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NOTE ON THE CHEBYSHEV POLYNOMIALS
AND APPLICATIONS TO THE FIBONACCI NUMBERS

JosE MORGADO

Abstract: In [12], Gheorghe Udrea generalizes a result obtained in [8], by showing
that, if (Uy,)n>0 is the sequence of Chebyshev polynomials of the second kind, then the
product of any two distinct elements of the set

{Un7 Un+2r; Un+4ra 4Un+rUn+2rUn+3r} ) mnn S N )

increased by Ube2 , for suitable nonnegative integers a and b, is a perfect square.
In this note, one obtains a similar result for the Chebyshev polynomials of the first
kind and one states some generalizations of results contained in [12] and in [8].

1 — Preliminaries

Diophantus raised the following problem ([4], pp. 179-181):

“To find four numbers such that the product of any two increased by unity is a square” ,

. . . 1 33 68 105
for which he obtained the solution 4, 15, 15, 76—

Fermat ([3], p. 251) found the solution 1, 3, 8, 120.

In 1968, J.H. van Lint raised the problem whether the number 120 is the
unique (positive) integer n for which the set {1, 3, 8, 120} constitutes a solution
for Diophantus’ problem above; in the same year, A. Baker and H. Davenport
[1] studied this question and concluded that, in fact, 120 is the unique integer
satisfying the problem raised by J.H. van Lint.

In 1977, V.E. Hoggatt and G.E. Bergum [5] observed that 1, 3, 8 are, respec-
tively, the terms Fy, Fy, Fg, of the Fibonacci sequence (F},)n>0, defined by the
conditions

Fy=0, Fi=1 and Fpo=F,1+F,, n>0,
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and formulated the problem of finding a positive integer n such that
Foyn+1, Fyion+1, Fyan+1

be perfect squares.
Hoggatt and Bergum obtained the number

n=4Fy 1 Foryo Forys,

which, for ¢t = 1, gives exactly n = 120.
In 1984, this result was generalized ([8], p. 443), by showing that the product
of any two distinct elements of the set

{Fn> Fn+27’7 Fn+4r7 4Fn+an+2an+3r} )

increased by +F2F? (for suitable integers a and b) is a perfect square, i.e., this
set is a Fibonacci quadruple.

In 1987, this result was generalized by A.F. Horadam [6], who proved that the
product of any two distinct elements of the set

{wn; Wn4-2r, Wnd-dr, 4wn+rwn+2rwn+3r} s

increased by a suitable integer, is a perfect square, i.e., this set is a Diophantine
quadruple, not being necessarily a Fibonacci quadruple.
The sequence (wy),>0 was introduced, in 1965, by A.F. Horadam [7]:

wy, = wp(a,b;p,q), wo=a, w;=>b and w,=pwy_1—qWp_2,

with a, b, p, g integers, and n > 2. This sequence generalizes the sequence
(Fn)n>0, since one has F,, = w,(0,1;1,—1).

In the paper of Gheorghe Udrea [12], one obtains another generalization of
the result contained in [8], by means of the Chebyshev polynomials of the second
kind.

The sequence of Chebyshev polynomials of the first kind is the sequence
(T (%)) n>0, where z € €, defined by the recurrence relation

(1.1) Thio(x) =2xThi1 — Th(z) ,
with To(z) = 1 and T1(z) = x. Thus, one has

Ty(z) =222 — 1, Ty(z) =42 — 3z, Ty(z) =8z* — 82? + 1,
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The sequence of Chebyshev polynomials of the second kind is the sequence
(Un(x))n>0, where z € €, defined by the same recurrence relation

(1.2) Upi2(x) = 22 Upyi(x) — Up(x) ,
with Up(z) = 1, and U;(z) = 2z. Thus, one has
Up(x) = 42? — 1, Us(x) =8z° — 4z, Uy(x) = 16z* — 1222 + 1,
The (ordinary) generating function of (7}, (z))n>0 is the formal series
(1.3) a1(y) =To(z) + Ti(2)y + To(z) y® + ... + Tp(x) y™ + ... .

By taking into account the recurrence relation (1.1), we are led to consider

the reducing polynomial
k(y)=1-2zy+y°.

