
a b 11

According to [3, Prop. 3.3.3.2], we have the anticanonical divisor —K = D;+D,
on X and [13, Prop. 8.9] tells us that the linear forms u* representing the (*-fold
of —X near x* are given by
Ut = [ art art o ] - [ b~ b~ l_
2a+2"2a+2 a+1’) 2b+2"2b+2  b+1]
By the definition of the local Gorenstein index, these are primitive integral vec-
tors. Consequently, the local Gorenstein indices (* of x* are

a+1, aeven, - —b—1, beven,
2a+2, aodd, —2b—2, b odd.

In particular, (*, (~ is even (odd) if and only if a, b is odd (even), respectively.
Moreover, if (* is even, then it is divisible by four. Thus, P is one of the ma-
trices P, with 7 = (¢*,(7) listed in the assertion and * is the local Gorenstein
index of x*.

Conversely, all the matrices P, listed in the assertion fit into the shape of
Construction 3.1 and thus deliver full intrinsic quadric surfaces X = X(P,).
By [13, Prop. 8.8], the point x, = [0, 0, 1,I] € X has local Gorenstein index one,
hence the resulting X is of Gorenstein index ¢ = lem(¢*, (7).

Finally, we ensure that the matrices P, listed in the assertion define pairwise
non-isomorphic X(P,). By Proposition 3.4, this means to show that any two
matrices arising from different S;;(1, ¢) differ from each other. This is done by
comparing the parity vectors (a, b) in Z /27 x Z /27 of the first two entries a, b
of the third row of P, for the n € S;;(1,0):

[+= =

‘ Su(1,0) ‘ S12(1,0) ‘ Sy (1,0) ‘ Sy(1,0)
@h| ©o | @D | @0 | @D

O

Example 3.6. Consider the full intrinsic quadric surface X = X(P) of Picard
number one given by the defining matrix

-1 -1 2 0
P=]-1 -1 0 2
0 -2 1 1

Then X stems from the series S;;(1,1) and we have t = 1 = (= = 1. Theorem 3.5
also says that X is the only Gorenstein full intrinsic quadric surface with p(X) =
1.
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4. Picard number two

The main result of this section, Theorem 4.5, provides the description of all
full intrinsic quadric surfaces of Picard number two in terms of the local Goren-
stein indices of two of their possibly singular points and the local class group
order of another possibly singular point.

Construction 4.1 (Full intrinsic quadric surfaces X of Picard number two as
K*-surfaces). Consider an integral matrix of the form

-1 -1 11 0 b<a, c<0, a>0,
P := [v1,05,U3,04,05] := | =1 =1 0 0 2 |,  b+e<s—1, a—b<—c,
a b 0 ¢ 1

a<—-b—c-1.

Let Z be the toric variety arising from the fan £ in 73

and the maximal cones

with generator matrix P

+

ot := cone(v,, U3, Us), o~ := cone(v,, Uy, Us),

7o - = cone(vy, Uy), 7, i = cone(vs, Uy).
Denote by U,, U,, U; the coordinate functions on the standard 3-torus T3C2Z.
Then we obtain a normal, non-toric, rational, projective surface
X :=X(P) :=V(h) C Z, h :=1+U; +U, € O(T>.
Moreover, the K*-action on T3 given by ¢ - x = (x1, X, tx3) extends to an action
on Z, it leaves V(h) C T? invariant and hence induces a [K*-action on X.

Proposition 4.2. Consider P and X C Z as in Construction 4.1, let P* be the
transpose of P and set K := 7>/ im(P*). For the divisor class group of X, we have
Cl(X) @ K = Cl(Z) @ 7>xZ /ged2a + 1,a — b, —)Z.
Moreover, denoting by Q : Z°> — K the projection, we obtain the following de-

scription of Cox ring of X as graded algebra:

RX) = K[Ty, .., Ts] /(T Ty + 3Ty + T2),  deg(T) = Q(e;) = [Dy],
where D; C X is the prime divisor on X obtained by intersecting X with the toric
prime divisor of Z given by the ray through v; and [D;] € CI(X) denotes its class.

Proof of Construction 4.1 and Proposition 4.2. Due to their definition, the
columns vy, ..., U5 of P are pairwise different primitive integral vectors. More-
over, they generate Q3 as a convex cone, as we have

2v; +2v3 + U5 = [0,0,2a + 1], a > 0,

20y + 204 + 05 =[0,0,2b +2c+ 1], b+ c < —1.
Consequently, P is a defining matrix of a rational projective K*-surface X’ in
the sense of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-e)]. One shows X’ = X exactly
as for Picard number one and infers the desired statements on the divisor class
group and the Cox ring from the same reference. O
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Proposition 4.3. Let X = X(P) arise from Construction 4.1. The fixed points of
the K*-action on X are given in Cox coordinates by

x* :=1[0,1,0,1,0],  x~ := [1,0,1,0,0],

Xo = [0,091,151]5 X1 L= [1’1’0’0’1]'

Moreover, the orders of the local class groups of the fixed points of the K*-action
on X are given by

clX,xt) =1+ 2a, cdX,x7)=-1-2b-2c,

cl(X,xy) =a-—b, cl(X, x;) = —c.

Finally, the ordered pairs (1 + 2a, —1 — 2b — 2¢) and (a — b, —c) are isomorphy
invariants of the algebraic surface X.

Proof. The same references and arguing as in the proof of Proposition 3.3, give
us the fixed points and show that the local class group orders of x*, x~, x, and
X; compute as
det[v,, v3, Us], det[v,, vy, Us], det[ _Cll _é ] —det[ (1) 1.

As mentioned in the proof of Proposition 3.3, the fixed points x*, x~ are the
only ones lying in the closure of infinitely many orbits. Moreover, each of the
remaining two fixed points x,, x; lies in the closure of precisely two non-trivial
orbits. Thus, {cl(X, x1), cl(X, x7)} as well as {cl(X, x,), cl(X, x;)} are invariants
of the K*-surface X. As before, the assertion follows from the fact that on a
non-toric, rational, projective surface any two K*-actions are conjugate in the
automorphism group. O

Proposition 4.4. Every full intrinsic quadric surface X of Picard number two is
isomorphic to an X(P) for precisely one matrix P from Construction 4.1.

Proof. Using again Theorem 2.3 and [18, Ex. 7.1], we see that the defining
matrix P is of the format 3 x 5 and the first two rows look as in the assertion:
-1 -1 1 1 0
P=]-1 -1 0 0 2
d d, d; dy ds
As in the proof of Proposition 3.4, we achieve the desired shape of P via admis-

sible operations [13, Def. 6.3]. First, adding suitable multiples of the first two
rows to the last one yields

-1 -1 1 1 0
P = -1 -1 0 0 2
a b 0 ¢ 1

Second, swapping the columns v, and v, as well as v; and v, if neccesary and
re-arranging via the first step, we achieve that P is slope-ordered, meaning

a>b, 0>c.
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Third, swapping the first two columns blocks, that means [v;, v,] and [v3, v4],
if neccesary and re-adjusting the entries, we can ensure

a—b< —c.

As for any defining matrix of a rational K*-surface with two elliptic fixed points,
slope orderedness implies

1 1
a+§=:m+>0, b+c+§=:m_<0.

Multiplying the last row by —1 turns m* into m*. Doing so, if necessary, and
re-arranging via the first two steps yields

a < -b—-c-—1.

We show that X(P) =~ X(P’) with matrices P and P’ as in Construction 4.1
implies P = P’. Proposition 4.3 yields equality of the ordered tuples

(1+42a, -1-2b—2¢)=(1+2a’, -1-2b"-2¢"), (a—b, —c) = (a’'=b’,—c")

built from the entries of the third row of P and P’ respectively. From this we
directly derive P = P’. O

Theorem 4.5. For 1 € Z,, consider the set M, of triples n = (t*,17,¢), where
"7 € Zsy withlem(i*,17) = tand ¢ € Z._,. Define subsets

24, 3, <o,
S11(2,0) = {neM; 1— e <c< s >
} - = 4
240t 0, 34, ot <30,
512(2’ [) = 9n e ML; 1— 430 <c< _L++3L_ ¢ s
} .
2400, 340, 3t <,
521(2’ [) = {nEM; 1— 3t <c< _3L++L_ (s
% o
24ttt <o,
S$»(2,0) = {n €M, 1— 3430 <c< 343 (-

Then each set S;;(2, ) provides us with a series of defining matrices P, of full in-
trinsic quadric surfaces:
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n=0%0r,0)esn2,0: n=0"1,c)€8,(2,0:
[ —1 -1 110 [ —1 -1 110
P, = -1 -1 002 P, = -1 -1 002
+_ 9’ +_ _ 9’
L 1—i—COC1 L 1_31+1_ 0 ¢c 1
B 2 2 L 2
n=0"1",c) €Sy,0): n=0"1,c) € Sn(2,0):
[ -1 -1 110 [ —1 -1 110
P, = -1 -1 00 2 P, = -1 -1 00 2
+_ - ’ +_ -
3r—1 _i_ 0 ¢ 1 3m—-1 _3L +1_ 0 ¢ 1
B 2 2 L 2 2

Each X (P,?) is of Picard number 2, Gorenstein indext = lem(tt, (™), and (*, 1 are
the local Gorenstein indices and —c local class group order of

x* =[0,1,0,1,0], x~ = [1,0,1,0,0], x; = [1,1,0,0,1].

