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Abstract. We study the contact geometry of scalar second order hyperbolic equations in
the plane of generic type. Following a derivation of parametrized contact-invariants to dis-
tinguish Monge-Ampere (class 6-6), Goursat (class 6-7) and generic (class 7-7) hyperbolic
equations, we use Cartan’s equivalence method to study the generic case. An intriguing
feature of this class of equations is that every generic hyperbolic equation admits at most
a nine-dimensional contact symmetry algebra. The nine-dimensional bound is sharp: normal
forms for the contact-equivalence classes of these maximally symmetric generic hyperbolic
equations are derived and explicit symmetry algebras are presented. Moreover, these maxi-
mally symmetric equations are Darboux integrable. An enumeration of several submaximally
symmetric (eight and seven-dimensional) generic hyperbolic structures is also given.
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1 Introduction

The purpose of this paper is to give a reasonably self-contained account of some key geometric
features of a class of (nonlinear) scalar second order hyperbolic partial differential equations
(PDE) in the plane (i.e. in two independent variables) that has received surprisingly very little
attention in the literature, namely hyperbolic PDE of generic (also known as class 7-7) type.
Even this terminology is not well-known, and so it deserves some clarification.

In the geometric study of differential equations, there is a natural notion of equivalence as-
sociated with the pseudo-group of local point transformations, i.e. local diffeomorphisms which
mix the independent and dependent variables. Another natural (but coarser) notion is to define
equivalence up to the larger pseudo-group of local contact transformations and one of the princi-
pal goals of the geometric theory is to find invariants to distinguish different contact-equivalence
classes. Restricting now (and for the remainder of this paper) to scalar second order PDE in
the plane, we have that given certain nondegeneracy conditions (i.e. one can locally solve the
equation for one of the highest derivatives), there is a contact-invariant trichotomy into equa-
tions of elliptic, parabolic and hyperbolic type. In the quasi-linear case, invariance of these
classes under point transformations appears in [7]. (Inequivalent normal forms are derived
in each case.) An elegant geometric proof of invariance under contact transformations in the
general case was given by R.B. Gardner [9]. In the hyperbolic case, there exist two charac-
teristic subsystems which give rise to a finer contact-invariant trichotomy into equations of
Monge-Ampere (class 6-6), Goursat (class 6-7), and generic (class 7-7) type. While this was
known to Vranceanu and almost certainly to E. Cartan and Lie, a modern exposition of these
ideas first appeared in [11]. To keep our exposition as self-contained as possible, we include
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the details of these classifications in this paper. For hyperbolic equations given in the form
Zez = (XY, 2, Za, Zys Zay, Zyy), the (relative) invariants characterizing the three types of hyper-
bolic equations were calculated parametrically by Vranceanu (c.f. the B, C' invariants in [26]).
For a general equation F(x,y, 2, 2z, 2y, Zazs Zey, Zyy) = 0, these invariants appeared in Chapter 9
of Jurds’ thesis in his characterization of the Monge—Ampere class (c.f. M,, M, in [13]). Our
derivation of these invariants (labelled I7, I5 in this article) is quite different and the novelty
in our exposition (see Theorem 3.3) is obtaining simpler expressions expressed in terms of cer-
tain determinants. Moreover, we use these invariants to give general examples of hyperbolic
equations of Goursat and generic type (see Table 3).

Hyperbolic equations of Monge-Ampere type have been well-studied in the literature from a
geometric point of view (e.g. see [16, 17, 19, 4, 5, 15, 2, 14, 18] and references therein). This class
of equations includes the Monge—Ampere, wave, Liouville, Klein—-Gordon and general f-Gordon
equations. At the present time and to the best of our knowledge, there exists only one paper
in the literature that has been devoted to the study of hyperbolic equations of generic type.
This paper, “La géométrisation des équations aux dérivées partielles du second ordre” [25], was
published by Vranceanu in 1937. Despite its appearance over 70 years ago, and much attention
having been focused on applications of Cartan’s equivalence method in the geometric theory of
PDE, very few references to [25] exist. Currently, the paper does not appear on MathSciNet;
the only reference to it by internet search engines appears on Zentralblatt Math.

