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ON THE GROWTH AND THE ZEROS OF SOLUTIONS OF
HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS
WITH MEROMORPHIC COEFFICIENTS

Maamar Andasmas and Benharrat Belaidi

ABSTRACT. We investigate the growth of meromorphic solutions of homoge-
neous and nonhomogeneous higher order linear differential equations
k—1
F® 4 ZAjf@') +Af=0 (k>2),
j=1
k—1
£+ ZAjf(j) +Aof = Ag (k> 2),
j=1
where Aj(z) (j = 0,1,...,k) are meromorphic functions with finite order.
Under some conditions on the coefficients, we show that all meromorphic so-
lutions f # 0 of the above equations have an infinite order and infinite lower
order. Furthermore, we give some estimates of their hyper-order, exponent

and hyper-exponent of convergence of distinct zeros. We improve the results
due to Kwon; Chen and Yang; Belaidi; Chen; Shen and Xu.

1. Introduction and statement of results

In this paper, we use the standard notations of Nevanlinna’s value distribu-
tion theory [10, 12}, I5]. In addition, we use the notations A(f) and A(1/f) to
denote respectively the exponents of convergence of the zeros and the poles of a
meromorphic function f, p(f) and u(f) to denote respectively the order and the
lower order of f. The hyper-order ps(f), the hyper-exponent A2(f) of convergence
of zeros and the hyper-exponent Ao(f) of convergence of distinct zeros of f are
defined respectively by

palf) = limsup (2BIBTIS) oy i gup 108108 N /)
r—+too log r r—+too logr
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- loglog N (r, 1
Ao(f) = limsup loglog N(r, 1/f) /f)
r—-+o00 1Og r
First, we recall the following definitions. The linear measure of a set E C (0, +00) is
defined as m(E) = O+OO X£(t) dt and the logarithmic measure of a set F' C (1, +00)

is defined by Im(F) = 1+°o 2xr(t) dt, where x g (t) is the characteristic function of
a set H. The upper density of a set E C (0,400) is defined by
_ EN|0
dens E = lim sup M
r—+00 r

The upper logarithmic density of a set F' C (1, +00) is defined by

log dens(F') = lim sup M
r—+00 logr
PROPOSITION 1.1. For all H C [1,+00) the following statements hold:
i) If Im(H) = oo, then m(H) = oo;
it) If dens H > 0, then m(H) = oo;
iii) If log dens H > 0, then Im(H) = oc.

PROOF. i) Since we have xp(t)/t < xm(t) for all t € H C [1,+00), then
m(H) = lm(H).

We can easily prove the results ii) and iii) by applying the definition of the
limit and the properties m(H N[0, r]) < m(H) and Im(H N [1,r]) < lm(H). O

In [11], Kwon investigated the growth of second order equations and obtained
the following result.

THEOREM 1.1. [11] Let H be a set of complex numbers satisfying dens{|z| :
z€ H} >0, and let A(z) and B(z) be entire functions such that for real constants
a (>0), 8 (>0),

[A(2)] < exp{o(1)|2|"} and |B(z)| > exp{(1 + o(1))alz|"}
as z — oo for z € H. Then every solution f #Z 0 of the equation
(1.1) "+ AR+ B(z)f =0
has infinite order and p2(f) = B.

In [6], Chen and Yang have studied the growth of solutions of (I.I]) and obtained
the following result.

THEOREM 1.2. [6] Let H be a set of complex numbers satisfying dens{|z|: z €
H} > 0, and let A(z) and B(z) be entire functions with p(A) < p(B) = p < 400
such that for real constant C (> 0) and for any given € > 0,
[A(2)| < exp{o(1)[2|""7} and |B(2)] = exp{(1 + o(1))C|z|"""}

as z — oo for z € H. Then every solution f # 0 of equation (1)) has infinite
order and pa(f) = p(B).
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These results were improved by Belaidi in [, [2] by considering more general
conditions to higher order linear differential equations with entire coefficients. Re-
cently in [8], Chen extended the previous results by studying the zeros and the
growth of meromorphic solutions of equation (II]) and the non-homogeneous equa-
tion f” + A(z)f' + B(z)f = F when A(z), B(z), F(z) are meromorphic functions.

