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Abstract. A family of classical superintegrable Hamiltonians, depending on an arbitrary
radial function, which are defined on the 3D spherical, Euclidean and hyperbolic spaces as
well as on the (241)D anti-de Sitter, Minkowskian and de Sitter spacetimes is constructed.
Such systems admit three integrals of the motion (besides the Hamiltonian) which are ex-
plicitly given in terms of ambient and geodesic polar coordinates. The resulting expressions
cover the six spaces in a unified way as these are parametrized by two contraction parameters
that govern the curvature and the signature of the metric on each space. Next two maxi-
mally superintegrable Hamiltonians are identified within the initial superintegrable family
by finding the remaining constant of the motion. The former potential is the superposition
of a (curved) central harmonic oscillator with other three oscillators or centrifugal barriers
(depending on each specific space), so that this generalizes the Smorodinsky—Winternitz sys-
tem. The latter one is a superposition of the Kepler-Coulomb potential with another two
oscillators or centrifugal barriers. As a byproduct, the Laplace-Runge—Lenz vector for these
spaces is deduced. Furthermore both potentials are analysed in detail for each particular
space. Some comments on their generalization to arbitrary dimension are also presented.
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1 Introduction

In [14] Evans obtained a classification of classical superintegrable systems [38] on the three-
dimensional (3D) Euclidean space E3. At this dimension he called minimally superintegrable
systems those endowed with three constants of the motion besides the Hamiltonian, that is,
they have one constant more than those necessary to ensure complete integrability, but one less
than the necessary number to determine maximal superintegrability. Amongst the resulting
potentials let us consider

u—f(r)+f;+§§+f§, (1.1)

where F(r) is an arbitrary smooth function, the three (3; are arbitrary real parameters, (x,y, 2)
are Cartesian coordinates on E3, and r = /22 4 y2? + 2z2. Thus this potential is formed by
a central term with three centrifugal barriers. Next by analysing the radial function F(r) two
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relevant and well known expressions arise conveying the additional constant of the motion. These
two cases then appear in the classification by Evans as maximally superintegrable systems as
they have the maximum number of functionally independent constants of the motion, four ones
plus the Hamiltonian. Explicitly, these are:

e The Smorodinsky—Winternitz (SW) potential [17] when F(r) = Bor?:

Br P2 B
uswzﬂo(:p2+y2+z2)+$—§+y—§+z—§, (1.2)

which corresponds to the superposition of a harmonic oscillator with angular frequency
v/ Po and the three centrifugal terms.

e And a generalized Kepler-Coulomb (GKC) potential when F(r) = —k/r:

L{GKC:_—k @4_@
Va2 422 a? oy

which is formed by the proper Kepler—-Coulomb (KC) potential with parameter k together
with two of the famous centrifugal terms.

(1.3)

Superintegrable systems on E? and E? [14, 35] have also been implemented on the two classical
Riemannian spaces of constant curvature. In particular, some superintegrable systems on the 2D
and 3D spheres, S? and S?, have been studied in [20], on the hyperbolic plane H? in [29, 30], while
on H? can be found in [21]. Moreover classifications of superintegrable systems on S? and H?
have been carried out in [28, 31, 34, 39]. These results contain the corresponding (curved)
harmonic oscillator [26, 36] and KC potential [43], which in arbitrary dimension correspond, in
this order, to the following radial potential

Botan®r, on SV —k/tanr, on S%;
F(r)=1{ por?, on EV; F(r)y=1< —k/r, on EV; (1.4)
Botanh?r, on HV. —k/tanhr, on HV.

We recall that the SW system on S» and H" have been constructed in [9, 23] (curved harmonic
oscillator plus N terms) showing that this keeps maximal superintegrability for any value of the
curvature.

However, as far as we know, the construction of the GKC potential on SV and HY as well
as which are the corresponding SW and GKC systems on the relativistic spacetimes of constant
curvature is still lacking, that is, also covering the anti-de Sitter, Minkowskian and de Sitter
spacetimes. The aim of this paper is to present all of these Hamiltonians on these siz 3D spaces
in a unified setting by making use of two explicit contraction parameters which determine the
curvature and the signature of the metric. In this sense, the results here presented can be
considered as the cornerstone for a further generalization of all of these systems to arbitrary
dimension. In this respect, we would like to mention that although very recently such potentials
have been deduced on the (1 + 1)D relativistic spacetimes [8, 12], this low dimension does not
show the guide for a direct generalization to IND.

The structure of this paper is as follows. The next section contains the necessary basics
on the Lie groups of isometries on the six spaces together with the two coordinate systems we
shall deal with throughout the paper: ambient (Weierstrass) coordinates in an auxiliary linear
space R* and intrinsic geodesic polar (spherical) coordinates. The kinetic energy determining
the geodesic motion is then studied in Section 3 by starting from the metric. The generalization
of the Euclidean family (1.1) to these spaces is developed in Section 4 in such a manner that
general and global expressions for the Hamiltonian and its three integrals of motion are explicitly
given.
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The next two sections are devoted to the study of two maximal superintegrable Hamiltonians
arising in the above family by choosing in an adequate way the radial function F(r) (fulfil-
ling (1.4) for the Riemannian spaces) and finding at the same time the remaining constant of
the motion. In this way we obtain the generalization of the SW (1.2) and GKC (1.3) potentials
for any value of the curvature and signature of the metric. Furthermore a detail description of
such systems is performed on each particular space. We stress that, by following the geometrical
interpretation formerly introduced in [40, 41, 42] and generalized in [8, 9, 23], the SW potential is
interpreted as the superposition of a central harmonic oscillator with three non-central oscillators
or centrifugal barriers according to each specific space. Likewise, the GKC system can be seen
as the superposition of the KC potential with two oscillators or centrifugal barriers; in this case,
we moreover deduce the corresponding Laplace-Runge—Lenz vector. Finally, some remarks and
comments mainly concerning the pattern for the construction of such systems for arbitrary
dimension close the paper.

2 Riemannian spaces and relativistic spacetimes

Let us consider a subset of real Lie algebras contained in the family of the Cayley—Klein orthogo-
nal algebras [4, 18]. These can also be obtained as the Zy ® Zo graded contractions of so(4) and
are denoted S0, x,(4) where k1 and ko are two real contraction parameters. The Lie brackets
of 50y, x,(4) in the basis spanned by {J,,, } where p,v =0,1,2,3 and p < v read [4]

[J12, J13] = KaJa3, [J12, Ja3] = —J13, [J13, Ja3] = J2,

[J12, Jo1] = Jo2, [J13, Jo1] = Jos, [J23, Jo2] = Jos,

[J12, Jo2] = —k2Jo1, [J13, Jo3] = —kaJo1, [J23, Jo3] = —Jo2,

[Jo1, Jo2] = K112, [Jo1, Jo3] = k113, [Jo2, Jo3] = K1K2J23,

[Jo1, J2g] = 0, [Joz2, J13] = 0, [Jos, J12] = 0. (2.1)

There are two Casimir invariants

C1 = koJ@y + Iy + I3 + k1 JE + ki JEs + KikaJas,
Co = KoJo1J23 — Jo2J13 + Jo3J12, (2.2)

where C; is associated to the Killing—Cartan form.
Let us explain the geometrical role of the contraction parameters x; and xs. The involutive
automorphisms defined by

©o: Jij — Jij,  Joi — —Joi, i=1,2,3,
©o1 = {Jo1, Sz} — {Jo1, Jas},  {Joj, Ji;} — —{Joj» Ji;}, 7 =2,3,

generate a Zs @ Zo-grading of soy, x,(4) in such a manner that x; and k2 are two graded
contraction parameters coming from the Zo-grading determined by ©g and O, respectively.
By scaling the Lie generators each parameter x; can be reduced to either +1, 0 or —1; the
vanishment of x; is equivalent to apply an Inénii-Wigner contraction.