Every full intrinsic quadric surface of Picard number 2 and Gorenstein index t is
isomorphic to X(P,) for precisely one P, from the above list.

Proof. Let X be a full intrinsic quadric surface of Picard number two. Then
Proposition 4.4 allows us to assume X = X(P) with

-1 -1 110 b<a, ¢<0, a>0,
P = -1 -1 0 0 2], b+c<-1, a—b<—c,
a b 0 c 1 a<-b—c-1.

Consider the anticanonical divisor —K = D5 + D, + Ds on X(P). The linear
forms u* representing the (*-fold of — near x* are given by
Ut = [ﬁ (a—1)pt 3t ]
> 1+42a ' 1+2al’

and

_[@b—c+1)™ (b+c—1) 3"

| 2b4+2c+1 7 2b+2c+1° _2b+2c+1]'

By the definition of the local Gorenstein index, these are primitive integral vec-
tors. Together with the fact that (* divides cl(X, x*), we obtain

3t = yt(1 + 2a), 14+ 2a=z%",

3T ==y (2b+2c+1), —(2b+2c+1)=z"1"
with positive integers y* and z*. We conclude y*z* = 3 and y~z~ = 3. This
leaves us with the following four cases:

Case 1.1: y* = 3,y = 3. Then we have (t =1+ 2aand(~ = —2b —2c — 1.
Solving for a in the first equation, for b in the second one and substituting gives

t—3 I +3
+ — |/t 3 T =\ 3 —-31.
u [L, 5 ] u [L +3¢, ——,
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We conclude that (* as well as ¢~ is odd and none of them is divisible by three.
Substituting also in P and the conditions on its entries leads to setting S;;(2, ¢).

Case1.2: yt =3,y = 1. Thenwe have t* =1+ 2aand 3t = —2b —2c — 1.
Solving for a in the first equation, for b in the second one and substituting gives
=3 41
+— |+ - — |, _
u—[t, 2 ,3], u—[t +c, > 1.

We conclude that (* as well as ¢~ is odd and (* is not divisible by three. Substi-
tuting also in P and the conditions on its entries leads to setting S;,(2, t).

Case2.1: yt =1, y~ = 3. Then we have 3tt =1+ 2aand(~ = —2b — 2¢ — 1.
Solving for a in the first equation, for b in the second one and substituting gives

43

, —3].

|
u+=[z+,t 5 1,], u‘=[t‘+3c,

We conclude that (* as well as ¢~ is odd and ¢~ is not divisible by three. Substi-
tuting also in P and the conditions on its entries leads to setting S,;(2, ¢).

Case2.2: y* =1,y~ = 1. Then we have 3t* =1+ 2aand 3t = -2b —2c — 1.
Solving for a in the first equation, for b in the second one and substituting gives
+ —

+ |4+ -1 N r+1
u—[z, > ,1], u—[t +c,—2 , —1].

We conclude that (* as well as (™ is odd. Substituting also in P and the condi-
tions on its entries leads to setting S,,(2, t).

We showed that every full intrinsic quadric surface of Picard number two is
isomorphic to some X(P,) with P, as in the assertion. Moreover, x, and x, are
of local Gorenstein index one, see [13, Prop. 8.8 (iii)], we obtain that X(P,) has
Gorenstein index ¢ = lem(:*,(”). Conversely, one directly checks that every
matrix P from the assertion defines a full intrinsic quadric surface of Picard
number two and Gorenstein index ¢ = lem(c*, (7).

Finally, we want to see that the matrices P, listed in the assertion define pair-
wise non-isomorphic X(P,)). Due to Proposition 4.4, this means to show that the
sets S;(2, 1) are pairwise disjoint. With the aid of Proposition 4.3, we compare
the local Gorenstein indices (* and the local class group orders cl(X, x*):

S11(2,0) | $12(2,0) | $21(2,0) | S52(2,0)
(HelX,xt) | ) | @) | @30 | 3
(X, x )| (,0) [ (,30) ] (o) | (C,307)

The listed pairs are invariants of the surface X(P,) up to switching x* and x~.
Thus, we see that S;;(2,t) as well as S,,(2, 1) has trivial intersection with any
other S;;(2,1). For S;,(2,1), observe ¥ < 3:7, as we have 3 { (*. Similarly,
3t <~ holds for S,;(3,t). Thus, in both cases, cl(X, x*) is the strictly smallest
of cl(X, x*). Consequently, S;,(2,t) and S,;(2, t) intersect trivially. O



1784 JURGEN HAUSEN AND KATHARINA KIRALY

Example 4.6. Consider the full intrinsic quadric surfaces X and X’ of Picard
number two given by the defining matrices

-1 -1 1 1 0 -1 -1 1 1 0
P=|-1 -1 0 0 2|, P=|-1-10 02
0 -1 0 -1 1 1 00 -2 1

Then X stems from the series S1,(2,t) and X’ from S,,(2, t). Theorem 4.5 yields
that X and X’ are the only Gorenstein full intrinsic quadric surfaces with p(X) =
2.

We conclude the section by taking a look at the possible contractions of the
two-dimensional full intrinsic quadrics. Recall that a contraction of a prime
divisor D on a normal variety X is a proper birational morphism 7 : X — X’
such that the image 7(D) is of codimension at least two in X’ and X \ D maps
isomorphically onto X’ \ (D).

Proposition 4.7. Let X = X(P) arise from Construction 4.1. At most the prime
divisors Dy, ..., D4 C X are contractible and all possible contractions are projective
toric surfaces of Picard number one. More precisely,

D;: b>0 D,: a+c < -1 D;: a+c>0 Dy: b<-1
-1 -1 2 -1 -1 2 -1 -1 2 -1 -1 2
b bt+c 1 a a+c 1 a+c b+c 1 a b 1
gives us for each D; the characterizing property of contractibility in terms of the

entries a, b, c of P and, for the case that D; is contractible, also the generator matrix
of the contracted surface.

Proof. By[13, Rem. 10.4 (i) and Prop. 10.8], the contractible prime divisors are
among the D; = V(T;) C X, wherei = 1, ..., 5. The same references show that
the divisor Ds is not contractible. Recall that the matrix P is given as

-1 =111 0 b<a, c<0, a>0,
P = [v1,05,U3,04,05] = | =1 =1 0 0 2 |,  b+e<—1, a—bs—c,
a b 0 c¢c 1

a<-b—c-1.

The task is to characterize contractibility for each of Dy, ..., D, and to determine
the possible contraction in terms of the entries of P. We exemplarily perform
this for the divisor D;. Consider the matrix

1 10
Pl = [02,U3,04,U5] = -1 0 0 2 5
c 1

obtained from P by removing the colmun v;, which corresponds the prime di-
visor D; C X. Then D, is contractible if and only if P, is a defining matrix of a
K*-surface. The latter in turn holds if and only if

1
m+=b+§>0,
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as P; inherits all the other properties from P. Thus, D, is contractible if and
only if b > 0 holds. If so, then contracing D, gives the K*-surface X; defined
by P;. Via admissible operations, we can turn P, into the shape

-1 -1 1 0
Ppp=|-1 -1 02
b b+c 0 1

Indeed, we swap the first two column blocks, re-arrange the shape and then
subtract the b-fold of the first row from the last one. The makes the third col-
umn erasable [13, Def. 6.2] and we obtain a defining matrix
-1 -1 2
r_

Fr=1% b+c 1
by erasing the third column [13, Def. 6.3, Prop. 6.7]. This process reflects remov-
ing the redundant Cox ring generator T3 = T, T, — Tﬁ in the first presentation
of X;. We conclude that X is the toric surface defined by the generator matrix
P O
Remark 4.8. Consider the two Gorenstein full intrinsic quadric surfaces X
and X’ of Picard number two from Example 4.6.

(1) In the surface X, the contractible divisors are D, and D,. In each case,
the contracted surface is the projective plane P2.

(2) In the surface X', the contractible divisors are D; and D,. In each case,
the contracted surface is the weighted projective plane P(1, 2, 3).

5. Picard number three

The main result of this section, Theorem 5.5, provides the description of
all full intrinsic quadric surfaces of Picard number three in terms of the local
Gorenstein indices of two of their possibly singular points and the local class
group orders of two further possibly singular points.

