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Abstract. Different gauge copies of the Ablowitz—Kaup—Newell-Segur (AKNS) model la-
beled by an angle 8 are constructed and then reduced to the two-component Camassa—Holm
model. Only three different independent classes of reductions are encountered corresponding
to the angle 0 being 0, /2 or taking any value in the interval 0 < 6 < /2. This construction
induces Bécklund transformations between solutions of the two-component Camassa—Holm
model associated with different classes of reduction.
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1 Introduction

It is widely known that the standard integrable hierarchies can be supplemented by a set of
commuting flows of a negative order in a spectral parameter [1]. A standard example is pro-
vided by the modified KdV-hierarchy, which can be embedded in a new extended hierarchy.
This extended hierarchy contains in addition to the original modified KdV equation also the
differential equation of the sine-Gordon model realized as the first negative flow [2, 3, 4, 5, 6, 7.

Quite often the negative flows can only be realized in a form of non-local integral differential
equations. The cases where the negative flow can be cast in form of local differential equation
which has physical application are therefore of special interest. Recently in [11], a negative flow
of the extended AKNS hierarchy [8] was identified with a two-component generalization of the
Camassa—Holm equation. The standard Camassa-Holm equation [9, 10]

Up — Uppr = —3UUg + 2Uglpe + Ulgpe — KUy, Kk = const (1.1)

enjoys a long history of serving as a model of long waves in shallow water. The two-component
extension [11, 13] differs from equation (1.1) by presence on the right hand side of a new term pp,,
with the new variable p obeying the continuity equation p; + (up), = 0. Such generalization was
first encountered in a study of deformations of the bihamiltonian structure of hydrodynamic
type [12]. Various multi-component generalizations of the Camassa—Holm model have been
subject of intense investigations in recent literature [14, 15, 16, 17, 18].

*This paper is a contribution to the Proceedings of the O’Raifeartaigh Symposium on Non-Perturbative and
Symmetry Methods in Field Theory (June 22-24, 2006, Budapest, Hungary). The full collection is available at
http://www.emis.de/journals/SIGMA /LOR2006.html
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A particular connection between extended AKNS model and a two-component generalization
of the Camassa-Holm equation was found in [11] and in [13]. It was pointed out in [19] that the
second order spectral equation for a two-component Camassa—Holm model can be cast in form
of the first order spectral equation which after appropriate gauge transformations fits into an
sl(2) setup of linear spectral problem and associated zero-curvature equations.

The goal of this article is to formulate a general scheme for connecting an extended AKNS
model to a two-component Camassa—Holm model which would encompass all known ways of
connecting the solution f of the latter model to variables r and ¢ of the former model. Our
approach is built on making gauge copies of an extended AKNS model labeled by angle 6
belonging to an interval 0 < 6 < 7/2 and then by elimination of one of two components
of the sl(2) wave function reach a second order non-linear partial differential equation which
governs the two-component Camassa—Holm model. We found that the construction naturally
decomposes into three different classes depending on whether angle 8 belongs to an interior of
interval 0 < 6 < 7/2 or is equal to one of two boundary values unifying therefore the results
of [11] and [20]. The map between these three cases induces a Bécklund like transformations
between different solutions f of the two-component Camassa—Holm equation.

2 A simple derivation of a relation between AKNS
and two-component Camassa—Holm models

Our starting point is a standard first-order linear spectral problem of the AKNS model:

1 0 0
TIPS PR o)

where ) is a spectral parameter, y a space variable and ¥ a two-component object:

U= m] . (2.2)

In addition, the system is augmented by a negative flow defined in terms of a matrix, which is
inverse proportional to A:

11/A B
—pEyg = =

¥, = DDy /\[C _A] . (2.3)
The compatibility condition arising from equations (2.1) and (2.3):

(Aok——Léfn-+[A03+n4mlﬂfn}::0. (2.4)
has a general solution:

1
DY = ﬁMgagMal, Ao = My, M, ", (2.5)

in terms of the zero-grade group element, My, of SL(2). Note that the solution, D=1, of the
compatibility condition is connected to (1/A)os-matrix by a similarity transformation.