One has clearly
g (y) k(y) = [To(@) + Ti(@)y + To(@) y? + -+ Tu(@)y" + .| (1= 20y + 37
= Tp(2) + |T1(x) = 22 To(@) |y + ...
ot Ta(@) = 22Ty a (2) + Tua(@) [y + . = 1= 2y,

since, by (1.1), Ty, (z) — 22 Ty—1(x) + Tj,—2(x) is the zero polynomial for n > 2.
Thus, one obtains the generating function, ¢;(y), under a finite form,

( )7 1—2xy
g1\y) = 1_2-75y+y2 )
which can be written as
( ) 1—2zy
g1\y) =
- @+ V@D |y (- Va? 1)
B A N B
y @t VE D)y V)
where
A+ B = —zx,
Alx —Va? - 1)+ Bz +vVa?2—-1)=—-1.
From this, it follows (with x # +1) that
1—22—xvVz2 -1 1—22+zxvV2 -1
A= and B = ,

2vVx? —1 2vVx? —1
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and, consequently,

)= [ 22— 1 N z?—1 ]
gly—2m 1—(z4+vV22—1)y 1—(z—V22—-1)y

- %[1+(m+@)y+(x+@)2y2+...+(x+\/x2——1)” y”+...}
—|—%[l—i—(x—\/ﬁ)y—i—(as—M)zyg—l—...—i—(m— m2—1)"y"+...} :
Since, by (1.3) Ty, (x) is the coefficient of y™, one concludes that
(1.4) fﬂ@ﬁ:%“ﬂ+¢ﬁtfﬁ+¢p—%ﬁtfﬂy

For the Chebyshev polynomials of the second kind, one finds, by a similar
way, the corresponding generating function, under a finite form (with = # +1):

)= 5
92\ o2 — 2y +1
B 1 [ T+ V-1 r— V-1 ]
21l -+ Va2 -1y 1—(z—VaZ-1)y
and one obtains, after the developments in power series of
T+ Va2 -1 and x—Vz? -1
n )
1—(z4+vVa2-1)y 1—(x—va2-1)y
1
(1.5) Un(z) = Wi —1 [@Jr Va2 = Dpp1 — (7 — Va2 — 1)n+1} :

Since, for each x € €, there is some 6 € € such that x = cosf, one can write

(1.6) T, (cosB) = % [(COSH +isinf)" + (cos @ — isin 9)”} =cosnb ,
1
. .. n+l i n+1
(1.7) U, (cosf) = 5 s d [(COSQ +isinf) (cosf — isinf) }
_ sin(n+1)6
- sind '

By means of the relations (1.6) and (1.7), it is easy to see that the following
connections, between the two kinds of Chebyshev polynomials, hold:

(1.8) To(z) =Up(z) —2Up—1(x), n>1,

(1.9) (1 = 2*)Up(2) = 2 Tpyr(2) — Tpya(e), n>0,
(1.10) T2, () =1+ 2 -1)UZ(x), n>0.
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The Chebyshev polynomials, T),(z) and U, (x), are special ultraspherical (or
Gegenbauer) polynomials. The ultraspherical polynomials are special cases of the

Jacobi polynomials, i.e., of the polynomials qua’ﬁ ) (z) such that ([11], pp. 71-73),

()"(1—a) (1 +a)® d*
27 . ! dxm

Pleh) () = (1= @)t (14 2)%+]
The ultraspherical polynomials are the Jacobi polynomials, for which one has
«a = f3; for the Chebyshev polynomials of the first kind, one has o = 3 = —% and,
for the Chebyshev polynomials of the second kind, one has o = 3 = %
By taking into account (1.6), it is natural to extend the meaning of T), for

n < 0: one puts

T_,(x) =T_(cos@) = cos(—r) 0 = cosrf = T,(cos0) =T, (x) .

2 — Some properties of the Chebyshev polynomials of the first kind

In order to obtain, for the Chebyshev polynomials of the first kind, a result
analogous to that obtained by Gheorghe Udrea for the Chebyshev polynomials
of the second kind, we need to prove the following lemma:;:

Lemma 1. If (T},(x))n>0 is the sequence of Chebyshev polynomials of the
first kind, then one has:

1

(2.1) T (@) Tsrss(@) + 5 [Tros (@) = Trisl@)] = Tair(@) Tugsa) -

%{Tr,s(x) - TT+S($)}2 =

= [Tn(ﬂf) Totrs(®) + Totr Tigs ($)] i :

(2.2)  ATn(2) Togr () Toges () Togr4s(x) +

Proof: (Sometimes, instead of T}, (z), we shall write plainly T,).
By setting = = cos 6 (and so T;, = cosn 6), one has