Construction 5.1 (Full intrinsic quadric surfaces X of Picard number three as
K*-surfaces). Consider an integral matrix of the form

a>b, 0>c, 0>d,

-1 -1 11 0 O b>—c>—d

a—-bz—cz2—d,

P 1=[v1,05,03,U4,05,06] := -1 -1 0 0 1 1 |, b+e+d<0<a
a b 0 c¢c 0 d ’

a<-b—c—d.

Let Z be the toric variety arising from the fan X in Z* with generator matrix P
and the maximal cones

ot := cone(vy, v3, Us), o~ := cone(v,, Uy, Ug),
7o :=cone(v;,V,), Tp :=cone(vs, V), T, :=cone(vs,Ug).

Denote by U;, U,, U; the coordinate functions on the standard 3-torus T C Z.
Then we obtain a normal, non-toric, rational, projective surface

X = X(P) :=V(h) C Z, h :=1+U; +U, € O(T?).
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Moreover, the K*-action on T3 given by ¢ - x = (x;, X5, tx3) extends to an action
on Z, it leaves V(h) C T? invariant and hence induces a K*-action on X.

Proposition 5.2. Consider P and X C Z as in Construction 5.1, let P* be the
transpose of P and set K := 7%/ im(P*). For the divisor class group of X, we have
Then the divisor class group of X equals that of Z and is given by
Cl(X) =~ Cl(Z2) = K =~ 73xZ /gcd(a,b,c,d)Z.
Moreover, denoting by Q : Z° — K the projection, we obtain the following de-
scription of the Cox ring of X as a graded algebra:
R(X) = K[Tl, ey T6]/<T1T2 + T3T4 + T5T6>, deg(Tl) = Q(el') = [Di]’

where D; C X is the prime divisor on X obtained by intersecting X with the toric
prime divisor of Z given by the ray through v; and [D;] € CI(X) denotes its class.

Proof of Construction 3.1 and Proposition 3.2. Due to their definition, the
columns vy, ..., Ug of P are pairwise different primitive integral vectors. More-
over, they generate Q3 as a convex cone, as we have

v +U3+05 =[0,0,a], a >0, U, +Us+0g =[0,0,b+c+d], b+c+d <0.

Consequently, P is a defining matrix of a rational projective [K*-surface X’ in the
sense of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-¢)]. Again, one shows X’ = X exactly
as in the case of Picard number one, and the same reference gives the desired
statements on the divisor class group and the Cox ring. O

Proposition 5.3. Let X = X(P) arise from Construction 5.1. The fixed points of
the K*-action on X are given in Cox coordinates by
xt :=10,1,0,1,0,1], x~ :=[1,0,1,0,1,0],

X, := [0,0,1,1,1,—-1], x; := [1,1,0,0,1,—1], x, := [1,1,1,—1,0,0].
Moreover, the orders of the local class groups of the fixed points of the [K*-action
are given by

c(X,xt) =a, cdX,x")=-b—c—d,
cX,xy) =a—->b, cX,x)=—-c clX,x,)=—d.
Finally, the ordered tuples (a, —b — ¢ — d) and (a — b, —c, —d) are isomorphy
invariants of the algebraic surface X.

Proof. As in the previous section, the references from the proof of Proposi-
tion 3.3 deliver the description of the fixed points and show that the local class
group orders of x*, x~, x,, x; and x, are

det[vy, v3, Us], det[v,, vy, Vg],

-1 -1 11 11
det[ a b]’ —det[o c]’ —det[0 dl
Similarly as in the corresponding earlier proofs, x*, x~ are the only fixed points

lying in the closure of infinitely many orbits and each of x;, x;, x, lies in the
closure of precisely two non-trivial orbits. Thus, the sets {cl(X, x™), cl(X, x ™)}
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and {cl(X, x;), cl(X, x;), cl(X, x,)} are invariants of the K*-surface X. Again, the
assertion follows from the fact that on a non-toric, rational, projective, surface
any two K*-actions are conjugate in the automorphism group. O

Proposition 5.4. Every full intrinsic quadric surface X of Picard number three
is isomorphic to an X(P) for precisely one matrix P from Construction 5.1.

Proof. Applying once more Theorem 2.3 and [18, Ex. 7.1], yields that the defin-
ing matrix P is of the format 3 X 6 and the first two rows look as wanted:

-1 -1 1 1 0 O
P = -1 -1 0 0 1 1
d, d, di dy ds dq

Again, suitable admissible operations [13, Def. 6.3] bring us to the setting of
Construction 5.1. First, adding suitable multiples of the first two rows to the
last one, we achieve

-1 -1 11 0 O
P = -1 -1 0 01 1
a b 0 ¢ 0 d

Second, swapping columns inside the pairs (v;, v,), (vs, U4) and (vs, Ug) and re-
arranging via the first step, we achieve that P is slope-ordered, meaning

a>b, 0>c¢, 0>d.

Third, suitable swapping the columns blocks [vy, v,], [v3, V4] and [vs, vg] and
re-adjusting the entries, we can ensure

a—b>—-c>-—d.

As for any defining matrix of a rational K*-surface with two elliptic fixed points,
slope orderedness implies

a=:m*t >0, b+c+d=:m <0.

Multiplying the last row by —1 turns m* into m*. Doing so, if necessary, and
re-arranging via the first two steps yields

a < -b—-c—d.

We show that X(P) =~ X(P’) with matrices P and P’ as in Construction 5.1
implies P = P’. Proposition 5.3 yields equality of the ordered tuples

(a, =b—c—d) = (a’, =b'-c'=d"), (a=b, —c, —d) = (a’'=Vb’, —=¢', =d")

built from the entries of the third row of P and P’ respectively. From this, we
directly derive P = P’. O
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Theorem 5.5. For: € Z, consider the set M, of 4-tuplesn = (1*,1”, c, d), where
17,07 € Zyy withlem(i*,17) = tand c,d € Z._,. Define subsets

S (3.0 M 24, it <, e <d <,
, L = Jn € ; >
1 7 Yot —1m<2c+d
51,30 M 24t it <2m,c<d < -1,
, L = 5 )
12 7 Yot —2m<2c+d
G0 M 240, 2" <0, e<d <1,
’[ = < , Py
21 7 Yot -1 <2c+d
5,6, M F <1, e<d< -1,
, L = 1n E ; .
2 TEMe o _or <2c+d

Then each set S;;(3, ) provides us with a series of defining matrices P, of full in-
trinsic quadric surfaces:

n=0"1",c,d) e S;;(3,0): n=C0"1,cd) eS;,3,0):
-1 -1 11007 [ —1 -1 1100
P,)= -1 -1 0011/, P,}= -1 -1 0011],
vt == —c—-d 0 c 0 d | | " —2tc—c—-d 0cO0d
n=0u"1,cd) € Sy@3,0): n=0"1,cd) € Sn@G,u):
-1 -1 11007 [ —1 -1 1100
P77= -1 -1 00O0O0], P,]= -1 -1 0011].
2t ———¢c—-d 0 c 0 d | | 2t =20 —¢c—d 0 c 0d

Each X(Py) is of Picard number 3, Gorenstein indext = lem(¢ct, ), and (", are
the local Gorenstein indices, —c, —d the local class group orders of

x*t =10,1,0,1,0,1], x~ = [1,0,1,0,1,0],

X, = [1511050515_1]5 Xy = [1,151,_1,0’0]~

Every full intrinsic quadric surface of Picard number 3 and Gorenstein index t is
isomorphic to X (P,) for precisely one P, from the above list.

Proof. Let X be a full intrinsic quadric surface of Picard number three. Then
Construction 5.1 and Proposition 5.4 allow us to assume X = X(P) with

a>b, 0>c, 0>d,

-1 -1 1 1 0 O bocod
Pel-ttoo il e
c a,

a b 0 ¢c 0 d e<bcmd.

Consider anticanonical divisor —X = D3 + D4 + D5 + Dg on X(P). The linear
forms u* representing the (*-fold of —X near x* are given as
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u+—[z+ o+ E] u__[(b—c+d)t_ (b+c—du~ o 2C
el | b+c+d ’ b+c+d ’ b+c+dl

By the definition of the local Gorenstein index, these are primitive integral vec-
tors. Together with the fact that (* divides cl(X, x*), we obtain

2t = yta, a=z"t,
20 ==y (b+c+d), —(b+c+d)=z"1"
with positive integers y* and z*. We conclude y*tzt = 2 and y~z= = 2. The

possible constellations of (y*, y~) yield the following four cases:

Case 1.1: a = (*, b = —1~ — ¢ — d. Inserting this, we see that P arises from
S11(3, 1) and its entries satisfy the required estimates. Moreover, u* become

ut = [, 2], u" = [2c+c,2d+17, =2].

As these are integral primitive vectors, we see that (+ as well as (™ are odd and
that (* are indeed the local Gorenstein indices of x*.

Case 1.2: a = (*, b = =21~ — ¢ — d. As in the previous subcase, inserting shows
that P stems from S;,(3, t). Note that this time we have

ut = [, 2], u"=[c+,d+, -1].