Here we consider for £ > 2 the homogeneous and the non-homogeneous linear
differential equations

k—1
(1.2) FE LI A9 4+ Agf =0,
j=1
k—1
(1.3) FE " AFD + Aof = Ay,
j=1

where A;(z) (j = 0,1,...,k) (Ao # 0 and Ax # 0) are meromorphic functions
with finite order. We investigate the zeros and growth of meromorphic solutions of
equations (2] and (L3)). The present article may be understood as an extension
and improvement of Theorems 2.3 and 2.4 in the paper of Shen and Xu [14]. We
improve the results due to Chen; Shen and Xu greatly and we give two corollaries
in the case when p = max{p(4;):j=1,2,...,k} < p(4do) =0 < 1/2.

THEOREM 1.3. Let H C [0,400) be a set with infinite linear measure, and let
Aj(z) (j =0,1,...,k—1) be meromorphic functions with finite order. If there exist
positive constants ¢ > 0, o > 0 such that p = max{p(4;):j=1,2,...,k—1} <o
and |Ag(2)| = e*” as |z| = r € H, r — +oo, then every meromorphic solution
f # 0 of equation [L2) satisfies p(f) = p(f) = oo and p2(f) = o. Furthermore, if
A(1/f) < o0, then o < pa(f) < p(Ao).

REMARK 1.1. By using Proposition [T we can obtain the same results in
Theorem [[3, while putting H C [0,+00) to be a set with positive upper density
(or while putting H C [1,+00) to be a set with positive upper logarithmic density)
(or while putting H C [1, +00) to be a set with infinite logarithmic measure) instead
of putting H to be a set with infinite linear measure.

THEOREM 1.4. Let H C [0,4+00) be a set with a positive upper density, and
let Aj(z) (j = 0,1,...,k) (Ax # 0) be meromorphic functions with finite or-
der. If there exist positive constants o > 0, a > 0 such that p = max{p(4;) :
j=1,2,...,k} < o and |Ag(2)| = e as |z| =r € H, 1 — +o0, then every
meromorphic solution f with A(1/f) < o of equation ([IL3)) is of infinite order and

) =Af) = p(f) =00, a(f) = Xa(f) = pa(f)-
Furthermore, if X(1/f) < min{u(f), o}, then p2(f) < p(Aop).

REMARK 1.2. Tt is clear that p(Ag) = 8 = o in Theorems and [[L4l Indeed,
suppose that p(Ag) = f < 0. Then, by using Lemma [2.2] of this paper, there exists
a set By C (1,400) that has a finite linear measure such that when |z] = r ¢
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[0,1]U Eq, r — +00, we have for any givene (0 <e <o —f3)
T/i‘+s
(1.4) Ag(2)] < e
On the other hand, by the hypotheses of Theorems[[3land [[L4] there exist positive
constants ¢ > 0, @ > 0 such that
(15) Ap(2)] > e
as |z| =r € H, r — +oo, where H is a set with m(H) = oo. From (L4)) and (L3,

we obtain for |z| =r € H~[0,1]U Ey, r — 400

e’ < [Ap(2)] < et

and by € (0 < £ < o — 3) this is a contradiction as r — +o0o. Hence p(Ag) = > o.

COROLLARY 1.1. Let A;(z) (j =0,1,...,k) (Ax # 0) be meromorphic func-
tions having only finitely many poles such that p = max{p(4;):j=1,2,...,k} <
p(Ag) = o < 1/2. Then every meromorphic solution f % 0 of equation ([[L2) sat-
isfies p(f) = p(f) = oo and pa(f) = o. Furthermore, every meromorphic solution

fof equation (L3) satisfies
M) = Af) = p(f) =00, Aa(f) = Xa(f) = pa(f)
and if N(1/f) < u(f), then p2(f) < p(Ao).

COROLLARY 1.2. Let Aj(z) (j = 0,1,...,k) (Ax # 0) be meromorphic func-
tions such that A\(1/A0) < pu(Ao) < p(Ap) = 0 < 1/2 and p = max{p(4;) : j =
1,2,...,k} < o. Then every meromorphic solution f # 0 of equation ([L2)) whose
all poles are of uniformly bounded multiplicity satisfies u(f) = p(f) = oo and

p2(f) = o. Furthermore, every meromorphic solution f of equation (L3) whose all
poles are of uniformly bounded multiplicity satisfies

M) = A = p(f) =00, Xa(f) = Aa(f) = pa(f)
and if N(1/f) < u(f), then p2(f) < p(Ao).