1
Ty Tyirys = cosnb cos(n+r+s)0 = 3 [cos(?n +1r+5)0 + cos(r + s) 9}
and

Trtr Tngs = cos(n + )6 cos(n + s)8 = % [cos(2n +1r+s)0 + cos(r —s) 9}
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and, consequently,

1
T Tntrts — Tngr Tngs = 5 [cos(r +5)0 — cos(r — s) 9} .

Hence,

1
Ty Tn+r+s + i(Trfs - Tr+s) = TnJrr TnJrs s

which proves (2.1).
One has clearly

1
1T = T, 4 ) =T T A T2T2, s — 2T0 Togr Toes Trtrts

and so

1
4Tn Tn—f—r Tn—i—s Tn+r+s + Z(Tr—s - Tr+s)2 = (Tn Tn+7"+s + Tn—H" Tn+s)2 )

which proves (2.2). n
Now, we are going to state the following

Theorem 1. If (T,,)n>0 is the sequence of Chebyshev polynomials of the
first kind, then the product of any two distinct elements of the set

{Tn7 Tn+27“a Tn+4ra 4Tn+rTn+2rTn+3r} ) n,r € IN )

increased by [%(Th — Ty))t, where T, and Ty, with k > h > 0, are suitable terms
of the sequence (Tp,)n>0, and t is 1 or 2, according to the number of factors T, in
that product, is 2 or 4, is a perfect square.

Proof: Indeed, if one sets s = r, in (2.1), one obtains

1
(2.3) T Tntor + 5(To = Tor) = T2, .

If r is replaced by 2r, in (2.3), one gets

1
(24) Tn Tn+47“ + §(T0 - T47“) = TT%JrQr .

By replacing, in (2.3) n by n + 2r, one obtains

1
(25) Tn+2r Tn+4r + §(T0 - TQT) = T5+3r .
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If one puts s = 2r, in (2.2), one gets
1
2

Now, by changing n into n + r, in (2.6), it comes

2
(26) 4Tn Tn—i—r Tn+2r Tn+3r + { (Tr - TST’)] = (Tn Tn+37" + Tn—f—r Tn+27")2 .

1 2
(27) 4Tn+r Tn+2r Tn+37‘ Tn+47’ + [5 (TT - T37’)} =
= (Tn-l—r Tn+47‘ + Tn—l—QT Tn+3r)2 .

If one replaces n by n + r, in (2.2), and, furthermore, one puts s = r, one
obtains
1
2

which completes the proof of the theorem above. n

2
(2.8) ATy T3+2r Tnisr + [ (To — TQT)} = (Tngr Trgar + T3+2r)2 )

3 — Applications to the Fibonacci numbers

There is a connection between, on the one hand, the sequence of Fibonacci
numbers, (F},)n>0, with

o e ()]

and, on the other hand, the sequences (U, )n>0 and (T3,)n>0-
Indeed, from (1.5), it results

7 1 7 7 n+1 7 7 n+1 "
(32) Un(g) :“/5[(24‘2\/3) - (5—5\/5> :| =1 Fn+1 .
Now, from (1.8) and (3.2), one finds

() = Unlg) - 5Uns(5) = 5 @ = £

and, since Fy,+1 = F,, + F,,—1, one has

(3.3) Tn(%) = g(Fn +2F, ).

Thus, from (2.3) and (3.3), it follows

i Z'n+2r
E(Fn +2F,_1) -

1 i2r
(Fn+27“ + 2Fn+27“—1) + 5 |:]- - T(FQT + 2F2'r'—1):| =
N7

)
2

2
(Fn—l-'r + 2Fn+r—1)} )




370 J. MORGADO

that is to say,

1 1 1
(_1)n+r - Fn Fn—|—2r + = Fn Fn+2r—1 + = Fn—l Fn+2r + Fn—l Fn+2r—1 -
4 2 2

1 1 1 2
9 {(_1)T (5 For + FQr—l) - 1] = (—1)n+r(§Fn+1 + Fn-i-r—l) )

and hence,

(34) Fn Fn+2r + 2Fn+l Fn+2r—l +2F, 1 Fn+2r+1 +
+ 2(_1)n+r - (_1>n (F2r + 2F2r—1) = Fg-w +4Fn 41 Fn+r+1 ’

and, analogously from the relations (2.4)-(2.8) and (3.3) other equalities can be
obtained.

Other more interesting results can be obtained by making use of another
connection between T;, and F),. In fact, from (1.4), it results

n() =5 1(57) (5]

{5 I -5 T

and hence, for n > 0,

_2.?n.

