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Abstract. This paper builds on the previous paper by the author, where a relationship
between Zhedanov’s algebra AW (3) and the double affine Hecke algebra (DAHA) corre-
sponding to the Askey—Wilson polynomials was established. It is shown here that the
spherical subalgebra of this DAHA is isomorphic to AW (3) with an additional relation that
the Casimir operator equals an explicit constant. A similar result with ¢-shifted parameters
holds for the antispherical subalgebra. Some theorems on centralizers and centers for the
algebras under consideration will finally be proved as corollaries of the characterization of
the spherical and antispherical subalgebra.
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1 Introduction

Zhedanov [15] introduced in 1991 an algebra AW (3) with three generators Ky, K1, K3 and three
relations in the form of g-commutators, which describes deeper symmetries of the Askey—Wilson
polynomials. In the basic representation (or polynomial representation) of AW (3) on the space of
symmetric Laurent polynomials in z, Ky acts as the second order g-difference operator Dgyy, for
which the Askey—Wilson polynomials are eigenfunctions and K acts as multiplication by z+2z71.
The Casimir operator @ for AW (3) becomes a scalar @y in this representation. Let AW (3, Qo)
be AW (3) with the additional relation @ = Q. Then the basic representation AW (3, Qo)
is faithful, see [7]. There is a parameter changing anti-algebra isomorphism of AW (3) which
interchanges Ky and K7, and hence interchanges Dgyr, and 2421 in the basic representation. In
the basic representation this duality isomorphism can be realized by an integral transform having
the Askey-Wilson polynomial P,[z] as kernel which maps symmetric Laurent polynomials to
infinite sequences {cy }n=01,...-

In 1992 Cherednik [2] introduced double affine Hecke algebras associated with root systems
(DAHA’s). This was the first of an important series of papers by the same author, where a rep-
resentation of the DAHA was given in terms of g-difference-reflection operators (g-analogues of
Dunkl operators), joint eigenfunctions of such operators were identified as non-symmetric Mac-
donald polynomials, and Macdonald’s conjectures for ordinary (symmetric) Macdonald polyno-
mials associated with root systems could be proved. The idea of nonsymmetric polynomials

*This paper is a contribution to the Proceedings of the Seventh International Conference “Symmetry in
Nonlinear Mathematical Physics” (June 24-30, 2007, Kyiv, Ukraine). The full collection is available at
http://www.emis.de/journals/SIGMA /symmetry2007.html
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was very fruitful, on the one hand as an important extension of traditional harmonic analysis
involving orthogonal systems of special functions, on the other hand because the nonsymmetric
point of view was helpful for understanding the symmetric case better. For instance, a duality
anti-algebra isomorphism and shift operators (as studied earlier by Opdam [11] in the symmetric
framework) occur naturally in the non-symmetric context.

Related to Askey-Wilson polynomials the DAHA of type (C},C;) (four parameters) was
studied by Sahi [13, 14], Noumi & Stokman [9], and Macdonald [8, Ch. 6]. See also the author’s
previous paper [7]. The same phenomena as described in the previous paragraph occur here,
but in a very explicit form. See for instance Remarks 2.7 and 4.5 (referring to [9]) about the
duality anti-algebra isomorphism and the shift operators, respectively.

In [7] I also discussed how the algebra AW (3, Qo) is related to the double affine Hecke algebra
(DAHA) of type (CY,C1). In the basic (or polynomial) representation of this DAHA (denoted
by 5:9) on the space of Laurent polynomials in z, the nonsymmetric Askey—Wilson polynomials
occur as eigenfunctions of a suitable element Y of § (see [13, 9], [8, Ch. 6]). It turns out (see [7])
that a central extension AW (3,Qq) of AW (3, Qo) can be embedded as a subalgebra of §. As
pointed out in the present paper (see Remark 2.7), the duality anti-algebra isomorphisms for
AW (3,Qo) and ) are compatible with this embedding.

It would be interesting, also for possible generalisations to higher rank, to have a more
conceptual way of decribing the relationship between Zhedanov’s algebra and the double affine
Hecke algebra. The present paper establishes this by showing that the algebra AW (3, Qo) is
isomorphic to the spherical subalgebra of §. The definition of a spherical subalgebra of a DAHA
goes back to Etingof & Ginzburg [3], where a similar object was defined in the context of
Cherednik algebras, see also [1]. The definition of spherical subalgebra for the DAHA of type
(CY,Cy) was given by Oblomkov [10]. In general, the spherical subalgebra of a DAHA §) is the
algebra Psymy:)PSym, where Py, is the symmetrizer idempotent in 5:9

The proof of the isomorphism of AW (3,Qq) with Psymijsym in Section 3 is somewhat tech-
nical. It heavily uses the explicit relations given in [7] for the algebras AW (3,Qq), AW (3, Qo)
and 9. In Section 4 a similar isomorphism is proved between AW (3, Qo) with two of its parame-
ters g-shifted and PS;mS:QPS;m, where P, is the antisymmetrizing idempotent in 9. In the final
Section 5 it is shown as a corollary of these two isomorphisms that AW (3, Qo) is isomorphic
with the centralizer of T} in $). There it is also shown that the center of AW (3,Qq) is trivial,
with a proof in the same spirit as the proof of the faithfulness of the basic representation of
AW (3,Qo) given in [7]. Combination of the various results finally gives as a corollary that the

center of §) is trivial.

Conventions

Throughout assume that ¢ and a, b, ¢, d are complex constants such that
q#0, ¢"#1(m=12,...), abec,d#0, abed#q ™ (m=0,1,2,...). (1.1)
Let eq, e2, €3, e4 be the elementary symmetric polynomials in a, b, ¢, d:

ej:=a+b+c+d, es = ab+ ac+ bc+ ad + bd + cd,
abc + abd + acd + bed, eq 1= abed. (1.2)

es:

For Laurent polynomials f in z the z-dependence will be written as f[z]. Symmetric Laurent
polynomials f[z] = S°}__ cxz® (where ¢y = c_j) are related to ordinary polynomials f(z) in
v=g(z+27") by f(5(z+271) = fle].
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2 Summary of earlier results

This section summarizes some results from [7], while Remarks 2.1 and 2.7 about the duality
anti-algebra isomorphism are new here.

