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A PROBLEM OF DIOPHANTOS-FERMAT AND
CHEBYSHEV POLYNOMIALS OF THE SECOND KIND

GHEORGHE UDREA

Abstract: One shows that, if (U,,),>0 is the sequence of Chebyshev polynomials of
the second kind, then the product of any two distinct elements of the set

{UmaUm+2raUm+4r; 4'Um+r 'Um+3r}7 m,r GN )

increased by U2 - Ub2 , for suitable positive integers a and b, is a perfect square.
This generalizes a result obtained by José Morgado in [4].

1 — Introduction

Chebyshev polynomials (Up,)n>0 are defined by the recurrence relation
(1.1) Upt1(z) =22 - Up(z) = Up_1(z), Maxe€®, (V)neIN*,

where Up(z) = 1 and U;(x) = 2.
An important property of these polynomials is given by the formula

sin k
(1.2) Uk—1(cosp) = Ld

- , (Mee, sinp#0, (V)keIN*.
sin ¢

Also one has the relations

(1.3) Un(3) = Fen. keN,
where i = —1 and (F},)n>0 is the sequence of so-called Fibonacci numbers:
(1.4) Foyn=F,+F,—1, (MnelN*, Fy=0, Fi=1.
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We are going to prove the following

Theorem. If(Uy,)n>0 is the sequence of Chebyshev polynomials of the second
kind, then the product of any two distinct elements of the set

{Um7 Um—i—?r’ Um+4r; 4. Um—i—r : Um+2r : Um+3r} s m,r € IN ,

increased by U2 - Ub2 for suitable positive integers a and b, is a perfect square,
(V)ym,r € N, (V)z € C.

Proof: One has the identity
(21) Um : Um+7"+s + Ur—l . US_l = Um+7» . Um+5 s (V) T € (D, (V)m, r,s E IN* .

Indeed, let x be an element of €; then (3) ¢ € € such that z = cosp. One
has

Un(®) - Ungrts(x) + Ur—1(z) - Us—1 () =

= Up(cosp) - Upqrys(cosg) + Ur_1(cos @) - Us—1(cos ¢)

sin(m+1)p sin(m+r+s+1) n sinTy  sinse
sin ¢ sin ¢ sing sing

{cos(r +5s)p—cos(2m+1r+s+2) 4,0} + [cos(r —5)p —cos(r+ s) go}

2 - sin? ¢
cos(r — 5) ¢ — cos(@m+7+5+2)p _sin(m+r+1)@ sinfm+s+1)p

2. sin? ¢ sin ¢ sin ¢
= Upntr(cos @) - Upts(cos ) = Upppr(x) - Upys(z) , q.e.d.

By setting s = r in (2.1), one obtains

(2.2) Up, - Unyor + UP_y = U?

m—+r >

m,r € IN* |

which proves a part of the Theorem above, with a =r — 1, b = 0.
Now, let us replace, in (2.2), m by m + 2r; then

(2.3) Um+2r : Um+4r + U3_1 = ng-{—?)r ’

which proves also a part of the Theorem above, with a =7 —1, b =0.
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By replacing, in (2.2), r by 2r, it results
(2.4) Up - Upyar + Uz = U2y, (a=2r—1, b=0).
From the identity (2.1), it follows
UZy U2 = (Untr - Unts — U - Upgras)?
and so

(2'5) 4-Um Untr - Unts - Unprts + Ug—l ’ U52—1 =
= (Unsr - Upis +Upm - Upyrss)?, m,r,s € IN* .

If, in (2.5), one sets s = 2r, one obtains

(2-6) 4-Un  Ungr - Untor - Untar + Ur2—1 : U22r—1 =
= (Unir - Ungor +Up - Ungsr)? (a=r—1, b=2r—1).

By replacing m by m + r, in (2.6), it follows

(27) 4. Um+r . Um+2r : Um+3r : Um+47" + Ug—l : U22r—1 =
= (Um+2r ' Um+3r + Um—H“ ' Um+47°)2

Finally, from (2.5), it results, for s = r and replacing m by m + r,
(2.8)
4-Upner - U72n+2r “Um+3r + U;l—l = (Ur2n+2r + Untr - Um+37’)2 (a=b=r-1).

The relations (2.2)—(2.8) show that the Theorem holds. u

According to (1.3), from the relations (2.2)—(2.8) one obtains the following
identities for Fibonacci numbers:

(31)  Fu Frgor + (-1)™ - F?=F2

(3:2)  Fumyor Foyar + (1) F = Fi s,
(33)  Fo- Fpar + (~1)™ - F3. = F2 5, ,

(34) 4 Fu Fpur - Frpgor Frngae + F2 - Fj =

:(Fm+r'Fm+2r+Fm'Fm+3r)27
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(35) 4 Foir Fovor - Frngse - Fopar + FY - F3, =
= (Fm+2r : Fm+3r + Ferr : Fm+47')2 5
(3.6) 4'Fm+r'F31+2r'Fm+3r+val:
= (F2. 0, + Fonyr - Frugar)?, myreIN.

These identities show that the product of any two distinct elements of the set
{meFm+2TaFm+4'r;4‘Fm+r'Fm+2r‘Fm+3'r}a m,T’GN,

increased by F? - FZ or —F? - F2, where F, and F}, are suitable elements of the
Fibonacci sequence (F},)n>0, is a perfect square.

This remark is in fact the José Morgado’s result given in [4].

Moreover, the José Morgado’s result is also a generalization of some results
of V.E. Hoggatt and E.G. Bergum, given in [1] and [2], about a problem of
Diophantos—Fermat.

This problem claims to find four natural numbers such that the product of
any two, added by unity, is a square.
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