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SIMPLE GROUPS WITH THE SAME
PRIME GRAPH AS 2D,,(q)

Behrooz Khosravi and A. Babai

ABSTRACT. In 2006, Vasil’ev posed the problem: Does there exist a positive
integer k such that there are no k pairwise monisomorphic nonabelian finite
simple groups with the same graphs of primes? Conjecture: k = 5. In 2013,
Zvezdina, confirmed the conjecture for the case when one of the groups is
alternating. We continue this work and determine all nonabelian simple groups
having the same prime graphs as the nonabelian simple group 2Dy(q).

1. Introduction

If n is an integer, then we denote by m(n) the set of all prime divisors of n.
If G is a finite group, then 7(|G|) is denoted by 7(G). The spectrum of a finite
group G which is denoted by w(G) is the set of its element orders. We construct
the prime graph of G, denoted by I'(G), as follows: the vertex set is 7(G) and two
distinct primes p and ¢ are joined by an edge (we write p ~ ¢) if and only if G
contains an element of order pq. Let s(G) be the number of connected components
of I'(G) and let m;(G), i = 1,...,5(G), be the connected components of T'(G). If
2 € n(G) we always suppose that 2 € m1(G). The connected components of the
prime graph of nonabelian simple groups with disconnected prime graph are listed
in [13]. In graph theory a subset of vertices of a graph is called an independent
set if its vertices are pairwise non-adjacent. Denote by ¢(G) the maximal number
of primes in 7(G) pairwise non-adjacent in T'(G). In other words, if p(G) is an
independent set with the maximal number of vertices in T'(G), then ¢(G) = |p(G)].
Similarly if p € 7(G), then let p(p, G) be an independent set with the maximal
number of vertices in I'(G) containing p and t(p, G) = |p(p, G)|. In [11] Tables 2-9],
independent sets also independence numbers for all simple groups are listed.

Hagie [6] determined finite groups G satisfying I'(G) = T'(S), where S is a
sporadic simple group. The same problem is considered for some finite simple
groups (see [1, 2}, 3} [8, [14]).
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Vasil’ev formulated the following problem in [9]:

PROBLEM 16.26. Does there exist a positive integer k such that there are no
k pairwise nonisomorphic nonabelian finite simple groups with the same graphs of
primes? Conjecture: k = 5.

In [16], the problem was solved when one of the two groups is an alternating
group. The conjecture is true in this case.

Here we continue this work and determine all nonabelian simple groups, with
the same prime graph as 2D,,(q).

Throughout the paper, we use the classification of finite simple groups, all
groups are finite and by simple groups we mean nonabelian simple groups. All
further unexplained notations are standard and refer to [4]. Also for a natural
number n and a prime number p, we denote by (n),, the p-part of n, i.e., (n), = p%,
such that p® | n, but p**! 4 n.

2. Preliminary results

In this section, we will quote some useful facts which will be used during the
proof of the main theorem.

REMARK 2.1. [10] Let p be a prime number and (¢,p) = 1. Let k > 1 be the
smallest positive integer such that ¢¥ =1 (mod p). Then k is called the order of q
with respect to p and we denote it by ord,(g). Obviously by Fermat’s little theorem
it follows that ord,(¢)|(p — 1). Also if ¢" = 1 (mod p), then ord,(g)|n. Similarly
if m > 1 is an integer and (¢,m) = 1, we can define ord,,(q). If a is odd, then
ord,(q) is denoted by e(a, q), too. If ¢ is odd, let e(2,q) =1 if ¢ =1 (mod 4) and
e(2,q) =2if ¢ = —1 (mod 4).

LEMMA 2.1. [5l Remark 1] The equation p™ —q™ = 1, where p and q are primes
and m,n > 1 has only one solution, namely 3% — 23 = 1.

LEMMA 2.2. [5,[7] Exzcept the relations (239)?—2(13)* = —1 and (3)°— 2(11)?=1
every solution of the equation

p" —2¢" = £1; p,q prime; m,n>1,

has exponents m =n = 2; i.e., it comes from a unit p— q2/? of the quadratic field
Q(21/2) for which the coefficients p,q are primes.

LEMMA 2.3. (Zsigmondy Theorem) [15] Let p be a prime and n a positive
integer. Then one of the following holds:

(i) there is a primitive prime p’ for p" —1, that is, p’ | (p"—1) but p’ t (p™—1),
for every 1 < m < n, (usually p’ is denoted by r,)

(i) p=2,n=1 or6,

(iii) p is a Mersenne prime and n = 2.

We denote by D; (q) the simple group D, (q), and by D,, (¢) the simple group
*Dp (q)-



SIMPLE GROUPS WITH THE SAME PRIME GRAPH AS 2D,,(q) 253

TABLE 1. 2-independence numbers for group 2D,,(q)

G conditions t(2,QG) p(2,G)
2Dn(q) n=0 (mod 2),n >4 2 {2,720}
n=1 (mod 2),n>4,¢g=1 (mod 4) 2 {2,7r9,}
n=1 (mod2),n>4,¢g=7 (mod 8) 2 {2,79(n—1)}
n=1 (mod 2),n >4, ¢=3 (mod 8) 3 {2,79(n—1), "2n}

LEMMA 2.4. [12] Proposition 2.5] Let G = D:(q) be a finite simple group of
Lie type over a field of characteristic p. Define

m if m is odd,
n(m) = {

m/2 otherwise.

Let r and s be odd primes and r,s € m(G) ~ {p}. Put k = e(r,q) and l = e(s,q),
and 1 < n(k) < n(l). Then r and s are non-adjacent if and only if 2n(k) + 2n(l) >
2n — (1 — e(=1) ), and 1/k is not an odd natural number, and if ¢ = +, then the
chain of equalities n =1 = 2n(l) = 2n(k) = 2k is not true.