2.1 Askey—Wilson polynomials

The Askey—Wilson polynomials are given by

1 1y, L (ab, ac, ad; q)p, q_”,q"_labcd, az,az_l.
pn(ﬁ(z—'_z )7a7bvc7d‘Q) '_a—n4¢3 ab,ac,ad 54,4

(see [4] for the definition of ¢g-shifted factorials (a; q), and of g-hypergeometric series ,¢5). These
polynomials are symmetric in a, b, ¢, d. We will work with the renormalized version which is
monic as a Laurent polynomial in z (i.e., the coefficient of z™ equals 1):

1
Pn[Z] ZPn[z;a,b,c,d\q] = pn(%(2+z_1);a,b,c,d|q). (21)

(abedg™=1;q)

The polynomials P,[z] are eigenfunctions of the operator Dgym acting on the space Agym of
symmetric Laurent polynomials f[z] = f[z71]:

 (T—=az)(1=b2)(1 —cz)(1 —dz)
(D)l = S AL 1 (1451

(a—2)(b—2)(c—2)(d— 2)
M ) ey

(fla=t2] = f[2]) + (1 +q tabed) fl2). (2:2)
The eigenvalue equation is
DeymPn = M Pa, A i= g~ " + abedg™ . (2.3)

Under condition (1.1) all eigenvalues in (2.3) are distinct.
The three-term recurrence relation for the monic Askey—Wilson polynomials is

(z+ 27 Y Pu[2] = Pus1l2] + BuPulz] + YnPr1]?] (n=0,1,2,...),

where (3, and 7, are suitable constants and P_;[z] := 0 (see [6, (3.1.5)]).

2.2 Zhedanov’s algebra
Zhedanov’s algebra AW (3) (see [15, 5]) can in the g-case be described as an algebra with two
generators Ky, K1 and with two relations

(¢+q ") K1KoK1 — K{ Ko — KoK} = B K1 + Co Ko + Do,

(¢+ ¢ HKoK 1Ko — K2K, — K1K2 = BKo + C1 Ky + D;.

Here the structure constants B, Cy, C1, Dy, D1 are fixed complex constants.
There is a Casimir operator ) commuting with Ky, Ki:

Q=K KK Ky— (¢*? +1+4 ¢ KoK\ KoK, + (¢ + ¢ HYKZK?
+(q+q ) (CoK§ + C1K7) + B((q+ 1+ ¢ ) KoKy + K1 Ko)
+(g+1+¢ ")(DoKo + D1Ky), (2.6)
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Let the structure constants be expressed in terms of a, b, ¢, d by means of e, ea, e3, €4
(see (1.2)) as follows:

B:=(1-q")%(es +qe1),

Co:=(¢—q )"
Cr:=q (g—q ")’e, (2.7)
Do := —q (1 = q)*(L + q)(ea + ge2 + ),
Dy = —¢ (1~ q)*(1 + q)(erea + qe3).

Then there is a representation (the basic representation or polynomial representation) of the alge-

bra AW (3) with structure constants (2.7) on the space Agym of symmetric Laurent polynomials
as follows:

(Kof)l2] = (Dsym [z, (Kif)le) = (Z + Z7Y) f[e] = (2 + 27 ) f[e], (2.8)

where Dygyyy is the operator (2.2) having the Askey—Wilson polynomials as eigenfunctions. The
Casimir operator () becomes constant in this representation:

(Qf)(2) = Qo f(2), (2.9)

where
Qo:=¢ *(1-¢)° (q4(€4 —e2) + ¢’ (ef — ere3 — 2¢2)
— ¢*(egeq + 2e4 + €3) + q(e5 — 2ezeq — e1e3) + eq(1 — eg)>. (2.10)

(Note the slight error in this formula in [7, (2.8)], version v3. It is corrected in v4.)

Remark 2.1. Write AW (3) = AW (3; Ky, K1;a,b,c,d;q) in order to emphasize the dependence
of AW(3) on the generators and the parameters (by (2.4), (2.5), (2.7)). There are several
symmetries of this algebra. First of all it is invariant under permutations of a, b, ¢, d. The
following one will be compatible with the duality of the double affine Hecke algebra to be
discussed below:

There is an anti-algebra isomorphism

AW (3; Ko, Ky;a,b,¢,d; q) — AW <3; aK1, (q_labcd)_%Ko;

1 ab ac ad
19 19 1 159 (211)
(g tabed)z (¢ labed)2 (¢ labed)? (q~labed)?

See [15, § 2]. Under this mapping @ is sent to ga(bed)1Q and Qq to qa(bed) ™1 Qo.
Note that there is also a trivial anti-algebra isomorphism

AW (3; Ko, K1;a,b,¢,d; q) — AW (3; Ko, K15 a,b,¢,d; q).

This sends @ to @ and Qg to Qp.
There is also an algebra isomorphism

AW (3; Ko, K1;a,b, ¢,d; q) — AW (3; %Cd Ko, Ki;a t o7 et d ™ q_l) :

This sends @ to ¢?(abed)2Q and Qo to ¢*(abed)2Qy.
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Let AW (3,Qo) be the algebra generated by Ky, K with relations (2.4), (2.5) and Q = Qo,
assuming the structure constants (2.7). Then the basic representation of AW (3) is also a repre-
sentation of AW (3,Qp). We have the following theorem (see [7, Theorem 2.2]):

Theorem 2.2. The elements
K (K 1K) KT (m,n=0,1,2,..., 1=0,1)
form a basis of AW (3,Qo) and the representation (2.8) of AW (3,Qo) is faithful.