In [25], Vranceanu uses the exterior calculus and Cartan’s method of equivalence to study
generic hyperbolic equations. One of the most intriguing results of the paper is that all equa-
tions of generic type admit at most a nine-dimensional local Lie group of (contact) symmetries.
This is in stark contrast to the Monge-Ampere class, where the wave equation is well-known
to admit an infinite-dimensional symmetry group. Vranceanu is able to isolate the correspon-
ding maximally symmetric structure equations as well as some submaximally symmetric struc-
tures. Furthermore, he is able to integrate these abstract structure equations to obtain an
explicit parametrization of the corresponding coframe, leading to normal forms for the contact-
equivalence classes. As any practitioner of the Cartan equivalence method can probably attest,
this is an impressive computational feat. Nevertheless, as in the style of Cartan’s writings,
Vranceanu’s arguments are at times difficult to decipher, hypotheses are not clearly stated or
are difficult to discern amidst the quite lengthy calculations, and some of his results are not
quite correct. In this paper, we reexamine, clarify, and sharpen some of Vranceanu’s results with
the perspective of our modern understanding of the geometric theory of differential equations
through exterior differential systems and Cartan’s equivalence method. The hope is that this
exposition will provide a clearer understanding of the geometry of this class of equations for
a contemporary audience.

In Section 2 we recall the contact-invariant classification of second order scalar PDE into
elliptic, parabolic, and hyperbolic classes based on invariants of a (conformal class of a) sym-
metric bilinear form, and define the M; and My characteristics in the hyperbolic case. This
leads to a preliminary set of structure equations for hyperbolic equations. In Section 3, the
structure equations are further tightened, and using them we show how the class of M; and M,
leads to the finer classification into equations of Monge—Ampere, Goursat, and generic types. In
Theorem 3.3, these subclasses of hyperbolic equations are characterized by means of the relative
invariants I, Is. We then restrict to the generic case and derive the generic hyperbolic structure
equations. We note that in Vranceanu’s derivation of the generic hyperbolic structure equations
(c.f. (3.2) in this paper), the e = sgn(/;/2) = £1 contact invariant was overlooked. This carries
through to the normal forms for the contact-equivalence classes. Section 4 formulates the equiv-
alence problem for generic hyperbolic equations and recalls some facts from Cartan’s theory
of G-structures applied to our situation. The structure group that we consider here is strictly
larger than Vranceanu’s, differing by certain discrete components. These naturally arise when
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considering automorphisms which interchange the M; and M characteristics. Both Vranceanu
and Gardner—-Kamran consider only automorphisms which preserve each of M7 and Ms. The
nine-dimensional bound on the symmetry group of any generic hyperbolic equation is established
in Section 5.

In Section 6, we give a clear enumeration of several generic hyperbolic structures which re-
sult from Vranceanu’s reduction of the structure equations. These include the aforementioned
maximally symmetric (nine-dimensional) structure equations as well as some new submaximally
symmetric (eight and seven-dimensional) structures including some with nonconstant torsion.
(Vranceanu derived two eight-dimensional structures with constant torsion in addition to the
maximally symmetric structures.) Finally, Section 7 gives a detailed account of the maxi-
mally symmetric case. Integration of the abstract maximally symmetric structure equations
leads to the contact-equivalence classes of maximally symmetric generic hyperbolic PDE being
parametrized by (e,a) € {1} x (0, 1], with normal forms given by

(e,a) = (1,1) 1 3z2(2y)2 +1=0,
(e,a) #(1,1):  (e+ a)2 (22xy — (zyy)2)3 + ea (Szm — 62py2yy + 2(2yy)3)2 =0.

The isomorphism type of the symmetry algebra for the second equation is independent of (¢, a)
and is non-isomorphic to the symmetry algebra of the first equation. Thus, there are precisely
two non-isomorphic (abstract) symmetry algebras that arise for maximally symmetric generic
hyperbolic equations. These equations are further distinguished in a contact-invariant way using
a contact invariant A; and a relative contact invariant As. Both equations satisfy A; = 0, but
the former satisfies Ay = 0 while the latter satisfies Ay # 0.