LEMMA 2.5. [12] Proposition 2.4] Let G be a simple group of Lie type, By(q) or
Cn(q) over a field of characteristic p. Let r,s be odd primes with r,s € m(G) ~ {p}.
Put k =e(r,q) andl = e(s,q), and suppose that 1 < n(k) < n(l). Then r and s are
non-adjacent if and only if n(k) +n(l) > n, and l/k is not an odd natural number.

LEMMA 2.6. [11] Proposition 2.1] Let G = A,—_1(q) be a finite simple group
of Lie type over a field of characteristic p. Let r and s be odd primes and r,s €
7(G) ~{p}. Put k =e(r,q) andl = e(s,q), and suppose that 2 < k < 1. Then r
and s are non-adjacent if and only if k +1 > n, and k does not divide .

LEMMA 2.7. [11] Proposition 2.2] Let G = 24, _1(q) be a finite simple group
of Lie type over a field of characteristic p. Define
m ifm=0 (mod 4);
vim)=<m/2 ifm=2 (mod4);
2m  ifm=1 (mod 4).
Let r and s be odd primes and r,s € m(G) ~ {p}. Put k = e(r,q) and l = e(s,q),

and suppose that 2 < v(k) < v(l). Then r and s are non-adjacent if and only if
v(k) +v(l) > n, and v(k) does not divide v(l).

3. Prime graph of simple classical Lie type groups

In this section, we denote by r;, a primitive prime divisor of ¢° — 1 and we
consider R;(q) as the set of all primitive prime divisors of ¢* — 1.

REMARK 3.1. Let G =2 D,(q), where ¢ = p® and n > 4. Using [11] Ta-
ble 6], we give the 2-independence number for the simple group 2D, (q) in Table
1. Let n be odd. By [11} Proposition 3.1], we have p(p, G) = {p,"2(n—1),T2n}. By
Lemma 24 we know that p(r1,G) = {r1,72,} and also p(r2,G) = {re,ro(,—1)}-
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Let 7 o r;, where k > 3 is a fixed odd number. Hence 2k + 2n(i) > 2n —
(14 (=1)"*). Therefore, i € AU B, where A = {2n,2(n —1),...,2(n — k+ 1)}
and B={n—-2,n—4,...,n—k+1}. Since k > 3, so ry is not adjacent to ra,,
To(n—1) and ra,_2). Moreover, {rg(n,g),rg(n,l),rgn} is an independent set. So
{"k, T2(n—2), T2(n=1)>T2n} € p(1%, G). Therefore, t(ry,G) > 4. Let ry ~ r;, where
k > 4 is a fixed even number. Hence k + 2n(i) > 2n — (1 + (—1)"**). Define
A={2n,2(n—1),...,2(n—k/2)} and B={n—2,n—4,...,n—k/2+ a}, where
if k=0 (mod 4), then a = 2 and otherwise, a = 1. Therefore, i € AU B. Let
k= 4. If n =1 (mod 4), then p(r4,G) = {74,72(n—2),"2(n—1),"2n}, otherwise
p(ra, G) = {ra,ro(n—2),T2n}. If k > 6, then t(ry, G) > 5.

Let n be even. We know that p(p,G) = {p,7n—1,72(n-1),T2n}, by [11} Propo-
sition 3.1]. By Lemma 24 we know that p(r1,G) = {r1,7r2n} and p(re,G) =
{T2ar2n}-

Let r ~ r;, where k > 3 is a fixed odd number. Hence 2k + 2n(i) >
2n — (1 4+ (=1)"**). Suppose A = {2n,2(n — 1),...,2(n — k + 1)} and B =
{n—1,n—=3,...,n —k}. Therefore, i € AU B. Since k > 3, so t(ry,G) > 5. Let
7k = 15, where k > 4 is a fixed even number. Hence k+ 2n(i) > 2n — (14 (—1)*+F).
Define A = {2n,2(n—1),...,2(n—k/2)} and B={n—1,n—3,...,n—k/2+a},
where if k¥ = 0 (mod 4), then a = 1, otherwise a = 2. Therefore, i € AU B.
Let k = 4. If n = 0 (mod 4), then p(rs,G) = {ra,"n—1,72(n-1),T2n}, otherwise
p(ra, G) = {ra,"n-1,T2(n—2),T2(n—1) }- Also if k > 6, then t(ry, G) = 5.

REMARK 3.2. Let G = Dy(q), where ¢ = p® and n > 4. Let n be odd.
By [11} Proposition 3.1], we have p(p,G) = {p,7n,72(n-1)}. By Lemma 24 we
know that p(r1,G) = {r1,72(m—1)} and p(r2,G) = {r2,rn}. Let ry < r;, where
k > 3 is a fixed odd number. Hence 2k + 2n(i) > 2n — (1 — (=1)"**). Sup-
pose A = {2(n—1),2(n—2),...,2(n —k)} and B = {n,n—2,...,n — k + 1}.
Therefore, i € AU B. Since k > 3, so t(ry,G) > 4. Let rp ~ r;, where
k > 4 is a fixed even number. Hence k + 2n(i) > 2n — (1 — (—1)"**). Define
A={2n-1),2(n—2),...,2(n—k/2+ 1)} and B={n,n—2,...,n—k/2+ a},
where if £ = 0 (mod 4), then a = 0, otherwise a = 1. Therefore, i € AU B.
Let £ = 4, if n = 1 (mod 4), then p(ry,G) = {ra,7n—2,7n,T2(n—1)}, otherwise
p(ra, G) = {ra,rn—2,rn}. f k > 6, then t(ry, G) > 4.