(3.5) Tn(%) . B

Thus, from (2.3) and (3.5), one obtains

j2nt2r Fy, ) F2n+4,, 1 <1 32T F4r) j2n+2r (F2n+2r)
Y

4 Fn Fn+2r 2 2 F—Qr 4 Fn—l—r
whence,
Py, F F, F 2
F, Fn+2r Fa, Fn+7“

Analogously, from (2.4) and (3.5), it follows that

Z’2n+47‘ ' & ) F2n+81” + 1(2 . Z,47. F8r) _ (in-l-T ' F2n+4r>2
4 Fn Fn+4r 4 F4r 2 Fn+2r ’

and, consequently, one has

Fon Fongsr Fy, Fontar)”
(3.7) “2n . Z2ndS +(—1)”<2— 8):( “4)
Fn Fn+4r F47‘ Fn+2r
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By using (2.5) and (3.5), one obtains

(3.8) Fontar  Fonysr I <2(_1)r _ F47"> _ <F2n+6r>2
Fn+2r Fn+4r F2r Fn+3r

from (2.6) and (3.5), it results

o) 4 P P Fovsor (B (g Fﬁr)2 _
FT F3r

Fn Fn—l—r Fn+2r Fn+3r
_ (% . F2n+67“ + F2n+2r . F2n+47“>2
Fn Fn+37“ Fn—i—r Fn—i—?r .

from (2.7) and (3.5), one obtains

. F2n+2r . F2n+4r . F2n+6r . F2n+8r + (FQT B (_1)7« F6r>2
FnJrr Fn+2r Fn+37“ Fn+4r Fr F3r

2
. <F2n+2r . F2n+8r + F2n+4r . F2n+67’>

(3.10) 4

Foir Fotar Fotor  Fogsr
Finally, from (2.8) and (3.5), it results

(3.11) 4. F2n+2r . (F2n+47“>2 . F2n+6r + (2 . (_1)r F4r)2 _

Fn—H“ Fn+27" Fn+3r F,
_ F2n+2r . F2n+6r + (F2n+4r)2:| 2
Fn+r Fn+37‘ Fn+27‘

This means that the following holds:

Theorem 2. If (F,)n>0 is the sequence of Fibonacci numbers, then the
product of any two distinct elements of the set

F,, F F: F: F: F:
(3.12) {271’ 2otar Fonse ) Fonvor Pongar Fonier }, with n> 0 ,
Fn Fn+2r Fn+4r Fn+r Fn+2r Fn+3r

increased by +(+2 — %f), if only 2 factors occur in that product; increased by

(%—%)2, if 4 different factors occur in that product, and increased by (Qi%:)Q,
if 4 factors occur in that product, but only three are different; h is the difference
between the greatest and the least subscripts of F' in the denominators of the
factors and [ is the difference between the subscripts of F' in the denominators of

the intermediate factors.

It is clear that the four integers belonging to the set (3.12) are not necessarily
Fibonacci numbers and so the set (3.12) is a Diophantine quadruple, but, in
general, it is not a Fibonacci quadruple.
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In pursuance of a suggestion of the referee, we are going to present the results
contained in Theorem 2, under another form, through the introduction of the
Lucas numbers.

In [2], p. 395, L.E. Dickson says that E. Lucas

“employed the roots a, b of > = z + 1 and set

n T

a —b n n U2n

, Un=a +b' =" =up 1+ Unt1.
a—2>b Un

Un =

The w’s form the series of Pisano [Fibonacci] with terms 0, 1 prefixed, so that

'LL()ZO,'LL1:’U,2:1,'LL3:2.”

The v’s are the Lucas numbers.
One has v, = up—1 + un41. In fact, the equality
anfl _ bnfl

a" +b" = +2
N a—>b a—>

n+1l _ bn+1

is equivalent to
an+1 _ bn-‘rl + abn _ anb _ an—l . bn—l + an+1 _ bn+1
and this is equivalent to

ab(bnfl o anfl) — anfl o bnfl

)

which is true, since ab = —1.
One has also
(@® =) /(a—b) usm Fop

n:n bn: :7:7:Ln7
Un = a7 @ —v/(a=b) _ u,  Fn

with n > 0.

