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ULTRAFAST SUBORDINATORS
AND THEIR HITTING TIMES

Mihaly Kovacs and Mark M. Meerschaert

ABSTRACT. Ultrafast subordinators are nondecreasing Lévy processes obtained
as the limit of suitably normalized sums of independent random variables with
slowly varying probability tails. They occur in a physical model of ultraslow
diffusion, where the inverse or hitting time process randomizes the time vari-
able. In this paper, we use regular variation arguments to prove that a wide
class of ultrafast subordinators generate holomorphic semigroups. We then use
this fact to compute the density of the hitting times. The density formula is
important in the physics application, since it is used to calculate the solutions
of certain distributed-order fractional diffusion equations.

1. Introduction

Ultrafast subordinators are connected with certain random walk models in
physics. In these models, waiting times with power-law probability tails are ran-
domized in terms of the power law exponent. The renewal process with these
waiting times is then the inverse or hitting time process of the random walk with
these jumps. The probability tails of these random variables are slowly varying, so
that the random walk grows vary fast, and the renewal (inverse) process very slow.
The random walk limits form an interesting new class of subordinators. The paper
[19] develops the limit theory for these ultrafast subordinators, together with some
results on their hitting times. The basic approach is to study the asymptotic be-
havior of the renewal process by first proving a limit theorem for the random walk,
and then inverting. The random walk converges to a subordinator (a Lévy process
with nondecreasing sample paths) and the renewal process converges to the inverse
or hitting time (or first passage time) process of the subordinator. The paper [19]
imposes a technical condition which is difficult to check. In this paper, we remove
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that technical condition using a deep result from the theory of semigroups [5, 10]
together with some regular variation arguments.

Regular variation is an asymptotic property of real functions that essentially
imposes a power law growth condition [12, 29]. It has found many applications
in probability theory [9] and other areas of pure and applied mathematics [4].
A real function g(r) varies regularly with index a if g(Ar) ~ A%g(r) as r — oo
for any A > 0. Regular variation for real-valued functions on R? began with the
work of Stam [31], de Haan and Resnick [13], Stadtmiiller and Trautner [30] and
Jakimiv [15]. Soon after this, Ostrogorski developed the theory of regularly varying
functions on R? even further, proving a representation theorem along with Abelian
Theorems for Laplace transforms, Fourier transforms, and other integral transforms
[20, 21, 22, 23, 24, 25]. A real-valued function F(x) on R? varies regularly if
F(Az) ~ A*F(z) as ||z| — oo, uniformly on compact sets of  in some cone in R<.
For some additional extensions and applications, see [17]. The main theorem in
this paper, Theorem 2.2, depends on establishing a multivariable regular variation
condition I(re'?) ~ g(r)e? uniformly in |0| < 6y as r — oo where I(z) is a complex
function and g¢(r) is regularly varying. Separating the real and imaginary parts,
and identifying the complex plane with the underlying two dimensional real vector
space, this amounts to regular variation on a cone in R%. Hence the main technical
tool in this paper is the multivariable theory of regular variation.

2. Ultrafast subordinators

We begin by explaining the ultrafast subordinator model as a limit of certain
random walks. In this random walk model, we start with jumps having power-law
probability tails, and then we randomize the power law exponent. Let By, Bo, ...
be ii.d. with density p, where p(8) is a probability density on 0 < 8 < « for
some 0 < a < 1. For the purposes of this paper we make two regular variation
assumptions to control the growth behavior of the density p(3) at the endpoints
0 =0 and § = «a. First we assume that p(3) is regularly varying at § = 0+ with
index b > 0, which means that

(2.1) hmM =P forall A > 0.

slo p(B)
Next we assume that p(3) is regularly varying at 3 = a— with index a — 1 for some
a > 0, so that

p(A(a —B))
m NG P))
sl pla—p)
We remark that if f(z) varies regularly at infinity with index ¢ € R, meaning
that f(Ax) ~ X°f(x) as © — oo for all A > 0, then it is easy to check that
F(z) = f(1/z) varies regularly at x = 0+ with index —¢, and F(y — x) varies
regularly at x = y— with index —c. Furthermore, it is also easy to check that
f(x) = z¢L(z) for some function L which is slowly varying at infinity, meaning
that L(Ax) ~ L(x) as © — oo for all A > 0. Then we also have F(z) = 2 °L(1/x)
and F(y—z) = (y—x) °L(1/(y—=x)). Since for any € > 0 we have ¢ < L(x) < a¢

(2.2) =\*"1 forall A > 0.