Let n be even. By [11} Proposition 3.1], we have p(p, G) = {p,"n—1,T2(n—1)}-
By Lemma 24 we know that p(r1,G) = {ri,ra—1)} and p(re, G) = {ra,mn_1}.
Let 1, » r;, where k > 3 is a fixed odd number. Hence 2k + 2n(i) > 2n —
(1 — (—1)*k). Therefore, i € AUB, where A = {2(n—1),2(n—2),...,2(n—k)} and
B={n—1,n-3,...,n—k+2}. Since k > 3, if n # 4, then t(r, G) > 4. Let ry, = r;,
where k > 4 is a fixed even number. Hence k + 2n(i) > 2n — (1 — (—=1)"*%). Define
A={2(n-1),2(n—2),...,2(n—k/24+1)}and B={n—1,n-3,...,n—k/2+a},
where if £ = 0 (mod 4), then a = 1, otherwise a = 0. Therefore, i € AU B.
Similarly to the above, if k = 4, then p(ry,G) = {r4,7n—1,72(n—1)} otherwise,
t(ry, G) > 4.

REMARK 3.3. Let G = C,,(q) or G = B,,(q), where ¢ = p* and n > 3. Let n be
odd. By [11] Proposition 3.1], we have p(p, G) = {p, rn, 72, }. By Lemma 25 we
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know that p(r1, G) = {r1,ron} and p(ra, G) = {re,rn}. Let ry »~ r;, where k > 3 is
a fixed odd number. Hence k+n(i) > n. Suppose A = {2n,2(n—1),...,2(n—k+1)}
and B={n,n—2,...,n—k+1}. Therefore, i € AUB. Since k > 3, so t(ry, G) > 4.
Let r, »~ r;, where k > 4 is a fixed even number. Hence k/2 + n(i) > n. Define
A={2n,2(n-1),2(n—2),...,2(n—k/2+ 1)} and B={n,n—2,...,n—k/2+a},
where if £ = 0 (mod 4), then a = 2, otherwise a« = 1. Therefore, : € AU B. If
k # 4, then t(ry,G) = 4. Let k =4, if n =1 (mod 4), then t(r4, G) = 4, otherwise
p(ra, G) = {ra,rn,ran}.

Let n be even. By [11l Proposition 3.1], we have p(p,G) = {p,r2,}. By
Lemma 28 we know that p(r1,G) = {ri,r2n} and p(r2,G) = {re,r2n}. Let
ri o r;, where k > 3 is a fixed odd number. Hence k + n(i) > n. Suppose
A={2n,2(n—1),...,2(n—k+1)} and B={n—1,n—3,...,n—k+2}. Therefore,
i € AU B. Since k > 3, so t(rg,G) > 4. Let ry = r;, where k > 4 is a fixed even
number. Hence k/2 + n(i) > n. Define A = {2n,2(n —1),...,2(n — k/2+ 1)}
and B={n—1,n-3,...,n—k/2+ a}, where if £ = 0 (mod 4), then a = 1,
otherwise, a = 2. Therefore, i € AU B. Let k = 4, if n = 0 (mod 4), then
p(ra,G) = {74,7n—1,T2(n—1),T2n}, otherwise p(ry,G) = {ra,rn_1,79(n—1)}. Let
k > 6, so t(rg, G) > 4.

REMARK 3.4. Let G = A,,_1(q). By [11], Proposition 3.1], we have t(p,G) = 3
and also by [11], Proposition 4.1], we know that 2 < ¢(r1,G) < 3. Let r, = 74,
where k # 1 is a fixed number, hence ¢ € {n,n — 1,...,n — k + 1}. Therefore, by
Lemma [2.6] we have t(ry, G) = 2 and t(r3,G) = 3. Let k > 4, so t(ry, G) > 4.

REMARK 3.5. Let G = 24,,_1(q). By [11 Proposition 3.1], we have t(p, G) = 3
and also by [11], Proposition 4.2], we know that 2 < t(r2,G) < 3. Let r, = 74,
where k # 2 is a fixed number, hence i € {n,n —1,...,n — k + 1}. Therefore, by
Lemma 277 we have t(r1,G) = 2 and t(r3,G) = 3. Let k > 4, so t(ry, G) > 4.

4. Main results

In the sequel, we denote by r; and u;, a primitive prime divisor of ¢° — 1 and
q" — 1, respectively. Also we consider R;(q) and U;(q’) as the set of all primitive
prime divisors of ¢* — 1 and ¢’* — 1, respectively.

THEOREM 4.1. Let G = 2D, (q), where n > 4 and q = p®, and also S be
a classical simple group of Lie type over the field GF(q'), where ¢’ = p'®. Then
I'(S) =T(G) if and only if one of the following holds:
(1) S=G.
(2) S = ?Du(d), where ¢ = p'°, 4 | n, p' # p, p' =1 (mod 4), p =
(mod 4), 7(¢*> — 1) = 7(¢’?> — 1), Ran(q) = Uan(q') and {p} U R4(q)
{r'} U Us(d).
(3) S = Bn(q/) or S = Cn(q/); where q/ = p/B; 4 | n, p/ 7& D, RI(Q) U RQ(q) =
{p"YUUL(¢") UU(d'), Ranlq) = Uzn(q') and either {p} U R4(q) = Us(q')
Us(q") UUs(q") or {p} U Ra(q) = Us(¢)-
PrROOF. We know that I'(S) = I'(G), therefore ¢(S) = t(G), t(2,5) = t(2,G)
and for every r € w(G), we have t(r,G) = t(r,S). We know that t(p,G) > 3

1

C
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and t(r1,G) = t(r2,G) = 2 and for every r; € n(G), where i ¢ {1,2}, we have
t(r;, G) > 2, by Remark Bl Now we consider each possibility for S by [13] Tables
la—1c].