2. Auxiliary lemmas

LEMMA 2.1. [9] Let f(z) be a transcendental meromorphic function, and let

a > 1, e > 0 be given constants. Then there exists a set Ey C [0,00) that has

finite linear measure and there exists a constant ¢ > 0, such that for all z satisfying
|z| = r ¢ Eo, we have

‘ f9(z)

7)

LEMMA 2.2. [B] Let f(z) be a meromorphic function of order p(f) = p <

+o00. Then for any given € > 0, there exists a set By C (1,400) that has finite

linear measure and finite logarithmic measure such that when |z| =r ¢ [0,1] U Ey,
r — 400, we have |f(z)] < exp{r’te}.

| < clT(ar, £y log T(ar, N (j € ).

Let g(z) = .07, a, 2" be an entire function. We define by y(r) = max{|a,|r";
n = 0,1,---} the maximum term of g, and define by v4(r) = max{m; u(r) =
|@pm |r™} the central index of g.
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LEMMA 2.3. [7] Let f(z) = g(2)/d(z) be a meromorphic function, where g(z)

and d(z) are entire functions such that
p(g) = w(f) = p < plg) = p(f) < +o0,
Ad) = p(d) = A1/ f) = B < p.
Let z be a point with |z| = r at which |g(z)| = M (r,g) and v4(r) denote the central
index of g(z). Then there exists a set E5 C (1,400) with finite logarithmic measure
Im(Es) < oo, such that for all z satisfying |z| = r ¢ [0,1] U E2, we have
1) _ (i)
f(2) z

LEMMA 2.4. [6] Let g(z) be an entire function of infinite order, with the hyper-

order pa(g) = o. Then

)n(l +0(1)) (n =1 is an integer).

log1
lim sup 0808 V1) 1/9(7’) =0
400 logr

LeMMA 2.5. [13] Let g(z) be an entire function of infinite order. Denote
M(r,g) = max{|g(2)| : |z| = r}, then for any sufficiently large number A > 0,
and any r € Hy C (1, +00)

M(r,g) > ¢ exp{car’},
where Im(Hy) = oo and ¢y, ca are positive constants.

LEMMA 2.6. Suppose that k > 2 and hg, h1, ..., hi (ho Z 0) are meromorphic
functions. Let p = max{p(h;) : j =0,1,...,k} < oo and let f be a meromorphic
solution of infinite order of the equation

(2.1) F® f g fEY 4o hof = by,
with X1/ f) = p < p(f). Then pz(f) < p.

PROOF. We assume that f is a meromorphic solution of infinite order p(f) = 0o
of equation (ZI)). We can rewrite ([ZT)) as
‘ fk)
f

FOL |
(2.2) = 7|

k—1
< Jhol + ) |l
s=1

By Hadamard factorization theorem, we can write f as f(z) = a5 where g(z)
and d(z) are entire functions such that

p(f) = ulg) < p(f) = plg) = 00, Md) = p(d) = A1/ f) = u < pu(f)
p2(f) = p2(9).

By Lemma 23] there exists a set F2 C (1,+00) with finite logarithmic measure,
such that for all z satisfying |z| = 7 ¢ [0, 1] U E3 at which |g(z)| = M(r, g), we have

FE Ny
(23) o = (F57) (o) (=)
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Since p(hr(z)d(z)) < p1 = max{u,p}, then by Lemma [Z2] for any £ > 0 there
exists a set Fy C (1,+00) with a finite logarithmic measure such that

(2.4) Iha(2)d(2)| < e

holds for all z satisfying |z| = r ¢ [0,1] U Eq,  — 400. On the other hand, by
Lemma for a sufficiently large number A > p1, there exist a set Hy C (1, +00)
with lm(Hp) = oo and positive constants c1, co such that for any r € Hy

(2.5) M (r,g) > ¢ exp{car’}.
By (Z4) and (23], for any given € with 0 < € < A — p; and for all z satisfying

T01+6

|z| =r € Ho \ ([0,1] U E4y), 7 — +00 at which |g(z)| = M(r, g), we have
hi(z)|  1d(2)hi(z)] _ e

2.6 ’ = ’ ’ < — 0, — .

(20 7O | g | S e S T

Since p = max{p (h;): j =0,1,...,k} < oo, then by Lemma 22 we have

(2.7) hi() < e (G =01,....k)

holds for all z satisfying |z| = r ¢ [0,1] U Eq, 7 — +o00. Substituting (23), [2.6)
and (27) into (2.2), we obtain for all z satisfying |z| =7 € Hy ~\ ([0,1] U £y U E»),
r — +oo at which |g(2)| = M (r, g),

k—1
Vg(’l“) ‘k rPte rPte Vg(’l“) ‘s
— |1 1| < —— |1 1 1).
2 o< e e PR ko) o)

So, we get

(2.8) g (M)[F11 4 o(1)] < (k + 1r*er™ g (r)]* 11+ o(1)].