The factor 1/43 in (2.5) is a general proportionality factor which implies a determinant
formula:

1

2 —
A+ BC = o5

(2.6)

for the matrix elements of D(-1) .
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From (2.4) we find that
(Tr(A3)), = 2Tr(AgAos) = —2Tr (Ao [Aas, DIV]) = 2Tr (Ao [ Ao, DY)
=2Tr (Ao3D V) = 44,

or

Ay = %(“J)s- (2.7)

When projected on the zero and the first powers of A the compatibility condition (2.4) yields

qs = _2B7 Trs = 207 (28)
and
Ay =qC —1B, B, = —2Aq, Cy = 2Ar, (2.9)

respectively. Note that the first of equations (2.9) together with equations (2.8) reproduces
formula (2.7).
Combining the above equations we find that

2¢ 4q 2r 4’ '

The spectral equation (2.1) reads in components:

Y1y = A1+ qide, Yoy = —Athg + 1. (2.11)

Now we eliminate the wave-function component 1o by substituting
1
Yo = 4 (Y1y — A1)

into the remaining second equation of (2.11). In this way we obtain for ;

A
¢1yy - q;ywly + %¢1 - )\2w1 - ’l“qﬂJl =0.
Introducing
) =e I PIvy, (2.12)

with the integrating factor

1

p(y) = 5 (Ing),

allows to eliminate the term with 11, and obtain

Vyy = (AQ —A(lng), — Q) (0 (2.13)
with
1
2

1 q 3 (a4
Q= (), ~ o —rg= 2 -5 () —rg (2.14)

2q
as in [20].
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Eliminating 9 from equation (2.3) yields for ¢ the following equation:

1 1 gs
Vs = 4A< >y¢—wy (2.15)

Compatibility equation 1yys — gy, = 0 yields

(iq) — L (), (2.16)

in total agreement with (2.7). To eliminate r from (2.16) we use that

~ —Ay+qC

= (2.17)

as follows from the first equation from (2.9). Replacing C by 1/(B163%) — A%/B as follows
from the determinant relation (2.6) and recalling that B = —¢s/2 according to equation (2.8)
we obtain after substituting r from (2.17) into (2.16):

<QSy> [ bsyy qsyQy 4 1 q2 qu (2 18)
q/, s a9 20%q7 23 ) '
Note that alternatively we could have eliminated ¢ from equation

rﬂ) _1

( 4']” Yy 2 (Tq)s
and obtained an equation for r only. It turns out that the equation for r follows from equa-

tion (2.18) by simply substituting r for q.
For brevity we introduce, as in [20], f = Ing. Then expression (2.18) becomes:

2
(fsfy)y = — (f + 55 L - fsyy) : (2.19)

The above relation can be cast in an equivalent form:

fss fssyy fssyfsy fssfsyy fSS sz
S S - =V, 2.2
T+ Idt gl P S e R - St < (220
which first appeared in [11]. The relation (2.20) is also equivalent to the following condition
1 88J S
(5) =2 (£, g+ 22l (221)
7). ),
For a quantity u defined as:
88J S 1
u:ﬁz (fgfy_fssy‘i‘fffy)_zﬁ?; (222)

with x being an integration constant, it holds from relation (2.21) that

Uy = (;) (2.23)
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Next, as in [21], we define a quantity m as 322 f, and derive from relations (2.22) and (2.23)
that

m:ﬂ2f§fy:u+62 <fssy_fssffsy>+;/fzu—ﬁ2fs <fs <f1> > —|—é/€
s s/ s/ y
=u — B2 fs(fsuy)y + %m. (2.24)

