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1 — Introduction

The aim of this article is to describe a new method for proving the existence
of periodic solutions for certain types of nonautonomous systems. This method
is based on the properties of the so-called duality mappings defined on smooth
Banach spaces. The method is illustrated by the case

(1.1) % (la@P~2a(t)) = lu@lP~ u(t) + F(t,u(t)

(1.2) w(0) — w(T) = @(0) — w(T) = 0,

where p is a real number so that 1 <p < oo, 0 <T < o0 is a constant and
F:[0,T]xRN — RN (t,z) — F (t,z) is a measurable function in ¢ for each
r € RY and continuous in z for a.e. t € [0,7]. Clearly, the nonlinear operator

d
7 (||u(t)\|1’—2 u(t)) is a vector version of p-Laplacian operator.

In order to say what we understand by solution for the problem (1.1), (1.2)
we remind some basic results concerning the W%’p -spaces.

Let C3 be the space of indefinitely differentiable T-periodic functions from
R to RY. We denote by (-,-) the inner product on R and by || - ||, the norm
generated by this inner product (the same meaning is applied for the || - ||-norm
involved in (1.1)).
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A function v € LY(0,T;RY) is called a weak derivative of a function
u € LY(0,T;RYN) if, for each f € C¥,

T T
(1.3) /0 (alt), f/()) dt = — /0 (o(t), f(8)) dt .

The weak derivative of u will be denoted by w or CC%L If v = 4 satisfies

T t
(1.3), then /v(s) ds = 0 and there is ¢ € RY such that u(t) —/v(s) ds + c.
0 0

The Sobolev space Wl’p, 1 < p < oo, is the space of functions u € LP(0,T; RY)
having the weak derivative o € LP(0,T;R"). According to the previous results,
if u e W%’p then

t
(1.4) u(t) :/ u(s)ds + ¢ and  w(0)=u(T) .
0
The norm over W%’p is defined by

T T
(1.5 full = [Tl + [ Hacoip

It is a simple matter to verify that W%’p is a reflexive Banach space and
Cy C W%’p . Let us also recall the following result (see Mawhin and Willem [9],
propositions 1.1 and 1.2):

Theorem 1.1.

1) There exists ¢ > 0 such that
(1.6) lulloo < ¢llullyyro, — forall ue Wz
Moreover, if fOTu(t) dt = 0, then
(1.7) [ullso < ellttllro,rmny -

2) If the sequence (uy) converges weakly to u in W%’p , then (uy) converges
uniformly to u on [0,T]. u

By Theorem 1.1, the injection of W%’p in C([0,T];RY) is compact. Conse-
quently, the injection of W%’p in LP(0,T;R") is also compact.
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Now, suppose that F': [0, T]xRY — R satisfies the following hypothesis:

(H) for any u € LP(0,T; ]RN), the map t € [0,T] — F(t,u(t)) belongs to

LY (0, T; RN P
( ), ¥/ —

Definition 1.1. By a solution of (1.1), (1.2) we mean a function u € W%’p
which satisfies (1.1) a.e. on [0,T] and 4(0) = @(T). o

Note that by (1.4) functions of W%’p are continuous and T-periodic, i.e.
u(0) = w(T). In addition, if (1.1) is satisfied a.e. then the condition @(0) = u(7T)
is meaningful. Indeed, because (from the definition of W%’p ) uw € LP(0,T; RY)
and @€ LP(0,T;RY), we infer that the mappings |u|’~2u e LP (0,T;RY),
ulP~2u + F(.,u(.)) € L’ (0,T;RYN). Consequently, from (1.1) it follows that
the map t € [0,7] — ||4(t)||P~21(t) belongs to W #" and is thus continuous on
[0, 7] and satisfies

[a(0)][P~*@(0) = [la(T)["~*i(T) ,
which implies u(0) = @(7T). Moreover, it follows from standard properties of the
weak derivative that w is a solution of (1.1),(1.2), according to definition 1.1,
if and only if u € Wr}’p satisfies:

T

T
1(8)]|P2 4 ! = — w@®)||P 2w U
[ (a2, rayya = = [ (o2 uo + P, 7o)
(1.8) for every feCy .

Thus in order to prove the existence of a solution for (1.1), (1.2) the adopted
strategy will be to prove the existence of an element u € W%’p , which satisfies
(1.8).

2 — An operator equation associated to problem (1.1), (1.2)

Let J,_1: WP — (WP)* defined as follows:

T

T
e aoy = [ (o2 ute), o) ae + [ Qo= i), o) a
(2.1) for all ve W%’p .