Thus, by taking into account Theorem 2, one concludes that the following
holds:

Theorem 2'. If (L,),~0 is the sequence of the Lucas numbers, then the
product of any two distinct elements of the set

(312)/ {an Ln+2ra Ln+4r; 4Ln+7‘Ln+27’Ln+3r}7 with n >0 )

increased by +(£2 — Ly,), if only 2 factors L occur in that product; increased
by (Ly — Ly)?, if 4 different factors L occur in that product, and increased by
(2 & Ly)?, if 4 factors L occur in that products, but only three are different; h
is the difference between the greatest and the least subscripts of L, and k is the
difference between the subscripts of L in the intermediate factors.
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4 — A generalization of the Chebyshev polynomials of the first and the
second kind

Let us consider the sequence of polynomials (S, (z))n>0 defined by the recur-
rence relation

(4.1) Sp+2(z) =22 Spt1(x) — Sp(z), n>0,

with So(z) = a and S1(z) = b, being a,b € Z[x].

Let g(y) = So(x) + S1(x)y + ... + Sp(x) y™ + ..., be the generating function
of the sequence (Sy(x))n>0. By making use of the reducing polynomial, k(y) =
1 — 22y + %, one obtains the following finite form for g(y):

a+(b—2ax)y
9(y) = — 2
1-2zy+y
which can be written as
W) A n B
g\y) = )
y—(x+vVa?-1) y—(r—va2-1)
with
A_(b—2am)\/x2—1+a+(b—2ax)x
a 2va? — 1 ’
(b—2ax)\/:z2—1—[a+(b—2ax)x}
B= ,
2vVx? —1
where x # +£1.

By operating as in §1 in order to get the formula (1.4), one obtains

Splz) = (g + 2?/%) (e - Va2 =1)"

o) e v

One sees that, for a = 1 and b = z, one has S,(z) = T,,(z) and, for a = 1 and
b = 2z, one has S, (z) = Uy(z).
It follows also immediately that, if one sets x = cos @ in (4.2), then

(4.2)

(43) Sn(COS 0) = qa cosnb — (CL COSG — b) Slnne

sin 6

If one puts a = 1 and b = x = cosf, one obtains

Sp(cosf) = cosnb = T,(cosb) ,
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and, for a = 1 and b = 2x = 2 cos f, one obtains

—cosf sinn @ i 1)6
Sp(cosf) = cosnb — kil :sm(n+) = Up(cosb) ,

sin 0 sin 0

as was to be expected.

If a = Tj(x) and b = Tj;1(x), then one has:

S () = Sp(cos ) 0 cosn O [cos 0 cos 0 — cos(j +1)0] sinn 6

sin #
sinj 6 sinf sinn 6

=cos(j+mn)f +sinjf sinnf — ,
sin 0

=cos(j +n)f = Tjin(z) .

If a = Uj(x) and b = Uj;1(x), then one has, by (4.3),

in(i+1)0 sin(j 4+ 1)0 cos — sin(j + 2)6| sinné
Sp(x) = Sp(cosh) = m cosnf — [ — }
sin 6 sin“ 0
_ sin(j + 1)6 cosnd N cos(j +1)0 sinnf  sin(j +n+1)0
N sin 0 sin 0 N sin 0

= Ujyn(cost) = Ujn(z) .
Now, we are going to prove, for S, (= S, (x) = Sy, (cosf)), a result analogous
to Lemma 1.

Lemma 2. If (S,)n>0 is the sequence of polynomials defined by (4.1), then
one has:

(44) Sn Sn+r+s + (Tr—s - Tr+s) = Sn+7‘ Sn—l—s

2 1 — 22
and

1 a®>+b*>—2abx 2
5 : 1_ 22 (T'r—s - Tr—l—s) =

= (Sn Sn+r+s + Sn—H" Sn+s)2 .

(4.5) 4 Sn Sn—l—r Sn+s Sn+r+s +
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Proof: Indeed, by taking into account the relation (4.3), one has

Sp(cos ) Spirys(cos) — Spir(cos) Spys(cosl) =

0-b 0—-b
= (a cosnf— 227 70 g n&) {a cos(n—f—r—i—s)@—w sin(n+r+s) 9} -
sin 6 sin ¢
acos —b . acosf —b .
- [a cos(n+r)efw bln(n+r)¢9] {a cos(nJrs)QfW Sln(n+s)0] =

= a? {cos né cos(n +r + s)0 — cos(n + )0 cos(n + 8)9}

N2
(CLCO.SHGb) [Sin nf sin(n + r + s)0 — sin(n + )@ sin(n + 5)9}
sin
acost—br. .
: 59{ [sm(n +7)0 cos(n + s)0 + cos(n + )0 sin(n + 5)9}
in