ULTRAFAST SUBORDINATORS 195

for all = sufficiently large (see, e.g., [9, VIIL.8, Lemma 2]), we see that regularly
varying functions grow like power laws.

Recall that B; are i.i.d. random variables taking values in 0 < 3 < « for some
0<a<l. Givenanyc > 1let Jl(c)7 JQC), ... be nonnegative i.i.d. random variables
such that for any 0 < 8 < a we have

1 0<u<c /P

(c) Bl —
(23) PO > uBi= 0 ={ 1 S e

Then the density . (u|3) of J' given B; = 3 is

0 0<u< c1/8
Ye(ulf) = { C—lﬁu—ﬁ_l u> —1/8

If we define for 0 < 8 < a

1 o0<t<1
P{J1>t‘31:ﬁ}:{ 7 t>1

we get by letting u = ¢~ /Pt that

-1/B
~1/8 o1 0<u<e
P{c YT > u|By = B} = { w1
so conditionally on B; = 3 we have Jl(c) 4 ~1B . Moreover, for t > 1

PLh>t}=/nfﬁM6Mﬁ

0

where we define p(8) = 0 for 5 > a. It turns out (see Remark 2.1) that P{J; > t}
is slowly varying at infinity, so that the unconditional waiting times have infinite
moments of all orders. Limit theorems for renewal processes with these slowly
varying waiting times were developed in [18] by first proving limit theorems for
the associated random walk using nonlinear scaling, the usual approach for slowly
varying tails [7, 16, 32], and then inverting. A different approach in [19] uses
random rescaling. Let

[t]
(2.4) TE0)=0 and TO@) =Y J
i=1
be a sequence of random walks depending on the parameter ¢ > 0.

The following result is essentially contained in [19] but is summarized here for
the convenience of the reader. The space D([0,0),[0,00)) consists of all nonneg-
ative real valued functions x(¢) defined for ¢ > 0 which are continuous from the
right with left-hand limits. Elements z,, of this space converge to a limit = in the
Skorokhod Ji-topology if the graph of z,(t) converges uniformly to the graph of
z(t) in a way that allows both the jump sizes and jump locations to vary with n,
for a precise definition see [3, 33]. A Lévy process X (¢) is a random element of
this space such that X (0) = 0 with probability one, X (¢,) = X (¢) in distribution
when ¢, — t (stochastically continuous), X (¢t + s) — X (¢) is independent of X (¥)
(independent increments), and X (t 4+ s) — X (s) is identically distributed with X (¢)
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(stationary increments), for more information see [2, 28]. A Lévy process X (t) is
called a subordinator if X (¢) is a nondecreasing function of ¢ with probability one.

THEOREM 2.1. Define the triangular array {JZ-(C) 1 <i < et],e =1} by (2.3).
If (2.1) holds, then for the partial sum process {T)(t)}i=o defined by (2.4) we
have

(2.5) {T(ct)}iz0 = {D(1)}ez0

as ¢ — oo in the Ji-topology on D([0,00),[0,00)), where D(t) is a subordinator
with B(e=*P®) = ¢~ () gnd

(2.6) I(s) = / Sp(B)T(1 - B)dg.

PROOF. Theorem 3.4 and Corollary 3.5 in [19] show that (2.5) holds where
D(t) has Lévy representation E(e™*P®)) = exp(— [(e™** — 1)t¢(du)) with

(2.7) o, 00) = /0 wPp(B)dp

as long as p varies regularly at zero with some index a — 1 for some a > 0 and
additionally

(2.8) J:/O %dﬁ<oo.

