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Abstract: We consider a continuous model for sandpile surface dynamics and show
that in the long-scale limit the finite-difference approximation in time of this model

converges to a discretized evolutionary variational inequality with gradient constraint.

I — Two continuous models for pile surface dynamics

Recent much interest to the physics of the granular state was caused, in par-
ticular, by two related and only partially understood phenomena, the multiplicity
of metastable pile shapes and occurrence of avalanches upon the pile surface. In
this work we consider two models proposed several years ago to account for these
salient properties of sandpile surface dynamics: the BCRE equations [1, 2] and a
model in the form of a variational inequality [3, 4, 5, 6, 7]. It turns out that these
two different models are related and describe the surface dynamics on different
spatio-temporal scales.

Let us start with the BCRE model (Bouchaud, Cates, Ravi Prakash, and
Edwards [1, 2]). The model, formulated by the authors for the one-dimensional
case, was written for two basic variables: the pile surface h(x,t) and the effective
thickness of thin surface layer of rolling particles R(z,t). Later, de Gennes |8, 9]
simplified the BCRE model by assuming that in many situations the diffusion
terms may be omitted. The BCRE model and its modifications have been used
to simulate different aspects of pile surface dynamics (see, e.g., [8, 9, 10, 11] and
the references therein). Analytical solutions to simplified one-dimensional BCRE
equations can often be found by the methods proposed in [12, 13].
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Full-dimensional formulation of the BCRE model without diffusion can be
written as follows:

(1)  9h=T[hR], R+V-(VR)=w—T[h,R] (z€QCR? 0<t<T).

Here the term T'[h, R] accounts for the conversion of rolling grains into immobi-
lized ones, v is the horizontal projection of rolling grains velocity, and w(z,t) > 0
is the source intensity. The constitutive relations determining v and I' can be
chosen (see [14, 15]) as

[Vh|?
(2) V:_HVhM F:’}/R< - 2 )

where k is the internal friction coefficient of the granular material (tangent of the
repose angle), the coefficients u and v characterize, respectively, the mobility of a
dislodged grain on the pile surface and the rate at which such grains are trapped
and absorbed into the motionless bulk.

It is convenient to rewrite the equations (1)—(2) in dimensionless form.
Let us define three characteristic length scales:

e typical thickness of the rolling grain layer, Lrp = w/vy, where W is the
characteristic (mean) source intensity;

e mean path of a rolling particle before it is trapped strongly depends on the
slope steepness but, for a fixed subcritical slope, is proportional to the ratio
Lp = /7 characterizing the competition between rolling and trapping;

e the pile size L.

Rescaling the variables,

we obtain

2 LR LP 2
() ah=Ro(VAP), “EaR- =LY -(RVA) =w— RU(VHP),
where "
@ ) =1- 35

Typically, Lr < Lp < L. The coefficient Lr/L is very small and it is often
possible to omit the corresponding term and use a quasistationary equation for
the rolling layer, e.g., if one wishes to describe the slow macroscopic pile surface
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dynamics and not the details of an avalanche initiation and run off. Such a
simplification can be quite helpful (see, e.g., a model for Aeolian sand ripples
14]).

The second coefficient, Lp/L, may be significant for small piles, like sand
ripples, but becomes small too for large piles. Our aim here is to study the long-
scale limit of the BCRE equations and to show that in such a limit solution of
these equations h tends to the solution of the variational inequality for h proposed
as a macroscopic pile growth model by Prigozhin [3, 4, 5] and, independently, by
Aronsson, Evans, and Wu [6, 7]. If the pile is built up on a rigid support y = ho(z)
that has no overcritical slopes, i.e., |[Vhg| < k, and the domain 2 is bounded by
a vertical wall, the inequality can be written as follows,

he K: (Oth—w,p—h)>0, VeeK,
(5) _
hli=o = ho ,

where K = {p(z) € H(Q): |V¢| < k}.
In [3, 4, 5], this inequality has been be obtained as a variational formulation
for the following “physical” model written for two dependent variables, h and m,

Oth —V-(mVh) =w,
m(z,t) >0,
(6) |\Vh(z,t)| <k,
|Vh(z,t)| <k = m(x,t) =0,
hli=o=ho, mOyhlr =0,

where m turns out to be a Lagrange multiplier related to the slope constraint
|Vh| < k. In this model the material flows upon the pile surface only if the slope
is critical: the flux —mVh is zero for all subcritical slopes. Although surface
flow upon subcritical slopes is permitted in the BCRE model, for large piles the
path of a rolling particle is negligible comparing to the pile size for all except
the very close-to-critical slopes. One may, therefore, expect that, although the
BCRE model can be more appropriate on a short (mesoscopic) spatio-temporal
scale, for large piles the two models become close.