Let us point out two additional points of discrepancy with Vranceanu’s calculations: (1) the
restriction of the range of the parameter a to (0,1], and (2) a missing factor of 2 for the 2y 2y,
term in the second equation above. The first point is a consequence of the aforementioned larger
structure group used in our formulation of the equivalence problem. The additional discrete
factors lead to identifications of different parameter values. The second point was minor and
the error was only introduced by Vranceanu in the last step of his derivation. To give added
justification to the calculation of the normal forms above, we give explicitly the nine-dimensional
symmetry algebras for the normal forms listed above. Both equations admit the symmetries

0 0 0 0 0
Xl—%7 X2_37y’ X3—&7 X4—$%7 XS—?J&»
0 0 0
X@—:U%-Fyafyﬁ—ZZ&.

The former admits the additional symmetries

0 0 0 0
X7 =ay— Xs=2y=— + 325 Xg =27~ —
Ty 8 y8y+ “92 9= 8x+xzaz’
while the latter admits the additional symmetries
0 0 o 1,0 0 0 1 0
X7 =y— + 32— Xy =a0— — —y°— Xg = 22— — — Sy ) =.
T y@y + “52 s m@y 2Y 92 97T Be +$y8y * <$Z 67 ) a2

The calculation of these symmetries (especially in the latter case) is in general a nontrivial task
considering the complexity of the equation.

Numerous appendices provide the details of the proofs of the main statements in the body
of this article.

All considerations in this paper are local, and we will work in the smooth category. We
use the Einstein summation convention throughout. We will make the convention of using
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braces enclosing 1-forms to denote the corresponding submodule generated by those 1-forms.
In general, we will abuse notation and not distinguish between a submodule of 1-forms and its
corresponding algebraic ideal (i.e. with respect to the wedge product) in the exterior algebra.
This is useful when stating structure equations, e.g. dw! =0 mod If.

2 Contact-equivalence of PDE

Consider a scalar second order PDE

2 2 2
F(, 0z 0z 0%z 0°z 8,2):0 (2.1)

x y? 277 a9 99 .9°'9.9 %9 9
in two independent variables z, y and one dependent variable z. A natural geometrical set-
ting for (2.1) is the space of 2-jets J2(R?,R) with standard local coordinates (z,y, 2, p, q,, s, 1)
(Monge coordinates), and the equation above yields a locus

Ly ={(z,y,2,p,q,7,5t) € J*(R*,R) : F(2,y,2,p,q,r,5,t) =0} .

We assume that L is the image of an open subset X7 C R” under a smooth map ir : ¥7 —
J?(R% R).

Definition 2.1. We will say that iy is a nondegenerate parametrization of the equation F' =0
if 1z has maximal rank and Lg is everywhere transverse to the fibers of the natural projection

72 J2(R%,R) — JY(R? R),
i.e. im(ips) + ker(n?,) = TJ*(R%, R).

We will always work with nondegenerate parametrizations in this paper. By the transversality
assumption (F,, Fs, F}) # 0, and so by the implicit function theorem, one can locally solve (2.1)
for one of the highest-order derivatives. Since im((7?oip),) = TJ*(R?, R), then (7} oip)*(dx A
dy Adz Adp Adq) # 0 and so the standard coordinates (z,y, z,p, q) on J'(R? R) along with two
additional coordinates u, v may be taken as coordinates on 7. Thus, without loss of generality,
we may assume the parametrization ip has the form ip(x,y, z,p, ¢, u,v) = (z,y,2,p,q,7,8,1t),
expressing r, s, t as functions of (z,y, z,p, q, u, v).