Case 1. Let S = 2D,/(q), where ¢’ = p'®. We have (S) = t(G) so [(3n’ +4)/4]
= [(3n + 4)/4]. Therefore, n = n’, n+1 =n"or n’ +1 = n. Also t(p,5) >
3, t(u1,S) = t(uz,S) = 2 and for every u; € w(S), where i ¢ {1,2}, we have
t(ui, S) > 2, by Remark Bl Therefore, R1(q) U Ra(q) = U1(¢’) U Uz(¢’). Now we
consider the following subcases:

1.1. Let n be odd.

1.1.1 Let n +1 = n’. It is clear that p’ # 2 otherwise, ¢(2,S) = 4, which is
a contradiction, since ¢(2,G) < 3, by [11, Tables 4, 6]. Therefore, p(2,S5) =
{2, uan }, hence t(2,G) = 2. Counsequently, p # 2 otherwise, ¢(2,G) = 3, which is a
contradiction. Now we consider the following two cases:

1.1.1.1. Let p(2,G) = {2,r9,}. Therefore, Ro,(q) = Uszn(¢’). We know that
71 %% Toy ~ To, and Uy »® Usgy »# Uz, which is a contradiction.

1.1.1.2. Let p(2,G) = {2,79(,—1)}. Therefore, Ro(,—1)(q) = Uan/(q'). We know
that r1 ~ ro(n_1) »* T2, and uy = Uz, »* uz, which is a contradiction.

Similarly, if n’ + 1 = n, then we get a contradiction.

1.1.2. Let n = n/, now we consider the following subcases:

1.1.2.1. Let ¢ =1 (mod 4), hence p(2,G) = {2,r2,}. Therefore, ¢(2,5) = 2, and
so ¢ # 3 (mod 8). If ¢/ =1 (mod 4), then p(2,5) = {2,u2,} and so Ran(q) =
Usn(q'). We know that 71 « ra, ~ 79, and uy » ug, ~ us. Consequently, R1(q) =
Ui(¢’) and Ra(q) = Usz(q’). Moreover, we know that wug is adjacent to all vertices
except ug(,—1) and also 7o is adjacent to all vertices except ra(,—1), which implies
that Ro(,,-1)(¢) = Ua(n—1)(¢'). Consequently, Ro(,,—1)(q) U R2n(q) = Uz(n—1y(¢') U
U2n(q'). Therefore, every 7z, and ry(,_1) can be regarded as uz,, and uy(,_1). For
convenience in the sequel we write {72, 72(n—1)} /& {Uz2n, Ug(n—1)} to illustrate the
above statement. By Remark Bl we know that p is the only vertex in I'(G), which
is adjacent to all vertices except ro(;,,—1) and ra,, and similarly p’ is the only vertex
in I'(S), which is adjacent to all vertices except wug(,—1) and uz,. Consequently,
p=p'. Since 7(S) = 7(G), so o = B, by Lemma [Z3] which implies that S = G. If
¢ =7 (mod 8), then Ry,(q) = Usn—1)(¢’). Similarly to the above, by the above
notation {ry(,_1),72n} = {Uz(n—1), U2n}, and by Remark B.T], p = p’ and so ¢ = ¢/,
which is a contradiction, since ¢ =1 (mod 4).

1.1.2.2. Let ¢ = 7 (mod 8), hence p(2,G) = {2,r3(,—1)}, completely similar to the
above case we get that S = G.

1.1.2.3. Let ¢ = 3 (mod 8), hence p(2,G) = {2,7r3(—1),72n} 50 1(2,5) = 3. It
follows that p(2,.S) = {2, ua(s,—1), u2n }, by [11], Tables 4, 6]. Therefore, Ry(,,—1)(q)U
Ron(q) = Us(n—1)(q') U Uan(q'). Therefore, {rapn_1),72n} = {Uo(n-1),u2n}. We
know that p and 2 are the only vertices which are adjacent to all vertices in T'(G)
except 12, and ry(,_1). Also we know that p’ and 2 are the only vertices which
are adjacent to all vertices in I'(S) except ua, and ug(,—1). Consequently, {2,p} =
{2,p'}. Since ¢ = 3 (mod 8), so p # 2. Therefore, p = p’. Since 7(S) = 7(G), so
a = 3, by Lemma 23] which implies that S = G.

1.1.2.4. Let ¢ = 2%, hence p(2,G) = {2,73(,—1),T2n} s0 t(2,S) = 3. Consequently,
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either ¢ =3 (mod 8) or ¢ = 27,50 p(2,5) = {2, Ug(n—1), U2n }- Therefore, similarly
to the above {ro(,—1),72n} = {Ug(n—1),u2n}. If ¢ =3 (mod 8), then p’ and 2 are
the only vertices, which are adjacent to all vertices except w2, and us(,—1y, by [11}
Tables 4, 6] and Remark Bl On the other hand, p is the only vertex, which is
adjacent to all vertices except 72, and ry(,_1). Consequently, {p} = {p’, 2}, which
is a contradiction. It follows that p’ = 2 = p. Since n(G) = 7(S5), so a = 3, by
Lemma 2.3} Therefore, S = G.

1.2 Let n be even.

1.2.1. Let n+1 = n'/. It is clear that p # 2, since ¢(2,5) # t(2,G). Therefore,
p(2,G) = {2,r2,} and we know that ¢(2,5) = 2. Now we consider the following
two cases:

1.2.1.1. Let p(2,5) = {2,u2n/}. Therefore, Ran(q) = Uszn/(q¢’). We know that
71 % Top % T9, and Uy » Ugy, ~ ug, which is a contradiction.

1.2.1.2 Let p(2,S) = {2,ugn—1)}. Therefore, Ron(q) = Usn/—1)(¢'). We know
that ry « rop o 72, and uy ~ ug(,/—1) * ug, which is a contradiction.