It can be noted also that the variational inequality is much simpler than
the BCRE model. Indeed, the variational inequality has a unique solution [5]
which even in some two-dimensional cases can be found analytically [4]; in the
general case numerical solutions are not difficult to obtain [16]. The BCRE
equations are mathematically more complicated and were solved analytically only
for the simplest piles with close-to-critical slopes. For large-scale problems these
equations become stiff [15] and this complicates their numerical solution.
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Although simulations [15] confirm the convergence statement above, we have
been able to prove rigorously only a weaker result: solution to a finite-difference
approximation in time of a regularized BCRE model converges to the correspond-
ing solution of the discretized variational inequality.

ITI — The long-scale limit of BCRE model

Let us denote v = Lp/L and study the v — 0 behavior of the BCRE model.
Since Lr < Lp, we assume Lr/L is o(v) and set Lr/L = vA(v), where A tends
to zero as v — 0. Let us also introduce a new variable, m = vR, and add small
diffusion to regularize the model:

_ my([VhP)
1%

(7) Oh = +ep AR,

my(|Vh|?)

(8) Aoym —V-(mVh) = w — +emAm .

Here ¢},(v), em () vanish as v — 0. We note that, although small diffusion may be
physically meaningful and has been included into the original BCRE formulation,
here we introduce it merely as a parabolic regularization of the first order partial
differential equations convenient for analyzing the model’s behavior at v — 0.
Let us specify the initial and boundary conditions, e.g.,

hli=o = ho(z) 20,  mli=o =mo(z) 20,

(9)
Ophlr =0, Opm|r =0 .

Remark. The condition hg(xz) > 0 can always be achieved for a bounded
function ho(x) by shifting h — h—ming hg; non-negativeness of m is a physical
condition. o

Below, we consider the discretized BCRE problem,
Rt — R mItly(IVRIT?)

(10) = +ep AW
T v
I+l _ i . . J+1 . . ,
(1) A mooom V.(mJ-H VhJ-H) 4 mT ¢<‘th+1‘2> =w + ¢, AmJT! ’
T

(12) 0, Yr =0, O,m T r=0,
(13) no = ho(x), m° = mo(x) ,

where j = 0.N—1, 7 = %, and w’ means w|i—;.
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Theorem 1. Let Q C R? be a convex bounded region with a piecewise
smooth boundary T, 0 <w € C(0,T;L*>®(f)), 0<mg € C*), ho € H(N),
and |Vho(z)] <k in Q. Then there exists a solution (h?,m’), j=1.N, to
problem (10)-(13), such that h?,m/ € C**(Q) and the following estimates hold
uniformly in v, \,ep,em >0

(14) VR <k, mi>0,

Lo e
m? P(|Vh
19 7% [T e < ooy T+ ol
J:

If, furthermore,

AC m C
0_¢&mCo

(17) k- = — )
T EnT
for some ¢ > 0, then
(18) /mj dr < G
i
Q

with a positive constant C1.

Remark. Hereinafter the absolute constants are denoted by C, the constants
depending on the model parameters by M. o

Proof: Let us redefine the function v as

u
1——, 0<u<k?,
(19) b(u) KT T
0, u> k%,

and assume at first that I' is a twice-differentiable curve, w € C(0,T;C%(f2))
and hg € C1*(Q) for some a € (0,1). To prove the existence of a solution
(R, mit1), j >0, we assume that for I = 1..j the solutions (h!, m!) exist and
satisfy the estimates (14)—(18). Let us define the set A C C1%(Q) as

def 1o/ =~
AY fh(z): he @), |hll e < M, h >0,
(20) { - ct (Q)
IVh| <k in Q, dph|p = o} .

(The constant M will be specified below.) For any h € A we define the function
m(x) as a solution of an auxiliary boundary value problem,

m —m/

(21) A

—V-(mVh) = w’ — %w(\w)\?) Fen Am

-
(22) Onm|r = 0.
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The existence and uniqueness of a solution to (21)—(22), m € C*%(Q2), follows
directly from the general theory of elliptic partial differential equations (see [17],
[18]). It also follows that the operator P(h) = m is a continuous operator from
A to C%%(Q). To estimate m, let us rewrite the equation (21) in the form

h j h
h qexp(—a) —mJ qexp(—e—m) )
(23) Em V- (exp(—a)Vq> - - - » Y(|Vh]7) =
= —wl < 0,

where ¢(z) = m(x)exp(h/em). Applying the maximum principle to this equa-
tion we obtain

(24) 0<m(z) <M = (max(mj) + ;max(w)> exp(kdiam(m> .