Taking a derivative of m with respect to s yields
1

ms = ﬁg (2fyfsfss + fgfsy) = QWJ;SS + ﬁ2fs2fsy = —2mfs (f) + ﬁgfsgfsy
= —2mfsuy + B2 f2 foy. (2.25)
In terms of quantities u and p = f, equations (2.23) and (2.25) take the following form

oy = —pPuy, (2.26)
ms = _2mpuy + ﬂQPQPyy (227)

for m given by

m = u— P plpuy)y + 1. (2.28)
An inverse reciprocal transformation (y, s) — (x,t) is defined by relations:

F, = pFy, Fy = Fs — puF, (2.29)

for an arbitrary function F'. Equations (2.26), (2.27) and (2.28) take a form

pr=—(up), , (2.30)

me = —2mug — mat + 32pps, (2.31)
1

m=u— g + 3" (2.32)

in terms of the (z,t¢) variables. Equation (2.30) is called the compatibility condition, while
equation (2.31) is the two-component Camassa—Holm equation [11], which agrees with standard
Camassa—Holm equation (1.1) for p = 0.

3 General reduction scheme from AKNS system
to the two-component Camassa—Holm equation

Next, we perform the transformation
U - UG, T = m (3.1)
on AKNS two-component ¥ function from (2.2). U(¢, f) stands for an orthogonal matrix:

uo.) =) exp (~3f0a). 0057 52)
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where Q(0) is given by

6o, _ |cosO  sinf
0(0) = ose o [sin@ —cos 9} (3.3)
and f is a function of y and s, which is going to be determined below for each value of 6.
Note that Q71(0) = 2(#) and Q(0) = o3, Q(7/2) = 071.
Taking a derivative with respect to y and s on both sides of (3.1) one gets
ol Sl
nl, oA U
m = <usu1 +uD<1>u1> m . (3.5)

Thus, the flows of the new two-component function defined in (3.2) are governed by the gauge
transformations of the AKNS matrices Aos + Ag and DY, respectively. This ensures that
the original AKNS compatibility condition (2.4) still holds for the rotated system defined by
equations (3.4) and (3.5).

From equation (3.4) we derive that:

A (pcos(20) 4+ nsin(20)) = ¢, + %cp (fy cos(26) — sin(26) (qe*f + ref)>
+n (;fy sin(20) — ref sin?(0) + ge=/ COSQ(9)> . (3.6)

Repeating derivation with respect to y one more time yields

R e e C R C ] R E B

NN+ 24— f/2 4 gr ay — fyq 1 |p
_u[ ' ry - fur " AQ—Afy+j"5/4ifyy/2+qr]u [77] (37)

For

the result is

[95] — [/\Z_Afy+f23/4_fyy/2+q7" (Qy_fyq)eif } [95]
7]y, (ry + fyr)e! N =Ny + [2/A+ fyy/2+qr] |7

and shows in a transparent way that the condition for eliminating 7 from the equation for ¢,
requires (g, — fyq) exp(—f) = 0 or ¢ = exp(f). Similarly, the condition for eliminating @ from
the equation for 7, requires (ry + fyr)exp(f) = 0 or 7 = exp(—f). Clearly these reductions
reproduce results of the previous section.

To obtain a more general result we return to equation (3.7). Projecting on the p-component
in equation (3.7) gives

1 1 1, _ .
Oyy = Ny — AMyp + <4f5 + qr) o+ <—2fy cos(20) + §(qe 4 ref) sm(29)> %
y

1
- (—2fy sin(20) — ge ™! cos” 0 + re/ sin® 9) . (3.8)
Y
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Next, we will eliminate 7 in order to obtain an equation for the one-component variable . This
is analogous to the calculation made below equation (2.11), where the first order two-component
AKNS spectral problem was reduced to second order equation for the one-component function .
To accomplish the task we must choose f so that the identity

1
§fy sin(20) = ref sin?0 — ge=/ cos® 6 + ¢ (3.9)

holds, where ¢p is an integration constant. The identity (3.9) ensures that terms with 7 drop
out of equation (3.8).