Similarly, if n’ + 1 = n, then we get a contradiction.

1.2.2. Let n = n'. If p = 2, then t(2,G) = 4. It follows that p’ = 2, by [11]
Tables 4, 6]. Consequently, p = p’ and so similarly to the above we have G = S. If
p # 2, then ¢(2, @) = 2. Hence p’ # 2, since otherwise, ¢(2,S5) = 4. Consequently,
p # 2 and p’ # 2. Since n is even, so p(2,G) = {2,r2,} and p(2,5) = {2, u2,}.
Therefore, Ron(q) = Ua2,(¢’). By Remark Bl p and r4 are the only vertices in
I'(G) such that their independence numbers are 4. Also p’ and u4 are the only
vertices in I'(.S) such that their independence numbers are equal to 4. Therefore,
Ry(q) U{p} = Us(¢") U{p'}. Now we consider the following two cases:

1.2.2.1. Let n =2 (mod 4). If p = p/, then similarly to the above we have S = G.
Otherwise, there exists u4 such that p = uy. We know that {p, r,,_1, To(n—1) Ton } 18
the unique maximal independent set in I'(G) which contains p. Also we know that
{4, -1, Uz(n—2), Ua(n—1)} is the unique maximal independent set in I'(S) which
contains uy. So R, —1(q)URz(n—1)(¢)UR2,(q) = Un—1(q")UUs(n—2) (¢ )UUsn—1)(q'),
which is a contradiction, since Ray(q) = Uan(q).

1.2.2.2. Let n = 0 (mod 4). Thus {7,_1,72(,—1),T2n} is equal to p(rs, G) \ {rs}
and p(p, G) \ {p}. Similarly we can consider p(u4,S) ~ {us} = p(p’, S) ~ {p'}. If
p = p/, then similarly to the above we have S = G. Otherwise, there exist r4 and
u4 such that p = u4 and p’ = 4. Consequently, S = 2Dn(rf).

Case 2. Let S = D,/(q'), where ¢’ = p'?.

If n” = 4, then ¢(S) = 3, and so t{(G) = 3. Therefore, n = 3, which is a
contradiction. Consequently n’ > 4. We know that t(p,S) = 3 and t(uq,S) =
t(uz,S) = 2 and for every u; € 7w(S), where i > 2, we have t(u;,S) > 2, by
Remark Therefore, Ry (q) U Ra2(q) = U1(¢') U Ua(q").

Let n be even. By Remark 3] there is no vertex in I'(G), whose independence
number is 3, while p’ € 7(S) and ¢(p’, S) = 3, which is a contradiction.

Therefore n is odd. We know that ¢(S) = ¢(G).

2.1. If ¢(S) = [(3n' +1)/4], then ' =n,n’  =n+1lorn’ =n+2.

2.1.1. Let n = n/. We know that ¢(2,5) = 2 or 3. We consider the following two
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cases:
2.1.1.1. Let t(2,5) = 3, hence p(2,5) = {2, un, uz(n—1)}, by [11, Tables 4,6]. So
t(2,G) = 3 and p(2,G) = {2,72(n—1),T2n}, by [11], Tables 4,6]. Therefore, sim-
ilarly to the above, Ran(q) U Ron—1)(q) = Un(q') U Us(n—1)(¢’) and consequently
{ra(n—1),"2n} = {tn, us(n—1)}. By RemarksBIlandB.2 {p, 2} = {p’,2}. Therefore,
p =p'. Since 7(S) = 7(G), so 2na = 2(n — 1), by Lemma [Z3] so (a)2 > (8)s2.
Let = be a primitive prime divisor of p?*®* — 1, so x is a primitive prime divi-
sor of ¢*" — 1. By assumption, x € U,(q') U Ustn—1y(¢'). If © € Un(q'), then
x| (p™ — 1), which implies that 2na < n/3, and this is a contradiction. Therefore,
Ron(q) = Usn—1)(¢') and Ry(,,—1)(q) = Un(q’). Let = be a primitive prime divisor
of p?(®=De _ 1 Then similarly to the above 2(n — )a < nB. If y is a primi-
tive prime divisor of p™? — 1, then similarly we have n3 < 2(n — 1)a. Therefore,
nf = 2(n — 1)a. Since na = (n — 1)B, so (n — 2)a = B, which is a contradiction,
since n is odd and (a)2 > (8)s.

2.2.1.2. Let ¢(2,5) = 2 and so p’ # 2. Let ¢’ =3 (mod 4) and so p(2,5) = {2, un}.
We know that ¢(2,G) = #(2,.5) = 2. Now we consider the following two cases:
2.2.1.2.1. Let ¢ = 1 (mod 4), so Ran(q) = Un(q¢'). We know that r1 » roy ~ 1o
and uy ~ u, « uy. Therefore, Ro(q) = Ui(q') and so Ry,—1)(q) = Us(n-1)(¢')-
2.2.1.2.2. Let ¢ =7 (mod 8), so Ry(,—1)(q) = Un(q'). We know that ry~ roq,_1) =
ry and uy ~ up < uz. Therefore, Ri(q) = Ui(q’) and so Ra,(q) = Usn—1)(¢')-
Consequently, Ry, (q)UR2n—1)(q) = Un(q')UUs,—1)(¢’) and similarly to the above
{ra(n=1),r2n} = {tn,uz(n—1)}. By Remarks BTl and B2 p = p’. Similarly to the
above we have 2na = 2(n — 1)83 and so (a)s > (B)2. If Ron(q) = Usin—1)(q'),
then similarly to the above we get a contradiction. Therefore, Ro,(q) = U, (¢’) and
similarly 2na = nS, which is a contradiction.