Thus, (* is odd and we have no divisibility condition on (. As before, we obtain
that (* are indeed the local Gorenstein indices of x*.

Case2.1: a = 2t*, b = =~ — ¢ — d. Inserting shows that P is given by S,;(3,t)
and its entries satisfy the required estimates. Moreover, we have

ut =[], u™=[2c+7,2d +2F +07, =2].
These must be integral primitive vectors. Consequently, (™ is odd and we obtain
that (* are indeed the local Gorenstein indices of x*.

Case 2.2: a = 2", b = =21~ — ¢ — d. Inserting shows that the matrix P arises
from S,,(3,t). Moreover, the linear forms u* are given by

ut =[], u =lc+o,d+ ot +0, —1].
Thus, there are no divisibility conditions on (* and we see that (* are indeed the
local Gorenstein indices of x*.

We showed that every full intrinsic quadric surface of Picard number three
is isomorphic to some X(P) with P as in the assertion. Moreover, as the points
Xo, X1, X, € X(P) are all of local Gorenstein index one, see [13, Prop. 8.9 (iii)], we
obtain that X(P) has Gorenstein index ¢ = lcm(t*, (™). Conversely, one directly
checks that every matrix P from the assertion defines a full intrinsic quadric
surface of Picard number three and Gorenstein index ¢ = lem(t™, (7).
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Finally, we want to see that the matrices P listed in the assertion define pair-
wise non-isomorphic X (P). According to Proposition 5.4, this amounts to show-
ing that the sets S;;(3, 1) are pairwise disjoint. We use Proposition 5.3 to compare
the local Gorenstein indices (* and the local class group orders cl(X, x*):

S11(3,0) | $12(3,0) | Sx1(3,0) | S52(3,0)
(HelX,xt) | (Fh) | @) | @ 20h) | 2eh)
(X, x ) | (o) [ (20)| (o) | (CL,20)

The listed pairs are invariants of the surface up to switching x* and x~. Thus,
we see that S1,(3,1) as well as S,,(3,t) has trivial intersection with any other
S;;(3,0). For S1,5(3,1), observe (* < 20~ as(* is odd. Similarly, for S,,(3,1), we
have 2t* < (~. Thus, in both cases, cl(X, x*) is the strictly smallest of cl(X, x*).
It follows that S;,(3,¢) and S,; (3, t) intersect trivially. O

Example 5.6. Consider the full intrinsic quadric surfaces X and X’ of Picard
number three given by the defining matrices

-1 -1 1 1 0 O -1 -1 1 1 0 O
P=| -1 -1 0 01 1|, PP=| -1 -1 0 01 1
1 0 0 -1 0 -1 2 00 -1 0 -1

Then X stems from the series S;,(3,t) and X’ from S,,(3, t). Theorem 5.5 yields
that X and X’ are the only Gorenstein full intrinsic quadric surfaces with p(X) =
3.

Proposition 5.7. Let X = X(P) arise from Construction 5.1. At most the prime
divisors Dy, ..., D¢ C X are contractible and all possible contractions are projective
toric surfaces of Picard number two. More precisely,

D;: b>1 D,: a+c+d < -1 D;: a+c>1
-1 -1 1 1 -1 -1 1 1 -1 -1 1 1
b b+c 0 d a at+tc 0 d a+c b+c 0 d
Dy: b+d <-1 Ds: a+d >1 Dg: b+c< -1

-1 -1 1 1
a+d b+d 0 ¢
gives us for each D; the characterizing property of contractibility in terms of the

entries a, b, c,d of P and, for the case that D; is contractible, also the generator
matrix of the contracted surface.

Proof. One succeeds by the same arguments as in the proof of Proposition 4.7.
O

A normal surface singularity is of type A, if the exceptional divisor of its min-
imal resolution is a string of n smooth rational curves, each of self intersection
—2.
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Remark 5.8. Consider the two Gorenstein full intrinsic quadric surfaces X
and X’ of Picard number three from Example 5.6.

(1) On X, the contractible divisors are D,, D, and Ds. In each case, the
contracted surface is P! x P1.

(2) On X', the contractible divisors are D3, D,, Ds and Dg. In each case, the
contraction is the toric del Pezzo surface of Picard number 2 with two
singularities, both of type A;.

6. Geometry of full intrinsic quadric surfaces

We present direct applications of Theorems 3.5, 4.5 and 5.5, exploring the
geometry of full intrinsic quadric surfaces. In Corollary 6.4, we determine the
weighted resolution graphs for the canonical resolution of singularities. More-
over, Corollaries 6.3, 6.6 and 6.8 give explicit upper and lower bounds on the de-
gree, the log canonicity and the Picard index in terms of the Gorenstein index.
Finally, Corollary 6.9 characterizes the existence of Kidhler-Einstein metrics in
terms of the Gorenstein index.

First, recall that a del Pezzo surface is a normal projective surface X admitting
an ample anticanonical divisor —Ky. Moreover, a del Pezzo surface X is log
terminal if all the exceptional divisors of its minimal resolution of singularities
have discrepancies strictly bigger than —1; if so then one refers to X also as a
log Pezzo surface.

Proposition 6.1. Every full intrinsic quadric surface X is a log del Pezzo surface.

Proof. We may assume X = X(P). Then log terminality is a direct consequence
of [13, Cor. 8.12]. According to the possible values of the Picard number p =
p(X), the degree u € CI(X) of the defining quadric of X is given as

w1+w2=2w3=2w4, p=1,
H = jWw; + W, = ws + wy = 2ws, P =2,
Wy +W, =Wz + Wy =Ws5+Wg, p=23,
where w; = deg(T;) € CI(X). Due to [3, Prop. 3.3.3.2], the anticanonical class

of X equals w; + ... + wy,3 — u and thus is a positive multiple of u. From [3,
Prop. 3.3.2.9] we infer that the cone of movable divisor classes of X is given by

Mov(X) = ﬂri, 7; = cone(wj; j# i) C Clg(X).
i=1

Observe that u is an interior point of each 7;. As all involved cones are of full di-
mension, we obtain that u is an interior point of Mov(X). Thus, 3, Prop. 3.3.2.9,
Thm. 4.3.3.5] show that u, and hence the anticanonical class of X, isample. [J

Remark 6.2. The surfaces from Examples 3.6, 4.6, 5.6 are the only Gorenstein
two-dimensional full intrinsic quadrics. By Proposition 6.1 they are all log del
Pezzo and thus we recover them as well as the only full intrinsic quadrics in
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the classification of all rational Gorenstein log del Pezzo K*-surfaces given in
[3, Thms. 5.4.4.2 to 5.4.4.5].

The (anticanonical) degree of a del Pezzo surface is the self intersection num-
ber X )2( of an anticanonical divisor of X. For the full intrinsic quadric surfaces,
we obtain the following relations between the degree and the local Gorenstein
indices.

Corollary 6.3. Consider a full intrinsic quadric surface X = X(P,) with P, as in
Theorem 3.5, 4.5 or 5.5. Then the degree .‘JC)Z( of X is given as

1 2

11
p=1: 76;2(=[j+lt, n € Su(l,), 7C;2(=lj+[t, n € S1p(1,0),
2 1 2 2

7@2( =52t- 7€ Sy (1,0, -7(}2( =-+t- 1€ Sx(1,0),
9 9 9 3
p=2: K}Z(ZZL_++21_—’ 776511(2,[), :7(:)2(:2[—++21—_, 776512(2,[),
3 9 3 3
Ky = w T e Sn(2,0, Ki= i bl /A S»(2,0),
4 4 4 2
P = 3: K)z( = F + F’ n € 511(3’[)a .7(‘)2( = L: + F’ n € 512(37 [)’
2 4 2 2
JC}Z( =—+4 —> RS 521(3,1), .‘7(:)2( =—+ F, VRS S22(3,l).

+ L t

Here, p is the Picard number, ( the Gorenstein index of X and (* the local Goren-
stein index of x* € X. Moreover, we obtain the following upper and lower bounds:

p=1: 2<a2<1+1,
L L
3 2 9 9
= - < < Z -
P 2 L_gCX_2+21’
p=3: T<a2<a+t
L L

Proof. First, assume X = X(P) with P from Construction 3.1, 4.1 or 5.1. Tak-
ing any representative of the anticanonical class as listed in the proof of the
preceding proposition, we use the intersection numbers provided by [13, Sum-
mary 7.7], and compute according to the cases p = 1,2, 3:

2 1 ! 2 _ 9 9 2 _ 4 4

X a1 b+l X 7 4q42 244btac’ X7 4 bte+d

Inserting the values for a, b, ¢, d from Theorems 3.5, 4.5 and 5.5 accordingly, we
obtain the desired presentations of the anticanonical self intersection number.
The estimates are then directly verified. O

We turn to the singularities of full intrinsic quadrics and consider the canon-
ical resolution of singularities in the sense of [25]; see also [3, Sec. 5.4.3].