The Lévy representation uniquely determines the process, for more information see
[2, 17, 28]. Assumption (2.1) implies that p varies regularly at zero with an index
in the required range, and (2.8) follows from the fact that p(8) = 0 for 5 > « for
some « < 1. Then it follows from Theorem 30.1 of [28] along with (2.7) that the
subordinator D(t) has Laplace symbol

1) = [T e otn = [ o [t a)as as

1
= [ ra- s s
so that (2.6) also holds. O

Let F(z,t) = P{D(t) < z} denote the family of distribution functions of the
subordinator D(t). Consider the Banach space X = Cy(R) of continuous functions
u : R — C that satisfy u(z) — 0 as |z|] — oo, with the supremum norm |ul =
sup{|u(z)| : « € R}. Let B(X) denote the Banach space of bounded linear operators
on X endowed with the operator norm ||T'||5(x) := sup|j, <1 ||T'u||. The continuous
convolution (Feller) semigroup {T'(¢)};>0 C B(X) associated with the subordinator
D(t) is defined for u € X by

(2.9) T(t)ul(y) = / " uly - 2)F(dz, 1) = Elu(y - D))
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It is well known that {T'(¢)}+>0 defined in (2.9) is a strongly continuous semigroup
on X = Cy(R) [14, Example 4.1.3]. The generator A of the semigroup {T'(¢)}+>0
is defined as follows. If for u € Cy(R) there is g € Cp(R) such that

T(t)u—u [T()u](y) — u(y) _
-~ / -9(y)| =0,

then we define Au := ¢g. The domain D(A) of A consists of all v € X such that
the Banach space limit lim; o ¢! (T(t)u — u) exists. Since in Co(R) the norm is the
supremum norm, if u € D(A), then [Au](y) is given by the pointwise limit

T(t -

lim

= limsu
t10 D

tl0 yeR

=g(y), y e R

In this case it can be shown (as a special case of [27, Theorem 4.3]) that
(2.11) D :={u € Cp(R) : u is differentiable and v’ € Cy(R)} C D(A)

and
(2.12) mmw>=[fYMy—@—u@»¢wa,ueD

Note that the term under the limit in (2.10) has Laplace transform
eftI(s) -1
t

where @(s) = [ e”*¥u(y) dy denotes the Laplace transform of the function u. To
motivate the generator formula (2.12), note that formally we can invert the Laplace
transform

a(s) — —I(s)u(s)ast |0

—u@a@wzﬁwwﬂZ—n¢w@a@>

term by term using the fact that e~*#*u(s) is the Laplace transform of the function
Y uly - 2).

The semigroup defined in (2.9) is a special case of the following general con-
struction. Let X be a Banach space and let {S(t)};>0 be a uniformly bounded
strongly continuous semigroup on X. Then the subordinated semigroup

(2.13) T(t)u:/OO S(z)u F(dx,t), u € X,

where the integral can be understood either in the Riemann-Stieltjes or in the
Lebesgue-Stieltjes (Bochner) sense, is strongly continuous on X (see, for exam-
ple, [14, Theorem 4.3.1] and [27]). If X = Cu(R) and [S(z)u|(y) = u(y — x),
then {T'(t)}+>0 coincide with the semigroup defined in (2.9) since the translation
semigroup is strongly continuous on Cy(R).

Next we introduce a special class of strongly continuous semigroups. Let X
be a complex Banach space and 2 C C be an open set. A function f:Q — X is
holomorphic if the Banach space limit

f(wo +h) — f(wo)
h

f'(wo) i= lim
heC~{0}
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exists for all wy € Q. A strongly continuous semigroup {T'(t)}:>0 is called a
bounded holomorphic semigroup if for some 6 € (0, 7] the semigroup {7'(t)}¢>0
has a bounded holomorphic extension to a sectorial region ¥y := {w € C ~ {0} :
|arg w| < @'} for all #" € (0,0). That is, if for some 6 € (0, %] there exists
a family {T(w)}wes, C B(X) that extends {T'(¢)};>0 such that the function
Y9 > w — T(w) € B(X) is holomorphic in ¥y and for all ¢ € (0,0) there ex-
ists Mys such that sup,cy,, [|T(w)|[5x) < My (see, [1, Definition 3.7.3]).
Carasso and Kato [5] proved that if B denotes the Banach algebra of complex
valued functions of bounded total variation on [0, 00) (or complex Borel measures)
with convolution as multiplication and with the total variation norm || - ||7y on

[0,00), then the following conditions are equivalent:

(1) The semigroup {7 (t)}¢>0 defined in (2.13) is analytic for every uniformly
bounded strongly continuous semigroup {S(¢)}:>0 on X,
(2) F(dz,t), t > 0, is differentiable as a function (0,00) — B and

lim su {t H or
l . PR
tHOer ot

| <.