First, let us show that J,_; is well-defined: for any u € Wr}’p , Jp—1u defined
by (2.1) is a linear and continuous functional on W%’p . Because the linearity
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of J,—1u is obvious we shall prove the boundedness. Since J,_10 = 0 we may
assume that u # 0. From (2.1) we deduce

<Jp71ua U> S

WP (WP )

T
/0 <||u(t)||p_1 [l + la(®) 1P~ o)

(/ T||u<t>u<f’—”p’dt);' ( / T||v<t>||Pdt) |
(f Tua<t>||<p1>f“dt)”' (/ T\\@(t)!\pdty

o P .
HuHLp(o’T;RN) HU”LP(O,T;RN) + HuHLp(o’T;RN) HUHLP(O,T;RN)

dt

IN

N———

S

IN

Hu”Lp OT]RN) HUHLP OT]RN) HU’HLP OT]RN) H/[)HIZ/;D(QT;]RN)
S / + / +
p p p p
HUHI;V%@ HUHI;V%p
- L4
p p
Thus we have
ull® 1p (0l
W, sP W, P
2.2 ‘ T . r
( ) < D 1U77)>W%,p7(w%,p) < % »
For v = z[[ul| 1., and ||z]| = 1 we deduce from (2.2) that
T

(o1t 2D gy

saying that Ju € (W P)* and HJuH( whr)* < Hqu ! . On the other hand, from
T
(2.1) one obtains

<Jp71u, U>W%,p7(W%,p)* = ||uH€V1 P

which implies the contrary inequality ||J u||(W1,p)* > HuH];; ! . We conclude that
T T
Jo_1: WP — (WP)" defined by (2.1) has the following metric properties:
P T T

@3) Uy gty = Nl s ol = Il
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Because, for any wu € LP(0,T;R"), the mapping t € [0,T] — F(t,u(t))
is supposed to belong to Lpl(O,T; RN ), we may consider the operator
A: LP(0,T;RN) — LP (0, T;RYN) defined by

(2.4) (Au)(t) = F(t,u(t)) a.e.on [0,T], for every ue LP(0,T;RY) .

Let 7 be the compact injection of W%’p in L?(0, T; RN ) and *: L (0, T; RN) —
(W%’p)* its adjoint:

(2.5) fr*=a*oi, Va*eLP(0,T;RVY).
Clearly, (2.5) reads as follows: for every v € WhP )

(2.6) <i*x*’U>W%’p,(W%‘p)* = (", 1(0)) Lo (0. 1:mN ), L#' (0,TRN) -
Let u € Wr}’p be a solution of equation

(2.7) Jp—1u = — (i Ai)u .
Then, for every v € W%’p , one has

<Jp_1u, U>W%’p,(W,11,’p)* = —<(’L*A’L) u, U>W,11Jp,(W71,’p)*
= —<A(Z(U)), i(v)>Lp(0’T;RN)7Lp’(O’T;RN)
~{A(W), V) oo 1m0 0,7%)

T T
= —/ ((Au)(t),v(t))dt = —/ (F(t,u(t)),v(t))dt .
0 0

Taking into account (2.1), the equality

T
(1t V) iy = /0 (F(t,u(t)), v(t)) di

rewrites as

T T
) P2y v = — w@®) P2 u U v
(a2, o) de = = [ (ol a0 + Fe.uo). o)
(2.8) for all v e WP,

In particular, (2.8) is satisfied for any v = f € C3° C W%’p .
Consequently, if u € W%’p is a solution of the operator equation (2.7), then u
is a solution of problem (1.1), (1.2). Thus, in order to prove the existence of a
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solution for the problem (1.1), (1.2), it would be sufficient to prove the existence
of a solution for the operator equation (2.7).

It is a simple matter to see that in the preceeding reasoning the opera-
tor A generated by the function F(-,-) may be replaced by any operator N :
LP(0, T;RY) — LP' (0, T;RY). Thus we obtain the following proposition:

Proposition 2.1. Let J,_;: W%’p — (W%’p)*, 1 < p < oo be defined by (2.1)
and let N: L(0, T;RN) — L¥' (0, T;R"N) be given. Let i: W%’p — LP(0,T;RY)
be the compact injection of W%’p in LP(0, T;RN) and i*: 54 (0, T;RN) — (W%’p)*
its adjoint.