Corollary 6.4. Consider a full intrinsic quadric surface X = X(P,) with P, as
in Theorem 3.5, 4.5 or 5.5 and its canonical resolution of singularities. Then the
possible singularities x*, x™, xq, X1, X, € X have the following resolution graphs:
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p=1: x*,3 x7,3 Xg, e—1
Su(L0) -2 1t =2 -2 -1 =2 2 -2 -2
1A o o o o o—o— —0 e=t4i~
-
-2 1t =2 -2 -1-5= 2 I -2
S12(L,0) 1~ 2 st
o o o o o—o— —0 e=t+—
2 & 2 2 1-— 2 2 2 2
Sy (1,0 -1-= ¢ 4o
o o o o o—o— —0 e=+
-2 1 I -2 o -t ) -2
S»(1,0 -7 2 &
o o o o o——o0— —0 =+
+
. — [
p=2: xt, 2 x7,2 X, ——+e=l4e xp, —1—c¢
1 7t 1
-2 _1.u -2 -5 -2 -2 -2 2 -2 -2
S1(2.0 272 2 2
o————0 o—————O0 oO——O0— —0 ¢=0 o——oO0— —0
1t 1 3
S15(2,0) 2 -5 -2 -5-= 2 =2 2 2 =2 -2
o——o o——o o—o— —0 &=( o—o— —o
1 3t 1 - P _ o B
Sa1(2.0 it 2 7373 2 2 2, 2 2 2
o—————O0 o——oO0— —0 &=L o——oO0— —0
_ 1oat L, Ll o _ o .
Syy(2,0) R 2 —3-% 2 -2 2 Y 2 =2 2
o————O0 o——oO0— —0 &=t +t oO——O0— —0
p=3: xt1 x,1 X, LT+ +c+d—1+¢ X1, —1—c Xy, —1—d
S11G30) -t -~ 2 -2 -2 2 -2 2 2 =2 )
[ [ o——o— —0 =0 o—o— —o o—o— —o
S15(30) —t —u~ 2 -2 ) 2 -2 ) 2 -2 )
[ [ o—o— —0 =" o—o— —o o—o— —o
$31(30) -t -~ -2 =2 -2 -2 -2 -2 -2 =2 -2
o o o—o— —o =t o—o— —o o—o— —o
S0 -t -2 -2 -2 -2 -2 -2 -2 -2 =2 -2
o o o—o— —0 e=t+~  o—o0— —o o—o— —o

The numbers after x*, x~, Xy, X1, X, count their exceptional curves and the weights
of the vertices are the corresponding self intersection numbers. The canonical res-
olution is minimal unless x* € X is smooth;, the latter happens if and only if

=1, 7€ 851(2,) US12(2,0) US11(3,) US1,(3,0).

Proof. For X = X(P) with P as in Construction 3.1, 4.1 or 5.1, we use
[3, Sec. 5.4.3] to determine the canonical resolution of singularities of X; see
also [13, Summary 8.2]. Then we compute the self intersection numbers of the
exceptional divisors according to [3, Sec. 5.4.2]; see also [13, Summary 7.7] and
insert the values of a, b, ¢, d from Theorems 3.5, 4.5 and 5.5. O
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Remark 6.5. Corollary 6.4 tells us in particular the following about the singu-
larities of the Gorenstein full intrinsic quadric surfaces from Example 3.6, 4.6,
and 5.6.

(1) On X from Example 3.6, the points x*, x~ are singularities of type A,
and x, is a singularity of type A;.

(2) On X from Example 4.6, the points x*, x,, x; are smooth and x~ is a
singularity of type A,.

(3) On X’ from Example 4.6, the points x*, x~ are singularities of type A,,
the point x; is a singularity of type A; and x, is smooth.

(4) On X from Example 5.6, the points x~ is a singularity of type A; and
x*, X, X1, X, are smooth.

(5) On X’ from Example 5.6, the points x*, x~, x, are singularities of type A;
and x;, x, are smooth.

The singularity types of the Gorenstein log del Pezzo surfaces are well known
and we find those of our examples just discussed also in classification results,
as for instance [3, Thms. 5.4.4.2 to 5.4.4.5].

By the log canonicity of a log terminal projective surface X, we mean the
number ex := ag + 1, where ag is the minimal possible discrepancy appearing
among the exceptional divisors E C X of its minimal resolution of singularities.
Note that 1/tx is bounded by the log canonicity. Alexeev’s results [1] show in
particular that bounding the log canonicity gives finiteness for log del Pezzo
surfaces.

Corollary 6.6. Consider a full intrinsic quadric surface X = X(P,) with P, asin
Theorem 3.5, 4.5 or 5.5. Then the log canonicity ex of X is given by

1 2

1 ex=-.m€ Sn(L,ouUSy1,), e = —nE S12(1,0) U S, (1, 0),
3 1

2 &=-,M€ S11(2,0 U S (2,0), ex =—, n € S12(2,1) USy(2,1),

L

0

0
2 1

p=3: &=",7€ $113,0U 85, (3,0), ex = —NE S12(3,) U S5,(3,0).

In particular, we obtain the following upper and lower bounds for the log canon-
icity ex of X:
1 2 1 3 1 2
- S_, - S_’ ‘o=3:_SEXS_-
t \ﬁ t \ﬁ t \ﬁ

In the proof, we make use of the anticanonical complex Ay introduced in [4]
for varieties X with a torus action of complexity one. This is a polyhedral com-
plex supported on the tropical variety, which in the case of full intrinsic quadric

surface X = X(P) C Z is given by

p=1: —<e p=2: -<¢g

trop(X) = 15U T; UTy, T = Qs +Q-e3,

where e;, e,,e; € Q3 are the canonical basis vectors and ¢, = —e; — e,. The
anticanonical complex Ay is bounded if and only if X is log terminal and in
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this case, the discrepancy of a divisor E on the minimal resolution of X is given
as

llvell
Al
where ¢ C Q3 is the ray corresponding to E the vector U, is the primitive lattice
vector in ¢ and vé, is the intersection point of ¢ and the boundary of Ayx. We
refer to [13, Sec. 9] for more background.

ag

2

v

Proof. For X = X(P) with P as in Construction 3.1, 4.1 or 5.1, we use the
anticanonical complex Ay to determine the minimal discrepancies. According
to [13, Thm. 9.17 (i) and (ii)], the maximal cells of Ay are given in terms of the
columns v; of the matrix P as

p=1: 0t =(a+1es;, 07 =(b+1es,
conv(0, 5%, v;), conv(0, vy, v,), conv(0, v, 57),
conv(0, 0%, v3), conv(0, v3,07),

conv(0,0%,v,), conv(0, vy, 57),

~+ _ 2a+l ~ _ 2b+2c+1

p=2: 0" = 3e3,v 3 es,
conv(0, 0+, v;), conv(0, vy, v,), conv(0,v,, U7)
conv(0, 5, v3), conv(0, vs, vy), conv(0, vy, 57)

c

c

conv(0, 0*, vs5), conv(0,vs, 07),
p=3: U+=§e3, ﬁ_=#e3,

conv(0, 0%, v;), conv(0, vy, 0y), conv(0, vy, 07),

conv(0, 0, v3), conv(0, vs,v,), conv(0, vy, U7),

conv(0, 0*, vs5), conv(0, vs, Ug), conv(0, vg, 7).
Now [13, Thm. 9.17 (iii)] tells us that the discrepancies of the exceptional divi-
sors E*, E~ corresponding to the rays through e;, —e; are given for p = 1,2,3
by

1 1 3 3 2 2
a+1 7 —b-1 2041 0 2bt2e41 a 7 bierd

Moreover, these are obviously the minimal discrepancies of the canonical res-
olution. Inserting the values of a, b, c,d from Theorems 3.5, 4.5 and 5.5, we
arrive at the assertion. ([

> ’

Remark 6.7. By Corollary 6.6, the surfaces X from Examples 3.6,4.6 and 5.6 are
all of log canonicity ex = 1in accordance with the fact that they are Gorenstein.