In [5] the following, unfortunately only necessary condition is given. If (2) holds,
then the Laplace symbol I(s) of F(dz,t) maps Res > 0 into a sector {s €
C, |args| < (m — w)/2} for some w < 7, and there is a constant K and 0 < v < 1
such that |I(s)| < K|s|” for |s| > 1 and Re s > 0.

Fujita in [10], gives a checkable set of sufficient conditions for the Carasso—
Kato Theorem to hold, stated in terms of regular variation. For 0 < a < 1 let
0o = 7/(1 + ), choose 0, < © < 7, and define the sectorial region ¥ = {w €
C~ {0} : arg w < ©}. Let X denote the closure of this region. The main theorem
in [10] states that Condition (2) holds if for some 0 < o < 1 the following three
conditions hold:

(A1) I(s) has a holomorphic extension to ¥ and is continuous on ¥;

(A2) For some function g(r) that varies regularly at infinity with index o we
have I(re'?) ~ g(r)e’®? uniformly in |0| < 0, as r — oc;

(A3) The functions I(re?®)/r are integrable on some neighborhood of 0+ for
every 0] < 0,.

With the above preparation we come to the main technical result of this pa-
per. In the next section, we will use this result to prove a general formula for the
hitting time density of the ultrafast subordinator D(¢). The result may also be
useful in other applications, since it shows that these subordinators are smoothing.
For example, when time-discretizing the Cauchy problem «(t) = Au(t), ug = u(0)
using rational approximation schemes, the fact that {T(¢)};>0 is analytic implies
stability of the scheme and faster convergence of the method for less smooth initial
data, see for example [6] and [26].

THEOREM 2.2. Under the regular variation conditions (2.1) and (2.2), the
semigroup {T(t)}i>o0 defined by (2.9) is holomorphic on Cy(R).
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PrOOF. If conditions (A1l)-(A3) are satisfied, then the semigroup {T'(t)}¢>0
defined by (2.9) is holomorphic on Cp(R) by (2.13) and the Carasso-Kato theorem.

First we show that (Al) holds. To do this recall Montel’s theorem (see, for
example, [11, Theorem 6.5.3]), namely, if F := {f\} e is a family of holomorphic
functions on an open set U C C such that |fy(w)| < M (M > 0) for all w € U
and fy € F, then every sequence {f;} C F has a subsequence {f,,} that converges
uniformly on compact subsets of U to a holomorphic function fy. Let ¢(8) :=
(1 = B)p(B) and Q(B) := fo (8")dp" for 0 < B < 1. Then, since the function

B+ 1 is continuous on [0 1],

1 1
I(r) = /0 rPq(8) dp = /0 8 dQ(B)

where the latter integral is a Riemann—Stieltjes integral.
The functions w — w?®, 0 < 8 < 1, are holomorphic on C . (—o0, 0] and hence
so are the functions, defined by the Riemann—Stieltjes sums,

=30 [o(2) - (1))

Let wg € C \ (=00, 0] and choose an open disc D(wq,r) with center wg and radius
r > 0 such that D(wg, r)N(—00,0] = (. Then F := {f,, }nen consists of holomorphic
functions on U := D(wg,r) and

n
[ fu(w)] <Y JwP™|Q
j=1

j i—1
( )—Q(])’ < sup  fw]? Var[Q]g
n 0<B<1
we€ D (wo,r)

1
gmax(1,2|wo|)/0 q(B) dp.

Therefore, by Montel’s theorem, there is a subsequence {f,,} C {fn}nen that
converges uniformly on compact subsets of D(wg,r) to a holomorphic function fj.