Note that the anti-algebra isomorphism (2.11) induces an anti-algebra isomorphisms for
AW(37QO)

2.3 The double affine Hecke algebra of type (C), C4)

One of the ways to describe the double affine Hecke algebra of type (CY,C4), denoted by 9, is
as follows (see [7, Proposition 5.2]):

Definition 2.3. § is the algebra generated by 71, Y, Y1, Z, Z~! with relations YY1 =1 =
YWY, 22 ' =1=2""Z and
T? = —(ab+1)Ty — ab,
TZ=2"'Ty+ (ab+1)Z7' - (a+b),
NZ'=2ZT —(ab+1)Z7' + (a+b),
T\Y = q labedY 'Ty — (ab+ 1)Y + ab(1 + ¢ 'ed),
TyY ' = q(abed)™'YTy 4 q(abed) ™ (1 + ab)Y — q(cd) " (1 + ¢ Led),
YZ=qZY + (1 +ab)ed Z7Y T — (a+b)ed Y 'y — (1 + ¢ ted) 27T
~(1-q(+ab)1+q ted)Z '+ (c+d)Ti + (1 —q)(a+b)(1+ ¢ ted),
YZ ' =q'Z7Y — ¢ (1 +ab)ed Z7'Y I 4+ ¢ 2 (a+b)ed Y TITY
+q ' (M+q ed)Z7' T — ¢ e+ d)T,
Y Z=q 'z —q(ab) (A 4+ ab) Z7Y T + (ab)Ha + D)Y I
+ q(abed) ™ (1 + ¢ ted) Z 71Ty + q(abed) ™1 (1 — ) (1 + ab)(1 + ¢ ted)Z7!
— (abed) (e + d)Ty — (abed) ™1 (1 — q)(1 + ab)(c + d),
Y1Z7 = qz7 v 4 q(ab) T (1 + ab) Z7Y T — (ab) H(a 4+ b)Y I
— ¢*(abed) (1 4 ¢ Led)Z 71Ty + q(abed) ™ (¢ + d)Ty. (2.12)

By adding the relations for TZ and TZ~! and by combining the relations for 7Y and TY ~*
we see that

T(Z+Z )= (Z+2Z )T,  T(Y +q abedY ™) = (Y + ¢ labedY )T,

For the following theorem see Sahi [12] in the general rank case. In [7, Theorem 5.3] it is
proved for the rank one case only.

Theorem 2.4. A basis OfS;J is provided by the elements ZmY”Tf, where m,n € Z, 1 =0, 1.

The basic or polynomial representation of Hisa representation of § on the space A of Laurent
polynomials f[z] in z such that (Zf)[z] := 2z f[z] and T; and Y act as g-difference-reflection
operators given by [7, (3.11), (3.13)]. This representation is faithful. If ab # 1 then Tj acting
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on A has eigenspaces Asym (for eigenvalue —ab) and Ay, (for eigenvalue —1), and A is the
direct sum of Ay, and .As_ym.

In the basic representation of § the operator Y + ¢ *abedY ! has eigenvalues A, (see (2.3)),
of multiplicity 2 for n = 1,2,... and of multiplicity 1 for n = 0. If n > 1 and ab # 1 then
the eigenspace of ), splits as a one-dimensional part in Ay, spanned by the Askey-Wilson

polynomial P,[2] given by (2.1) and a one-dimensional part in Ag,,, spanned by
Qnlz] == a 07127 (1 — a2)(1 — b2) Py_1[2;qa, qb, ¢, d | q]. (2.13)

In [7, § 6] the following algebra AW (3,Q0) was defined, which is a central extension of
AW(?)?QO):

Definition 2.5. The algebra AAV/V(3, Qo) is generated by Ko, K1, T1 such that (71 +ab)(T1+1) =
0, 77 commutes with Ky, K1, and with further relations

(¢+q¢ WK1 KoK, — K2Ky — KoK? = BK, + Cy Ko + Dy

+ E K (T + ab) + Fo(T1 + ab), (2.14)
(¢+q HKoK1Ko — KiKy — K1 K = BKo +C1 Ky + Dy
—l—EKo(Tl +ab) —|—F1(T1 +ab), (215)

Qo = (K1Ko)* = (¢ + 1+ ¢ *)Ko(K1 Ko) K1 + (¢ + ¢ ) KG K7
+ (¢ +a HCKF + C1K}) + (B+ BE(Th + ab)) (g + 1 + ¢ ) Ko K1 + K1 K))
+(g+1+ q_l)(Do + Fo(Ty + ab)) Ko + (q+ 1+ ¢ ") (D1 + Fi (T + ab)) K,
+ G(Ty + ab). (2.16)

Here the structure constants are given by (2.7) together with
E:=—q*(1~-q)’(c+d),
Fo=q°(1-¢)*(1+q)(cd+q),
Fi=q°(1~¢)°(1 +q)(a+b)ed,
G:=—q¢*1-¢q)? ((a +b)(c+d)(cd(q® + 1) +q) — glab+ 1) ((c* +d*) (g + 1) — cd)
+ (cd +ea)(@® + 1) + (ea + eq — ab)q3),
and Qo is given by (2.10).
Then it was proved in [7, Theorem 6.2, Corollary 6.3]:
Theorem 2.6. Z\VT/(B, Qo) has a basis consisting of
KJ (K1 Ko)'KPT!  (myn=0,1,2,..., i,j=0,1).

There is a unique algebra isomorphism from /flﬁ/(?), Qo) into $ such that Ko — Y +q tabedY 1,
Ki— Z+Z', Ty — T\. The elements in the image commute with T7.