The Picard index py of a normal variety X is the index [CI(X) : Pic(X)] of its
Picard group in its divisor class group. Note that the Gorenstein index always
divides the Picard index. Bounding the Picard index yields finiteness for del
Pezzo surfaces of Picard number one with torus action [26]; see also [17] for a
higher dimensional analogue in the special case of divisor class group Z.
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Corollary 6.8. Consider a full intrinsic quadric surface X = X(P,) with P, as
in Theorem 3.5, 4.5 or 5.5. Then, according to the Picard number p = p(X), the
Picard index p = px of X is given by

p=1:
8t (tt+17) 4t 2t +0)
P=—""T"=, nesu@y, = ———, nespw,
ged2et, tt+17) ged(4et, 20t +17)
4t +20) 200 ()
= € S5 (1,0), = € Sy (1),
» ged(e+, rH4+27)’ 7 & Sa(l) ged(2et, or+7)’ 7 €521
p=2:
et (4 +2¢0) 3ect (t+30 +2¢)
=—————, n€SuyY, =———", 1n€S5,2,

ged(2et, 1t +1—,2c) ’
3ect (Bt +m+2¢)

ged(2et, it 4317, 2¢) ’
_ 9at (343 +20)

= , N ES»HQL, € S»(2,0),
p ged(6et, 3tt+1—, 2c) K 220 ged(6et, 3tt+31—,2¢) o7 2(29)
p=3:
cdti(tF+ +c+d) 2edit i (H+20 +c+d)
‘p = —_7 ne 511(3’[)’ p = _ ’ ne 512(3’L)’
ged(tt, i, ¢,d) ged(tt, 2t-,¢,d)
2¢edit - (et +e+d) dedrt (e +20 +e+d)
‘p = _ » NE 521(3’[)’ p = _ » NE 522(3’0’
ged(2et, -, ¢, d) ged(2et, 2t-, ¢, d)

where ( is the Gorenstein index of X and (* the local Gorenstein index of x* € X
and —c the local class group order of x; € X. In particular, we obtain the following
upper and lower bounds:

p=1: 1<p<82
p=2": L§p§§z3(3t—1),
p=3: t§p§§z3(21—1)2.

Proof. First, assume X = X(P) with P from Construction 3.1, 4.1 or 5.1. Then
Springer’s formula [26, Thm. 1.1] gives us the Picard indices

_8(a +1)(b+1)(a—b) c(A+2a)1+2b+2c)a—Db) _acd(b +c+d)a—-b)

ged(2a +2,a—b) ged(1 + 2a,a — b, ¢) ’ ged(a,b,c,d)
according to the possible Picard numbers p = 1, 2, 3. The assertion is obtained
by inserting the values of a, b, ¢, d from Theorems 3.5, 4.5 and 5.5. O

A Kihler-Einstein metric on a rational projective del Pezzo surface is a Kdh-
ler orbifold metric g such that the associated Kédhler form w, equals its Ricci
form Ric(wg). The smooth del Pezzo surfaces with a Kihler-Einstein metric
are P2, its blowing up in k = 3,..., 8 points in general position and P! x P!;
see [28, 27]. The case of quasismooth del Pezzo surfaces coming anticanonically
embedded into a three-dimensional weighted projective space is understood as
well; see [24, 2, 7, 8]. We settle the case of full intrinsic quadric surfaces.
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Corollary 6.9. Let X be a complex full intrinsic quadric surface admitting a
Kdhler-Einstein metric. Then X = X (P) for precisely one P from the following:

p=124%t: p=3 2%, -2t <2+d,
c<d<-1l,c+d £ —-t—1:
-1 -1 2 0 -1 -1 1 1 0 O
-1 -1 0 2|, -1 -1 001 1],
t—1 ——1 1 1 t —t—c—d 0 ¢ 0 d
_ . p=3 -4 <2+d,c<d < -1,
p=14]c: c+d < -21—1:
-1 -1 2 0 -1 -1 110 0
-1 -1 0 2|, -1 -1 001 1],
-—1 —5—1 1 1 2t —2t—c—d 0 ¢ 0 d

2

where p denotes the Picard number and ( the Gorenstein index of X(P). Con-
versely, each X (P) with P from the above list admits a Kdhler-Einstein metric.

We will verify existence or non-existence of Kidhler-Einstein metrics via K-
stability. Let us give an idea of the approach; we refer to [15] for the complete
background. For a full intrinsic quadric X = X(P) C Z arising from Construc-
tion 3.1, 4.1 or 5.1, consider the varieties X',, C Z X C, ¥ = 0, 1, 2, given by the
equations

k=0 x=1 k=2
=1 ST To+T3+T5 T To+ST3+T7 T1T,+T2+ST;
P =21 ST\ T+T3T4+T? T\ Ty+ST3T4+T2 Ty Ty+T3T4+ST?
=3 ST Ty4+T3T4+TsTg TiT,+ST3T44+TsTg TiT,+T3T4+STsTg

where T, ..., T, are the homogeneous coordinates on Z and S is the standard
coordinate on C. The projection Z X C — C induces a flat family X, — C. The
fiber XX, ; over 1 € Cis our full intrinsic quadric surface and the fiber X, , over
0 € C, given by a binomial equation, is a toric surface. Consider the sublattices

N, :'=Z-e.+7Z-e;s, x=0,1,2, ey :=—e  —e;,.

The fan A, associated with the toric degeneration X, , of X is obtained by re-
stricting the fan of ZXC to N,.. It turns out that X', ; is normal in all cases except
(p,x) = (1,0), where A, describes the normalization. The families X,, — C are
so-called equivariant test configurations and [15] provides a combinatorial K-
stability criterion, characterizing existence of Kihler-Einstein metrics in terms
of the barycenters b,, of the moment polytopes B, associated with the toric de-
generations XX, .

Proof of Corollary 6.9. We may assume X = X(P) with P as in Construc-
tion 3.1, 4.1 or 5.1. This allows us to use the combinatorial K-stability criterion
for existence of Kidhler-Einstein metrics on X (P) provided by [15]; see also [23].
We consider the test configurations X', - C of X(P), wherex = 0, 1, 2, provided
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by [15, Constr. 4.1, Prop. 5.3] and use [15, Prop. 5.3] to figure out the special
ones, i.e. those with normal central fiber X, . With the aid of [15, Prop. 5.6],
we compute the associated moment polytope B,, which in case of special test
configuration is just the dual of the Fano polytope A, of X, ,. Then we deter-
mine the barycenter b, € B,. Finally, [15, Thm. 6.2] tells us that X(P) admits
a Kdhler-Einstein metric if and only if the coordinates b, ; of the barycenter b,
satisfy b, ; = 0 for all ¥ and b, , > 0 for all special x.

For Picard number p = 1, consider X = X(P) with P as in Construction 3.1.
In this setting, we obtain a non-special toric degeneration for x = 0, where we
compute

1 b 1 a
BO - COHV((0,0), (_1+b’_1+b), (_1+aa_1+a))’
I (_ 2+a+b  a+b+2ab )
¢ 7 U 30+a)(1+b)’ 30+a)1+b)/)’
Thus, by ; vanishes if and only if b = —2 — a. Moreover, we obtain special toric

degenerations for ¥ = 1, 2. There we compute for both cases

&
I

conv ((1,-2), (1 + 2a,2), (1 +2b,2)),

1 1 b 1 o_a
B, = n ( TN I 2 N 14’ )
5 conv ( (0 2),( b 2+2b) ( 1+a z+2a)

b _ (_ 2+a+b ab—1 )
L 3(1+a)(1+b)” 6(1+a)(1+b) )’

Alsohere, b, ; = 0ifand onlyifb = —2—a. In this case, we have b, , = 1/6 > 0.
Comparing with Theorem 3.5, we arrive at the shapes given by S;;(1,t¢) and
S,5,(1,0) with «F = (=, where S5(1, 1), S5;(1,¢) are ruled out by ¢*, (™ being odd.

For Picard number p = 2, take P as in Construction 4.1. Then x = 2 yields
a special degeneration and we end up with barycenter b, = (0,0), as soon as
b,; = 0. Thus, none of the X(P) admits a Kdhler-Einstein metric. For com-
pleteness, we list the intermediate steps:

A, = conv((1,-2), (a,1), (b+c1)),
3 a-1 3 b+c—1
B, = conv ((_2a+1 ’ 2a+1)’ ©.-1). (- 2b+2¢+1° 2b+2c+1 )) ’
[ (_ a+b+c+l _ atbtctl )
2= (2a+1)(2b+2c+1)"  (2a+1)(2b+2¢+1) )
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We turn to Picard number p = 3. Let X(P) arise from Construction 5.1. Then
we have special toric degenerations for ¥ = 0, 1, 2. The computation results are

Ay = conv((0,1), (c+d,1), (b,-1), (a,-1)),

B, = conv ((O,—l), (—L w), (0,1), (—S,—l)),

b+c+d’ b+c+d
b _ _ 2(a+b+c+d) (b+2c+2d—a)b+(c+a+d)(c+d))
0 3a(b+ctd) 3(a—b—c—d)(b+c+d) ’

A, = conv((a,1), (b+d,1), (c,—1), (0,-1)),

B, = conv ((0,—1), (— 2 b+d_c), 0,1), (—%1))

b+c+d’ b+c+d

b _2(a+b+c+d) (a—b—2c—-2d)b—(a+c+2d)c+(a—d)d)
L= 3a(b+e+d) 3(a—b—c—d)(b+c+d) ’

A, = conv((a,1), (b+c1),(d,-1),(0,-1)),

B, = conv((o,—l), (— 2 b*“’),(o,l), (—21))

b+c+d’ b+c+d
b _ 2(a+b+c+d) (a—b—2c—2d)b+(a—c—2d)c—(a+d)d
2T 3a(b+c+d) 3(a—b—c—d)(b+c+d) :