Furthermore, these automorphisms give rise to the following Cartan decompositions:

S0k, k2 (4) = bo & Po, ho = (Ji2, Ji13, J23) = 504, (3), po = (Jo1, Joz2, Jo3),
50k, k2 (4) = bo1 @ Po1, hor = (Jo1, J23) = 50k, (2) ® s0(2), po1 = (Joz, Jos, J12, J13)-

If Hy and Hy; denote the Lie subgroups with Lie algebras hg and hg1, we obtain two families
of symmetric homogeneous spaces [22], namely the usual 3D space of points SOy, ,(4)/Ho
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and the 4D space of lines SOy, ,,(4)/Ho1, which have constant curvature equal to k1 and ko,
respectively.

We shall make use of the former space which has a metric with a signature governed by ko
as diag(+1, k2, k2) and we denote it

S; = SOHL@ (4)/5052 (3).

[k1]r2

Thus when kg is positive we recover the three classical Riemannian spaces, while if this is
negative we find a Lorentzian metric. In this case, there is a kinematical interpretation for the
homogeneous spaces. Let Py, P;, K; and J (i = 1,2) the usual generators of time translation,
space translations, boosts and spatial rotations, respectively. Under the following identification

Py = Joi, P = Jyit1, K; = Jiis, J = Jog, 1=1,2, (2.3)

the three algebras with ka = —1/c¢? < 0 (c is the speed of light) are the Lie algebras of the groups
of motions of (2+1)D relativistic spacetime models. Thus the commutation relations (2.1) read
now

1 1
[J, Ki] = €; K (K1, K] = 2 J, [Po, Ki) = =P, [P, K] = ~2 i Po,
[J, P;] = €5 P [P, P) = =2 ], [P, P] = kK, [Po, Ji] =0, (2.4)

2
c

where ¢€;; is a skew-symmetric tensor such that €12 = 1. In this framework the curvature of the
spacetime can be written in terms of the (time) universe radius 7 as x; = £1/72 (which is also
proportional to the cosmological constant). The Casimir invariants (2.2), C; and Cq, correspond

to the energy and angular momentum of a particle in the free kinematics of the relativistic
spacetime:

1 K
C1:—6—2P3+P12+P22—|—/11(K12+K22)—0—21,]2,

1
C2:7672P0J7P1K2+P2K1. (25)

On the other hand, if ko = 0 we obtain a degenerate metric which corresponds to Newtonian
spacetimes. Since our aim is to construct superintegrable systems on these homogeneous spaces,
for which the kinetic energy is provided by the metric, we avoid the contraction k9 = 0. The

resulting six particular spaces contained in the family S?m]m are displayed in Table 1.

Table 1. 3D symmetric homogeneous spaces S5 = SO0, ,x5(4)/S0k,(3) and their metric in geodesic polar

[k1]k2

coordinates according to k1 € {4+1,0,—1} and k2 € {+1,—1}.

3D Riemannian spaces

(2 + 1)D Relativistic spacetimes

o Spherical space S*

Stiy = S0(4)/50(3)

ds? = dr? + sin® r d6? + sin® rsin? 0 d¢2
o Euclidean space E®

Siojs = 150(3)/50(3)

ds? = dr® + 2 d0® + r*sin® 0 do?

e Hyperbolic space H?

Sty = SO(3,1)/SO(3)

ds® = dr® 4 sinh? r d6® + sinh® r sin” 6 d¢”

o Anti-de Sitter spacetime AdS?*?
Sty _ = 50(2,2)/50(2,1)

ds®> = dr® — sin® r d6® — sin® rsinh? 6 d¢2
o Minkowskian spacetime M2+!

S =150(2,1)/50(2,1)

ds? = dr? — r? d6? — r?sinh? 0 d¢?

e De Sitter spacetime dS+!

St_ = S0(3,1)/S0(2,1)

ds® = dr® — sinh®r d6* — sinh® r sinh® 6 d¢°
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2.1 Vector model and ambient coordinates

The vector representation of soy, x,(4) is given by the following 4 x 4 real matrices [4]:

o= e T ]
—K1K2
o=y e T
1
—K1K2
e I PR I (2:6)
1 - . . o1

Their exponential provides the corresponding one-parametric subgroups of SOy, ,(4):

Corl@) —m1Su(®) - - L .
eTJor Sm (.CE‘) Cm (x) o ot 12 : an (:B) —k2 Sng (l') :
’ ’ I ’ Sfﬁz (x) CHQ (x) .
1 . . . 1
CHU’”Q (x) © —R1k2 SH1H2 (l’) 1
etdoz — ’ 1 ) ’ , 13 — + Cry(@) + —K2Sk,(2) 7
S"@1"‘42 (x) ' CH1}-€2 (x) : . . 1 .
) ) . 1 ©Se,(x) - Cuyla)
05152 ($) ’ ’ —R1Rk2 SHlKQ (x) 1 .
. 1 - . 1 . .
xrJos __ rJog __
’ - ' -1 : ’ ¢ |- - cosxz —sinz |’ (2.7)
Skima(®) - Cryro () - - sinx cosz

where we have introduced the k-dependent cosine and sine functions defined by [3, 5]

cosvVkx, K > 0;

Cr(z) = Z(—ﬁ)l@ = L k=0;

=0 coshv/—kx, Kk <0,
1 g .
~ o 7 SIVET, K> 0;
; =0;
lz(; 2l @+ ], " "
= ﬁsmh\/—nm, k < 0.

Notice that k € {k1, K1K2, k2}. The tangent is defined as T\ (z) = Sk(x)/ Ck(x). Properties and
trigonometric relations for these k-functions, which are necessary in the further computations,
can be found in [24, 25]; for instance,

d d

C3(z) + Kk S2(z) =1, aCn(x) = —k Sk(z), — Sk(z) = Ck(z).

Under the above matrix algebra and group representations it is verified that

XTI 4+ 1,X =0, X € 804, 0, (4), YTLY =1, Y €SOy, ., (4),
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(X7 is the transpose matrix of X) with respect to the bilinear form
HK = diag(+1, K1, K1K2, Rlﬁg).

Therefore SOy, x,(4) is a group of isometries of I, acting on a linear ambient space R* =
(zo, 1, %2, x3) through matrix multiplication. The origin O in Sf’mm has ambient coordinates
O = (1,0,0,0) and this point is invariant under the subgroup Hy = SO, (3) = (Ji2, J13, Jo3)
(see (2.7)). The orbit of O corresponds to the homogeneous space S?m]w which is contained in
the “sphere”

Y= $(2] + mz% + mlﬁng + /{1/42303 =1, (2.8)

determined by I,. The ambient coordinates (zg, z1,z2,23), subjected to (2.8), are also called
Weierstrass coordinates. The metric on S? follows from the flat ambient metric in R* divided

: [k1]k2
by the curvature and restricted to X:
1
ds? = — (dx% + k1daz? + kkoda? + mmgdxg) ’E. (2.9)
R1

A differential realization of soy, x,(4), fulfilling (2.1), as first-order vector fields in the ambient
coordinates is provided by the vector representation (2.6) and reads

Jo1 = k12100 — 2001, Joj = K1kaxj0y — 200;,
J23 = $382 - $263, Jlj = /ﬁgl’j@l — .7}18]', (2.10)

where j = 2,3 and 0, = 0/0x,,.