Then, by Lemma 24 we obtain from (Z8) that p2(g) = p2(f) < p+¢e. Since €
(0 < e < A= p1) being arbitrary, then we get p2(f) < p. O

LEMMA 2.7. [3] Let f(z) be an entire function of order p, where 0 < p(f) =
p <1/2, and let € > 0 be a given constant. Then there exists a set Hy C [0, +00
with dens Hy > 1—2p such that | f(2)| = exp{r*~¢} for all z satisfying |z| = r € H;.

LEMMA 2.8. [T] Suppose that h(z) is a meromorphic function with A(1/h) <
u(h) < p(h) =0 < 1/2. Then for any € > 0, there exists a set Hy C (1,400) that
has a positive upper logarithmic density such that for all z satisfying |z| = r € Ha,
we have |h(z)| = exp{(1+ o(1))r?—=}.

LEMMA 2.9. [11] Let g(z) be a nonconstant entire function of finite order.
Then for any given € > 0, there exists a set Hz C [0,+00) with dens Hs = 1 such
that M(r,g) > exp{r*9=2} for all z satisfying |z| = € Hs.

LEMMA 2.10. [4] Let A; (j =0,1,...,k—1), F # 0 be finite order meromorphic
functions. If f(z) is an infinite order meromorphic solution of the equation

FO A O b A 4 Aof = F
then f satisfies N(f) = M(f) = p(f) = .
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LEMMA 2.11. Let H C [0,400) be a set with a positive upper density (or of
infinite linear measure), and let h;(z) (j = 0,1,...,k) (ho Z 0) be meromorphic
functions with finite order. If there exist positive constants o > 0, a > 0 such that
lho(2)] = e as |z| =r € H, r — +00, and p = max{p(h;) : j = 1,2,...,k} < 0,
then every meromorphic solution f % 0 of equation

k—1
(2.9) FE 4> hif9 +hof =hi (k>2),
j=1

is transcendental and satisfies p(f) = o.

PROOF. Assume that f # 0 is a meromorphic solution of (Z3) with p(f) < o.
It follows from (Z9) that

k—1 f
(2.10) — Zhj—: 0-
j=1 f

Since p(h;) <o (j =1,2,...,k) and p(f) < o, then from [ZI0) we obtain that the
order of growth of hg is p1 = p(ho) < max{p, p( )} < 0. By Lemma 22 for any ¢
(0 < e < o — p1) there exists a set By C (1,400) with a finite linear measure such
that

(2.11) lho(2)| < e

holds for all z satisfying |z| = r ¢ [0,1] U E1, r — +o00. From the hypotheses of
Lemma [2ZT7] there exists a set H with dens H > 0 (or m(H) = 00), and there exist
positive constants ¢ > 0, a > 0 such that

(2.12) |ho(2)] = e*"”

holds for all z satisfying |z| = r € H, r — 4o00. By (ZII) and (ZIZ), we conclude
that for all z satisfying |z| = r € H ~ ([0,1]U E}), r — 400, we have e®™” < e
and by € (0 < € < 0 — p1) this is a contradiction as r — 4o00. Consequently,
any meromorphic solution f # 0 of equation (29]) is transcendental and satisfies

p(f) z 0. O

3. Proofs of the results

TP1+5

ProoF OF THEOREM [[L3l Let f # 0 be a meromorphic solution of (LZ). It
follows from (L2) that

f

By Lemma 211l we know that f is transcendental. By using Lemma Il there
is a set Ey C (0,+00) having finite linear measure such that for all z satisfying
|z| = r ¢ Ey, we have

‘f(j) (2)
f(z)

(3.1) |Ap| <

‘f(k)

(3.2) r[T2r, O (G =1,2,...,k).
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By Lemma 2] for any given € (0 < € < o — p) there exists a set F1 C (1,+00)
with finite linear measure such that

(3.3) A2 <™ j =12, k-1

holds for all z satisfying |z| = r ¢ [0,1] U Eq, r — +oo. Also, by the hypotheses of
Theorem [[3] there exists a set H with m(H) = oo, such that for all z satisfying
|z| =r € H, r —» 400, we have

(3.4) |Ao(2)] > e

Hence it follows from &), (3:2), B3) and (34) that for all z satisfying |z| =r €
H~ ([0,1]U Ey U Ey), 7 — +00, we have

(85) e <T@ P+ Z T P < ke T2 P
j=1

By 0 <& < o — p, it follows from (B3H) that

(3.6) u(F) = p(f) = o0 and pa(f) > 0.