But f,(w) — fo w?dQ(B) = fol wPq(B)dB as n — oo for all w € D(wp,r) and
hence fo wﬁq (8) dB = fo(w) is holomorphic on D(wg,r) and hence on C\ (—o0, 0].

Clearly, the function fol wPq(B3) dB is an extension of I(s) and it follows that (A1)
holds for arbitrary 6, < © < .

Next we show that (A2) holds in the special case § = 0. A change of variables
B’ = a — 3 shows that

1 «
e I(r) = / r5=eq(8) dB = / P52 g(8) d
o 1
_ / 7 g(a— §)df = / rOn(8) dp
0 0

where h(8) = q(a — 8) =T (1 + B — a)p(ov — ). Since (2.2) holds we can write
p(B) = (a—B)* 1 L(a — B3) for some function L that is slowly varying at 0+. Then
we have h(83) ~ I'(1 — )3 LL(B) is regularly varying with index a — 1 at 8 = 0+.

(2.14)
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Now define H(S fo u)du the distribution of the finite Borel measure with
density h(u). A change of varlables v = 1/u shows that

o) = [y

where h(1/v) varies regularly at infinity with index 1 — a. Then the Lemma on [9,
p. 280, VIIL.9] implies that H(1/x) varies regularly at infinity with index —a, and
hence H(f) varies regularly at 04+ with index a > 0. Furthermore, [9, Theorem 1,
VIIL.9] implies that

x71h(1/x)

H(1/x)

which implies that aH (8) ~ Sh(5) as 8 — 0+, and hence H(B) ~ 8*Lo(8) as 5| 0
where Lo(3) = a™'T'(1 — a)L(f). Since the Laplace transform

i) = [ e () a5 = [ )

we can apply Karamata’s Tauberian Theorem (see, e.g., [9, Theorem 3, XIIIL.5]) to
conclude that h(r) varies regularly as r — oo with index —a and furthermore we
have h(r) ~ T'(1 + a)r~*Lo(r~!). Then in view of (2.14) we have

— Qa as r — o0

(2.15)  r7%I(r)= /0 r~Ph(B)dB = h(logr) ~ T(1 + a)(logr)~*Lo(1/log )

and hence I(r) ~ r®T(1 + a)(logr) “Lo(1/logr) varies regularly with index « as
r — oo. This proves (A2) for the case # = 0 and shows that in fact we can take

g(r) =1(r).

Next we consider an arbitrary || < 6, for some 0 < a < 1 and we write
I(mie) _ raeiae/ rﬁ—aei(ﬁ—a)éq(ﬁ) dﬂ
0

_ 1 1

= e ([ cos((5 - cpma@yas i [ o2 sin(5 - () as)

0 0

= Taeiae(Jl + ZJQ)
and we substitute 3’ = o — 3 as before to get

J= [ 5 cos B)d - 0)g(ac — 3') df’

L= [ o8- aa(e)ds = [ cos(@ta - ) a5
:/ r~Phi(8) dB = hi(log s)
0
with hq(8) = cos(80)q(a — 3) = cos(80)p(a — B)I'(1 — a + B), and similarly
B= [ Phy(p)d
P /0 r~"ha(B)dp

with ha(8) = —sin(80)p(a — B)T'(1 — a + 3). As 8 | 0 we have hi(8) ~ h(8) ~
(1 - a)B* tL(B) regularly varying with index a — 1 at 8 = 0+. If fa < /2 then
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it follows as in the case 6 = 0 that hy(r) ~ T(1+a)r~*Lo(r~1) is regularly varying
as r — 00, so that J; ~ r~*I(r) by (2.15). If not, then we write

[0}

B1
Jr=Ju+Ji2= /0 T_ﬁhl(ﬁ) dg +/ T_ﬂhl(ﬁ) dg
1

where 61 = 7/(26). Since h1(8) > 0 on 0 < 8 < 1 the same argument as before
yields Ji3 ~ r~*I(r) as r — oo. Noting that hg(ﬁ) <0on f; < f < o we have
|J12] < Cr=5 for all r > 1 where C = fﬁ h1(8)dB. Then Ji5/J1; — 0 as r — oo
and again it follows that Jy ~ r~*I(r) as 7 — oco. Furthermore, since Jj is an even
function of # that is monotone on 0 < 6 < 6, this statement holds true uniformly
in |0] < 0.