2.2 Geodesic polar coordinate system

Let us consider a point @ in Sf’m]@ with Weierstrass coordinates (xo,z1,22,x3). This can be
parametrized in terms of three intrinsic quantities of the space itself in different ways. We shall
make use of the geodesic polar coordinates (1,0, ¢) which are defined through the following action

of the one-parametric subgroups (2.7) on the origin O = (1,0,0,0):

Q(r, 0, ) = exp{pJas} exp{0.J12} exp{rJo }O,

Zo Cp, (1)

T | _ Sk (1) Cry (0)

2o | T | Sk, (1) Sk, () cos ¢ (2.11)
x3 Sk, (1) Sk, (0) sin ¢

Let I be a (time-like) geodesic and la, I3 two other (space-like) geodesics in S?ﬁﬂm orthogonal

at O in such a manner that each translation generator Jyp; moves the origin along ;. Then the
(physical) geometrical meaning of the coordinates (r, 6, ¢) is as follows.

e The radial coordinate r is the distance between @) and O measured along the (time-like)
geodesic [ that joins both points. In the curved Riemannian spaces with k1 = +1/R2, r has
dimensions of length, [r] = [R]; notice however that the dimensionless coordinate r/R is
usually taken instead of r, and so the former is considered as an ordinary angle (see,
e.g., [27]). In the relativistic spacetimes with x; = 41/72, r has dimensions of a time-like
length, that is, [r] = [7].

e The coordinate 6 is an ordinary angle in the three Riemannian spaces (k2 = +1) and this
parametrizes the orientation of [ with respect to Iy, whilst 6 corresponds to a rapidity in
the spacetimes (ko = —1/c?) with dimensions [6] = [c].



Superintegrability on 3D Spaces of Constant Curvature 7

e Finally, ¢ is an ordinary angle for the six spaces that determines the orientation of [ with
respect to the reference flag spanned by [; and ls, that is, the 2-plane [1l5.

In the Riemannian spaces (r, 6, ¢) parametrize the complete space, while in the spacetimes
these only cover the time-like region (in ambient coordinates this is 23 + 23 < 2%) limited by
the light-cone on which 8 — oco. The flat contraction k1 = 0 gives rise to the usual spherical
coordinates in the Euclidean space (k2 = 1).

By introducing the parametrization (2.11) in the metric written in terms of ambient coordina-
tes (2.9) we obtain that

ds® = dr? + ko S2 (1) (d6® + S2,(0)de?), (2.12)

which is particularized in Table 1 to each space. From it we compute the Levi-Civita connec-

tion Ffj, the Riemann R;kl and Ricci R;; tensors [13]. Their nonzero components are given by

Fzr = Fir = 1/ Th, (T>v Fie = 1/T:‘62 (9)7 Fg@ = —K2 Sk, (T) Cry (T)a
sz& = —k2 Sm (T) Cfﬂ (T) Sig (0)7 Fgﬁqﬁ - = SH2 (0) Cfiz (0)7
R = Ryyy = k1raS2, (), R = Rlgy = rara S, (r) SZ, (6) Ry,

Rm« = 2571, Rgg = 251%2 Sil (T), R¢¢ = 2/€1/€2 SZI (7“) SiQ (0) (2.13)

= R?(j)r = k1,

Therefore all the sectional curvatures turn out to be constant K;; = k1, while the scalar curvature
reads K = 6kq.

3 Geodesic motion

The metric (2.12) can be read as the kinetic energy of a particle written in terms of the velocities
(7,0, ¢), that is, the Lagrangian of the geodesic motion on the space S} given by

[k1]k2
7= L S (0@ + $2,00)). 1)

Then the canonical momenta (p,,pg, pg) are obtained through p = 07 /0q (¢ = 7, 0, ¢), namely,

pr =T,
po = K2 SZ, (1),
po = K2 S%, (1) S, ()0, (3.2)

so that the free Hamiltonian in the geodesic polar phase space (¢;p) = (7,6, ¢; pr, Do, Pg) With
respect to the canonical Lie-Poisson bracket,

2. /0f dg g Of

=1

turns out to be

1 p2 Pi
T=>|p?+ R : 3.4
2 (pr k2 SZ,(r) | ko SZ,(r)S2,(0) (3:4)

Note that the connection (2.13) would allow one to write the geodesic equations whose solution
would correspond to the geodesic motion associated with 7 (see [8] for the 2D case).
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Now we proceed to deduce a phase space realization of the Lie generators of so., x,(4). In
Weierstrass coordinates x,, and momenta p,, this comes from the vector fields (2.10) through the
replacement 0, — —py,:

Jo1 = Top1 — K1T1Po, Joj = Topj — K1K2T;Po,

Jo3 = xop3 — x3p2, J1j = T1pj — K2Z;p1. (3.5)

The metric (2.9) can also be understood as the kinetic energy in the ambient velocities &, so
that the momenta p,, are (j = 2,3):

po=do/k1,  p1=4%21,  pj = kKadj. (3.6)
Next if we compute the velocities #; in the parametrization (2.11) and introduce the mo-

menta (3.2) and (3.6) we obtain the relationship between the ambient momenta and the geodesic
polar ones:

Po = — Sm (T> Dr,

S, (0
P11 = Cfil (T) Cﬁz (9) Dr — S;{l ET; Do,
Crt (0 i
P2 = K2 C:‘il (T) SNQ (0) COoS ¢p7“ + S( )((;;)S gb Po — S (Srl;lsgb (0) p¢7
Cr,(0)sing cos ¢

p3 = K2 Cfﬂ (T) SN2 (0) sin ¢ pr +

S T S8

Hence the generators (3.5) in geodesic polar coordinates and momenta turn out to be

_ Sk, (0)
JO]. - CHQ (9) p?" ;]:\K1 (T) p97
Ci,(0) cos ¢ sin ¢
= K 0 r 2 - ;
Jor = RS ) oSOt T T )5, )
ko (0) sin @ cos ¢

C
Joz = Ko S,$2 (9) sin ¢ p, +

sin ¢ »
Tra(6)

2
Po + Do
T (r) 77 T (r)Se(8)

J12 = cosQpy —

. cos ¢
J13 = sin ¢ pg + 4 Po,
Ty, (6)

Joz = Do (3.7)
By direct computations it can be proven the following statement.

Proposition 1. The generators (3.7) fulfil the commutation relations (2.1) with respect to the
Lie—Poisson bracket (3.3) and all of them Poisson commute with T (3.4).

In this respect, notice that, under (3.7), the kinetic energy is related with the Casimir C; (2.2)
by 2k97 = Cy, while the second Casimir Co vanishes.

The realization of the generators (3.7) is particularized for each specific space and Poisson—
Lie algebra contained in Sf’m]@ and S0y, x,(4) in Table 2. In order to present the simplest
expressions, hereafter we shall set in all the tables k; € {+1,0,—1} and k2 € {+1,—1}, which
corresponds to deal with units R=7=c=1.
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Table 2. Phase space realization of the generators of sox, .,(4) in canonical geodesic polar coordinates and

momenta (r, 0, ¢; pr, po, ps) on each space S[Sm

I

with k1 € {+1,0,—1} and k2 € {+1,—1}.