Remark 2.7. Write § = .S:j(Y, Z,T1;a,b,c¢,d;q) in order to emphasize the dependence of $ on
the generators and the parameters. Then there is an anti-algebra isomorphism

9(Y,Z,Ti;a,b,¢,d;q) — H (aZ‘I, (g abed) 2y~ T

1 ab ac ad g
(q_labcd)%7 (q—labccl)%7 (q_labcd)%’ (q_labcd)% )
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see [9, Proposition 8.5(i)]. Also write ZI/T/(B, Qo) = E\I/T/(?), Qo; Ko, K1,T1;a,b,¢,d;q). Then, by
a slight adaptation of (2.11), there is an anti-algebra isomorphism

AW (3,Qo; Ko, K1, Ti3a,b, ¢, d; ) — EVV(& ga(bed) ™' Qo; aK1, (¢~ abed) ™2 Ko;

1 ab ac ad ”
(¢-abed)z (q~tabed)z (q—labed): (q~labed)z )

The two anti-algebra isomorphisms are compatible under the algebra embedding of AW (3,Q0)
into $ given in Theorem 2.6.

3 The spherical subalgebra

From now on assume ab # 1. In 5:3 put
Py = (1 —ab) 1 (Ty + 1).

Then

P2 = Piym.

sym
In the basic representation of $ we have for feA

) f it Tvf = —abf,
Foymf = {0 it Tvf=—Ff.

Pyym projects A onto Agym. Define the linear map S': 5;) — .6 by
S(U) := PymUPsym (U € H).

Then
SWU)S(V)=S(UPymV) (U, V€H).

Hence the image S (5:9) is a subalgebra of $. We call it the spherical subalgebra of $.
For U € $ we have in the basic representation:

Psmef it Tvf = —abf,

SWO) f= PoymUPsyn f = {O if Thf=-—f.

Hence, for the basic representation of § restricted to S(£), Asym is an invariant subspace.

This representation of S($)) on Agym is faithful. Indeed, if S(U) f = 0 for all f € Asxm then
S(U) f=0forall f €A, soS{U)=0 by the faithfulness of the basic representation of § on A.

Z 5(T1), the centralizer of T} in §), is a subalgebra of §. It has Py, as a central element.
Hence

S(U)=UPym and  S(UV)=SU)S(V) (UV € Zz(T1)). (3.1)

So S restricted to Z 5:3(T1) is an algebra homomorphism.

The algebra AW (3,Qo) was defined by Definition 2.5. By Theorem 2.6 there is an algeb-
ra isomorphism from AW(3,Qo) into $ such that Ky — Y + ¢ tabedY ™, Ky — Z + Z71,
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Ty +— Ty. This isomorphism embeds AAVT/(3, Qo) into Zg(T1). So we may consider /TI/T/(B, Qo) as
a subalgebra of Zg(T7) and (3.1) will hold for U,V € fTVT/(?), Qo).

By (2.4), (2.5), (2.9) and (2.6), the algebra AW (3, Qo) can be presented by the same genera-
tors and relations as for AW (3,Q0) but with additional relation 77 = —ab.

By Theorem 2.6 AW (3,Q0) has a basis consisting of the elements

KNEGKo) ' K™(Ty +1),  KJ K1 Ko)'K(Ty +ab)  (myn=0,1,2,..., i=0,1).
Hence S (ZW (3,Q0)) has a basis consisting of

(1—ab) 'K} (K1 Ko)'K"(Thy +1)  (myn=0,1,2,..., i=0,1).
By Theorem 2.2 AW (3, Q) has a basis consisting of

KME Ko K™ (m,n=0,1,2,..., i=0,1). (3.2)

Hence the map which sends a basis element K(K;1Kq) K" of AW(3,Qp) to a basis element
(1 — ab) KB (K1 Ko) ' K™(T) + 1) of S(AW(3,Qy)) extends linearly to a linear bijection from
AW (3,Qo) onto S(AW (3,Q0)). In fact, this map remains well-defined if we write it as

U (1—ab)'U(Ty + 1), (3.3)

where U — U sends words U in AW (3,Qq) to corresponding words U in AW (3,Qq). Moreover,
the map (3. 3) can then be seen to be an algebra homomorphism. Indeed, consider the linear
map U — U as a map to AW(3 Qo) from the free algebra generated by Ko, K1, Ty with Ty
central such that it sends a word involving Ky, K1, 11 to the same word in AW(3 Qo). This
map is an algebra homomorphism. Composing it with S yields the map (3.3) which is again an
algebra homomorphism. Now we have to check that R is sent to zero by the map (3.3) if R = 0 is
a relation for AW (3, Qq). This is clearly the case for R := T} +ab, since (T} +ab)(T1+1) = 0. It
is also clear for the other relations R = 0 in AW (3, Qo) since these can be taken as the relations
(2.14)~(2.16), which are also relations for AW (3,Qg). So we have shown:

Proposition 3.1. The map (3.3), where U — U sends words U involving Ko, K1 in AW (3, Qo)
to the same words U in AW (3,Qo), is a well defined algebra isomorphism from AW (3,Qq) onto
S(AW (3,Q0))-

Theorem 3.2. S() = S(m(&Qo)), so the spherical subalgebra S(9) is isomorphic to the
algebra AW (3,Qo) by the map (3.3) sending AW (3,Qo) to S(9).

For the proof note first that § has a basis consisting of the elements
ZmY™(Ty + 1), Z™Y"™(Ty + ab) (m,n € Z). (3.4)
Hence S($) is spanned by the elements
(T + D) Z™Y™(Ty + 1) (m,n € Z).

Definition 3.3. Let m,n € Z. For an clement in § which is a linear combination of basis
elements Z*Y! we say that

> i ZFY! = o(2mY™)
k,l€Z

if ¢y # 0 implies [k] < [m], [1] < |nl, (], 1)) # (jml, |n]).
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Theorem 3.2 will follow by induction with respect to |m| + |n| from the following lemma:

Lemma 3.4. Let m,n € Z. Then
(T1 +1)Z™Y™(T1 +1) € (T1 + 1) (Zﬁ/(& Qo) + o(ZmY”)) (Ty +1).
Proof. The procedure will be as follows:
1. Write (Th + 1)Z™Y™(T1 + 1) as a linear combination of
Zmlylrl(ry +1),  z7mlyllny 1), ZIMy =Pl 41),
z7Imly =l 1) (mod o(Z™y "y (11 4 1)). (3.5)

This is done by induction, starting with the $ relations for 12, T4 Z~ %, TY, TyY L.