The contact system C on .J2 (R%,R) is generated by the standard contact forms

0! = dz — pdx — qdy, 6% = dp — rdz — sdy, 0% = dg — sdx — tdy
and pulling back by i, we obtain a Pfaffian system (i.e. generated by 1-forms) Iy on X7,
I = iH(C?) = {u', 0 &%),

where w® = i},6%. There is a correspondence between local solutions of (2.1) and local integral
manifolds of Ir.

Definition 2.2. The equations (2.1) and

_ 0z 0z 0%z 0%z 0°z _
F2,9,2 ) 7 7=y 75 | =0 ith ip: 27 — J2RELR 2.2
(x’y’z’ ax’ay’ax2’axay’ay2>  (with dp 7 27 =~ JARGR)) 22)
are contact-equivalent if there exists a local diffeomorphism ¢ : $7 — %7 such that ¢*I = Ip.
The collection of all such maps will be denoted Contact(X7,37). A contact symmetry is a self-
equivalence.
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Remark 2.1. More precisely, the above definition refers to internal contact-equivalence. There
is another natural notion of equivalence: namely, (2.1) and (2.2) are externally contact-equivalent
if there exists a local diffeomorphism p : J?(R%R) — J?(R? R) that restricts to a local
diffeomorphism j : ip(X7) — i7(37) and preserves the contact system, i.e. p*(C?) = C®.
It is clear that any external equivalence induces a corresponding internal equivalence, but in
general the converse need not hold. The difference between these two natural notions of equiv-
alence is in general quite subtle and has been investigated in detail in [1]. A corollary of their
results (c.f. Theorem 18 therein) is that for (2.1), under the maximal rank and transversality
conditions, any internal equivalence extends to an external equivalence, and thus the correspon-
dence is one-to-one.

As shown by Gardner [9], the (pointwise) classification of (2.1) into mutually exclusive elliptic,
parabolic and hyperbolic classes is in fact a contact-invariant classification which arises through
invariants (i.e. rank and index) of a (conformal class of a) symmetric C*°(X7)-bilinear form (-, -)7
on Ir, namely

(p,y7Voly. :=dp ANdip A w' Aw? A W3, (2.3)

where Voly,, denotes any volume form on ¥7. Since i} is surjective, there exists a 7-form v on
J?(R?,R) such that i%v = Volx,, and so

(p, V)7ifv = i (dp A dip A O A O* NG,

where % and 1) are any forms on .J2 (R?,R) such that ¢ = %@ and ¢ = 1}1/; Since ipy : TY7 —
TJ?(R?,R) is rank 7 (as is i% : T*J?(R%,R) — T*X7) and i%dF = 0, then ker(i%) = {dF}, and

=0 iff pAdF =0, VneQ(J*R%R)). (2.4)
Consequently, letting Vol y2g2 gy = v A dF', we see that (2.3) is equivalent to
(<(p, w>7)p(V01J2(]R2,R))ip(p) = (d(ﬁ A d'LE AOYABZ NG A dF)iF(p)a

where p € ¥7. This definition is well-defined: it is independent of the choice of ¢ and ¥ so long
as ¢ = ipp and Y = ip.

A computation in the basis w!, w?, w? reveals that a volume form may be chosen so that
0 0 0
(We’)p=| 0 F —jF : (2.5)
1
0 —5Fs F (o)

Our assumption that ip have maximal rank implies that (-,-)7 cannot have rank zero. Defining

1
A =i} <FTFt - 4F82> ,

we have the following mutually exclusive cases at each point p € Xr:

Table 1. Contact-invariant classification of scalar second order PDE in the plane.

’ elliptic ‘ parabolic ‘ hyperbolic ‘
[A(p)>0[A(p) =0] A(p) <0 |

By the commutativity of pullbacks with d, it is clear that this classification is a priori contact-
invariant. We remark that in the classical literature on the geometry of hyperbolic equations,
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the terminology Monge characteristics appears. These are determined by the roots of the cha-
racteristic equation

N — F A+ FF, =0. (2.6)

The discriminant of this equation (with the coefficients evaluated on F' = 0) is precisely —iA,
and so the elliptic, parabolic, and hyperbolic cases correspond to the existence of no roots,
a double root, and two distinct roots respectively.