3D Riemannian spaces

(2 + 1)D Relativistic spacetimes

e Spherical space S?_‘_]_‘_ =8 so(4) e Anti-de Sitter spacetime S‘E’H_ = AdS*™: 50(2,2)
. inh
Jo1 = cosO p, — sin 0 Do Jo1 = cosh @ p, — sinh 6
tanr tanr
0 i h o i
Jos = sin 0cos 6 py + cos 0 cos ¢ sin ¢)P¢ Jos = — sinh 0 cos ¢ py + cosh 0 cos ¢ sin (Jb‘pqﬁ
tanr tan r sin 6 tanr tan r sinh 6
Jos — sin 0sin épy. + cos 0sin ¢ cos (;3?94, Jos = — sinh Osin é pr + cosh 0 sin ¢ cos ¢.p¢
tanr tan r sin 6 tanr tan r sinh 6
sin ¢ sin ¢
Ji2 = — Ji2 = —
12 = COSGpo tan9 Pe 12 = COSGpo tanhH by
¢ ¢
Jizs = Ji3 =
13 = sin g po + tan@ 13 =singpo + =g tanh@
Joz = pg J23 = pe
e Euclidean space S[30]+ =E* is0(3) e Minkowskian spacetime Sﬁ)], =M>*"" ds0(2,1)
in6 inh 6
Jo1 = cosOp, — S Do Jo1 = cosh @ p, — s Do
0 i h 6 i
Jo2 = sinf cos ¢ p- + cosfcos ¢ Po — sn.qu % Joz = —sinh 6 cos ¢ pr + cosh 6 cos ¢ 51.n ¢ P
r rsin 6 r rsinh 6
. . 5 6 si 3 . . h0si )
Jos = sin 0sin épy. + cos 0'sin ¢ o+ co.s 10} Po Jos = — sinh 0sin é pr + cosh 0'sin ¢ c?sqﬁ Pe
r rsin 6 r rsinh 0
sin ¢ sin ¢
Jio = — 1o — _ Smn¢
12 = COS $ o tan9 pe 12 = COS $Po tanh9 Pe
08 08
J13—smgz$p9—|— (gp(;& J13—smd>p9+ tanho P?
Josz = Pe Joz = Po
e Hyperbolic space SIS—H- =H3 s0(3,1) e De Sitter spacetime 8[3_]_ =dS*: s0(3,1)
sin 6 sinh 6
Jo1 = 0p, — Jo1 = coshfp, —
01 = COSUP tanhr 01 = COSBTP tanhr pe
. cos 0 cos ¢ sin ¢ pe . cosh 6 cos ¢ sin ¢ py
Jo2 = 0 r - - Jo2 = — ho r - p
0z =sinfcos¢pr + tanhr ©° tanhrsinf 02 sinh§cos ¢ pr + tanh r tanh r sinh 6
. . cos 0sin ¢ cos P Dy . . cosh 6 sin ¢ CoS PPy
= 0 r - — ho r .
Jos = sinfsin g pr + tanh r tanh r sin 0 Jos sinh f'sin ¢ pr + tanhr tanh r sinh 6
sin ¢ sin ¢
Jio = — Jio = —_
12 = COS @ Py tan@ pe 12 = COS@ Py tanh g ¢
J13781H¢p9+ ¢ Jiz =singpg + —— cosé. Dé
tan 9 tanh 6

J23 = po

J23 = po

4 Superintegrable potentials

Now if we look for superintegrable potentials U(q)

one (1.1) to the space S[ 1), We find
i a3 $3
1 51 e B3
=F(r)+ + + :
S2 (r) \ C2,(0)  SZ (0)cos?¢  SZ (0)sin? ¢
where F'( Cy, (1)) = F(r) is an arbitrary smooth function and f3; are arbitrary real constants. As

in E2, the three B;-terms can be interpreted on the six spaces in a common way as “centrifugal
; for some particular curved spaces these may admit an alternative interpretation as

barriers”

= U(r,0, ) which generalize the Euclidean

(4.1)

non-central harmonic oscillators. These facts will be explained in detail in the next section.
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The resulting Hamiltonian ‘H = 7 + U, with kinetic energy (3.4) and potential (4.1), has
three integrals of the motion quadratic in the momenta which are associated with the (Lorentz)
rotation generators (j = 2, 3):

2 275 a3t 2 a3 a3
Ilj = Jl] + 251%2? -+ 25]‘/4,2?, 123 = J23 + 2,82/4?2? + 253%2?, (42)
1 J 2 3
which in the geodesic polar phase space explicitly read
. 2
I1o = | cos - +201k5 T2 (0) cos™ ¢ + —5———7—,
12 < ¢ Py T, 0) pqﬁ) Bury To, (0) cos™ ¢ T2 (6) cos? 6
2
. Ccos ¢ 2 m2 .9 2083k2
I3 = (sin 4+ — + 2B1k5T%_(0)sin” ¢ + —5————,
13 < ¢p9 T;{Q (9) p(b) /81 2 52( ) ¢ Tiz (9) sin2 ¢
203k2
I3 = p2, + 2Bok9 tan® : 4.3
23 = Py 1 20252 tan ¢+tan2¢ (4.3)

These constants of the motion do not Poisson commute with each other. In order to find
quantities in involution we define another integral from the above set:

Loz = Lo + i3 + koloz + 262 (081 + K22 + K23)

pﬁ, n 251 k2 232k 233k
SiQ (0) Ciz (9) Siz (0) cos? ¢ 822 () sin? ¢

=p + (4.4)
which is related with the Casimir of the rotation subalgebra by = so,(3).
Superintegrability of H is then characterized by:

Proposition 2. (i) The three functions {Ii2, 123, H} are mutually in involution. The same
holds for the set {Iss, I123, H}.

(ii) The four functions {I12, I23, 123, H} are functionally independent, thus H is a superinte-
grable Hamziltonian.

These results, which can be checked directly, are displayed in Table 3 for each particular space
arising within Sf’m@. Notice that the integrals {Ii2, I23, I123} do depend on k9 and (6, ¢; pg, py)
but neither on the curvature x; nor on (r,p,), so these are the same for each set of three spaces
with the same signature.

A straightforward consequence of the complete integrability determined by {Iss, [123, H} is
that H is separable and we obtain three equations, each of them depending on a canonical pair
(qi> pi):

2[33k2
tan? ¢’

(I23 + 2r2(B2 + B3)) ,

I23(¢,p¢) = pﬁ + 209k9 tan? ¢+

231 K9
2
5 + +
CiQ (9) SiQ (9)

1 1
H(r,pr) = - p2 + F —

I123(0,p9) = p

L9, (4.5)

and H is so reduced to a 1D radial system.

Therefore there remains one constant of the motion to obtain mazimal superintegrability
so that we shall say that H is a quasi-mazimally superintegrable Hamiltonian. In the next
sections we study two specific choices for the arbitrary radial function F(r) that lead to an
additional integral thus providing maximally superintegrable potentials. The resulting systems
are generalizations of the (curved) harmonic oscillator and KC potentials with additional terms
(dependending on the f;).
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Table 3. Superintegrable Hamiltonian H = 7 + U and its three constants of the motion {I12, I23, I123} for the
six spaces Sf’m]w with k1 € {+1,0,—1} and k2 € {+1,—-1}.

3D Riemannian spaces

e Spherical space Sf’HJr =g?

L( s ph 3 1 B B2 B3
H=: r F
2 <p + sin? r + sin? r sin? 0 +Fr) + sin?r \ cos2 0 + sin? 6 cos? ¢ * sin?  sin? ¢

e Fuclidean space 8[30]+ =E?