2. Also write K"KJ(Ty + 1) and K" 'KoK Ky (Th + 1) (m,n = 0,1,...) as a linear
combination of (3.5).

3. These latter linear combinations turn out to span the linear combinations obtained for
(T + 1) Z™mY™(Ty + 1).

Step 1. We get the following expressions in terms of the elements (3.5) (here m,n € {1,2,...})

(Ty + 1)Z™(Ty +1) = (Zm vz o(Zm)) (T1 + 1), (3.6)
(T +1)Z~™(T) +1) = —ab<Zm vz o(zm)) (T +1), (3.7)
(Ty + 1)Y™Ty +1) = —ab(Y” + (¢ tabed)"Y " + O(Y”)) (T1 + 1), (3.8)
(T + )Y "™Ty +1) = ((q_labcd)_“Y" FY 4 O(Y”)) (T +1), (3.9)
(T1 + 1)Z™Y™Ty +1) = (ZmY” — ab(qabed)"Z"Y " + o(ZmY")) (71 +1),  (3.10)
(Ty + 1)Z™Y"(T) +1) = (—(ab F1)Z™Y™ — ab(q abed)" ZmY " — abZTmY ™
+ o(ZmY”)> (Ty + 1), (3.11)
(Ty + 1) Z™Y ~™(T) + 1) = (ZmY*n + (¢ tabed) ™" ZMY " + (14 ab)Z~™Y "
n o(ZmY”)) (Ty +1), (3.12)
(T1 +1)Z~"Y Ty +1) = ((qflabcd)*"zmyn —abz=mYy "
+ o(ZmY”)) (Ty +1). (3.13)
Step 2. We get the following expressions in terms of the elements (3.5) (here m,n € {1,2,...})
K™Ty +1) = (Zm vz o(zm)) (Ty +1), (3.14)
KMNTy +1) = (Y" + (¢ abed)"Y " + o(Y")) (T1 + 1), (3.15)

KKMNT + 1) = (Zmyn +ZTY" 4 (¢ abed) (Z7Y T 4+ Z7Y )
+ o(zmyn)) (Ty + 1), (3.16)
KM KoK Ky N (T + 1) = (qsz" +q ' Z7"Y" + ¢ g tabed)" Z"Y T

+ ¢ V(g abed)"(1 + ab — ¢*ab)Z~™Y " + o(ZmY")> (Ty + 1). (3.17)
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Step 3. The only cases which may not be immediately clear are for (77 + 1)Z*™Y*7(T} + 1)
(m,n € {1,2,...}). Then we have by comparing the identities in Step 1 and Step 2:

(T1 + 1) Z™Y™(T1 + 1) = <K{”—1(K1KO — qKoK 1)K + o(ZmY”)> (Ty + 1),

1
(1—-¢%

(T, + D) Z7™Y™(T) + 1) = ﬁ (K;"—l(—cﬂ (1+ab — ¢*ab) K1 Ko + Koky)K§

+o(Z™Y™) ) (T + 1),

mx,-—n q m—1 n—1
T, +1D)Z"Y (T, +1) = K —gK 1Ky + KoK, K,
(Ty +1) (Ty +1) (1—q2)(q*1abcd)”( 7N (—qK1Ko + KoK1) K,
+0(Z™Y™) )(T1 + 1),
1
T, +1)Z™Y (T, +1) = K" Y KKy — qKoK{) K !
(Ty +1) (Ty + 1) (1—q2)(q_1abcd)”< K1 Ko — ¢KoK1) K]

n o(ZmY”)) (Ty +1).
Proofs for Step 1. We will use repeatedly that (7} +1)? = (1 —ab)(T} +1). From the relation
for T1Z in (2.12) we obtain
(M +10)Z =2 Ty +1)+Z+abZ™ ' — (a+b), (3.18)
M+ DZ(T+1)=(Z+Z' = (a+b)(T1+1) = (Z+Z7 ' +0(2))(T1 + 1),

i.e., (3.6) for m = 1. Now we will prove (3.6) by induction. Suppose it holds for some positive
integer m, then we will prove the identity with m replaced by m + 1. By successively substitu-
ting (3.18) and the induction hypothesis we have:

(T +1D)Z™ N T + 1) = 27T+ D) Z™(Ty + 1) + (27 + o(Z™)) (T1 + 1)
=Z" N Z™+Z7" +o(Z™)(T1 + 1) + (2™ + o(Z™ ) (Th + 1)
= (2™t 4 27y oo(Z™Y)) (T + ).
Similarly, from the relation for 73 Z~! in (2.12) we prove (3.7) by induction:
(T1+1)Z ' =2Z(T1+1)— Z—abZ ' + (a+b), hence
(T +1)Z N Ty +1) = (=ab(Z+ Z71) + (a+ b)) (T1 + 1)
=—ab(Z +Z7 ' +0(2))(T1 + 1),
(Mi+1D)Z™ N T +1)=Z(Ti+1)Z (T +1) —ab(Z7" ' +o(Z™ ) (T + 1)
=—abZ(Z™+Z7" + o(Z™) (T + 1) — ab(Z™™ 1 + o(Z™ ) (T + 1)
= —ab(Z™ + Z7" 7 4 o(ZMTH) (T + 1).

The proofs of (3.8), (3.9) are similar.
The proof of (3.10) is for fixed n by induction with respect to m. First we prove the case
m = 1. By (3.18) and (3.8) we obtain:

(Ty + D) ZY™(Ty +1) = (Z—l(T1 FOY" 4 ZY" b abZ Y+ o(ZY”)) (Ty + 1)
- (ZY” — ab(q abed)" 271y ™ + o(ZY”)) (Ty +1).