E€m

Let us now define the function ﬁ(aj) as a solution to the boundary value

problem
h—h ~ ~
(25) = D y(|VR2) + e AR
T 1%

Existence of a solution to (25)-(26), h € C2(Q), follows from the well-known
results [17] on quasi-linear elliptic equations.

Lemma 1. If the conditions of Theorem 1 hold and v is defined by (19)
then |Vh| <k.

Proof: To prove Lemma 1 we use standard methods [17], [18]. Applying
operator V to equation (25) and multiplying the equation by Vh we obtain

VR[> = VW -Vh 1
T - 14

(27) + %A(Wm?) - %"(E? + 272

1T T1T2

V- 4([VA?) Vh + = ¢/(IVAP) V(VAP) - VA

—1—715212) in Q.
Since 1) = 1’ = 0 for |Vh| > k, the function |[VA|? cannot have an interior max-
imum greater than k2. Let us assume that this function reaches the maximum
value greater than k? at a point x = (21, 22) € I'. Without the loss of generality,

we assume that (z1,z2) = (0,0), the vector (0, 1) is the outward normal direction
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to the boundary I' at this point, and the boundary I' can be locally represented
as xo = g(x1) with g(0) =0, ¢’(0) = 0.
In the vicinity of (0,0) the boundary condition (26) can be written as follows

(28) h$2(xlag(x1)) *gl(ﬁl)ﬁx1($lag($l)) =0.

Differentiating (28) in x; and substituting z1 = 0 yields
(29) Ry (0,0) — ¢ (0) 7y, (0,0) = 0 .

Since |Vh|? > k? in the vicinity of (0,0), we can apply Hopf’s lemma to the
equation (27) and obtain
an|vﬁ|2] = ax2|vﬁ|2\
(0,0) (0,0)
(30) = 2 Ry (0,0) Py (0,0) + P (0,0) 7y (0,0)] > 0.

Since hg, (0,0) = 0, substitution of (29) into (30) yields g”(O)?Lil(O, 0) > 0 and so
¢"(0) > 0, which contradicts the convexity of (. u

Having proved that ]Vﬁ] < k we can return to the original definition of 1)
given by (4): we see that correction (19) makes no difference.
Using the maximum principle, we deduce

(31) 0<h< max(hj +Tm)
v
and, consequently,
2 hJ
(32) AR < = max( —G-T) .
Eh T 14

The estimates (32), (24) yield the boundedness of i in W2P(£2) for any 1 < p < 0o
and, using the embedding theorems (see [18]), we obtain

(33) Pl orsy < Mi(8), VB € (0,1) .

Let us prove now the uniqueness and stability of the obtained solution. To do
this we consider solutions h1 and hg Correspondlng, respectively, to functions mq
and my in (25)—(26). Let us define h as hi— he and 7 as m;— ms. Then

R~
|

m >~ 9 meo —_ ~ ~ _
= ;¢(|Vh1’ )—th'V(h1+h2)+5hAh,
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Applying the maximum principle (see [17]) to the function h — max Z|m| we
deduce the uniqueness of a solution to this problem as well as the following
comparison result

(34) max || < gmax ||

and, consequently,
_ ) _
AT < max(m\VM + |my> .
VeEp k
The last inequality together with estimate (34) yield
(35) |AR| < My max |m]|

for some positive constant Ms. Using the embedding theorems (see [18]) we es-
tablish the continuous dependence of the solution h on the function m in the
following sense:

(36) Hthla < Msmax [m]| .

Making use of (36), we deduce the continuity of the operator Q(m) = h mapping
C%2(Q) into C1(Q).

Choosing the constant M in (20) as M = M, (a), see (33), and using the in-
equalities (33), (36), we prove that W = def Q) o P is a continuous operator mapping
the set A into a relatively compact subset. Making use of Schauder’s theorem we
establish the existence of a fixed point h. Together, /1 = h and m/™! = P(h)
make the solution to (10)—(13) satisfying (14) and this completes the proof of the

existence result for all 7 = 1..N.