Furthermore, if A(1/f) < oo, then f is a meromorphic solution of ([Z) with

o(f) = p(f) = oo, M1/f) < w(f) and by Remark 21 we have max{p(4;) :
j=0,1,...,k =1} = p(Ap) = B < 0o. Thus, by Lemma 2.6, we get

(3.7) p2(f) < p(Ao).
By (B.6) and (B7), we conclude that o < pa2(f) < p(Ap). O

ProoOF OF THEOREM [[L4l Let f be a meromorphic solution of (I3]). Assume
that p(f) < co. It follows from (L3) that

S Ay
3.8 Ap ‘
(3.8) [ Ao| < Z f N
By Lemma[21T] we know that f is transcendental with p(f) > o. By the hypothesis
A(1/f) < o and Hadamard factorization theorem, we can write f as f(z) = Zgzg’

where ¢(z) and d(z) are entire functions with A(d) = p(d) = MN(1/f) < o, p(f) =
p(g) > 0. By Lemma [Z3] for any given ¢ (0 < € < p(f)), there exists a set
Hjs C [0,400) with dens H3 = 1 such that

p(g)—e
e’

(3.9) M(r,g) >

holds for all z satisfying |z| = r € Hs. By B3), for all z satisfying |z| € Hj at
which |g(z)| = M (r, g), we get

(3.10) lg(2)| = 1.
Then, by 3I0), we obtain

Akiz))’ _ ‘d(z;ézz(z)’ < Jd(2)AR(2)].
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We have p(d(z)Ar(z)) < o and set

p1 = max{p(A;)(j = 1,2,.... k), p(d)} < o,

hence by using similar arguments as in the proof of Theorem [[3] for any given e
(0 < & < 0 — py1) there exists a set Hy = H N Hz C [0,400) with positive upper
density such that for all z satisfying |z| = r € Hy \ ([0,1] U Eg U Ey), r — +00, at
which |g(z)| = M(r, g), we have

f(j)(z) 2
(3.11) ‘ 7o }@[T(zr,f)] B =1,2,....k),
Ak(z) pP1te
(3.12) o ‘ge ,
(3.13) 1A;(z) < e (j=1,2,... k—1),
(3.14) |Ag(2)] = e

Substituting (FII)-BI4) into (B8], we obtain for all z satisfying |z| = r € Hy
([0,1]U Ey U Ey), 7 — 400, at which |g(z)| = M (r, g), that

N

-1
(3.15) e < r[T2r, 12+ 5 e [T (2r, £)2F + e
1

< (k+ V)r[T(2r, )R

TP1+5

J

Hence by (310, we have p(f) = co. This is a contradiction which means that the
assumption of p(f) < oo is not true. Hence, we conclude that p(f) = oc.

Since Ay # 0, then by Lemma 210, we obtain A(f) = A(f) = p(f) = oo.
By (I3)), it is easy to see that if f has a zero at zp of order m, m > k, and A;
(j =0,1,...,k — 1) are analytic at zg, then Ay must have a zero at zp of order
m — k. Therefore, we get by Ay #Z 0 that

(3.16) N(r, %) < kﬁ(r, %) n N(r, Aik) n ISN(T, A;).
j=0

On the other hand, (L3) may be rewritten as

L WL
f_Ak[f +;AJ 7 + Ao|.
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By I6) and (3I7), we have

(1s) 7 %) <KN(r. %) +N(r, Aik) +Y N(r, 4y)
=0

1 k [
+m(r,A—k) + m(r,Aj)+;m<r,7) +0(1).

By I8) and the lemma of logarithmic derivative [10], there exists a set E of r of
a finite linear measure such that for all r ¢ E, we have

k—1

=0

k
(3.19) T(.f) = T(r.7) +01) KN (r. ) + 3 Tlr 45) + Clog(rT(r. )
=0

where C' is a positive constant. For sufficiently large r, we have

(3.20) Clog(rT(r, f)) < %T(r, f).

(3.21) T(r,A;)) <r*™® (j=0,1,...,k),

where o« = max{p(4;) (j = 0,1,...,k)}. Then, for r ¢ E sufficiently large, by
using (320) and B21]), we conclude from BI9) that for » ¢ E and r sufficiently
large

T(r, f) < k:W(r, %) + (k+ 1)r*te + %T(r, -

So, we get

(3.22) T(r, f) < 2kﬁ(r, %) +2(k+1)rote, r ¢ E.