Now suppose (3.10) holds for some positive integer m, then we will prove the identity with m
replaced by m + 1. By (3.18) and the induction hypothesis we obtain:

(Ty + 1) 2™y ™(Ty + 1) = (Z*l(Tl L) Zmy"n 4 Zmlyn o(Zm“Y")) (Ty +1)

_ (Zm+1Y”— ab(q~tabed)"Z ™y T4 o(zm+1Y")) (Ty +1).
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The proofs of (3.11), (3.12), (3.13) are similar.

Proofs for Step 2. Formulas (3.14), (3.15), (3.16) immediately follow by the substitutions
Ko=Y +q tabedY ', Ky = Z+ Z71. As for (3.17) we first verify it for m = n = 1 by writing
the left-hand side as (1 — ab) ™Y (Ty + 1)(Y 4+ ¢ tabedY ~1)(Z + Z71)(T1 + 1) and by using the
last four relations in (2.12). Then we obtain for the case of general m, n:

KM KoK Ky (T +1) = (1 —ab) 'K P KoK (T + DK YTy + 1)
— (7 4 7z~ hymL (qZY +q ' Z7Y + ¢ V(g Yabed) ZY !
+q g tabed)(1 4+ ab — ¢*ab) Z 'Y 71 + o(ZY)) (Y 4+ ¢ tabedY ~H)" Ty +1)
_ (qsz" +q 27" 4 g (g abed)  Z27Y T

+ ¢ (g Yabed)" (1 + ab — ¢%ab)Z~™Y " + o(ZmY”)> (Ty +1). n

4 The antispherical subalgebra

In ,&;J put

Py = (ab— D~NTy + ab).
Then

(Pym)? = Poym-

In the basic representation of § we have for f € A:

pP- o f if Tlf: _fa
Wm0 if Ty f = —abf.

Let A

sym

onto Az

sym*

denote the eigenspace of T7 acting on A for eigenvalue —1. Then Py, projects A
Define the linear map S~ : 3:) — .(3 by

S~(U) := P UPS (U € 9).

sym sym
Then

ST(U)S~ (V) =S8 (UP;,V) (UVe$H).

sym

Hence the image 5™ (f)) is a subalgebra of §. We call it the antispherical subalgebra of 9.
For U € $ we have in the basic representation:

Ps}me if Tlf = _fv

S™(U) f = PynUPgf =
© v Faym {0 if T\f=—abf.

Hence, for the basic representation of § restricted to S~(£), AL, is an invariant subspace.

st o

Recall the algebra isomorphism from AW (3, Qo) into Zg(T1) given by Theorem 2.6. Since
ST(U)S™(V) =S~ (UV) for U,V € Zz(T1), we see that AW (3,Qo), considered as a subalgabra
of $ and hence of Z(T1), is mapped by S~ onto a subalgebra S™(AW(3,Qo)) of S~($). From

the basis (3.2) of Z\VT/(& Qo) we see that S~ (Z\VT/(& Qo)) has basis

(ab— 1) K (K Ko)' KT(Ty +ab)  (my,n=0,1,2,..., i=0,1).
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Compare this basis with the basis (3.2) of AW (3,Qo). Thus the map which sends a basis
element K7(K1Ko)' K" of AW (3,Qp) to a basis element ¢"*(ab—1)" K (K1 Ko) K" (T} + ab)
of S (m(?), Qo)) extends linearly to a linear bijection from AW (3, Qo) onto S~ (m(?), Qo))-
In fact this map extends to an algebra isomorphism:

Proposition 4.1. Let AW (3,Qo; qa, gb,c,d) be AW (3,Q0) with a, b replaced by qa, gb, re-
spectively. Then there is a well-defined algebra isomorphism from AW (3, Qo; qa, gb, c,d) onto
ST(AW(3,Qo)) given by the map

U (ab—1)""U(T} + ab), (4.1)

where g ’_’/g sends words U in AW (3, Qo; qa, qb,c,d) involving Ky, Ki to corresponding
words U in AW (3, Qo) involving ¢Kop, K.
Proof. Consider the linear map U — U as a map to AW (3, Qo) from the free algebra generated
by Ko, K1, Ty with Tj central such that it sends a word involving Ko, K7, T1 to the corresponding
word involving ¢Ky, K1, T} in AW (3, Qo). This map is an algebra homomorphism. Composing
it with S~ yields the map (4.1) which is again an algebra homomorphism. Now we have to check
that R is sent to zero by the map (4.1) if R = 0 is a relation for AW (3, Qo; qa, ¢b, ¢, d). This is
clearly the case for R := Ty + 1, siric\e/ (Th + 1)(T1 + ab) = 0. To see this for the other relations,
rewrite relations (2.14)—(2.16) for AW (3, Qo) as:

(¢+q WK1 KoK — KiKo — KoKi — (B + (ab— 1)E) K, — Cy Ko — (Do + (ab — 1)Fy)