Ifu e W%’p is a solution of the operator equation

(2.9) Jp—1u = — (i"Ni)u

then u is a solution for the problem

(2.10) %(Hﬂ(t)llp_%(t)) = llu@®)[P~? u(t) + (Nu)(t) ,

(2.11) w(0) — u(T) = @(0) —a(T) = 0 . u

The operator J,_; defined by (2.1) and occuring in (2.7), (2.9) is a particular
example of the so-called “duality mapping”.

The definition and some fundamental properties of duality mappings, as well
as some existence results for operator equations involving duality mappings will
be given in the next section. The existence of a solution for (2.9) will be obtained
by particularizing some of these abstract existence results to one situation of
duality mapping, which is J,—; defined by (2.1).

3 — Duality mappings

Let X be a real Banach space and ¢: Ry — Ry be a gauge function, such
that ¢ is continuous, strictly increasing, ¢(0) =0 and ¢(t) — oo as t — oo.
The duality mapping corresponding to the gauge function ¢ is the set valued
mapping J,: X — 2X" defined by

(3.1) J,0=0, Jox=g¢(lz]x){v €X"| (u",2)=]z|x, [[ullx-=1} if z#0,
or, with a definition that covers both cases,

(3:2)  Jow = {w*GX*I (@, 2) = o(lle]lx) Izl x, f=*]x- = w(\\w\lx)} -
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According to the well known Hahn—Banach theorem, it follows that
D(J,) = {xeX\ J¢x7é¢} - X.

From (3.1), it immediately follows that J, is single valued iff X is a smooth
Banach space, that is, a Banach space having the property that: for any =z # 0
there exists a unique u* € X* such that (u*,z) = ||z||x and ||u*||x~= 1.

It is well known (see, for instance, Diestel [3], Zeidler [10]) that the smoothness
of X is equivalent to the Gateaux differentiability of the norm.

Consequently, if (X, || ||x) is smooth, then for any = € X, x # 0, the only
element u* with the properties (u*,z) = ||z||x and ||u*|x.=11is u* = || |5 (x)
(where, || ||’y denotes the Gateaux gradient of the norm).

Consequently, if X is smooth, then J,: X — X* is defined by

(3:3) J0=0, Jer=o(lzllx)| Ix(@), z#0,
the following metric properties being consequent (see, for example [6]):
(34) [ ozllx = e(llzllx) ,  (Joz,z) = ¢(lllx) =[x -

In [4], [5], the following result has been proved (see, for instance, [5], Theorem 2):

Theorem 3.1. Let X be a smooth reflexive real Banach space, compactly
embedded in the real Banach space Z:

(3.5) X527, i@z <eczlzlx, foral ze€X

and i is compact.
We assume the following:

(i) the duality mapping Jp—1: X — X* corresponding to the gauge function
@(t) =tP~1 1 < p < oo satisfies the following condition:

(S)2 [wn —z and J,_1zp — Jp_12| = T — T

(ii) let N: Z — Z* be a demicontinuous operator: z, — z => Nz, — Nz
satisfying the growth condition

(3.6) INz||z <erllz| ' +¢ea forall zeZ

[E5S
i) 117

where c; € [0,A1), A1 = inf{ ‘ x # 0} , o> 0.
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Then the equation
3.7 Jo_1x =Nz
( b

has a solution. n

In the statement of Theorem 3.1, as well as in all that follows, we denote
by X* (resp. Z*), the dual space of X (resp. Z) and by “—" (resp. “—”) the
convergence in the weak (respectively strong) topology.

Let us also note that, because of the compact embedding of X into Z, A is

1
attained and )\1_5 is the best constant ¢, in the writing of the embedding of X
into Z (inequality (3.5)).

In the statement of Theorem 3.1, the duality mapping is required to satisfy
condition (S)2. In the following we will state a sufficient condition for the duality
mapping to satisfy condition (5)s.

To do this, we mention that a Banach space has the Kadec—Klee property if
it is strictly convex and [z, — x and ||z,|| — ||z]|] = zn — 2.

Proposition 3.1. If X is a smooth Banach space having the Kadec—Klee
property, then, any duality mapping is single-valued (J,: X — X*) and satisfies
condition (5)a.