- [cos nb sin(n + r + s)0 + sinnf cos(n + r + 3)0} } =

_ 2 [cos(Zn +7+5)0 +cos(r+s)f  cos(2n+r+ )6 + cos(r — 3)9} N

2 2
(a c0s9—b>2 [cos(r+5)9—cos(2n+r+s)9 B cos(r—s)ﬂ—cos(2n+r+s)0} B
sin 0 2 2 B
17, acos — b2
=3 {a + (W) ] [COS(T + 5)0 — cos(r — 3)0}
1 a?+b*—2
=3 @t bsin2 9a cost . [cos(r + 5)0 — cos(r — 5)9} ,

and, consequently, since Tj(x) = cos jz, one has (4.4).
Now, from (4.4), one obtains

2 2 2
45, Snir SnasSnaris + {1 Lt b - gab cos [cos(r—s)& — cos(r—i—s)@] } =
2 sin® 0
=4 Sn Sn-l—r Sn+s Sn+r+s + (Sn Sn+7‘+s - Sn+7‘ Sn+s)2

= (Sn Sntrts + Sntr Snrs)?

as desired. n

It is clear that (4.4) generalizes (2.1); in fact, for « = 1 and b = x, one obtains
So(x) = Tp(z) =1 and S1(z) =z = cosf = Ti(x), and (4.4) becomes (2.1). One
sees also that (4.4) generalizes the identity

Un(2) Uptrts(x) + Up—1(2) Us—1(2) = Uptr () Unss(2)
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obtained by Gheorghe Udrea for the Chebyshev polynomials of the second kind,
in [12]; in fact, for a = 1 and b = 2z = 2cos#, the identity (4.4) becomes the
identity above, obtained in [12].

Now, one can state the following

Theorem 3. Let (S, (z))n>0 be the sequence of polynomials defined by the
recurrence relation

Spyo(x) =22 Sp41(x) — Sp(x), n>0,

with So(z) = a, S1(x) = b, x € € and © # +1, where a,b € Z[z]. Then, the
product of any two distinct elements of the set

(4'6) {Sn(l’), Sn+2r($)v Sn+4r(x)a 4Sn+r(x)5n+2r(x)Sn+3r($)} s

increased by

F a?+b2—2abx

3 (e - Ti@)]

where T, and T}, are suitable terms of the sequence (T),)n>0, independent of n,
with h < k, and t = 1 or t = 2, according to the number of factors S, in that
product, is 2 or 4, is a perfect square.

Proof: One proceeds as in the proof of Theorem 1.
Thus, by setting s = r, in (4.4), one obtains

1 a2+b02—-92ab 0
Sp cos(0) Spy2r(cost) + - - a” + ab cos

(1 —cos2rf) = (Sn+r(cos 0))2 ,

2 sin? @
that is to say,

1 a®>+b*—2abx 2
(47)  8u(a) Snar(@) 5 - 55— (To(@) = Tor(@) = (Suir(a) "

By replacing 7 by 27, in (4.7), one gets

1 a®4b -2
(4'8) Sn(x) Sn+4r($) + 5 s b abi

3 1= (D) = Tu(@) = (Swer(@)* -

By replacing n by n + 2r, in (4.7), it results in

1a2+b%—2abzx
2 1— 22

(4.9)  Sn+2r(®) Sntar(z) + (To(z) — Tor(z)) = (Sn+3r(x))2
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By setting s = 2r, in (4.5), one gets
(410) 4 Sn(LU) Sn+r (.T) Sn+27«($) Sn+37»($) +
212 _ 2
{la +b°—2abx [TT(I')—Tgr(l’)}} _

2 1— a2
= [Su(@) Susar (@) + St (@) Susar()]

If one replaces n by n + r, in (4.10) one obtains

(4.11) 4 Sp4r(w) Sntor() Sntar(w) Sntar(z) +
a? 2_%2abx 2
{3 @) - Ta @)} -

2 1— 22
= {Sn—s-r (z) Sntar(z) + Snror(z) Sntsr (@} 2~

Finally, by setting s = r, in (4.5), it results

1a2+b2—2abx
2 1— 2

— [Sn(x) Sptar(T) + (SnH(m))Qr ’

2
(112)  45,(2) (Sur (@) Susar(w) + { (To(e) ~ Tor (o))} =

thus completing the proof. m
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