1 . 5 1
H:2<pi+f§+ Po )+f(r)+r2( LN )

r2sin 0 cos?f  sin?fcos?2¢  sin®@Osin? ¢

e Hyperbolic space Sf’,] L= H3

V(o 1w s 1 b 2 Bs
H=-1|pr F
2 (p + sinh? r + sinh? r sin? 6 +Fr)+ sinh?r \ cos? 6 + sin? 0 cos? ¢ + sin? 6 sin? ¢

. 2
sin ¢ 2 2 252
Ty — _ 7 231 tan” 0 T2 2 4
12 <C05¢p0 tand p¢) +2f1 tan” O cos™ ¢ + tan? 0 cos? ¢
2 2 205
Is3 = j2 + Qﬁg tan ¢ + tan? ¢
v 261 202 285

Lios = py + +
128 =P G129 T cos?0 | sin? O cos? ¢  sin?0sin? ¢

(2 + 1)D Relativistic spacetimes

e Anti-de Sitter spacetime S:[SH— = AdS?**!

1( > p s 1 < B B2 B3 )

2 <p sin?r  sin?rsinh?6 ) sin?r \ cosh?6 = sinh?@cos?2¢  sinh?@sin? ¢
e Minkowskian spacetime S{f’o], = M>**!

1( 2 p Ps L ( B 2 Bs
H=_-|pr—= — F -

2 (p r?  r2sinh? 6 +Fr)+ r2 \ cosh? @ * sinh? @ cos? ¢ + sinh?  sin? ¢

e De Sitter spacetime S?f], = ds?*!

V(o 1w 2 1 B B Bs
H==(p2- - F
2 (p sinh?7  sinh?7sinh? @ +F)+ sinh? 7 \ cosh? + sinh? 6 cos? ¢ * sinh? @ sin? ¢

. 2
sin ¢ 2 2 202
I — ek 231 tanh” 6 T %, 9
12 (COS¢P9 tanh 0 p¢) + 201 tanh™ 0 cos™ ¢ tanh? 0 cos? ¢
2 2 2Ps
Is3 = py — 2B2 tan” ¢ — tan? ¢

Tion — p2 + pi _ 261 _ 202 203
12 ®7 sinh20 cosh®6  sinh® 0 cos? ¢  sinh?6@sin? ¢

5 Harmonic oscillator potential

If we like to extend the (curved) harmonic oscillator potential (1.4) to our six spaces, we have
to consider the following choice for the arbitrary function appearing in (4.1):

F(z0) = Fo (1 = §3> = 6o (x% i W% T “2$§) . F(r) =BT (r), (5.1)

where [y is an arbitrary real parameter. When the complete Hamiltonian is considered we
obtain the generalization of 3D SW system (1.2), H5W = 7 +USW | to the space S? namely

[k1]r2’
1 B n 1)) n B3
Sil (r) CiQ (9) SiQ (0) cos? ¢ SiQ (0) sin? ¢

UV = By T2 (r) + (5.2)
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As we already mentioned in the introduction, the proper SW Hamiltonian arises in the (flat)
Euclidean space [15, 16, 17, 19], here written in polar coordinates, which is formed by an isotropic
harmonic oscillator with angular frequency w = /3y together with three centrifugal barriers
associated with the f;’s. Different constructions of the SW system on the (curved) spherical
and hyperbolic spaces can be found in [9, 20, 23, 28, 30, 31, 39]. More recently such a potential
has also been deduced and analysed in the (14 1)D relativistic spacetimes of constant curvature
in [8, 12] as well as in 2D spaces of variable curvature in [8].

In our case, any of the translation generators Jy; (3.7) provides a constant of the motion
quadratic in the momenta in the form (j = 2, 3):

2 93% ﬁ
Ioy = J5 +260— + 261,
.’EO xo
2 2:”2' p
Toj = Joj + 260k —5 + 2Bjka 3, (5:3)
xj Ly
that is,
26
I = J2 +2 T2 02 9 +—7
e N N GLIAT
232k
Too = JZy + 2B0k3 T2 (r)S2 () cos® ¢ + ;
02 = Jog + 200k T3, (r) S, (0) ¢ T2 (r)S2,(0) cos? ¢
. 208352
Tz = J2s + 2B0k2 T2 (r)S2 (0)sin® ¢ + . 5.4
03 = S + 2003 T, (1) Sy, (0) s+ Z e i o4

Obviously, the seven integrals of the motion {Io1, o2, los, [12, I23, I123, HSW} cannot be func-
tionally independent. One constraint for them is given by

2k H W = kalor + Ioa + Toz + k11123,
which reminds the aforementioned relation for the geodesic motion 2k97 = C;. Note also that
{o1, T2} = {lo2, 13} = {03, [12} = 0.
The final result concerning the superintegrability of HSW is established by:

Proposition 3. (i) Each function Iy; (5.4) (i = 1,2,3) Poisson commutes with H>W.
(ii) The five functions {Io;, I12, Io3, I123, HSW}, where i is fized, are functionally independent,
thus H3W is a mazimally superintegrable Hamiltonian.

The Hamiltonian H5W and the additional constant of the motion Iy (that ensures maximal

superintegrability) are presented for each particular space contained in Sf’m]m in Table 4.

5.1 Description of the SW potential

The 2D version of the potential USW (5.2) on S? has been interpreted in [40, 41, 42] as a super-
position of three spherical oscillators; the interpretation for arbitrary dimension on S and HY
has been presented in [9, 23]. Furthermore, a detail description on this potential on AdS'
M!*! and dS'*! was recently performed in [8]. In what follows we analyse the (physical) geo-
metrical role of the 3D potential (5.2) on each particular space S:[Sm]nz thus generalizing all of
the mentioned 2D results.
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Table 4. Maximally superintegrable Smorodinsky-Winternitz Hamiltonian H°W = 7 4+ 5V and the additional
constant of the motion Io1 to the set {Ii2, I23, I123} for the six spaces S?M] with the same conventions given in
Table 3.

K2

3D Riemannian spaces

e Spherical space 83
1 2 2 1
HSW:<p§+ P, ¢ >+ﬂotan2r+sin2r( b BB )

2 sin?r = sin%?rsin%6 cos20  sin?fcos2¢  sin?@fsin’ ¢
21

tan? r cos2 0

ino 2
sl pg) + 2060 tan®r cos® 6 +
anr

Ior = (cos@pr 1

e Euclidean space E3

1 2 2 1 :
HSW_<p2_|_fg+ Py >+BOT2+T2( B n B2 + B3 )

2 r2sin? 0 cos?20  sin?fcos2¢  sin?Osin’ ¢

sin 6 2 2 2 2ﬁ1
Ior = {cosOpr — ——po | +2Bor cos™ 0+ ————
r r2 cos? 6

e Hyperbolic space H?
1 2 y 1
psw 1 <pf I Py ) + o tanh® 7 + ( B n B2 n Bs )

2 sinh?r  sinh?rsin? 0 sinh?r \cos?6 = sin?fcos2¢  sin?fsin’ ¢

sin 6
tanh r

201

tanh? 7 cos? 0

2
Io1 = (cos 0 pr — pg) + 2060 tanh? r cos® 6 +

(2 + 1)D Relativistic spacetimes

e Anti-de Sitter spacetime AdS2?*!
1 2 p 1
HSW—<p3— B >+,6’otan2r+ . < LN B — )
sin® r

2 sin?r  sin®rsinh? 6 in cosh?6 = sinh?@cos2¢  sinh?@sin? ¢

201

tan? r cosh? 0

sinh 6
tanr

2
Io1 = (cosh@pr - pg) + 20 tan® r cosh® 0 +

e Minkowskian spacetime M?*1

1 P % 2, 1 B B2 B3
HW = [p2 22— 2 ) 4 Ber® + + +

2 <pr 2 r2gsinh?6 po r2 \cosh?® = sinh®?@cos2¢  sinh?@Osin® ¢

2 28,
+ 2 7‘2 COSh2 0+ ——
pg) po r2 cosh? 0

sinh 6
r

Ipn = (coshﬂpT -

e De Sitter spacetime dS2*!