Proof: Indeed,

mn =@ and Jpzn = Jpr| = | =@ and [ Jpzalxe — [Tzl x]
— [oa =2 and p(laallx) = e(llzlx)]
— |z =2 and |l — lo]]

— X, > T .1

Corollary 3.1. If X is asmooth and locally uniformly convex Banach space,
then, any duality mapping J,: X — X* satisfies condition (S)2. Specifically, any
duality mapping on a smooth and uniformly convex space satisfies condition (S)s.
More specifically, any duality mapping on a Hilbert space satisfies condition (S)2.n

Finally, let us remark that in relation with some other conditions invoked
in the theory of non-linear operators, such as, e.g. (S)4, (S), (S)o and (S5)1
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(see Zeidler [10], p.583), condition (5)2 is placed as follows: (S)y = (5) =
(S)o = (S)1 = (9)2.

We will put an end to the comments related to the Theorem 3.1.

With respect to the conclusion of Theorem 3.1, we stress that we under-
stand by a solution of J,_12 = Nz an element u € X with satisfies J,_ju = Nu
in the sense of X*, that is

(3.8) Jp—1u = (I*Ni)u ,

where ¢ is the compact injection on X in Z, and ¢*: Z* — X*, i*2* = 2" o4 for

all z* € Z*, is the adjoint of i: (i*2*,z) x+ x = (2*,i(z))z+ z for all x € X.
Because 7 is compact i*: Z* — X* is also compact. As a consequence, because

N: Z*— Z is demicontinuous, the operator (i*Ni): X — X* is compact.
Finally, (3.8) is equivalent with

(3.9) <JP—1U’U>X*,X = <N(i(u)),i(v)>z*7z forall ve X .

Remark 3.1. Notice that if X is an infinite dimensional reflexive and
smooth real Banach space then a duality mapping on X is never compact (see
Theorem 1 in [7]). o

Indeed, let J,: X — X* be a duality mapping. Then J,, is surjective.

The idea of the proof is the following: if X is reflexive and smooth, every
duality mapping J,: X — X* is demicontinuous (z, — 2 = Jyx, = J,ow).
Because J,, is also monotone,

(o= Tz =) = (o)~ olol)) (Il = o) = o

and coercive " >
T,x
ﬁTH =¢(llzll) m oo as |lzf| = o0,
the surjectivity of J, follows from the well known surjectivity result due to
Browder (see, for example Browder [2]).
Now, the noncompactness of J, follows by Baire’s cathegory theorem.
Indeed, suppose, by contradiction, that J, would be compact. Because

X = U B(0,n) and J, is surjective we derive that
n>1

X* = Jo(X) = [ J J,(B(0,n)) .

n>1
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°
By Baire’s theorem J,, (B (0, n)) # @, for some n, which is impossible because
Js(B(0,n)) is compact and X* is infinite dimensional.
After obtaining the surjectivity of J,, another maner to conclude that J,
cannot be compact is the following: by using the surjectivity of J, it can be
easily shown that

Jp(0Bx ) = OBx+ 4(r)

where 0Bx, = {x e X||z] = T}, OBx+ o(r) = {:c* e X*| ||z = gp(r)}.
Because of dim X* =00, 0By« ;) = Jo(0Bx+ o)) is mnot compact.
Consequently, J,, is not compact.
In [7], some estimations for the Kuratowski measure of noncompactness of a
duality mapping are given.

Remark 3.2. The statement of Theorem 3.1 is the same with that of Theo-
rem 2 in [5]. But, it is evident that if N satisfies the hypotheses of Theorem 3.1
then (—N) satisfies them too. Consequently, under the hypotheses of Theo-
rem 3.1, equation

Jp—1u = — (I*Ni)u

has a solution. o

It is in this form that the conclution of the Theorem 3.1 will be used in the
sequel.

4 — Existence results for equation J,_ju = — (i*Ni)u

Let’s go back to operator J,_1: W%’p — (W%’p )* defined by (2.1) and appear-
ing in equation (2.9). Since J,_; satisfies the metric relations (2.3) it follows that,
for any u € W%’p , Jp—1u € Jyu, where J, designates the (eventually multivalued)
duality mapping on W%’p corresponding to the gauge function o(t) = tP~1,
l<p<oo, t>0 (to see that, write (3.2) for X=W,? and o(t) =1,
l1<p<oo, t >0). But, as we will see below, W%’p with 1 < p < 0o is a smooth
Banach space. It will result that any duality mapping on WP , 1 <p<oois
single valued. Consequently, J,_; : Wr}’p — (W%’p )* defined by (2.1) is just the
duality mapping corresponding to the gauge function o(t) = P~
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Theorem 4.1. If 1 < p < oo, then:
a) the space (W%’p, | 1.0 ), is uniformly convex and smooth;
T

b) the duality mapping on W%’p corresponding to the gauge function
o(t) = tP~1 t > 0 is single valued, (Jp_l L WP - (W%p)*) satisfies
condition (S)2 and is defined as follows: if u € W%’p , then