Let ¢ =1 (mod 4), then similarly to the above we get a contradiction.

21.2. Let n =n' 4+ 1. If p = 2, then t(2,5) = #(2,G) = 3. We know that
p(Q,S) = {27un’717u2(n’—1)} and p(27G) = {27T2(n—1);r2n}a by [117 Tables 476]
Therefore, Ry(,—1)(q) U Ron(q) = Up—1(q") U Uz —1)(¢') and so {ran, ragm-1)} ~
{tnr—1,u2(n'—1)}. By RemarksB.Tland[B.2] we have {2,p} = Us(¢")U{p'}. If p =2,
then we get a contradiction. It follows that Us(q’) has one member and p = uy,
and so there exists a natural number m such that p™ = ¢/ + 1. By Lemma 2.1, we
have m = 1. On the other hand, we know that Ry(¢) U Ra2(q) = Ui(¢') UU2(¢') or
in other words 7(¢% — 1) = 7(¢’? — 1). Consequently, 7((¢"2 +1)2* —1) = n(¢"? - 1),
which is a contradiction. Therefore, p’ # 2 and since n’ is even, so t(2,S) = 2.

If ¢ = 3 (mod 4), so p(2,5) = {2,un—1}. We know that ¢(2,G) = t(2,5) = 2.
Now we consider the following two cases:

2.1.2.1. Let ¢ =1 (mod 4), so Ron(q) = Up—1(¢’). We know that r; = ro, ~ ro
and uy ~ w1 % uz. Therefore, Ro(q) = U1(q’) and so Rag,—1)(q) = Usr—1)(¢)-
2.1.2.2. Let ¢ = 7 (mod 8), so Ry,—1)(q) = Un—1(¢’). We know that r; ~
To(n—1) * re and u1 ~ up—1 »* uz. Therefore, Ri(q) = Ui(q’) and so Ry, (q) =
Us(n'—1)(q'). Thus, similarly to the above we have {ry;,—1y, 72n} & {tn'—1, U —1) }-
By Remarks Bl and B2, we have {p} = {p’} UU4(¢’), which is a contradiction.

If ¢ =1 (mod 4), then p(2,S) = {2, uz(,y—1)} and similarly to the above we get a
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contradiction.

2.1.3. Let n’ = n+2, son is odd. It is clear, either n = 1 (mod 4) or n/ =
(mod 4). If n =1 (mod 4), then p is the only vertex in I'(G), whose independence
number is 3. Also independence number of p’ and wuy are 3 in T'(S). Therefore,
{p} = {p'} U UL(¢'), which is a contradiction. Similarly, if »’ =1 (mod 4), then we
get a contradiction.

2.2. If ¢(S) = (3n’ + 3)/4, then n = n’ and similarly to the above we get a
contradiction.

Case 3. Let S = C,/(¢') or S = B,,/(¢'), where ¢’ = p'P.

If n” < 3, then ¢(S) < 3, and so t{(G) < 3. Therefore, n < 3, which is a
contradiction. Consequently, n’ > 3. We have ¢(S) = ¢(G) so [(3n’ + 5)/4] =
[(3n +4)/4]. Therefore,n =n"+1orn=n'.

3.1. Let n be odd.

3.1.1. Let n = n’. We know that t(p,S) = 3, t(u1,5) = t(uz,S5) = 2 and for
every u; € m(S), where i > 2, we have t(u;,S) > 2, by Remark Therefore,
Ri1(q)UR2(q) = U1(q')UU2(q). Let p’ = 2. Then p = 2, since 7(¢*>—1) = 7(¢’?>—1).
Since 7(G) = 7(S), so a = f, by Lemma [Z3] Therefore, S = C,,(¢) or S = By(q).
We know that r,, € m(S) ~\ 7(G), which is a contradiction. Consequently, p’ # 2
and so t(2,S5) = t(2,G) = 2. Therefore p(2,S5) = {2,ua,} or p(2,5) = {2,un}.
Since the proofs are similar, for convenience we give a proof for p(2,S) = {2, uz,}
and the proof of the other case is similar. Let p(2,5) = {2, uan}.

3.1.1.1. If ¢ = 1 (mod 4), then Rs,(q) = U2,(q¢"). We know that r1 = ro, ~ ro
and u1 ~ ug, ~ up. Consequently, Ry(q) = Uz(q’) and so Ry(,,—1)(q) = Un(¢').
Similarly to the above {ro(,—1),72n} = {Un,u2,}. By Remarks B.1] and B3] if
n =1 (mod 4), then p = p’. Similarly to the above we can see that S = C,(q) or
S = By(q), which is a contradiction. Otherwise, {p} = {p’} U Us(¢’), which is a
contradiction.

3.1.1.2. If ¢ = 7 (mod 8), then Ry(,—1)(q) = U2,(q’) and similarly to the above we
get a contradiction.

3.1.2. Let n = n' + 1, so n' is even. Hence p(2,S5) = {2,u2n/} and t(p', S) = 2,
by [11l Tables 4,6]. By Remarks B and B3 and similarly to the above, Ry(g) U
Ro(q) = Ui(¢') UU2(¢") U{p'} and usgy is not adjacent to uy, ug and p’. If ¢ =1
(mod 4), then Ray,(q) = Uap/(¢'). On the other hand, we know that rg, ~ 79, which
is a contradiction. Similarly, if ¢ = 7 (mod 8), then Ry(,—1)(q) = Usns(¢’), while
To(n—1) ~ T1, which is a contradiction.

3.2 Let n be even. It is clear that p # 2, otherwise, ¢(2,5) # t(2,G), which is a
contradiction. Therefore, p(2,G) = {2, r2,}.