Note, that for § = w/4 and ¢y = 0 we recover identity f, = rexp(f)—qexp(—f) from [11, 19].
For 6 =0, cp =1and 0 = 7w/2, co = —1 we get, respectively, ¢ = exp(f) and r = exp(—f) as
in [20]. From now on we take ¢y = 0 as long as 0 < 6 < 7/2.

Let us shift a function f by a constant term, In (tan6):

f— fo=[f+In(tan®). (3.10)
Then relation (3.9) can be rewritten for 0 < 6 < 7/2 as

Joy = refo — ge= I (3.11)

which is of the same form as the relation found in reference [11]. It therefore appears that for
all values of 6 in the the 0 < 6 < 7/2 relation between function f and AKNS variables ¢ and r
remains invariant up to shift of f by a constant.

Now, we turn our attention back to equation (3.5) rewritten as

i, e Caeile Z))e )
For the ¢ component we find:
0s = —%fs (pcos(20) 4+ nsin(20)) + %gp <2A cos(20) 4+ Ce’ sin(20) + Be~/ sin(2«9))
+ %77 (A sin(26) + Cef sin? @ — Be™/ cos? 9) . (3.12)

For 0 < 8 < m/2 we choose

1 1
B=|(A- =)l = —(A+— el 1
( 45) el?, C ( + 45) e 7o, (3.13)
which agrees with the determinant formula A% + BC = 1/163? and implies identities:
2A — Be o 4 Cefo =0, (3.14)
1
Be o 4+ Celo = ~35 (3.15)

The first of these identities, (3.14), ensures that the last three terms containing 7 on the right
hand side of equation (3.12) cancel.

Recall at this point relation (3.6). Simplifying this relation by invoking identity (3.9) and
plugging it into equation (3.12) gives

LN Y I . L
903—_2)\‘)02,!"‘)\90 _4fsfyCOS(29)+ 1 Sln(29) <qe +T€)
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1 1
+ Acos(20) + iBe_f sin(20) + iCef sin(29)) . (3.16)
From (3.13) we find
C 1
fo = ZWelo = A+—)-A 3.17
re 2A 2A (fy ( + 4/6) y) ’ ( )
B 1
—fo — _ZY—fo — A— — A 1
7 T4 T T aa (fy ( g) + y) (3.18)
and therefore
—Jfo Jo fy _ Ay 1
qe 7’ +re =145 4 (3.19)
Due to the above relation and identity (3.15) equation (3.16) becomes
fs 1 1 fsfy A fs
g=—ls 1 - 2
Y NN 1A ) A4 (3.20)
Taking derivative of (3.9) with respect to s we find
1 _ 1 — fsf, fsA
- — fo fo 4 — fo fo) — ¥y _ Y
QfSy Cel® 4+ Be +2fs<qe +re ) ﬁ+8Aﬁ 54 (3.21)
Thus equation (3.20) becomes
_ fS fsy

We now turn our attention to equation (3.8). The last term containing 1 vanishes due to the
identity (3.9). In addition it holds that

s 1
for |
2f. " 20f.
as follows from relations (3.19) and (3.21). Also, it holds from relations (3.17)—(3.18) that for
0<6<m/2:

1
f IATE _ fo fo
fy cos(20) + 3 (qe +re ) sin(20) = 5 (qe +re ) (3.23)

fs 1 \* 1
rq=(2f1+2ﬂfs) Ip=g -, (3.24)
where
Cfy 1
TARTTA (3:25)

Thus, the remaining constant (the ones which do not contain \) terms on the right hand side
of equation (3.8) are equal to

1 1 1
1fi e+ (—2fy cos(20) + 5 (ge ™! +ref) sin(%))
Y

Zify+qr+§<qe o +re G)y:g + 9y (3.26)

Therefore, we can write equation (3.8) as:

Py =N =My—Q)p, Q=-g"—gy (3.27)

with g given by (3.25). The above spectral problem together with equation (3.22) ensures via
compatibility condition ¢yys — @syy = 0, that

Qs + %fyyfs + fyfsy =0 (3'28>

holds. The latter is equivalent to the two-component Camassa—Holm equation (2.19).
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4 The 68 = 0 case and Backlund transformation
between different solutions
We now consider 0 at the boundary of the 0 < § < 7/2 interval. For illustration we take 6 = 0,

the remaining case § = 7/2 can be analyzed in a similar way. Plugging # = 0 into relation (3.26)
we obtain

Lo 1 2 2 1o 1
rdlo=o =~ fy 5 fwt 9ty =9"— Sy H (5t ,
Comparing with relation (3.24) we get
1
rqlo=0 = 7qlo + <2fy + 9) (4.1)
y

which describes a relation between the product rq for zero and non-zero values of the angle 6,
with rq|p being associated with § within an interval 0 < 6 < 7/2.

Recall that ¢ = exp(f) for § = 0. It follows that A = ¢s,/4q = (fsy + fsfy)/4 and equa-
tion (2.7) is equivalent to

(ralo=0), = 5(fow + Fodily (1.2

On the other hand, it follows from (2.17) and C = 1/(163?B) — A?/B that

_ 1 1 2 323/ 1 fSyy
7qlo=0 = 5 <fyy ny 2F2 + T + i

and accordingly equation (4.2) is equivalent to the two-component Camassa—Holm equation

(2.19).
From (3.18) one finds for 0 < # < 7/2 that:
g ="P-(fo)e”, (4.3)
where
_ 41 iy Sy ]
Pi(f)—:l:2fy+g—:l:2 +2fs +26fs‘

Obviously P41 (fp) = P+(f).

We are now ready to show that

o B _fi f@s 1
f_f9+ln(77—(f9))—f9+ln< 2y+2fi+2@f@s)

satisfies the two-component Camassa—Holm equation (2.19) for any f or fy, which satisfies

equation (2.19). For 0 < 6 < 7/2, it holds that ¢ = exp(f) and therefore

fsp—y +P—ys +P—Sfy

A=asy/4a= (fsy+ fsf) /A= (fsy + fsfy) /A + P (4.4)
We will now show that
(el = (alo—a), = (55 +9) =50+ £ty + (PP Tt} )
ys o Y
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Using equation (4.2) one can easily show that equation (4.5) holds if the following relation

N 2P_

is true. We note that the above relation can be rewritten as

(Pg)s + 2f’yS’P* + fsP—y + P—Sy + ,Pfsfy - 0 .

= (fy +P-),

The last equation is fully equivalent to the two-component Camassa—Holm equation (3.28) as
can be seen by rewriting @ from relation (3.27) as Q = —(P- + f,/2)? — (P— + fy/2),. This
completes the proof for relation (4.5).

It follows from (2.17) and C' = 1/(163?B) — A?/B that

1(. 1 f2 1 f.

2R
Thus, due to (4.4) and (4.5) we have proved explicitly that

7 f Y f sy 1

! f+n<aﬂ < 2+2fs+2ﬁfs fo+InP_(fp) (4.6)
is a solution of a 2-component version of the Camassa—Holm equation. Thus the transformation

f—=r

maps a solution f of a 2-component version of the Camassa-Holm equation to a different
solution f. For example, let us consider, as in [21], the Camassa—Holm function:

(1) 1) 5 +2y=

a; ‘ay’zie*: (2),2 o T

+a;ay ' z9e?2

f(y,s) =In : (4.7)
(22 — z1)ai” af”
where agj ), i,7 = 1,2 and z; and 29 are constants. The function f solves equation (2.19) for