T p—2 T . p—2 /.- .
<Jp—1U7U>Wr},p7(W;,p)* :/0 [u)] <u(t),v(t)>dt —i—/o @) <u(t),v(t)>dt
(4.1) for all ve Wyt

Proof: For convenience of the reader we recall the details of the proof.
a) First, let us prove that for 1 < p < oo, LP(0,T;RY) is uniformly convex.
For 2<p< oo, let u,v € LP(0, T; RY) satisfy [wll oo,y = [0l Le 0,7y =1

and [[u — v| oo r;rvy > € > 0. Then we have (see Adams [1], Lemma 2.27):

u(t) + v(t) u(t) — v(t)
2 2

p p 1 1

< —u@®)|P+ z lv@)]P  ae te€]0,T].

By integrating from 0 to 1" one obtains

Rl e ol 1
= U N v N s
2 lzrormy) 2 lworzry) 2 woran”t POTER)
p P
which implies ‘U+U <1- 6—
oTRY) 2P

For 1<p<2, let u,v € LP(0,T;RY) satisfy 1wl o 0,0y = [1V]] Lo (0,7m V) = 1
and [[u — v|| o r;mvy > € > 0. Then we have (see Adams [1], Lemma 2.27):

< (Gl + 3 er)”

Moreover, if w € LP(0,T;RY) then |Jw(-)||P" € LP~1(0,T;R,) and

o1 |

p/

u(t) +ov(t) N

2

u(t) — v(t)
2

LP=1(0,T5Ry) =l HLF 0.T;RY) -
Finally, because of 0 < p—1 < 1 we have (the reverse Minkowsky inequality):
[Jwr + wQHLl’*l(O,T;RJr) 2 leHLzﬂfl(o,T;Rg + Hw2HLP*1(O,T;R+) )

for any wy,ws € LP~1(0,T; R ).
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By using these arguments we obtain:

U+ v 4 U—v v
+ =
2 lzro,mirN) 2 lzr0.rirN)
ool e0=20r
2 2
Lr=1(0,T5R ) Lr=1(0,T;R )
< [ +eO |7 [Jul) = oG]
- 2 2
Lr=1(0,T;R )
1
/ / —1 p—1
/T( w(t) + @) || |[ut) — o) |” )” ’
= AR ELICN [ el A dt
0 2 2
1
T 1 1 p—1
< ([ (Gmor+3lowr)
0
1 1 =
_ p P I
= (5 1mam + 3 1lnram ) = 1
Thus,
4 '
u+v <1- i/
2 e, rry) 2p
In either case (2 <p < oo or 1 <p < 2) there exists 6 = d(¢) > 0 such that
p/
U+ v <1-3.
2 Alzro RN

Now, consider the Banach space LP(0,T;RY) x LP(0,T;R"), endowed with

the norm )

) = (Nl oz + 100ormn )"
By Theorem 1.22 in Adams [1] it follows that LP(0,T;RN) x LP(0,T;RY)
is uniformly convex with respect to the || ||-norm.
1,
Let P: (WP, | HW%p) — (LP(0, T;RN) x LP(0, T;RYN), || ||) defined as fol-
lows:
Pu= (u,u) for any ue WpP.

Since || Pul| = |lully;1», P is an isometric isomorphism of (W%’p, | l;y2.0) onto
T T
a closed subspace of (LP(0,T;RY) x LP(0,T;RM), || ) -
The later one being uniformly convex it follows that (W,}’p M lyyee) is also
T

uniformly convex.
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The smoothness of W%’p is equivalent with the Gateaux differentiability of
the norm || [[};1,,. But
T

(42) ||u||;/%,p = ”uHip(QT;RN) + Hu”ip(o,T;RN) )

and || ||z (o,r;rry is Géteaux differentiable: for any u # 0,

| oo (0) € LV (0, TsRYY

w(®) P2 u(t
(4.3) (1100 2 ()] 1) = el "u®) e tefo,m).
H’U‘HLP((LT;RN)

From (4.3) and (4.2) we deduce the Gateaux differentiability of the norm
o

Corollary 4.1.