—(EK1+ Fo)(Th +1) =0,
(¢+q¢ KoK 1Ko — KiK1 — K1K§ — (B+ (ab—1)E)Ko — C1 K1 — (D1 + (ab— 1) Fy)
—(EKo+ F1)(Th +1) =0,
K1KoK1Ko — (¢* + 1+ ¢ ) KoK1 KoKy + (¢ + ¢ DEGKD — (g + ¢ H)(CoKG + C1K7)
+ (B+(ab—1E)((g+ 1+ ¢ KoK+ K1Ko)+ (¢ + 1+ ¢~ ) (Do+ (ab— 1) Fy) Ko
+(g+14+¢ ") (D1 + (ab—1)F) Ky + (ab—1)G — Qo + (E K 1Ko + G)(T1 + 1)
+(qg+1+ ¢ YWE KoK, + Fy Ko+ FL K1) (T + 1) = 0.
On multiplicgfi/on with 77 + ab we see that the identities R;(T1 + ab) = 0 (i = 1,2,3) must be
valid in S~ (AW (3,Qy)), where
Ri = (¢+q HK1 KKy — K{Ko — KoK — (B + (ab — 1)E) K,
— Co Ko — Dy — (ab — 1) Fy,
Ry = (q+q WK K 1Ko — K{K1 — K1K§ — (B + (ab— 1)E) Ky
—C1 Ky — Dy — (ab—1)Fy,
Ry = K1KoK1Ko — (¢ + 1+ ¢ *)KoK1 Ko K1 + (g + ¢~ ) K§K7
—((g+ g YCoKE + C1KD) + (B + (ab—1)E) (g + 1 + ¢ ) KoK + K1Ko)
+(g+14+q¢ ") (Do+ (ab—1)F) Ko+ (g+1+q ") (D1 + (ab— 1)) K,
+ (ab — 1)G — Qo.
Now consider relations (2.4), (2.5) en (2.9) for AW (3, Qo; qa, gb, ¢, d) (so with a, b in the structure
constants replaced by qa, gb). These can be written in the form U; =0 (i = 1,2, 3) by bringing

everything to the left-hand side in the relations. Now consider U; as elements of the free algebra
generated by Ky, Kj. For the images under the map (4.1) we then obtain the following elements

of S~(AW(3,Qu)):
ﬁl = (1 — Cl,b)_lqu7 ﬁg = (1 — ab)_1q2R2, ﬁg = (1 — (Lb)_lq2R3,

which are all zero. [ |
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Theorem 4.2. S~(§) = S(E\T/T/(& Qo)), so the antispherical subalgebra S~($) is isomorphic to
the algebra AW (3, Qo; qa, gb, c,d) by the map (4.1) sending AW (3, Qo; qa, gb,c,d) to S~ (9).

The proof is analogous to the proof of Theorem 3.2. Since § has a basis (3.4), S=(9) is
spanned by the elements

(Th + ab)Z™Y"™ (T + ab) (m,n € Z).

Recall Definition 3.3. Theorem 4.2 will follow by induction with respect to |m|+ |n| from the
following analogue of Lemma 3.4:

Lemma 4.3. Let m,n € Z. Then
(T} + ab)Z"™Y "™ (T} + ab) € (T} + ab) (Zﬁ/(?,, Qo) + o(ZmY”)> (T1 + ab).

Proof. We use the same procedure as in the proof of Lemma 3.4. I will only list the main
formulas in the three steps. The reader can verify these formulas in an analogous way as in the
proof of Lemma 3.4.

Step 1

( Z™(Ty + ab) = ab(Zm vz o(zm)) (T1 + ab),

(Ty + ab)Z~™ (T + ab) = — (Zm vz o(zm)) (T} + ab),

(T1 + ab)Y™ (T} + ab) = — <Y” + (¢ Yabed)"Y ™ + 0(Y”)> (Ty + ab),

(T + ab)Y ~™™(T} + ab) = ab((q_labcd)_”Y” FY 0(Y”)> (Ty + ab),

(T1 + ab)Z™Y ™ (T} + ab) = (ameY" (¢ tabed)"Z"mY " o(ZmY”)> (T1 + ab),

(T1 + ab)Z~™Y™(T} + ab) = (—(ab F1)Z™Y" — (¢ Labed)" ZmY T — 27y
+ o(ZmY”)) (T} + ab),

(T1 + ab) Z™Y (T} + ab) = (ab(q’labcd)’"Z’mY" 4 abZ™Y "+ (14 ab)Z"mY "
+ o(zmyn)) (T} + ab),

(T1 + ab)Z~™Y ~™(T} + ab) = (ab(qflabcd)*”zmyn —Zmy g o(ZmY")> (T1 + ab).

Step 2

K™} + ab) = (Zm vz o(zm)) (Ty + ab),
KTy + ab) = (Y” + (g Labed)"Y " + o(Y")) (Ty + ab),
K"KI(T) + ab) = (ZmY" + Z7MY™ 4 (¢ abed)™ (Z27Y T+ 27TV )
+ o(ZmY")) (T} + ab),
K7 KoK Ky~ (T + ab) = (qsz" +q ' 27" 4 g7 (g abed)" ZmY T

+ (gab) " (g rabed)™(1 + ab — ¢*)Z""Y " + o(ZmY”)) (T} + ab).
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Step 3

ab
— 2

(T + ab)Z"Y " (T} +ab) = (K;”—l(KlKO — qKoK 1)K + o(ZmY")) (Ty + ab),
1
(T1 + ab)Z~™Y™ (T} + ab) = T (K{?H(_ (14 ab— ¢*) K1 Ko + qabKo Ky ) K§ ™

v o(sz")) (T1 + ab),

m —n qab m— n—
(Ty + ab)Z™Y (T} + ab) = 0= (g Tabed)" (K1 Y—gK1 Ko + KoKy ) Ko

+ O(ZmY")) (T1 + ab),

ab
T b)Z~"Y ~™(T; b) = K" YK Ky — qKoK{) K1
(Ty + ab) (Ty + ab) (1—q2)(q_1abcd)"( T K 1Ko — ¢KoK1) K|
+ o(ZmY”)> (Ty + ab). n

Remark 4.4. The same g-shift for the parameters as in Proposition 4.1 occurs in [7, (3.17)] (the
eigenfunction of Y + ¢ tabcdY ~! in Agym expressed in terms of Askey—Wilson polynomials). Of
course, these two results are very much related to each other.

Let $(qa, gb, ¢, d) be § with parameters a, b, ¢, d replaced by qa, gb, ¢, d, respectively. If we

compare Theorems 3.2 and 4.2 then we can conclude that the spherical subalgebras S~ () and

S($5(qa, gb, c,d)) are isomorphic. This result is an analogue of the result in [1, Proposition 4.11]
for Cherednik algebras.