(% = 1. Then, as an explicit calculation verifies, the map f — f with f given by expression (4.6)
yields another solution of equation (2.19) for 32 = 1 and 6 # 0.
For 0 = 7/2 we have r = exp(—f) and comparing with the result for 0 < 6 < 7/2:

r="Py(fo)e I, (4.8)

we get a Béacklund transformation

f Oy f Osy 1
f— fo—In(PL(fo =f9—1n<—|- + .
(P o)) 2 " 2fos  2Bf0s
Additional Béacklund transformations can be obtained by comparing expressions for ¢ and r
variables in terms of f for the boundary values of 6.
We first turn our attention to the case of § = 0 for which we have ¢ = exp(f) and

2
"= % (fyy N %fj N 2f;fy2 + 25%62 - f}yy) el = (Per — Pty +7D+y) e’ (4.9)

From the AKNS equation (2.18) we see immediately that f = In ¢ must satisfy the 2-component
Camassa—Holm equation (2.19). Note, in addition, that the AKNS equation (2.18) is still valid
if we replace ¢ by r and therefore

f=In (P =Prfy+Pry)

must satisfy the 2-component Camassa—Holm equation (2.19) as well.
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Next, for § = 7/2 we have r = exp(—f) and

_1 1 2 52y 1 fSyy
ma\ el g ety

ef = (P2 +P_f,+P_y) el (4.10)

Comparing expressions for ¢ and r we find find that if f is a solution of the 2-component
Camassa—Holm equation (2.19) then so is also

f+In (P2 +P_f,+Py).
To summarize we found the following Backlund maps

{ fo £In(Px(fs)), fo = f + const,
fEIn (PE+Pefy+ Pxy).

The top row lists maps between § = 0,7/2 cases and 6 within the interval 0 < 6 < 7/2 [20].
The bottom row shows new maps derived for the # = 0 and 7/2 cases only.

5 Conclusions

These notes describe an attempt to construct a general and universal formalism which would
realize possible connections between the 2-component Camassa—Holm equation and AKNS hie-
rarchy extended by a negative flow.

Construction yields gauge copies of an extended AKNS model connected by a continuous
parameter (angle) # taking values in an interval 0 < 6 < 7/2. Eliminating one of two components
of the sl(2) wave function gives a second order non-linear partial differential equation for a single
function f of the two-component Camassa—Holm model. Functions f corresponding to different
values of # in an interior of interval 0 < § < 7/2 differ only by a trivial constant and fall into
a class considered in [11]. Two remaining and separate cases correspond to 6 equal to 0 and /2
and agree with a structure described in [20].

Acknowledgements

H.A. acknowledges partial support from Fapesp and IFT-UNESP for their hospitality. JFG and
AHZ thank CNPq for a partial support.

[1] Aratyn H., Gomes J.F., Zimerman A.H., Integrable hierarchy for multidimensional Toda equations and
topological-anti-topological fusion, J. Geom. Phys., 2003, V.46, 21-47, Erratum, J. Geom. Phys., 2003,
V.46, 201-201, hep-th/0107056.

[2] Chodos A., Simple connection between conservation laws in the Korteweg—de Vries and sine-Gordon systems,
Phys. Rev. D, 1980, V.21, 2818-2822.

[3] Olive D., Turok N., Local conserved densities and zero curvature conditions for Toda lattice field theories,
Nuclear Phys., 1985, V.257, 277-301.

[4] Eguchi T., Yang S.K., Deformations of conformal field theories and soliton equations, Phys. Lett. B, 1989,
V.224, 373-377.

[6] Tracy C.A., Widow H., Fredholm determinants and the mKdV/sinh-Gordon hierarchies, Comm. Math.
Phys., 1996, V.179, 1-9, solv-int/9506006.

[6] Haak G., Negative flows of the potential KP-hierarchy, Trans. Amer. Math. Soc., 1996, V.348, 375-390.

[7] Dorfmeister J., Gradl H., Szmigielski J., Systems of PDEs obtained from factorization in loop groups, Acta
Appl. Math., 1998, V.53, 1-58, solv-int/9801009.