a) Let p: Ry — R, be a gauge function. The duality mapping on W%’p,
1<p<oo corresponding to ¢ is single valued (JSD: W%’p — (W%p)*> and
is defined as follows:

J0 =0,

(Jots 0)ye (wroy =

_ #llulwyr) [ [ (a2 atey vy + [ (a2 ace), 507 dt]

-1
HUHIV’V%@
(4.4) for all ve WgP, if u#0.

b) The gradient (in the Gateau sense) of || ||,;1.» -norm is defined as follows:
T

(VI o) WgP {0} — (Wg7)"

(I ) (), ”>W1m,(w%,p)* _

T

_ ”u”i_l [ /0T<||u(t)||P—2u(t), o)t + /OT<||u<t>||p‘2u<t>w<t>> dt]
WP

1,
(4.5) for all ve W;"P.
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Proof:

a) If (X, ||) is a real normed space and ¢ and ¢ are two gauge functions
then it is easy to check that

(4.6) Jou = zEHZH; Jyu,  forall uwe X\ {0} .

Consequently, if J, is the duality mapping on W%’p corresponding to the
gauge function ¢, then one has

o(lully10)
(4.7) Jou = W Jp—1u,  forall we X\{0}.
ulP,
W

Formula (4.4) follows by comparing (4.7) and (2.1).

b) Because W%’p , 1 < p < oo is smooth, the duality mapping on Wr}’p corre-
sponding to the gauge function ¢ is given by

(4.8) Jou = cp(HuHW%p) (VI Hw%p) (u), forall uwe X\{0}.
In order to obtain (4.5) it suffices to compare (4.8) and (4.4). »

Theorem 4.2. Let i be the compact injection of W%’p , 1<p<oo in
LP(0, T;RYN) and i* its dual. Let J,_1 (given by (2.1)) be the duality mapping
on W%’p corresponding to the gauge function ¢(t) =tP~% t > 0.

Suppose that N : LP(0,T; RN) — Lf”/(O, T RN) is a demicontinuous operator
which satisfies the growth condition

(49)  INUly ray) < allulfply g +e2n forall ue L0, TRY)
where
lul? .,
c1 €0,A1), A= inf L ut0py, c>0.

Ol
Then, the equation
(4.10) Jp—1u = — (I*Ni)u

has a solution in WP .
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Consequently, the problem

(4.11) %(Ilﬂ(t)llp_%(t)) = llu@®)|P~  u(t) + (Nu)(t)

(4.12) u(0) —u(T) = 4/(0) = (T) = 0

has a solution in WP.

Proof: The hypotheses of the Theorem 4.2 entail the satisfaction of the
hypotheses of Theorem 3.1 under the following choice:
o X=W;" 1<p<oo, Z=LP0,T;RV);
o J,_1= Jp_LW%,p: W%’p — (W}’p )" the duality mapping on W%’p corre-
sponding to the gauge function ¢(t) = t*~1, ¢t > 0;
o N: Z=1P0,T;RN) = Z* = LV (0, T;RV) satisfying (4.9).
Indeed,

o X = W,}’p, 1 < p < o0, is reflexive, smooth (Theorem 4.1) and compactly
embedded in Z = LP(0, T;RN);

o X = W%’p , 1 < p < oo is uniformly convex (Theorem 4.1). Consequently,
J

p_l’
o N: Z=1Lr0,T;RV) — Z* = LV (0, T;RY) is supposed to be demiconti-
nous and satisfying the growth condition (4.9).

whe satisfies condition (S2) (Corrolary 3.1);

Consequently, according to the Theorem 3.1, there is a solution in W%’p of
equation (4.10). According to proposition (2.1), every solution in W%’p of equation
(4.10) satisfies (4.11) a.e. in [0,7] and the boundary conditions (4.12). m

As application of Theorem 4.2 we give an existence result for problem (1.1),
(1.2) which we repeat here for the convenience of the reader:

(4.13) %(Hﬂ(t)llp’zﬂ(t)) = lu@®) P2 ult) + F(t,u(t)) ,

(4.14) u(0) —u(T) = w(0) —a(T) =0, with 1<p<oo.

This result is contained in the following theorem.

Theorem 4.3. Let F : [0,T]xRY — RN (t,z) — F(t,z) be a function
measurable in t for each x € RY and continuous in z for a.e. t € [0, T].
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Assume that:

(4.15) IF )] < (@) (el +1)

/ 1 1
where v € (0, T;Ry), —+— =1, r= 1
p P 2p

Then, problem (4.13), (4.14) has a solution in W%’p.