Remark 4.5. Just as we had in Step 1 of the proofs of Lemma 3.4 and Lemma 4.3, we can
derive from the first, fourth and fifth relation in (2.12) that

(T1 + 1)(Y + g ta®b?edY ! — (¢ rabed + ab)) (T + 1) = 0,
(Ty + ab)(Y + ¢ tedY ™! — (¢ ted + 1)) (11 + ab) = 0.

It follows that, in the basic representation of .;f), the operator

D™ =Y + ¢ ta®*’cdY ! — (¢ labed + ab)

sym» While

maps Agym into A

DT =Y + ¢ edY ™ — (¢ ted + 1)

maps Ay, into Asym. Since both operators preserve the eigenspace of A,,, we obtain
D™ P, =ab(q ted — ¢ ™) (¢" — 1) Qn,

DT Q, = (q_lcd — q_"a_lb_l)(q”ab —-1)P,,

where the Askey—Wilson polynomial P, and the shifted Askey—Wilson polynomial @Q),, are given
by (2.1) and (2.13), respectively, and the constant factors in the above identities follow by com-
paring coefficients of z™. Thus the operators D~ and DV can be considered as shift operators.

The observations in this Remark were earlier made (in different notation) in [9, Lemma 12.2,
Proposition 12.3].
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5 Centralizers and centers

As a corollary of Theorem 3.2 and Theorem 4.2 we obtain:
Theorem 5.1. The centralizer Zg(11) is equal to ZI/T/(B, Qo).
Proof. Write U & 5;_) as

U=(1—-ab) 'U(Ty +1) + (ab— 1) U(Ty + ab). (5.1)
Suppose that U € Zg(T1). Then

U(T +1) = (1 —ab) YTy + DU(T1 + 1),

U(Ty 4 ab) = (ab — 1)~ YTy 4 ab)U (T} + ab).
So U(Ty+1) € S(H) = S(AW (3,Q0)) CAW (3, Qo) and U(Ty +ab) € S ($) = S~ (AW (3,Q0))C
AW (3,Qo). |

The following theorem is interesting in its own right, but it can also be used, in combination
with Theorems 3.2 and 4.2, in order to show that the center of 5% consists of the scalars (see
Theorem 5.3). The proof is in the same spirit as the proof of the faithfulness of the basic
representation of AW (3,Qy) (see [7, Theorem 2.2]).

Theorem 5.2. The center of the algebra AW (3, Qo) consists of the scalars.

Proof. Let U be in the center of AW (3,Qy). Because of Theorem 2.2 we may consider
AW (3,Qo) in its faithful basic representation on Agym,. Then U can be uniquely expanded
in terms of the basis of AW (3,Qq) in this representation:

U= ar Dl (Z+Z7") +Zbleéy§1 (Z+Z ) Doym(Z + 271", (5:2)
k,l

Since U is in the center, we have
UZ+zZ Y- (zZ+zHUu=o. (5.3)

We will first show that if U given by (5.2) satisfies (5.3), then all coefficients ay; and by in (5.2)
vanish except possibly for coefficients a;; with [ = 0. Indeed, suppose that this is not the case.
Then there is a highest value m of k£ for which a;; # 0 or by; # 0 for some [ > 1. All terms
in (5.2) with k& > m then will certainly commute with Z + Z71, so we may assume that the
terms in (5.2) with & > m vanish while (5.3) still holds. Let both sides of (5.3) act on the
Askey-Wilson polynomial Pj[z]:

(U(Z+ZY~(Z+Z HU)Pj[z] = 0.

Expand the left-hand side of the above equation in terms of Askey—Wilson polynomials P;[z].
Then the highest occurring term will be for ¢ = j + m + 1, so the coefficient of Pjip41(z] in
this expansion must be zero. This gives

D (@i Ny + b N Nm) = D (@ma Ny + g A A m1) = 0. (5.4)
l l
We have, writing = := ¢/7™ and u := ¢ tabcd,

Nigmir =q 2 qur,  Ajgm=a duz,  Nymo1 =gz +q lua.
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We can consider the identity (5.4) as an identity for Laurent polynomials in z. Since the left-
hand side vanishes for infinitely many values of x, it must be identically zero. Let n be the
maximal [ > 0 for which a,,; # 0 or b,,; # 0. Then, in particular, the coefficients of ™"
and z" in the left-hand side of (5.4) must be zero. This gives explicitly:

am,nun(l - qn) + qilbm,nun(l - qn) = 07 am,n(l - qin) + qu,n(l - qin) =0.
Now n > 0, so ¢™" # 1. Also u # 0. Hence,
Am,n + qilbm,n = 07 am,n + qu,n =0.

Thus ay,n = 0 = by, n, which is a contradiction.

So U in the center will have the form U = Y, ax(Z + Z~1)* in the basic representation of
AW (3,Q0). We have to show that ar = 0 for £ > 0. Suppose not. Then there is a highest value
m > 0 of k for which ai # 0. Then we have

UDyym (1) — Daym U(1) = 0.

Expand the left-hand side of the above equation in terms of Askey—Wilson polynomials P;[z].
Then the coefficient of P,,[z] will be zero. So amAg — amAn, = 0. Since A, # Ao if m # 0, we
conclude that a,, = 0, a contradiction. |

Theorem 5.3. The center Z(S%) offj consists of the scalars.

Proof. Let U € Z(9). Then U € Zz(Ti) = AW (3,Qo). So U € Z(AW(3,Qo)). Write U as
in (5.1). We have to show that U(T1 + 1) and U(T; + ab) are scalars. This follows from

UM +1) = (1 —ab)"tS(U) € Z(5(9)),

U(Ty + ab) = (ab— 1)1~ (U) € Z(57(9)).

Now use the algebra isomorphisms from Theorems 3.2 and 4.2, and apply Theorem 5.2. |
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