2 2
st—l<p3 Po P >+50tanh2r+ .12 ( B n B2 " B3 )
sinh® r

2 sinh?r  sinh®rsinh? 6 cosh?6  sinh®?@cos2¢  sinh? #sin? ¢
201

tanh? r cosh? 0

sinh 6
tanhr P

2
Ioy = (cosh@pr - 9) + 2060 tanh® 1 cosh® 0 +

Consider the (time-like) geodesic [; and the two (space-like) geodesics la, I3 in S[gm}@ orthog-
onal at the origin O and the generic point Q(r,8,¢) as given in Subsection 2.2. Next let Q;;
(i, = 1,2,3; i < j) be the intersection point of the reference flag spanned by l; and [; (the
2-plane [;1;) with its orthogonal geodesic through Q. Hence we introduce the (time-like) geodesic
distance z = Q@23 and the two (space-like) distances y = QQ13, z = QQ12. Finally, let Q1
be the intersection point of Iy with its orthogonal (space-like) geodesic I} through @ for which
h = QQ: is the (space-like) distance measured along lj. Now by applying trigonometry [24] on
the orthogonal triangles OQQ; (with inner angle ), OQQ23 (with external angle 6), Q13QQ1
(with external angle ¢) and Q12Q@Q1 (with inner angle ¢), we find that

0QQ: : SfﬂNQ(h) = S:‘il (T) SHQ ('9)7
OQQ23 : Sfﬂ ($) = Sm (T) CHQ (0)7
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Q13QQ1 1 Skiky (¥) = Skysa(h) cos e,
QlQQQl : Sfﬂliz (Z) - S:‘ﬂHQ (h) sin ¢
Hence the ambient coordinates z; (2.11) can be expressed as
21 = Sk, (1) Cuy(0) = S, (2),
To = Sk, (7’) Sk (6) COS @ = Spypy (y)7

23 = Sy (1) Sk, (0) sin g = Syyk,(2), (5.5)
so that the SW potential (5.2) can be rewritten as
USW = Gy T2 () + e 2 P (5.6)
' Sh(@)  SEe(y)  SEk(2)

which allows for a unified interpretation on the six spaces:

e The (y-term is a central harmonic oscillator, that is, the Higgs oscillator [26] with center
at the origin O.

e The three f;-terms (i = 1,2, 3) are “centrifugal barriers”.

Furthermore, the §;-potentials can be interpreted as non-central oscillators in some particular
spaces that we proceed to describe by considering the simplest values for x; € {£1}.

5.1.1 Spherical space S3

Let O; be the points placed along the basic geodesics I; (i = 1,2,3) which are a quadrant apart
from the origin O, that is, each two points taken from the set {O,O;} are mutually separated
a distance J (if k1 = 1/R?, a quadrant is 7/(2,/k1) = Rm/2). In fact, each O; is the intersection
point between the geodesic [; and the axis x; of the ambient space. If we denote by r; the distance
between @) and O; measured along the geodesic joining both points then
0
r1+:1::r2+y:7“3+z:§,
which means that each set of three points {O1QQ23}, {02QQ13} and {O3QQ12} lie on the same
geodesic. Thus

r1 =sinx = cosry, T9 = siny = cos Ty, T3 = sin 2z = cos T3,

so that the SW potential (5.2) on S® can be expressed in two manners

51+ﬁ2+ﬁ3

USWV = gy tan’r + e —5 (5.7)
y sin®z
3
= By tan?r + Z (ﬂi tan® r; + ﬁi) , (5.8)
i=1

which show a superposition of the central spherical oscillator with center at O either with three
spherical centrifugal barriers, or with three spherical oscillators with centers placed at O; [9, 23].

5.1.2 Hyperbolic space H3

The analogous points to the previous “centers” O; would be beyond the “actual” hyperbolic
space and so placed in the exterior (“ideal”) region of H®. The SW potential can only written
in the form (5.6):

b1 B2 B3

. . . )
sinh?z  sinh?y  sinh?z

UV = By tanh? r + (5.9)

giving rise to the superposition of a central hyperbolic oscillator with three hyperbolic centrifugal
barriers [23].
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5.1.3 Euclidean space E3

The contraction x; — 0 (R — o) of the SW potential on S and H? can be applied on both
expressions (5.7) and (5.9) reducing to

USW — gyr +@+@+E§’ (5.10)
Y2 oz
which is just the proper SW potential (1.2) formed by the flat harmonic oscillator with three
centrifugal barriers; in this case (z,y, ) are Cartesian coordinates on E3 and r? = 22 4 2 + 22.
This contraction cannot be performed on S® when the potential is written in the form (5.8);
notice that if k1 — 0 the points O; — cc.

5.1.4 Anti-de Sitter spacetime AdS?T!

We consider the intersection point O between the time-like geodesic I; and the axis z1 of the
ambient space, which is at a tlme like distance 7 from the origin O [8]. If r; denotes the time-like
distance QO1, then r; +x = I. Therefore the SW potential becomes

5! B2 B3
USWV = gy tan’r +
bo sin?x  sinh?y  sinh?z

B2 B3

sinh?y  sinh?z

(5.11)

= By tan®r + By tan®rq +

+ B (5.12)

The former expression corresponds to the superposition of a time-like (spherical) oscillator cen-
tered at O with a time-like (spherical) centrifugal potential and two space-like (hyperbolic)
ones. Under the latter form, the time-like centrifugal term is transformed into another spherical
oscillator now with center at O;.

5.1.5 De Sitter spacetime dS2?t1!

Recall that AdS?™! and dS?*™! are related through an interchange between time-like lines and
space-like ones; the former are compact (circular) on AdS?*! and non-compact (hyperbolic) on
dS?*!, while the latter are non-compact on AdS?**! but compact on dS?*1.

So, we consider the intersection point O; (j = 2,3) between the space-like geodesic [; and
the axis x; which is at a space like distance 5 from O, so that r; is the space-like dlstance QO;

verifying 72 +y = r3 + 2z = T [8]. Hence the SW potential can be rewritten as
UV = py tanh®r + .&2 .ﬁi + .ﬁi (5.13)
sinh“z  sin“y  sin“z
= By tanh?®r + ﬁl + Batan® ry + By tan? 3 + B + Fa. (5.14)
sinh? z

In this way, we find the superposition of a central time-like (hyperbolic) oscillator with a time-
like (hyperbolic) centrifugal barrier, and either with two other space-like (spherical) centrifugal
barriers or with two space-like (spherical) oscillators centered at O;.

5.1.6 Minkowskian spacetime M?2*1!

Finally, the contraction k1 — 0 (7 — 00) of (5.11) and (5.13) gives

UV = Bor +@+@+@ (5.15)

22’
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which is formed by a time-like harmonic oscillator Syr?, one time-like centrifugal barrier 3;/z?
together with two space-like ones 32/y?, 3/2%. The coordinates (x,%, z) are the usual time and
space ones such that 72 = 22 — y? — 22, On the contrary, the expressions (5.12) and (5.14) are

not well defined when k1 — 0 since the points O and O; go to infinity.