1<p<oo.

To prove this, let us start by the following lemma:

Lemma 4.1. Denote by i the compact injection of W%’p into LP(0,T;RY)
and let
[ s
(4.16) Al = inf Wy

ut0,,

[l

In the hypotheses of Theorem 4.3, the operator N : LP(0, T; RY) — LpI(O, T;RY)
defined by

(4.17) (Nu)(t) = F(t,u(t)) for every u € LP(0,T;R")

1_1
is continuous. Moreover, for any c; € <0,2(P’ P)/\1>, N satisfies the growth
condition

1_ 1
(4.18) 1Nl oy < 2057l g, + 2
where ~y(t) = ¢15(t) and

(4.19) = o 2&’/ % +2(B(t))P ] dt .

Proof: For any u € LP(0,T;RY), we have (see (4.15) and (4.17)):

I(Nu) O = [[F(t,u(t)|”
< & BOP (Ju®)]"+1)7
> & B2 (Jut)| 7 +1)
= B2 (Ju®))|® +1)
= B u®)|? + 271 B
o ﬁ(g?ﬂ . uugw] Lo By

_ 2 ulp + 22 [5(0 + 260
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Consequently,
(420) IO < 22 fut) P+ 272 [0 +260)7

where from, by means of integration from 0 to T,

< 2 |ufp )

p/
(4.21) INUll L o ey < LP(0,T;RY)

which implies (4.18).

To prove N’s continuity we will use a technique inspired by that employed in
order to prove the continuity of Nemytskii type operators.

Consider (u,) C L?(0,:R") and u C L?(0,T3R™) such that ||u,—u|| s (o 7.rx5)— 0.
Let us prove that ||Nu,— N“HLP’(O,T;RN) — 0, n — oo.

Assume the contrary: ||[Nu,— Nu|]Lp/(07T;RN) — 0. Then there is g > 0 and
a subsequence (u),) C (uy) such that

(4.22) 1N, = Null o o vy 2 €0 -

We define f!: [0, 7] — Ry, f(t) = ||ul,(t) —u(t)] a.e. t € [0, T]. It is obvious
that

fn € LP(0,T5Ry) ,  [Ifulloeroriry) = llup— ullpoorimyy — 0, n— oo

According to a classical result, there exists a subsequence (f})) C (f},) and a
function g € LP(0,T;R4) such that

) —0 ae tel0,T],
[fn @)= fa(t) <g(t) ae tel0,T],
that is, there is (u!/) C (ul,) such that
(4.23) [ (t) —u®)| — 0, n— oo, ae tel0,T],
(4.24) [l (t) — u(t)| < g(t), ae. tel0,T].
From (4.23), we derive,

(Nu")(t) = F(t,u(t)) — F(t,u(t)) = (Nu)(t) ae. tel0,T],

that is

(4.25) H(Nu;:)(t) -~ (Nu)®)|| -0, n—oo, ae te[0,T].
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On the other hand, from the definition of N and the growth condition (4.15)
we derive:

[(Nup)(8) = (Nu)(t)]|

IN

c1 B(t) ([l I +1] + [|(Nu) (B)]]

< S8 + (IO I+)?] + 1)
< S8 +2 (@17 +1)] + IO
< D0 +2 (o) + @ +1)] + [(Va) )]
= 5820 + 2 ((9®) + @7 +1) | + (VW@
Consequently,
[0 - 0] < 5 |2+ 820+ 2(s0 + o) | + 1w
(4.26) a.e. t €[0,7] .
Since
[(Nup)(-) = (Nu)()|| € L(0, T3 Ry)
3 [2+ﬂ2<-> +2(g() + ||u<->||)5’] +I(Vu)()| € Z(0.T:Ry) |

from (4.25) and (4.26), by means of Lebesque dominated convergence theo-
rem, it follows that [(Nu”)(:)— (Nu)(-)||—0 in LP(0,7;R,) that is
[Nup = Null o pvy — 0, m — oo which, taking into account (uy) C (uy,),
contradicts (4.22).