Lemma 2. If the conditions of Theorem 1 hold then for all j = 1..N the
estimates (15)—(18) hold.

Proof: Integrating equations (10) and (11), 7 =1..N—1, over {2, using
integration by parts and summing up, we obtain

(37) )\/ (m? T —myg) dx +/ (R — ho)dz = TZ/w dx .

The equality (37) and estimate (14) yield the uniform boundedness of the inte-
gral Jo W/ *'dz. Since [VA/ T < k we obtain that W/t < [[w|lc r.pee) T +
170l () + A llmollo(q) + k diam(£2) and the statement (15) is proved (we assume
A < 1). Integrating equations (10), j = 0..N —1, over £, summing them up, and
making use of the equality (37) we obtain (16).
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Integrating equations (11), 7 = 0..N —1, over €2, summing them up, and using
the estimate (14) we find

J j
(38) T Z/mlJrlw(‘v}LHl‘Q)dx < TZ/wlda?—l—)\/mgda;, = O0.N-1.
Y 1=079 /e Q
Multiplying equations (11) on h/*!(x), j = 0..N —1, and integrating we find
(39) /mJHWhmFdx < Co (/ w!dz + —/mﬂ da:) +em/ m/ TP AR dx
Q Q TJOQ Q

To estimate the integral [, m/T1AR/T!dz let us multiply the equation (10) by
mJT! and integrate it again. Integration by parts yields

(40) sm/ijAth dr < Emco/mj"'1 dx .
Q EnT JQ

Substituting (40) into (39) and summing up the equations we find

(41) Z/m’“Whl“de < COZ/ [w + Zm! + = 4| dy

Finally, combining the inequalities (38), (41) with definition (4) we obtain the
estimate

(42) (1—220: zygfi>2/ml+ld:p < (V+ ) l /w dzr + /modx].

and complete the proof of Lemma 2. n

Using Lemma 2 completes the proof of Theorem 1 in the case of a smooth
boundary I', w € C(0,T; C*(f2)), and hg € C*(Q). To prove Theorem 1 for the
general data (Jordan curve I', w € C(0,7; L*°(Q2)) and Lipschitz-continuous hg)
we approximate them by smoother data, use the estimates obtained, and go to
the limit. n

Theorem 2. Let functions A(v), en(v), m(v) tend to zero as v — 0 so that
also ey (v)/en(v) — 0 and the condition (17) holds uniformly in v. Then the
solutions h’*! to problem (10)-(13) converge in L*(Q) as v — 0 to the solutions
hi*Y of the following variational inequalities for all j = 0..N —1

- Wit _ i . ~.
(43) Wl e K. (7—w],¢—h3+1> >0, Voe K,

T

(44) h° = ho(z) .
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Remark. Existence and uniqueness of solutions to these inequalities follow
from the well-known results on variational inequalities (see, e.g. [19], Th. 3.1). o

Proof: Let us consider first smoother test functions ¢ € KNC?(Q) such that
On|r = 0. Multiplying the equation (11) by ¢ — k7!, integrating it over 2, and
using the equation (10) we find

J+1_ . J+1_ pJ . .
A(M, So_hm) n (hTh_wg, w_hm) n

T

+ Eh(thJrl’ Vo — th+1) + (mj+1 th+1’ Vo — th+1) _
= 6m(mj+1,A¢) - €m(mj+1,Ahj+1)
. JES Y
5m(mJ+1’A¢) . €m (H’m]+1>

en T
4 Em (mj'H B(IVRIH), mj+1)
VER

(45)

v

, RtL_pi
(ML, Ap) — i_:(f,mj+l> .

Since VA/T1. Vp < k2,

(M7 TR Tp V) = [ It (TR = k4 KR (TH ) ) do
Q

kQ/mj“zp(th“F)dm < k2@u,
9] T

IN

due to the estimate (16). We use now the estimates (14)—(16) and (18) and obtain
from the inequality (45) the estimate

hitl_pJ

. C C
—w, CP—hHl) +k‘22V+§<)\+€m+€m7’) +Csep > 0
T T T Eh

o) (

with some constants Cs, C3, C4y. Making use of the uniform in v boundedness
of M in H(Q), j = 1..N, we choose a subsequence v; — 0 as [ — oo, such
that h{ — R in L2(9), W € K, j=1..N, as | — oo. Taking the limit [ — oo in
(46) we see that the variational inequality (43) holds for any ¢ € K N C?(Q),
On|r = 0. Noting the density of such test functions in K completes the proof of
Theorem 2. n
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