6 Kepler—Coulomb potential

The generalization of the KC potential (1.4) to the space S? is achieved by choosing

[r1]r2
PO S S—— 0 R 5 L)
V(1 —23)/k1 VT3 + Kox3 + Koxl T (r)

where k is an arbitrary real parameter. As it already happens in E? [14], it is not possible
to add the three potential terms depending on the (;’s keeping at the same time maximal
superintegrability; so that, at least, one of them must vanish. Consequently, we find, in principle,
three possible generalizations of the Euclidean potential (1.3) to S}

[k1]k2
k 1 B2 B3
ook (By 5y,
1 T () | SE()S5,0) \eo?o | sin?g

ckc _ kK 1 B B3
U= Ty, (1) " S2 (r) (ciQ(e) * S2 (0) sin2¢>’

ckc _ kK 1 B 32
U™ = Ty, (r) * S2 (r) (CiQ(G) * S2 (0) COSQ¢> ' (6.2)

K2

Thus each potential Z/{iGKC contains the proper KC k-term [11, 12, 28, 31, 32, 33, 37, 39, 43]
together with two additional 3;-terms, which can further be interpreted as centrifugal barriers
or non-central oscillators; for each of them there is an additional constant of the motion given
by (i =1,2,3):

3 3
RoX; Tox;
Li= Y Judi+k—= : = — 2k Y B (6.3)
I=1;1#i V@ + kol + ko] =i U
where Jj; = —J;; for ¢ < [. In terms of the geodesic polar phase space these integrals read

2k9 Gy, (0
Ly = —JoaJ12 — JozJ1z + k k2 Cpy (0) — T K?r) 822( ()9) <Coi§ 5 + Sif§¢> ,
K1 K9
265 cOS ¢ (& Sw,(0) . B )

Lo = Jo1J12 — JozJog + k ko Sk, (0 COSQZ) — -
:(0) Tey(r) \ C2,(0) = Su,(0)sin?¢

) 2kosing 1Sk, (0) B2
L3 = Jo1J13 + Jo2J23 + k k2 S, (0 - + - (64
3 = Jo1J13 + JozJ23 K2 S, (0) sin ¢ T (1) ( C2(0) Sy, (0) cos? ¢ (6.4)

The superintegrability of each Hamiltonian HEKC = 7+ UFKC (; = 1,2, 3) is determined by:
Proposition 4. (i) The function L; (6.4) Poisson commutes with HSKC.

(ii) The five functions {L;, I12, In3, I123, HSKCY are functionally independent, thus HEXC is
a maximally superintegrable Hamiltonian.
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6.1 The Laplace-Runge—Lenz vector

When another (3; is taken equal to zero in a given potential Z/{ZGKC (j # i), the function L; is also
a constant of the motion. Therefore when all the §; = 0, the three functions (6.4) are constants
of the motion for the GKC potential which reduces in this case to the proper KC system. This
is summed up in the following statements.

Proposition 5. Let one 3; = 0 in the Hamiltonian HiGKC = T—H/IZGKC (i=1,2,3) with j # i.
(i) The two functions L;, L; Poisson commute with HEKC.
(ii) The functions {Ilg,Igg,Ilgg,HiGKC} together with either L; or L; are functionally inde-
pendent.

Proposition 6. Let the three 5; = 0, then:
(i) The three GKC potentials reduce to its common k-term, USKC = UKC = —k/ T, (r),
which is the (curved) KC potential on S?m]nz'
(ii) The three functions

Ly = —JoaJ12 — Jo3J13 + k k2 Cr, (6),
L2 = J01J12 — J03J23 + ki ) Sﬁz (0) COS qb,
Ls = Jo1J13 + JogJ2s + k k2 Sk, (0) sin ¢, (6.5)

Poisson commutes with HXC = T +UXC and these are the components of the Laplace—Runge—
Lenz vector on S‘[O’,,i .

1]k2
(iii) The functions {I127]23,1123,H2-GKC} together with any of the components L; are func-

tionally independent.

On the other hand, equivalence amongst the Hamiltonians HiGKC comes from their interpre-
tation on S‘Fm]m that we proceed to study. We shall show that the three potentials (6.2) are
equivalent on the Riemannian spaces (take ¢ = 3), meanwhile we can distinguish two different
potentials on the spacetimes (take ¢ = 1,3). Thus we display in Table 5 the corresponding

non-equivalent GKC potentials together with the additional constant of the motion (6.4).

6.2 Description of the GKC potential

In Subsection 5.1 we have interpreted each of the (;-terms appearing within the SW potential
either as a non-central oscillator or as a centrifugal barrier according to the particular space
under consideration. This, in turn, means that each potential (6.2) is a superposition of the KC
potential with either oscillators or centrifugal barriers. The latter interpretation arises directly
by introducing the distances (x,y, z) (5.5) and this holds simultaneously for the six spaces:

k B2 B3
Z/{GKC == — + + )
! Tﬁl (T) Szll-ﬁz (y) 821 K2 (Z)
k b1 B3
Us™C = — + + ,
2 Tﬁl (T) Sil ('f) Silnz (Z)
k
USKE = _ A + Pa (6.6)

To() | S2,(0)  SEn)

These expressions clearly show that some HZ-GKC are equivalent according to the value of kg,
that is, the signature of the metric, so that we analyze the two possibilities separately.
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Table 5. Maximally superintegrable generalized Kepler-Coulomb potential ZXC | such that HEXC = T +UFKC,

and the additional constant of the motion L; to the set {I12, I3, [123} for Sf’ﬁ

\]ns With the same conventions given

in Table 3 (i = 3 for the Riemannian spaces and ¢ = 3,1 for the spacetimes).

3D Riemannian spaces

e Spherical space S*

USKC _ k i 1 (51 . B2 )

“tanr | sin2r \cos26 | sin2 0 cos? 10}
25sin ¢ (B1sin0+ B2 )

tanr \ cos?6 sin 0 cos? ¢

L3 = Jo1J13 + JozJos + ksinfsin ¢ —

e Euclidean space E3
ckc k1 B1 B2
U™ = r * r2 \ cos2 0 + sin? 0 cos? ¢
2sin ¢ (ﬂl sin 6 B2 )

r cos? 6 sin 6 cos? ¢

L3 = Jo1J13 + Jo2J2s + ksin@sin ¢ —

e Hyperbolic space H?
k 1
USKC _ + ( P B2 )

tanhr =~ sinh?r \cos26 = sin? 6 cos? ¢

2sin ¢ (ﬁlsin0+ B2 )

L3 = JoniJ JozJ. k sin 0 si —
3 o1J13 + JozJog + kisin Osin ¢ tanhr \ cos?6 sin 0 cos? ¢

(2 + 1)D Relativistic spacetimes

o Anti-de Sitter spacetime AdS2?*1
k 1
USKC _ + ( P | P2 )

“tanr  sin®r \cosh?@ = sinh? @ cos? 1)
2sin¢ [ (1 sinh @ B2
tanr cosh? 0 sinh 6 cos? ¢
k 1 B2 Bs
UCKC — _
! tanr + sin? rsinh? 6 \ cos? ¢ + sin? ¢
2 cosh ( B2 Bs )

tanrsinh?@ \ cos2¢  sin? ¢

Ls = Jo1J13 + JoaJ2g — ksinh 0 sin ¢ +

L1 = —JoaJ12 — Jo3J13 — kcosh 6 +

e Minkowskian spacetime M?*1
ko1 51 B2
U e ==+ = < +
3 r 12 \cosh?0  sinh? @ cos? ¢