In the analysis to follow, all constructions for a PDE F' = 0 will implicitly be repeated for
a second PDE F' = 0 (if present). We will concern ourselves exclusively with the hyperbolic
case, that is, an open subset of 37 on which F' = 0 is hyperbolic. By the hyperbolicity condition,
the two nonzero eigenvalues of (-,-)7 have opposite sign, and hence there exists a pair of rank
two maximally isotropic subsystems M7 and Ms of Ir at every point of consideration.

Definition 2.3. Given hyperbolic PDE F = 0 and F = 0, define
Contact™ (X7, 27) = {¢ € Contact(X7,%7) : ¢*M; = My, ¢*My = Mo},
Contact™ (X7,%7) = {¢ € Contact(X7,%7) : ¢* My = My, ¢*My = My},

If F = F, we take ¥7 = X7 and use the notation Aut(Ir) := Contact (X7, X7), etc.

Remark 2.2. Implicitly, given the Pfaffian system Iz corresponding to a hyperbolic PDE
F =0, we assume that a choice of labelling for the M; and M characteristics has been made.
This is of course not intrinsic. All of our final results will not depend on this choice.

Both Vranceanu [25] and Gardner—Kamran [11] consider only local diffeomorphisms which
preserve each of My and Mo.

Example 2.1. For the wave equation written as z;, = 0, we have the pullbacks of the contact
forms on J2(R?,R) to the parameter space X7 : (z,v, z,p, q,7, 1),

w! = dz — pdz — qdy, w? = dp — rdz, WS =dg— tdy

and

(W w)7)p=10 0 -
0

[a)
NI
N[ —

Thus, M; = {w',w?} and My = {w!,w?}. Interchanging the independent variables induces
oo : X7 — X7, (x,y,2,p,q,7,t) — (y,z,2,q,p,t,r), which satisfies

g = ', pow? = o, pow’ = w?
and hence ¢g € Aut™ (Ir).

The hyperbolicity condition implies that there exists a local basis of I which by abuse of
notation we also denote w', w?, w? such that

My = {wl?w2}a My = {wl’w?)}
and the matrix representing (-, )7 is in Witt normal form

g
0
0
1

—~
_
€

Q
S
@
~
3
S—
kS
I
o O O
oS = O
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Lemma 2.1 (Preliminary hyperbolic structure equations). There exists a (local) coframe
w = {w'}_, on X7 such that Ir = {w',w? W3} and
dw! =0,
dw? = w* AW, mod I, (2.7)
dw? =W A7,
with
W AW AW AWEAW AW AWT £ 0.

Proof. In Theorem 1.7 in [3], an algebraic normal form for a 2-form € is given. In particular,
if QA Q =0, then Q = 0! A 0?2 is decomposable. This statement is also true in a relative sense:
if QAQ =0 mod I, then Q = o' Ao? mod I, where I is an ideal in the exterior algebra.

Using this fact, let us deduce consequences of the Witt normal form. By definition of (-, )7,
we have (taking congruences below modulo Ir)

WHr=0 & dPrde?’=0 o du®=wtAl’,
(W =0 o dlPAd=0 & dud=uwinuT,
w”) 1 & d?ANdP At AP AP =W AP AW AW AW AW AW #0.
Using (w!, w?)7 = (w!,w3)7 = 0, we have
O:dwl/\dw2/\w1/\w2/\w3:dwl/\w4/\w5/\w1/\w2/\w3,
0=dw' Adw? AN Aw? Awd = dw' Awb AW’ Aw! Aw? AW,
and thus dw! = 0. |

Consequently, {wi}zzl is a (local) coframe on Y7, and the structure equations can be written

dw' = §’Yljkwj VAN wk. (28)

3 Monge-Ampere, Goursat and generic hyperbolic equations

The congruences appearing in the preliminary hyperbolic structure equations can be tightened
with a more careful study of integrability conditions and further adaptations of the coframe.
The details are provided in Appendix A.