As for the imaginary part, note that |sin(30)| < 3|0] < 36, for all § > 0 and
0] < 0,. Hence we have |Jo| < [ 77 Phs(3)dp for all |6] < 6, where hs(8) =
BO,h(B) ~ 0,T(1 — a)ﬂ“L(ﬂ) is regularly varying with index a as § | 0. Define
a finite Borel measure H3 (3 fo hs(u)du, and argue as before that Hs3(3) ~
BTIL3(B) as B | 0 where Lg(ﬁ) = 0u(a+ 1)7IT(1 — a)L(B). Then the Laplace
transform hs(r) ~ T(1 4+ a)r=% 1Ls(r~') is regularly varying as r — oo, so that

|Jo| < hs(logr) ~ (1 +a)(logr) ™ 1Ls(1/logr) asr — oc.

Then it follows that Jo/J; — 0 and Jy +iJy ~ r~*I(r) as r — oo, uniformly in
0] < 0. Hence I(re??) = r@ei®?(J; + iJy) ~ € *%I(r) as r — oo uniformly in
|0] < 0, where I(r) varies regularly with index «, which completes the proof of
(A2).

Finally we establish (A3) by considering the real and imaginary parts sepa-
rately. Using (2.1) we can write p(3) = $°L1(8) where L; varies slowly at zero.
Fix 0 € [—0,, 0,] and substitute t = 1/r to obtain

1 1
I(re") = / rPeq(B) dB = / tPeP0q(B)dB = I +il,
0 0
where

1
Ij:/otﬁ (8)dp forj=1,2

with ¢1(8) = cos(80)q(3), while qz(ﬂ) = sin(60)q(B). In either case we have
g;(B)] < q(B) so that [I;| < I = fo t=%q(B) dB where q(8) = p(A)T(1 — ) ~
BPL1(B8) as B | 0. The function Q(3 fo u)du varies regularly with index b+ 1
at zero with Q(8) ~ (b+ 1)_1Bb+1L1(6) as 3 l 0, and then Karamata’s Tauberian
theorem implies that G(s) ~ T'(b+2)(b+ 1)"1s7*"1L;(1/s) as s — co. Then we
have Iy = G(logt) ~ T'(b+1)(logt)*~1Ly(1/logt) as t — oo so that, recalling that
t =1/r, we have
Io ~T(b+1)(=logr) *"1Li(=1/logr) asr | 0.

Hence for any ¢ > 0 and any & > 0, for some C' > 0 we have Iy < C(—logr)°—~!
for all 0 < r < e. Substituting u = —logr we conclude that the absolute values
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of the real and imaginary parts of the integral [ r~'I(re’)dr are each bounded
above by

g € o0
/ rHodr < / rlO(=logr)o "t dr = C/ w1 du < oo
0 0 —loge

as long as 0 < 6 < b and 0 < € < 1. This shows that (A3) holds, which concludes
the proof of Theorem 2.2. O

REMARK 2.1. Recall that the ultrafast subordinator is the limit of a random
walk whose jumps J; satisfy P{J; > t} = fol t=Pp(B)dp for t > 1. If assumption
(2.1) holds, then it follows as in the proof of condition (A3) of Theorem 2.2 that
this probability tail is slowly varying, and furthermore, if we write p(3) = 3°L,(3)
where L, varies slowly at zero then P{J; >t} ~ T'(b+ 1)(logt) >~ 1L(1/logt) as
t — 00.

REMARK 2.2. Tt is clear from the proof of condition (A3) in Theorem 2.2 that
we can weaken the assumption (2.1) to say that for some 5, >0, C >0 and b >0
we have p(3) < CB° for all 0 < 3 < ;. We cannot relax the assumption that
p(B) vanishes in a neighborhood of 3 = 1 since, as we have already mentioned,
[I(s)] < Cls|™ for all |s| > 1 with Res > 0 for some o < 1 is a necessary condition
for the semigroup to be holomorphic, see [5, Theorem 4].