2sin ¢ (51 sinh 6 B2 )

cosh? 6 sinh 0 cos? ¢

Ls = Jo1J13 + Jo2J23 — ksinh §sin ¢ +
k 1 B2 B3
yoxe _ _k
! T + r2sinh? @ \ cos? ¢ + sin? ¢

2cosh0( B2 n B3 )

rsinh?6 \cos2¢ = sin?¢

Ly = —JoaJ12 — JoszJ13 — kcosh 6 +

e De Sitter spacetime dS*+!

k 1 51 B2
LCKC _ _
3 tanhr sinh? r \ cosh? 6 + sinh? 6 cos? ¢
. . 2sin¢ ( (1 sinh 0 B
La — _ ksinhfs
3 = Jo1J1s + Jo2J23 — ksinh fsin ¢ + tanhr ( cosh2@ | sinh@cos® ¢
k 1 B2 Bs
(CKC _ _
! tanhr + sinh? rsinh? 6 \ cos? ¢ + sin? ¢

L1 = —JoaJ12 — Jo3J13 — kcosh 6 +

2cosh @ ( B2 O3 )

tanhrsinh? @ \cos2¢ = sin¢

6.2.1 Riemannian spaces

When kg = +1 the three distances (x,y,z) are completely equivalent, and their “label” in
the trigonometric functions is always k; (recall that in this case both 6 and ¢ are ordinary
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angles). Hence the three Hamiltonians HiGKC are also equivalent and we only consider a unique
potential, say Z/I?E;KC with constant of the motion L. On the spherical space S both 3, 2
terms can alternatively be expressed as non-central oscillators as commented in Subsection 5.1.1,
meanwhile on E? and H? these only can be interpreted as centrifugal barriers. In this way we
find the following expressions for each space:

k k
S?. UgRC= - ,B; - ,55 = ——— + Bitan® 1 + Batan® ry + B + fa;
tanr sin“z  sin®y tanr
E3 . uGKC + % + 2 62
T X y
HY: ySKO— _ k B 32

tanhr = sinh®z  sinh?y’

When all the 8; = 0 we obtain the components of the Laplace-Runge—Lenz vector (6.5) for the
three Riemannian spaces:

L1 = —JooJia — JogJi3 + kcos b,
Lo = Jp1J12 — JosJas + ksin 6 cos ¢,
Ls = Jp1J13 + JoaJ23 + ksin 0 sin ¢,

where the difference for each particular space comes from the translations Jy; (3.7) that do
depend on the curvature x;.

6.2.2 Relativistic spacetimes

On the contrary, if ko = —1 (in units ¢ = 1), only the two space-like distances y and z are equi-
valent while z is a time-like distance (¢ is also an angle for the three spacetimes but 6 is
a rapidity). Thus U; GKC ~ UgKC containing a time-like centrifugal barrier and another space-like
one, while U; GKC defines a different potential with two space-like centrifugal barriers for the three
spacetimes. By taking into account the results given in Subsection 5.1, these potentials show
different superpositions of the KC potential with non-central harmonic oscillators and centrifugal
barriers on AdS?*! and dS?*!. The explicit expressions on each spacetime turn out to be

k k
AdS? . L{GKC — + _ﬁ; + _522 = — +ﬂ1tan T+ —s P2 + B1,
tanr  sin“xz  sinh“y tanr sinh? y
GKC_ k 52 53
u - . 2 1.2
tanr  sinh®y  sinh“z
M2 KO + % n @
x y?
k B2 B3
uGKC: v Ma =,
1 r + Y2 + 22
k B B2 k B
ds2tl . yGKC_ _ i + - + + Botan? ry + B,
3 tanhr = sinh?z  sin’y tanhr = sinh?z b2 2+ 02
k
UlGKCZ . + B2 + /3223

tanhr = sin?y  sin®z

k
= nhr Batan® ry + Bstan’rs + By + Bs.

The components of the Laplace-Runge-Lenz vector (6.5) (for 8; = 0) written in terms of the
kinematical generators (2.3) are

Ll = —PlKl - P2K2 - kCOSh@, L2 = P()Kl - PQJ — ksinh 6 cos gb,

Ly = PyKs + P1J — ksinh 6 sin ¢.
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7 Concluding remarks

We have achieved the generalization of the 3D Euclidean superintegrable family (1. 1) as well
as the maximally superintegrable SW (1.2) and GKC (1.3) potentials to the space S o1]52
applying a unified approach which makes use of a built-in scheme of contractions. Furtﬂiermore
the results so obtained have been described and interpreted on each particular space and have
also been displayed along the paper in tabular form. Thus we have explicitly shown that (maxi-
mal) superintegrability is preserved for any value of the curvature and for either a Riemannian
or Lorentzian metric. Notice that on the complex sphere (see e.g. [31]) and on the ambient
space R?* these two maximally superintegrable Hamiltonians read

3

SW_ Bu GKC _ k zg B, B
& ‘Z<2p“ > o T Zﬂ N

=0

3
where > azi = 1. Therefore the Hamiltonians here studied can be regarded as different real

forms coming from known complex superintegrable systems through graded contractions, that
is, by introducing the parameters «; and ko.

As far as the superintegrable potential i (4.1) is concerned, we recall that in this 3D case, we
have one constant of the motion (besides de Hamiltonian) more than the two ones that ensure its
complete integrability, but one integral less than the four ones that determine maximal superin-
tegrability. By taking into account the former point of view one may claim that U is minimally
(or weak) superintegrable, while from the latter, & would be quasi-mazimally superintegrable.
Our opinion is that when the corresponding Hamiltonian H = 7 + U is constructed on the ND
spaces ngl]m, each of the N(N — 1) generators J;; (i,j = 1,...,N; ¢ < j) of the (Lorentz)
rotation subalgebra so, (N) would provide a constant of the motion I;; of the type (4.2). Next,
by following [9, 23], two subsets of N — 1 constants of the motion, Q) and QW, should be
deduced from the initial set of N(N — 1) integrals as:

1 N
QU= Iy, Qu= Y Iy 1=2...N, (7.7)

ij=1 i,j=N—I+1

where QWN) = Q(n)- In this way the complete integrability of H would be characterized by either

the IV constants of the motion {Q(l),H} or by {Q(l), H}. The quasi-maximal superintegrability
would be provided by the 2N — 2 functions

{Q(Q)aQ(g)a s >Q(N) = Q(N)7 .. 'aQ(S)aQ(Q)aH}'

The corresponding SW potential on S[N k2 would be obtained by taking the same F(r) as

n (5.1) and the remaining constant of the motion would come from one of the translation
generators Jy; in the form Iy; (5.3). Likewise, a set of N GKC potentials could be constructed
by starting from the radial function (6.1) and then taking N — 1 centrifugal terms for each of
them as in (6.2); in this case the additional constant of the motion L; would be of the form (6.3).

We stress that this scheme of the possible ND generalization of all the 3D results here
presented (currently in progress) relies on the fact that the potential ¢ can be endowed with
a coalgebra symmetry [10]. This indeed allowed us to obtain the integrals (7.7) for the ND SW
system on the three Riemannian spaces in [9, 23] by starting from the quantum deformation of
the Euclidean SW system introduced in [1, 2]. Furthermore, quantum deformations have been
shown [6, 7] to give rise to Riemannian and relativistic spaces of non-constant curvature on
which SW- and KC-type potentials can be considered [8].
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