Theorem 3.1 (Hyperbolic structure equations). Given any hyperbolic equation F' = 0 with
nondegenerate parametrization i : 7 — J?(R?,R), there is an associated coframe w = {w'}_,
on X7 such that

1. Ip = {wh, w?, w3}, My = {wh,w?}, My ={w! w3}

2. We have the structure equations

dw' = w3 AW 4 w? AWt mod {w'},
dw? = Wt AP+ T A W7 mod {w!,w?}, (3.1)
dw? = WO A W™ 4 Usw? A WP mod {w!, w3}

for some functions Uy, Us on 7.
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A finer contact-invariant classification of hyperbolic equations arises from the study of the
class of M7 and Ms. Let us recall some basic definitions.

Definition 3.1. Let I be a Pfaffian system on a manifold 3. Define the

1. Cauchy characteristic space A(I) = {X € X(X): X € I+, X .dI C I}.
2. Cartan system C(I) = A(I)*. The class of I is the rank of C(I) (as a C°°(X)-module).

Here, L refers to the annihilator submodule.

The hyperbolic structure equations indicate that there are only two possibilities for the class
of M1 and MQ.

Corollary 3.1. Fori=1,2, class(M;) =6 or 7. Moreover, class(M;) =6 iff U; = 0.

Proof. Let {% T_, denote the dual basis to {w’}_;. From (3.1), we have

d d
Moreover, class(Mi) = 6 iff 52- € A(My) iff Uy = 0. Similarly for Mp. |

Consequently, we obtain the subclassification of hyperbolic equations given in Table 2.

Table 2. Contact-invariant classification of hyperbolic PDE.

Type ‘ Contact-invariant classification ‘
Monge-Ampere (6-6) class(M;) = class(Mz) =6
Goursat (6-7) {class(M,), class(M2)} = {6, 7}
generic (7-7) class(M;) = class(Ms) =7

Example 3.1. We give some known examples of each type of hyperbolic equation:

e Monge-Ampere: wave equation z;, = 0, Liouville equation z;, = €*, Klein—Gordon equa-
tion 2z, = z, or more generally the f-Gordon equation z,, = f(x,v, 2, 2z, 2y), and Monge—
Ampere equation 2,2y — (224)2 = f(2,9).

e Goursat: zgz = f(2gy) where f” 0.

e generic: 2y = %sin(zm) cos(zyy), oF 3zz2(2yy)> +1 = 0.

The terminology for class 6-6 equations is justified by the following result, known to Vran-
ceanu [26]. We refer the reader to Gardner-Kamran [11] for a modern proof.

Theorem 3.2. A second-order hyperbolic equation has class(M;) = 6, i = 1,2 if and only if its
locus can be given by an equation of the form

a(ZezZyy — (Zay)?) + b2g + 2¢24y + dzyy + € = 0,
where a, b, ¢, d, e are functions of x, y, z, 2z, 2y-

The examples given above were obtained by constructing explicit coframes which realize the
abstract structure equations given in Theorem 3.1, which in general is a very tedious task and
is equation-specific. We state here two relative invariants I, Iy (which are related to the two
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relative invariants Uy, Us) whose vanishing/nonvanishing determine the type of any hyperbolic
equation. Given any hyperbolic equation F' = 0, define

F

which are the roots of the characteristic equation (2.6). Without loss of generality, we may
assume that Fy > 0. (If not, take F' = —F instead.) By the hyperbolicity assumption Ay > 0.
The proof of the following theorem is given in Appendix B.

Theorem 3.3 (Relative contact invariants for hyperbolic equations). Suppose that F =
0 s a hyperbolic equation with Fs > 0. Let

F, F F; 0
I, = det At F 0 I, = det F; Fs F

(), (&), (%), (%), (%), (&),

and I; = z}fz Then we have the following classification of F = 0:

’ Type ‘ Contact-invariant classification ‘
Monge—Ampere L =1,b=0
Goursat exactly one of Iy or Iy is zero
generic LI, #0

Moreover, we have the scaling property: If ¢ is a function on J?(R%,R) such that ip¢ > 0, then
F=¢F = I =_(:¢)°L i=12

We note that the scaling property is a fundamental property of these relative invariants: their
vanishing /nonvanishing depends only on the equation locus.