Hence, by (BZ2), we get pa(f) < Xa(f) and then Aa(f) > Xa(f) > pa(f). Since by
definition, we have A2(f) < A2 (f) < p2(f), therefore

(3.23) Ao (f) = Xa(f) = pa(f).

Furthermore, if A(1/f) < min{u(f), o}, then f is a meromorphic solution of (I3
with p(f) = oo, AM1/f) < p(f) and by Remark [2 we have max{p(4,) : j =
0,1,...,k} = p(4p) = 8 < co. Thus, by Lemma 2.6 we get

(3.24) p2(f) < B.
By 323) and 324), we conclude that A2 (f) = Xa(f) = p2(f) < p(Ao). O

PROOF OF COROLLARY [[1l Since Ay is a meromorphic function with finitely
many poles and p(A4y) = o, then by the Hadamard factorization theorem, we can
B(z)
P(2)’
and P(z) is a polynomial. Hence, by Lemma [Z7] for any given ¢ (0 < € < o), there
exists a set Hy C [0,+o00) with dens H; > 1 — 20 > 0 (by Proposition [Tl we have

write Ag as Ag(z) = where B(z) is an entire function with p(Ag) = p(B) = ¢
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m(H;) = 0o) such that |B(z)| > e”  holds for all z, |z| = r € H; and 7 — +o0.
Hence

o—e

B(z), _ e R
3.25 Ao(z)| = > ze
(3.25) 40 = 531 > T > ¢
where ¢ > 0 is a constant and m = deg P(z) > 1. Since 4; (j = 0,1,...,k) are

meromorphic functions having finitely many poles and since the poles of f can only
occur at the poles of A; (j = 0,1,...,k), then f must have finitely many poles.
Therefore, A(1/f) = 0. Then, for any given € with 0 < 2¢ < o — p, we have (3:25)
and

(3.26) p=max{p(4;):j=1,2,....k} <o — 2.
Furthermore, all meromorphic solutions f # 0 of (L2) or (L3) satisfy
(3.27) M1/f) <o —2e.

Then, from B25), B26) and [B327) by application of Theorem for equation
(C2), we find that every meromorphic solution f # 0 of (L2) satisfies u(f) =
p(f) = oo and 0 —2e < p2(f) < 0. By e (0 < 26 < 0 — p) being arbitrary,
we obtain pa(f) = o. Furthermore, we conclude from Theorem [[4] that every
meromorphic solution f of equation (I3) satisfies A(f) = A(f) = p(f) = oo and

A2(f) = Ao (f) = pa(f) and if A(1/f) < p(f), then p2(f) < p(Ao). O

PROOF OF COROLLARY [[L2 Since Ay is a meromorphic function with )‘(A%)) <
1(Ag) < p(Ag) = o < 3, then by Lemma [Z8] for any € (0 < € < o), there ex-
ists a set Hy C (1,4+00) that has logdensHy > 0 (by Proposition [Tl we have
m(Hs) = 00) such that for all z, |z| = r € Hy, we have

(3.28) |Ag(2)| = elHer™=

Obviously, the poles of f must occur at the poles of A; (7 =0,1,...,k), note that
all poles of f are of uniformly bounded multiplicity, then by A(1/4p) < o and
p=max{p(4;):7=1,2,...,k} < g, we have )\(%) < 0. Then, for a given ¢ with
0<e<min{oc—p, 0 — )\(%)}, we have (3:28) and

(3.29) p=max{p(4;):j=1,2,...,k} <o—¢e and A1/f)<o—e.

Then by (B28) and (329) with application of Theorem [[3] for equation (L2), we
find that every meromorphic solution f # 0 whose poles are of uniformly bounded
multiplicity of equation (L2) satisfies u(f) = p(f) = oo and 0 — e < pa(f) < 0.
Since € (0 < € < min{o — p, 0 — A(1/f)}) being arbitrary, we obtain p2(f) = o.
Furthermore, with application of Theorem [[4] for equation (L3)), we find that
every meromorphic solution f whose poles are of uniformly bounded multiplicity
of equation (L3) satisfies

Nf) = AP = p(f) = 00, Ralf) = Aalf) = pa(f)
and if A(1/f) < u(f), then pa(f) < p(Ao)- O
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