COROLLARY 2.1. Under the assumptions of Theorem 2.2, if D(t) has a density
fe(x) = f(z,t) and fr € Cy(R), then fr € D(A™) for allt > 0 and n € N.
Moreover, the function t — f(x,t) is C* for all x € R and

o t
(2.16) # =[A"f](z), z €R, t>0.

PRrROOF. Since {T'(t)}+>0 is holomorphic it follows that T'(t)u € D(A™) for all
u € Cp(R), t >0 and n € N and
a
dtn
see, for example [8, p. 104]. Note that (2.17) means that T'(t)u € D(A™) for all
u € Cp(R), t >0, n €N and

(2.17) [T(t)u] = AT (t)u,

) ATt + h)u — AP YT (t)u n B
(2.18) hlir& N — AT (t)u|| = 0.
Let ¢t > 0 and choose 0 < ¢ < ¢t. Then
(2.19) fe(x) = f(z,t) = [T'(t —e) f:](z)

and hence f; € D(A"™) for all n € N. We will show (2.16) by induction. If s := ¢t —¢,
then

d d d

o= ST~ )] = S[T(6) 1] = AT(s)f. = AT(t ~ ). = AJ,
That is,
(2.20) lim sup Jren(@) = hilx) [Aft](z)| =0 forallt>0

h—0zeR h
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and hence

ft-l,-h(x)*ft(x) f(x,t#»h)*f(l‘,t) _ af(l’,t)

S e R n o
for = € R, t > 0. This shows (2.16) for n = 1. Assume that
% f(z,t
(2.21) % =[A*f](x), 2 € R, t > 0.

Then, by (2.18), for any s > 0 we have
k _ Ak
i sap | AT+ @) = AT ()l (@)
h—0+ zer h
Let u := f. with 0 < e. Then, by (2.19),
[Akf8+€+h](‘r) — Ak[ferE](x)
h

which yields, by the induction hypothesis (2.21) and the change of variable ¢ := s+,

— [AMIT(s)u](x)| = 0.

lim sup - [Ak+1fs+6](x) =0

h—0+ 2R

) 1[0Ff(x,t+h)  OFf(x,t)
(2.22) hli%1+ igg h[ 50 e ] — [AF L1 ()| = 0.
Since 0 < ¢ is arbitrary, (2.22) yields
O f(x,t
% = [A"f](z), 2 €R, t>0,
which finishes the proof. O

3. Hitting times for ultrafast subordinators

If D(t) is an ultrafast subordinator from Theorem 2.1 we define the inverse (or
hitting time, or first passage time) process F(z) = inf{¢t > 0: D(¢) > x}. Then it
is easy to see that for ¢,z > 0

(3.1) {B(z) <t} = {D(t) > x}.

Since the subordinator D(¢) grows at a very fast rate, the inverse process grows
very slowly. The process F(z) plays a crucial role in physical models of ultraslow
diffusion [19]. The next result shows that the hitting time process E(z) has a
smooth density for all z > 0, and shows how this density can be explicitly com-
puted in terms of the generator of the semigroup associated with the ultrafast
subordinator D(t). This resolves an open problem in [19].

THEOREM 3.1. If D(t) is an wultrafast subordinator from Theorem 2.1 with
distribution function F(x,t) = P{D(t) < z}, and if A is the generator (2.10) of
the associated semigroup (2.9) on Co(R), then the inverse process E(x) has a C*
density h(t,x) for any x > 0 and furthermore this density can be computed from
the formula

62 w0 =- [ = [ [ @0 rwodme s
where fi(x) := f(x,t) = (0/0x)F(x,t) is the density of D(t).
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PRrROOF. It follows from [19, Corollary 3.7 | that D(¢) has a density fi(z) =
f(z,t) = OF(x,t)/0x for any ¢t > 0 and that f; € Cp(R). Theorem 2.2 shows
that the semigroup (2.9) is holomorphic on Cy(R), and hence, by Corollary 2.1, the
function t — f(z,t) is C™ for all z € R. We can use (3.1) to write

63 PEE <0 =PDO>0= [ Sy =1 P,
By (3.3) and Corollary 2.1,
h(t, z) = %P{E(m) <t} = % (1= F(z,0))
(3.4) . .

8 xT
——5 |ttt == [ S ena = [agiea
9

where we use the bounded convergence theorem to move 7; inside the integral.
Indeed, the difference quotient (fi1n(y) — fi(y))/h = (f(y,t + h) — f(y,t))/h con-
verges uniformly in y € R to [Af](y) by (2.20). By Corollary 2.1, Af; € Co(R) and
hence is uniformly bounded for y € [0, z]. This certainly implies the boundedness
of the difference quotient for h < hy and y € [0, z].