3.2.1. Let n =n/, so0 p(2,5) = {2, uz, }. Therefore, Ra,(q) = Uan(q'). By Remarks
BIand B3l R1(q) U R2(q) = U1 (¢") UU2(q") U{p'}.

Let n #£ 0 (mod 4), so #(u4,S) = 3. But we know that t(x,G) # 3, for every
xz € w(G), which is a contradiction. Consequently, n = 0 (mod 4). By Remark
B we have p and r4 are the only vertices in I'(G) such that their independence
numbers are equal to 4.

If 3| (n—1), then uz, us and ug are the only vertices in I'(S) such that their
independence numbers are equal to 4. In this case, we have {p} U R4(q) = Us(¢') U
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Us(q') UUs(q'). Otherwise, 31 (n —1) and so {p} U R4(q) = Us(¢’). Similarly, we
can find some relations between other vertices.

3.2.2. Let n = n/ + 1. Since n is even, so by Remark BI] there is not any vertex
in T'(G) such that its independence number is 3. On the other hand, n’ is odd, so
t(p',S) = 3, which is a contradiction.

Case 4. Let S = A, _1(¢') or 2A,_1(q'), where ¢’ = p'P.

Since the proofs for these groups are similar, we state the details of the proof
for one of them, say A,/_1(q’). So in the sequel let S = A,,_(q’), where ¢’ = p".

Let n be even. By Remark Bl there is not any vertex in I'(G), whose inde-
pendence number is 3, while ¢(p’, S) = 3, which is a contradiction. Therefore, n is
odd. We know that by [11], ¢(u1, S) is equal to 2 or 3.

4.1. Let ¢(ug,S) = 3, so by Remarks BIland B4l R;(q) U Ra(q) = Ua2(¢'). Now we
consider the following cases:

4.1.1. Let ny, < (¢ — 1)a, so p(2,5) = {2,un}. Hence t(2,G) = 2. If ¢ =1
(mod 4), then p(2,G) = {2,72,}. Therefore, Ro,(q) = Un/(¢'). We know that
r1 o ron ~ To, which is a contradiction, since Ri(q) U Rao(q) = Ua(q'). Conse-
quently, ¢ = 7 (mod 8), and so Ry(,—1)(q) = Un'(¢'). We have r1 ~ ro(,_1) » 72,
which is a contradiction.

41.2. Let ny, > (¢ —1)2 or nh = (¢ —1)2 = 2, s0 p(2,5) = {2, up—1}. I
g =1 (mod 4), then Ra,(q) = Up/—1(¢"). We know that rq ~ rq, ~ 79, which is
a contradiction, since Rq(q) U Ra2(q) = Uz(q’). Similarly, if ¢ = 7 (mod 8), then
Ro(n—1)(q) = Up—1(q'), while we know that ry ~ ry(;,,_1) » ro, which is a contra-
diction.

4.1.3. Let 2 < ny, = (¢ — 1)2, so p(2,S) = {2,up—1,un}. Therefore, ¢ = 3
(mod 8), hence similarly to the above we get that {ro(,—1), 720} = {tn/—1,un’ }. It
follows that Ra,(q) = Un(¢’) or Ran(q) = Un—1(¢’) and similarly to the above we
get a contradiction.

4.2. Let t(u1,S) = 2, hence Ri(q) U R2(q) = U1(¢') UUz(¢’). Let n =1 (mod 4).
Let t(2,5) = t(2,G) = 2. By Remark B4 we know that p’ and ug are the only ver-
tices in I'(S) such that their independence number is 3. On the other hand, p is the
only vertex in I'(G) such that its independence number is 3 so {p} = {p'} U Us(¢’),
which is a contradiction. So #(2,5) = #(2,G) = 3. Similarly to the above we have,
{2,p} = {2,p'}UU3(¢). Also p’ = 2 if and only if p = 2, since 7(¢> —1) = 7(¢’> - 1).
It follows that uz = 2, which is a contradiction. Therefore, p = p’ # 2 and so
{2} = {2} U Us(q’), which is a contradiction. Hence, n # 1 (mod 4).

Now we claim that ¢(2,5) = t(2,G) = 3. Otherwise, t(2,S5) = #(2,G) = 2 and
{p} U R4(q) = {p'} U Us(¢'). If p" = p, then {ryn_1),72n} = {un'—1,un’}.

Let Ry,(q) = Un/(q') and Ryn—1)(q) = Un—1(¢'). If x is a primitive prime
divisor of p?"® — 1, then z is a primitive prime divisor of ¢ — 1. Therefore,
x| (p”/ﬂ — 1), which implies that 2na < n’S8. Let y be a primitive prime divisor of
PP —1,s0y | (p*™* —1), which implies that n’3 < 2na. Consequently, n’3 = 2na,
similarly we have (n’ — 1) = 2(n — 1)a. It follows that 2a = . On the other
hand, t(S) = t(G) so n’ € {(3n —1)/2,(3n + 1)/2,(3n + 3)/2}. Consequently,
S = A,/ —1(p®®), which is a contradiction, since 7(S) # 7(G).
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Let R2,(q) = Up—1(¢") and Rog,—1)(q) = Uns(¢'). Similarly to the above, we
have 2na = (n' — 1)5 and 2(n — 1)a = n’3, which is a contradiction.

Therefore, p # p’ and so p is a primitive prime divisor of ¢’> — 1 and p’ is a
primitive prime divisor of ¢* — 1. Hence we can consider p’ = r4 and p = us.