We conclude that X(P) admits a Kidhler-Einstein metric if and only if we have
d = —a — b —c, reflecting b, ; =0, and

b>0, b+d<0, a+d>0,

reflecting b, , > 0. Substituting a, b with the corresponding entries from The-
orem 5.5, we arrive at

t =, t= 2, ut =7, t =,

according to the shapes defined by S;,(3, 1), S12(3, 1), S5:(3, ) and S,,(3, t). Note
that S1,(3,1), S»;(3,¢) are ruled out by ¢+, ¢~ being odd, respectively. O

Remark 6.10. Let X = X(P) arise from Construction 3.1, 4.1 or 5.1. Set p =
p(X). Then, for (p, x) # (1, 0), the toric degeneration X, o is a normal projective
toric del Pezzo surface and, according to the constellations (p, x), the generator
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matrix of its defining complete fan A, is given by

1,1) (1,2)

[ 1 1+2a 1+2b [ 1 1+2a 1+2b

| 2 2 2 | 2 2 2

(2,0) 2,1 (2,2)

[ ¢ b 1 2c+1 [ 0 ¢ 2a+1 2b+1 1 a b+c
-1 -1 2 2 [ -1 -1 2 2 2 1 1

(3,0) (3,1) (3,2)

0 c+d b a a b+d ¢ 0 a b+c d 0

1 1 —1] [1 1 -1 —1] [1 1 -1 —1]
The above presentation of the primitive ray generators of A, in Z2 is done with
respect to the antitropical coordinates introduced in [15, Constr. 4.5]. Note that
the columns of the above matrices are precisely the vertices of the associated
Fano polytopes A,, as listed in the preceding proof.

Remark 6.11. Among the surfaces discussed in Examples 3.6, 4.6, 5.6 only
the surface X from Example 3.6 admits a Kdhler-Einstein metric, due to Corol-
lary 6.9. Let wy € CI(X) be the anticanonical class. Then the anticanoncial
ring of X is a Veronese subalgebra of its Cox ring:

Sx 1= @I, ~Ky) = P Riw, (X).

kez kez

Using, for instance, the software package [19], we can explicitly compute a min-
imal homogeneous generator system that has the generator degrees
1,1,1,2 and a single defining relation in degree 4. This identifies X from Ex-
ample 3.6 as the second sporadic case in the list of [24, Thm. 8].

References

[1] ALEKSEEV, VALERY. Boundedness and K? for log surfaces. Internat. J. Math. 5
(1994), no. 6, 779-810. MR1298994, Zbl 0838.14028, arXiv:alg-geom/9402007,
doi: 10.1142/S0129167X94000395. 1794

[2] ArRAUJO, CAROLINA. Kéhler-Einstein metrics for some quasi-smooth log del Pezzo sur-
faces. Trans. Amer. Math. Soc. 354 (2002), no. 11, 4303-4312. MR1926877, Zbl 1019.14018,
arXiv:math/0111164 doi: 10.1090/S0002-9947-02-03081-7. 1796

[3] ARZHANTSEV, IVAN; DERENTHAL, ULRICH; HAUSEN, JURGEN; LAFACE, ANTONIO. Cox
rings. Cambridge Studies in Advanced Mathematics, 144. Cambridge University Press,
Cambridge, 2015. viii+530 pp. ISBN:978-1-107-02462-5. MR3307753, Zbl 1360.14001,
arXiv:1412.8153, doi: 10.1017/CB09781139175852. 1772, 1773, 1774, 1775, 1776, 1778,
1779, 1786, 1791, 1792, 1793, 1794

[4] BECHTOLD, BENJAMIN; HAUSEN, JURGEN; HUGGENBERGER, ELAINE; NICOLUSSI,
MICHELE. On terminal Fano 3-folds with 2-torus action. Int. Math. Res. Not. IMRN (2016),
no. 5, 1563-1602. MR3509936, Zbl 1346.14108, arXiv:1412.8153, doi: 10.1093/imrn/rnv190.
1794


http://www.ams.org/mathscinet-getitem?mr=1298994
http://www.emis.de/cgi-bin/MATH-item?0838.14028
http://arXiv.org/abs/alg-geom/9402007
http://dx.doi.org/10.1142/S0129167X94000395
http://www.ams.org/mathscinet-getitem?mr=1926877
http://www.emis.de/cgi-bin/MATH-item?1019.14018
http://arXiv.org/abs/math/0111164
http://dx.doi.org/10.1090/S0002-9947-02-03081-7
http://www.ams.org/mathscinet-getitem?mr=3307753
http://www.emis.de/cgi-bin/MATH-item?1360.14001
http://arXiv.org/abs/1412.8153
http://dx.doi.org/10.1017/CBO9781139175852
http://www.ams.org/mathscinet-getitem?mr=3509936
http://www.emis.de/cgi-bin/MATH-item?1346.14108
http://arXiv.org/abs/1412.8153
http://dx.doi.org/10.1093/imrn/rnv190

[5]

6

—_—

(18

—_

(19]

FULL INTRINSIC QUADRICS OF DIMENSION TWO 1801

BERCHTOLD, FLORIAN; HAUSEN, JURGEN. Cox rings and combinatorics. Trans. Amer.
Math. Soc. 359 (2007), no. 3, 1205-1252. MR2262848, Zbl 1117.14009, arXiv:math/0311105,
doi: 10.1090/S0002-9947-06-03904-3. 1768, 1772

BOURQUI, DAVID. La conjecture de Manin géométrique pour une famille de quadriques
intrinséques. Manuscripta Math. 135 (2011), no. 1-2, 1-41. MR2783385, Zbl 1244.14018,
arXiv:1001.3929, doi: 10.1007/s00229-010-0403-z. 1768

CHELTSOV, IVAN; PARK, JIHUN; SHRAMOV, CONSTANTIN. Exceptional del Pezzo hy-
persurfaces. J. Geom. Anal. 20 (2010), no. 4, 787-816. MR2683768, Zbl 1211.14047,
arXiv:0810.2704, doi: 10.1007/s12220-010-9135-2. 1796

CHELTSOV, IVAN; PARK, JIHUN; SHRAMOV, CONSTANTIN. Delta invariants of singular del
Pezzo surfaces. J. Geom. Anal. 31 (2021), no. 3, 2354-2382. MR4225810, Zbl 1462.14039,
arXiv:1809.09221, doi: 10.1007/s12220-020-00355-9. 1796

CoX, DAVID A.; LITTLE, JOHN B.; SCHENCK, HENRY K. Toric varieties. Graduate Studies
in Mathematics, 124. American Mathematical Society, Providence, RI, 2011. xxiv+841 pp.
ISBN:978-0-8218-4819-7. MR2810322, Zbl 1223.14001, doi: 10.1090/gsm/124. 1771
DANILOV, VLADIMIR 1. The geometry of toric varieties. Uspekhi Mat. Nauk 33 (1978), no. 2,
85-134, 247. MR0495499, Zbl 0425.14013. 1771

FAHRNER, ANNE; HAUSEN, JURGEN. On intrinsic quadrics. Canad. J. Math. 72 (2020), no.
1, 145-181. MR4045969, Zbl 1434.14003, arXiv:1712.09822, doi: 10.4153/cjm-2018-037-5.
1768,1772,1774

FULTON, WILLIAM. Introduction to toric varieties. Annals of Mathematics Stud-
ies, 131. The William H. Roever Lectures in Geometry. Princeton University Press,
Princeton, NJ, 1993. xii+157 pp. ISBN: 0-691-00049-2. MR1234037, Zbl 0813.14039,
doi: 10.1515/9781400882526. 1771

HATTIG, DANIEL; HAUSEN, JURGEN; SPRINGER, JUSTUS. Classifying log del Pezzo surfaces
with torus action. Preprint, 2023. arXiv:2302.03095. 1776, 1777, 1778, 1780, 1783, 1784,
1785,1787,1789,1791, 1792, 1793, 1795

HATTIG, DANIEL; HAUSEN, JURGEN; SPRINGER, JUSTUS. A database for log del Pezzo
surfaces with torus action (2023). doi: 10.5281/zenodo.13991983, https://www.math.uni-
tuebingen.de/forschung/algebra/ldp-database/. 1771

HATTIG, DANIEL; HAUSEN, JURGEN; SUSS, HENDRIK. Log del Pezzo C*-surfaces, Kihler—-
Einstein metrics, Kdhler-Ricci solitons and Sasaki-Einstein metrics. To appear in Michigan
Math. J.. arXiv:2306.03796. 1797, 1798, 1800

HAUSEN, JURGEN; HERPPICH, ELAINE. Factorially graded rings of complexity one. Tor-
sors, étale homotopy and applications to rational points, 414-428. London Math. Soc. Lec-
ture Note Ser., 405. Cambridge Univ. Press, Cambridge, 2013. ISBN:978-1-107-61612-7.
MR3077174, Zbl 1290.13001, arXiv:1005.4194. 1772