Since the operator N: LP(0,T;RN) — L (0, T; RN) generated by the func-
tion F(-,-) is continuous and satisfies the growth condition (4.18), with

1 1
0< 2(5_?) c1< A1, the existence of a solution in Wr}’p for problem (4.13), (4.14)
is a direct consequence of Theorem 4.2. n

5 — An alternative existence proof via fixed point techniques

This technique is inspired by Manasevich and Mawhin [8]. As shown in the
previous section, under the hypotheses of Theorem 4.2, in order to prove the exis-
tence of a solution for problem (4.13), (4.14) it is sufficient to prove the existence
of a solution for

(5.1) Jy et = —("Ni)u
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where, under the hypotheses of Theorem 4.3, N is defined by (4.17) and
(i*Ni): Wr}’p — (Wr}’p)*: W%’p is compact.
To prove the compactness of (i*Ni) it is enough to observe that
i W%’p—> LP(0,T;RYN) is compact,
N:LP(0,T;RN) — Lp'(O, T;RY) is continuous, and
7 Lp/(O,T;RN) — (W%’p)* is compact.
On the other hand, the following theorem holds:

Theorem 5.1. Let X be a smooth, reflexive Banach space having the
Kadec—Klee property. Then, for any gauge function ¢, the duality mapping
J, is a bijection of X on X* having a continuous inverse.

The partial results employed in the proof may be found, for instance, in Zeidler
[10].
Below, we describe the main steps of the proof.
1) Since X is smooth, J,, is single-valued: J,: X — X*.
2) Since X is reflexive, J, is demicontinuous.

3) J, is monotone:
Yoy e X, (Jow—Jpy, x—y) > (e(llzll) = e(lyD) (l=] - llvll) > 0.

4) J, is coercive
= @([lz]]) = oo as flz]| = oo

5) Out of 2), 3), 4) it follows, via well know surjectivity theorem of
Browder [2], that J, is a surjection of X to X*.

6) Since X is strictly convex, J,, is strictly monotone (injective, in particu-
lar).

7) From 5) and 6), it follows that J,, is a bijection of X onto X*.

8) J;l = X_lJ:;,l where J7_,: X*— X™* is the duality mapping on X~
corresponding to the gauge function ¢!, and x~! is the inverse of

x: X — X*, (x(x),z*) = (z*,2), for all x € X and z* € X*. Note that

because of X being reflexive and strictly convex it follows that X**

is strictly convex.

Consequently, X* is smooth, thus J(:,l is single valued.
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9) J;_l is demicontinuous (like any single-valued duality mapping on a
reflexive space (see 2) above)).

10) From 8) and 9) it follows J,; !'is demicontinuous:
zy— 2" (in X*) = J;l szilJ;_lx; - J;lx*zxflJ;_la:* (in X).

11) Moreover, [[J; zy |l = (|75 a2l = o7 (l25]]) — ¢~ ([la*]]) = |5 " ].
12) Since X has the Kadec—Klee property, from 10) and 11), we get

Jo g — Jo

Now, since W%’p has all properties imposed to the space X in the Theorem 5.1,
it follows that inLW%,p is a bijection of W%’p on (W%’p )* with a continuous
inverse.

Consequently, showing that there exists u € W%’p which satisfies (5.1) is
equivalent with demonstrating that exists u € W%’p such that

(5.2) u="Tu,

with T = (in]-’WIl’,p)_l [—i*Ni]: Wr}’p — %’p compact.

In order to prove that T has a fixed point, we will use a priori estimate
technique: there is r > 0 such that

{u € W%’p | 3te€(0,1] such that u = tTu} C B(0,r) .
Indeed, consider t € (0, 1] and u; € W%’p such that u; = t Tu;. Then
u e
(5.3) Ty (f) — (*Ni)ug .
Because of

_1
i) roir ) < Ar” lullyro s forall we Wh?,

1
it follows that ||7|| = [|¢"|| < A, ”.
1

1
By using this fact and notating, for simplicity, ¢} = 2(10 P )cl in the growth
condition (4.18) we derive:

-1
v < I3
‘|ut|yw%7p — t erl—’,p

Ut
= [ ()
H p_LWTp t W%7Pl

(¥ )y <
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IN

Ay pHN iur) HLP (0,T;RN)

_1
A el <ut>uLp o) + 2]

IN

_1 -
<A [Cl)‘l HUtH 1,,—1—02}
1
Tl 40 e

Thus, we have

_1
(5-4) (1—dArh) HUtH};;;,p —A e 0.

_1
Since 0< ¢} < \; we deduce that (1 — AT!) P! — Allpcz — 00 as £ — 0.
Therefore, there exists r >0 such that (1 — c’l)\fl) gp—1l )\1_562 > 0 for any £ > r.
Consequently, (5.4) holds only for u; satisfying [[u[ 1., < 7.
T
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