Since p’ = 14, 50 p(r4, G) ~\ {ra} = p(p’, S) ~{p'}, hence Ry(,—2)(q) U Ran(q) =
Un—1(q¢") U Uy, (¢'). On the other hand, ug is not adjacent to two elements of
{tn/—2, U/ —1,up } in T'(S) and p(p, G) = {p, T2(n—1), T2n }. Consequently, 31 (n’— 2)
and uz ~ U 2, since p = uz. Therefore, either 3 | (n' — 1) and so Ry(,,—1)(q) U
R2n(Q) = n’—2(ql) U Un’(ql) or 3 | n' and RQ(nfl)(Q) U RQn(Q) = n’—2(ql) U
Un—1(¢"). Moreover, we know that ¢(S) = ¢(G), which implies 2n’ € {3n—1,3n+1,
3n + 3}.

Let 3n 4+ 1 = 2n’. Tt is clear that neither 3 | (n’ — 1) nor 3 | n/, which is a
contradiction.

By Remark 3] if 3 1 (n — 2), then for every z € n(G), we have t(z,G) # 4,
while t(u4,S) = 4, which is a contradiction. So 3 | (n — 2) and t(r3,G) = 4.
Since wuy is the only vertex in T'(.S), whose independence number is equal to 4, so
r3 = uq. Therefore, p(rs3, G) \ {r3} = p(ua, S) ~ {ua}. It follows that Ry(,—2)(q) U
Rom-1y(q) U Ran(q) = p(ua,S) ~ {us}. By the above discussion, we get that
Ron—2)(0)UR2(n—1)(q)UR2,(q) = Up—2(¢")UUp —1(¢")UU (¢'). Hence 4 | (n'—3),
by Lemma [Z.6] and so n’ is odd.

If 3n + 3 = 2n/, then 3(n + 1) = 2n’/, which is a contradiction, since n # 1
(mod 4). If 3n — 1 = 2n/, then 3(n — 1) = 2(n’ — 1), we get a contradiction.

Hence, t(2,5) =1t(2,G) =3, s0 {2,p} UR4(q) = {2,p'} UU3(¢). If p =2, then
p = 2, since m(¢?> — 1) = n(¢’> — 1). Therefore, p = p’ and similarly to the above
we get a contradiction. Consequently, since r4 # 2 and uz # 2 so {p} U R4(q) =
{p'} UU;3(¢"). Now completely similar to the above we get a contradiction. O

THEOREM 4.2. Let G = 2D, (q), where ¢ = p® and n > 4, and also S be an
exceptional group of Lie type. Then I'(S) and T'(G) are not equal.

PROOF. We consider the following cases:
(1) Let S = Es(q'). Since s(Es(q')) > 4 and s(G) < 3, by [13| Tables la-1c], so
we get a contradiction. Similarly S # 2By(q’), where ¢/ = 2271,
(2) Let S = G2(¢'). We know that t(S) = ¢(G). Therefore, [(3n + 4)/4] = 3, so
n = 3, which is a contradiction. Similarly S # 3Dy4(q’) and 2F,(2').
(3) Let S = Eg(q’). Since t(S) = ¢(G), so [(3n + 4)/4] = 5, hence n = 6. We
know that I'(S) has two components so s(G) = 2, which is a contradiction, by [13]
Tables 1a-1c]. Similarly S is not isomorphic to 2Es(q’), 2G2(q’), where ¢/ = 3?m+1,
2Fyi(q'), where ¢’ = 22" +! and Fy(q'), where ¢’ > 2.
(4) Let S = E7(¢’). So [(3n+4)/4] = 8, hence n = 10. Therefore, ¢(2,G) = 2 or 4,
while ¢(2, S) = 3, which is a contradiction. Similarly S # F4(2). d

THEOREM 4.3. Let G = 2D, (q), where ¢ = p® and n > 4, and also S be an
alternating or sporadic group. Then T'(S) and T'(G) are not equal.

PROOF. We consider the following cases:
(1) Let S = Mag. Since s(Maz) =4 and s(G) < 3, by [13] Tables la—1c|, so we get
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a contradiction. Similarly S # Ji, Jy, ON, Ly, Fj, and F;.
(2) Let S = Mj;. We know that ¢(S) = ¢(G). Therefore, [(3n+4)/4] = 3, son = 3,
which is a contradiction. Similarly S is not isomorphic to Mis, Jo, J3, He, McL,
HN and HiS.
(3) Let S = F3. Since t(S) = t(G), so [(3n+4)/4] = 5, hence n = 6. We know that
I'(S) has three components so s(G) = 3, which is a contradiction, by [13} Tables
la—1c]. Similarly S # Flias and Fb.
(4) Let S = Mass. So [(3n +4)/4] = 4, hence n = 4 or 5. By [13] Tables la—1c],
s(@) =1 while s(S) > 1, which is a contradiction. Similarly for the other sporadic
groups, we get a contradiction.

By [16], it is clear that S cannot be equal to an alternating group. O

COROLLARY 4.1. (i) If n is a natural number such that 4 1 n, then the Vasil’ev
Congecture is true for the nonabelian simple group 2D,,(p®).
(ii) Let 4 | n and ¢ = p*. If S is a nonabelian simple group such that T'(S) =
I'(2D,(q)), then one of the following holds:
(1) S=aG.
(2) S = 2D,(¢"), where ¢ = p'®, p' # p, p’ =1 (mod 4), p = 1 (mod 4),
m(¢* —1) = m(q"? = 1), Ran(q) = U2n(q') and {p}U Ra(q) = {p'} UU(d").
(3) S = Bu(d) or S = Culd), where ¢ = p'®, p' # p, Ri(q) U Ra(q) =
{p'}UUL(¢)UU2(¢), Ran(q) = Uzn(q') and either {p} UR4(q) = Us(q')U
Ua(q') U Us(q) or {p} U Ra(q) = Ua(q')-

Finally we state
CONJECTURE. Cases (2) and (3) in above corollary can not occur.

It is clear that if the conjecture is true, then Vasil’ev’s conjecture will be true
for 2D,,(q), for each n and prime power q.
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