HAUSEN, JURGEN; HERPPICH, ELAINE; SUSS, HENDRIK. Multigraded factorial rings and
Fano varieties with torus action. Doc. Math. 16 (2011), 71-109. MR2804508, Zbl 1222.13001,
arXiv:0910.3607, doi: 10.4171/DM/327. 1795

HAUSEN, JURGEN; HISCHE, CHRISTOFF; WROBEL, MILENA. On torus actions of higher
complexity. Forum Math. Sigma 7 (2019), Paper No. e38. 81 pp. MR4031105, Zbl 1445.14067,
arXiv:1802.00417, doi: 10.1017/fms.2019.35. 1776, 1780, 1787

HAUSEN, JURGEN; KEICHER, SIMON. A software package for Mori dream
spaces. LMS J. Comput. Math. 18 (2015), 647-659. MR3418031, Zbl 1348.14002,
doi: 10.1112/S1461157015000212. 1774, 1800

HAUSEN, JURGEN; KEICHER, SIMON; LAFACE, ANTONIO. Computing Cox rings.
Math. Comp. 85 (2016), 467-502. MR3404458, Zbl 1332.14060, arXiv:1305.4343,
doi: 10.1090/mcom/2989. 1774

HAUSEN, JURGEN; SUss, HENDRIK. The Cox ring of an algebraic variety with torus ac-
tion. Adv. Math. 225 (2010), no. 2,977-1012. MR2671185, Zbl 1248.14008, arXiv:0903.4789,
doi: 10.1016/j.aim.2010.03.010. 1772


http://www.ams.org/mathscinet-getitem?mr=2262848
http://www.emis.de/cgi-bin/MATH-item?1117.14009
http://arXiv.org/abs/math/0311105
http://dx.doi.org/10.1090/S0002-9947-06-03904-3
http://www.ams.org/mathscinet-getitem?mr=2783385
http://www.emis.de/cgi-bin/MATH-item?1244.14018
http://arXiv.org/abs/1001.3929
http://dx.doi.org/10.1007/s00229-010-0403-z
http://www.ams.org/mathscinet-getitem?mr=2683768
http://www.emis.de/cgi-bin/MATH-item?1211.14047
http://arXiv.org/abs/0810.2704
http://dx.doi.org/10.1007/s12220-010-9135-2
http://www.ams.org/mathscinet-getitem?mr=4225810
http://www.emis.de/cgi-bin/MATH-item?1462.14039
http://arXiv.org/abs/1809.09221
http://dx.doi.org/10.1007/s12220-020-00355-9
http://www.ams.org/mathscinet-getitem?mr=2810322
http://www.emis.de/cgi-bin/MATH-item?1223.14001
http://dx.doi.org/10.1090/gsm/124
http://www.ams.org/mathscinet-getitem?mr=0495499
http://www.emis.de/cgi-bin/MATH-item?0425.14013
http://www.ams.org/mathscinet-getitem?mr=4045969
http://www.emis.de/cgi-bin/MATH-item?1434.14003
http://arXiv.org/abs/1712.09822
http://dx.doi.org/10.4153/cjm-2018-037-5
http://www.ams.org/mathscinet-getitem?mr=1234037
http://www.emis.de/cgi-bin/MATH-item?0813.14039
http://dx.doi.org/10.1515/9781400882526
http://arXiv.org/abs/2302.03095
http://dx.doi.org/10.5281/zenodo.13991983
https://www.math.uni-tuebingen.de/forschung/algebra/ldp-database/
https://www.math.uni-tuebingen.de/forschung/algebra/ldp-database/
http://arXiv.org/abs/2306.03796
http://www.ams.org/mathscinet-getitem?mr=3077174
http://www.emis.de/cgi-bin/MATH-item?1290.13001
http://arXiv.org/abs/1005.4194
http://www.ams.org/mathscinet-getitem?mr=2804508
http://www.emis.de/cgi-bin/MATH-item?1222.13001
http://arXiv.org/abs/0910.3607
http://dx.doi.org/10.4171/DM/327
http://www.ams.org/mathscinet-getitem?mr=4031105
http://www.emis.de/cgi-bin/MATH-item?1445.14067
http://arXiv.org/abs/1802.00417
http://dx.doi.org/10.1017/fms.2019.35
http://www.ams.org/mathscinet-getitem?mr=3418031
http://www.emis.de/cgi-bin/MATH-item?1348.14002
http://dx.doi.org/10.1112/S1461157015000212
http://www.ams.org/mathscinet-getitem?mr=3404458
http://www.emis.de/cgi-bin/MATH-item?1332.14060
http://arXiv.org/abs/1305.4343
http://dx.doi.org/10.1090/mcom/2989
http://www.ams.org/mathscinet-getitem?mr=2671185
http://www.emis.de/cgi-bin/MATH-item?1248.14008
http://arXiv.org/abs/0903.4789
http://dx.doi.org/10.1016/j.aim.2010.03.010

1802

[22]

(23]

[24]

JURGEN HAUSEN AND KATHARINA KIRALY

HISCHE, CHRISTOFF. On canonical Fano intrinsic quadrics. Glasg. Math. J. 65 (2023), no. 2,
288-309. MR4625984, Zbl 1531.14050, arXiv:2005.12104, doi: 10.1017/S0017089522000301.
1768

ILTEN, NATHAN; SUSS, HENDRIK. K-stability for Fano manifolds with torus ac-
tion of complexity 1. Duke Math. J. 66 (2017) 177-204. MR3592691, Zbl 1360.32020,
doi: 10.1215/00127094-3714864. 1797

JOHNSON, JENNIFER M.; KOLLAR, JANOS. Kéhler-Einstein metrics on log del Pezzo sur-
faces in weighted projective 3-spaces. Ann. Inst. Fourier (Grenoble) 51 (2001), no. 1, 69-79.
MR1821068, Zbl 0974.14023, arXiv:math/0008129, doi: 10.5802/aif.1815. 1796, 1800
ORLIK, PETER; WAGREICH, PHILIP. Algebraic surfaces with k*-action. Acta Math. 138
(1977), no. 1-2, 43-81. MR460342, Zbl 0352.14016, doi: 10.1007/BF02392313. 1792
SPRINGER, JUSTUS. The Picard index of a surface with torus action. Collect. Math. (2024).
arXiv:2308.08879, doi: 10.1007/s13348-024-00443-x. 1795, 1796

TIAN, GANG. On Calabi’s conjecture for complex surfaces with positive first Chern
class. Invent. Math. 101 (1990), no. 1, 101-172. MR1055713, Zbl 0716.32019,
doi: 10.1007/BF01231499. 1796

TIAN, GANG; YAU, SHING-TUNG. Kihler-Einstein metrics on complex surfaces with
C, > 0. Comm. Math. Phys. 112 (1987), no. 1, 175-203. MR0904143, Zbl 0631.53052,
doi: 10.1007/BF01217685. 1796

(Jirgen Hausen) AUF DER MORGENSTELLE 10, 72076 TUBINGEN, GERMANY
juergen.hausen@uni-tuebingen.de

(Katharina Kiraly) AUF DER MORGENSTELLE 10, 72076 TUBINGEN, GERMANY
kaki@math.uni-tuebingen.de

This paper is available via http://nyjm.albany.edu/j/2024/30-75.html.


http://www.ams.org/mathscinet-getitem?mr=4625984
http://www.emis.de/cgi-bin/MATH-item?1531.14050
http://arXiv.org/abs/2005.12104
http://dx.doi.org/10.1017/S0017089522000301
http://www.ams.org/mathscinet-getitem?mr=3592691
http://www.emis.de/cgi-bin/MATH-item?1360.32020
http://dx.doi.org/10.1215/00127094-3714864
http://www.ams.org/mathscinet-getitem?mr=1821068
http://www.emis.de/cgi-bin/MATH-item?0974.14023
http://arXiv.org/abs/math/0008129
http://dx.doi.org/10.5802/aif.1815
http://www.ams.org/mathscinet-getitem?mr=460342
http://www.emis.de/cgi-bin/MATH-item?0352.14016
http://dx.doi.org/10.1007/BF02392313
http://arXiv.org/abs/2308.08879
http://dx.doi.org/10.1007/s13348-024-00443-x
http://www.ams.org/mathscinet-getitem?mr=1055713
http://www.emis.de/cgi-bin/MATH-item?0716.32019
http://dx.doi.org/10.1007/BF01231499
http://www.ams.org/mathscinet-getitem?mr=0904143
http://www.emis.de/cgi-bin/MATH-item?0631.53052
http://dx.doi.org/10.1007/BF01217685
mailto:juergen.hausen@uni-tuebingen.de
mailto:kaki@math.uni-tuebingen.de
http://nyjm.albany.edu/j/2024/30-75.html

	1. Introduction
	2. Full intrinsic quadric surfaces allow a K*-action
	3. Picard number one
	4. Picard number two
	5. Picard number three
	6. Geometry of full intrinsic quadric surfaces
	References