[8] Aratyn H., Ferreira L.A., Gomes J.F., Zimerman A.H., The complex sine-Gordon equation as a symmetry
flow of the AKNS hierarchy, J. Phys. A: Math. Gen., 2000, V.33, L331-L337, nlin.SI/0007002.


http://arxiv.org/abs/hep-th/0107056
http://arxiv.org/abs/solv-int/9506006
http://arxiv.org/abs/solv-int/9801009
http://arxiv.org/abs/nlin.SI/0007002

12

H. Aratyn, J.F. Gomes and A.H. Zimerman

Camassa R., Holm D., An integrable shallow water equation with peaked solitons, Phys. Rev. Lett., 1993,
V.71, 1661-1664, patt-sol/9305002.

Fokas A., Fuchssteiner B., Symplectic structures, their Backlund transformation and hereditary symmetries,
Phys. D, 1981, V.4, 47-66.

Chen M., Liu S.Q., Zhang Y., A two-component generalization of the Camassa—Holm equation and its
solutions, Lett. Math. Phys., 2006, V.75, 1-15, nlin.SI/0501028.

Liu S.Q., Zhang Y., Deformations of semisimple bihamiltonian structures of hydrodynamic type, J. Geom.
Phys., 2005, V.54, 427-453, math.DG/0405146.

Falqui G., On a Camassa—Holm type equation with two dependent variables, J. Phys. A: Math. Gen., 2006,
V.39, 327-342, nlin.SI/0505059.

Shabat A.B., Martinez Alonso L., On the prolongation of a hierarchy of hydrodynamic chains, in New Trends
in Integrability and Partial Solvability, Editors A.B. Shabat et al., Proceedings of the NATO Advanced
Research Workshop (2002, Cadiz, Spain), NATO Sci. Ser. II Math. Phys. Chem., Vol. 132, Dordrecht,
Kluwer Academic Publishers, 2004, 263—280.

Adler V.E., Shabat A.B., Dressing chain for the acoustic spectral problem, nlin.SI/0604008.

Ivanov R.I., Extended Camassa—Holm hierarchy and conserved quantities, Zeitschrift fur Naturforschung A,
2006, V.61, 133-138, nlin.SI/0601066.

Martinez Alonso L., Shabat A.B., Hydrodynamic reductions and solutions of a universal hierarchy, Theoret.
and Math. Phys., 2004, V.140, 1073-1085, nlin.SI/0312043.

Shabat A.B., Universal solitonic hierarchy, J. Nonlinear Math. Phys., 2005, V.12, suppl. 1, 614-624.

Aratyn H., Gomes J.F., Zimerman A.H., On negative flows of the AKNS hierarchy and a class of defor-
mations of bihamiltonian structure of hydrodynamic type, J. Phys. A: Math. Gen., 2006, V.39, 1099-1114,
nlin.si/0507062.

Wu Ch.-Zh., On solutions of two-component Camassa—Holm system, J. Math. Phys., 2006, V.47, 083513,
11 pages.

Aratyn H., van de Leur J., Clifford algebra derivations of tau functions for two-dimensional integrable
models with positive and negative flows, nlin.SI/0605027.


http://arxiv.org/abs/patt-sol/9305002
http://arxiv.org/abs/nlin.SI/0501028
http://arxiv.org/abs/math.DG/0405146
http://arxiv.org/abs/nlin.SI/0505059
http://arxiv.org/abs/nlin.SI/0604008
http://arxiv.org/abs/nlin.SI/0601066
http://arxiv.org/abs/nlin.SI/0312043
http://arxiv.org/abs/nlin.si/0507062
http://arxiv.org/abs/nlin.SI/0605027

	1 Introduction
	2 A simple derivation of a relation between AKNS and two-component Camassa--Holm models
	3 General reduction scheme from AKNS system to the two-component Camassa--Holm equation
	4 The =0 case and Bäcklund transformation between different solutions
	5 Conclusions