By a similar argument, using Corollary 2.1 and (2.22), it follows that

8k x ak-i-l x X
Gt = = [ S iy = - [ 1Ak faway
for all x > 0 and ¢ > 0, so that ¢t — h(t,z) is C* for all = > 0.

Define f; = 9f/0x. Corollary 3.7 in [19] also shows that the function z —
f(z,t) is C>® for all t > 0 and = — %f(:z:,t) € Cy(R) for all n € N. Therefore,
we may apply (2.12) to the integrand in (3.4), noting that f(z,¢) = 0 for z < 0,
integrate by parts, and apply (2.7) to obtain

)= [ [ w0 = s zoray = [ [ fl - 206600 dsay
= /Om /: fily — z,t)p(z,00) dy dz = /OI flx—z,t)p(z,00) dz
.y o 2 ) p(8) ddz = / 1 [ =006 a5

which agrees with (3.2). Note that |f(y,t)— f(y—z,t)| < Cz uniformly in y € [0, z]
since f1 is bounded on this compact set. Also ¢(z,00) < 27 so it is easy to see
that [f(y,t) — f(y— z,t)]¢(z,00) — 0 as z — 0+ which justifies the first integration
by parts. O

REMARK 3.1. The integral formula in (3.2) was first derived in [19, (5.3)].
Theorem 3.1 strengthens that result by removing the technical assumption [19,
(5.7)], and by showing that the density is C*° in ¢t > 0 for all z > 0.

REMARK 3.2. It is not hard to show that Theorems 2.2 and 3.1 also hold,
with the obvious change in notation, under the somewhat weaker assumption that
the random variables 0 < B; < « in (2.3) are i.i.d. with distribution function
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P(B) = P{B; < (B} where P(f3) varies regularly at zero with index b+ 1 and
1 — P(p) varies regularly at § = a— with index a. Then (3.2) also holds with

p(B)dp replaced by P(dS).

REMARK 3.3. The fractional derivative D’u(y) is defined as the function with
Laplace transform s(s). Since a (-stable subordinator has Laplace transform

e_tsﬁ, fractional derivatives of order 0 < B < 1 are the negative generators of
the associated semigroups. Similarly, the negative generator of the semigroup as-
sociated with an ultrafast subordinator is a distributed-order fractional derivative
D,u(y), defined as the function whose Laplace transform is

I(s)a(s) = / Sp(B)T(1 — B)dB a(s).

The density function g(y,t) = ¢:(y) of the stable subordinator solves the initial
value problem dg(z,t)/0t = —D"g:(y), g(y,t0) = 94, (y), y € R, and similarly the
density f(y,t) = f:(y) of an ultrafast subordinator solves the initial value problem
0f(y,t)/0t = =Dy fi(y), f(y.to) = fi,(y), y € R. Laplace transform arguments in
[19] show that densities h(t,y) = h:(y) of the ultraslow hitting time process solve
the boundary value problem Oh(t,y)/0t = —Dph(y), h(to,y) = hi,(y), y = 0,
noting that here the roles of ¢t and y are reversed.

REMARK 3.4. A somewhat different proof of the density formula (3.2) can be
obtained without using Theorem 2.2. Assume as in [19] that p varies regularly at
zero with index a—1 for some a > 0 and (2.8) holds. Then [19, Corollary 3.7] shows
that the density fi(x) of D(t) and its first derivative in z are elements of Cy(R)
for any t > 0, and hence (2.11) implies that f; € D(A) for any ¢ > 0. Then (2.20)
holds, and (3.2) follows as in the proof of Theorem 3.1. However, this approach
does not establish the smoothness of ¢t — f;(x).
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