Remark 3.1. For a general hyperbolic equation F(z,y, z,p, q,7,s,t) = 0, Jurds’ [13] calculated
two (relative) invariants M,, M, whose vanishing characterizes the Monge—Ampere class. His
invariants were given explicitly in terms of two non-proportional real roots (i, A) = (mg,my)
and (u, A) = (ng,ny) of the characteristic equation

F 22— F \u+ Fu? =0,

which he associates to the given PDE. We note here that the characteristic equation (2.6) that
we have used differs from that of Juras (but has the same discriminant). Our invariants I, Io
appear to be simpler written in this determinantal form.

Using the relative contact invariants I, Is we can identify some more general examples of
hyperbolic equations of Goursat and generic type.

Corollary 3.2. The classification of hyperbolic equations of the form F(x,y,z,p,q,r,t) = 0,
G(x,y,z,p,q,1,8) =0, and rt = f(x,y,2,p,q,8) is given in Table 3 below.

Proof. The hyperbolicity condition in each case is clear. Define the function
AYy = B2 Fy = 2R Ry Fy + P Fry,
and similarly for ASS. Without loss of generality G, fs > 0. The calculation of I;, I, leads to

2AF 2AF
= —F Ar,t = —F, Ar,t

F7777>7t:0: 127’ 127’
(z,y,2,p,q,7,t) 1 2 F,Fy)3/2 2 2(—F,F,)3/2
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- . _AG
G(x7y727p7Q7T73):03 I =0, IQZTW,
7 (fss - 2)7“2 I (fss - 2)t2

rt = z,Y,%,p,q,S): I - =,
f(x,y,2,p,4,5) N v 2=
T (fss + 2)T2 f (fss + 2)t2

rt = — z,Y,z2,p,4,S8): 1—1:_7, 2:_7.
S ) Vfs2—drt  fs2 — drt

For F(z,y,z,p,q,7,t) = 0: Since i},(F;F,) < 0, then either I;, I both vanish or both do not
vanish, i.e. either class 6-6 or class 7-7. The vanishing of I, I is completely characterized by
the vanishing of i%,(AL}). By Theorem 3.2, we know what all class 6-6 equations of the form
F(x,y,z,p,q,r,t) = 0 look like. Hence,

z}(Aft) =0 iff its locus can be given by F(z,y, z,p,q,r,t) = ar + bt +c =0,

where a, b, ¢ are functions of z, y, z, p, ¢ only. The proof for G(x,y, z,p,q,r,s) = 0 is similar
and the result for the last equation is immediate. |

Table 3. General examples of hyperbolic equations and their types.

. H bolicit
Equation Yperbotcity Type

condition

6-6 iff F' is an affine function of r,¢ (*)
7-T7 otherwise
6-6 iff G is an affine function of 7, s (*)

6-7 otherwise

F(xayaz7p7Q7T7t):0 Z}‘(FTFt)<O

G(xvyazap7q’rvs) :O Z*G(GS) ?éo

Assuming rt # 0:
rt = f(z,y,2,p.4,5) Af < [ 6-6 iff foy = 2
7-7 iff fos # 2

(*) More precisely, it is the zero-locus of such a function.

Remark 3.2. Hyperbolic equations of Goursat and generic type are necessarily non-variational.
This is because a variational formulation for a second order PDE requires a first order Lagrangian
(density) L(z,y, z,p,q) and the corresponding Euler-Lagrange equation is

oL oL oL
2 _p, () -p, (&) =0,
0z <3p> y(t%) !

where D, and D, are total derivative operators

D—E—i- 24—7’24-52 D—Q—l— 2+s£+t£
* = oz Vo Op oq’ Y oy 15, Op 0Oq

Thus, the Euler-Lagrange equation is quasi-linear and, if hyperbolic, is of Monge-Ampere type.

For the remainder of the paper we will deal exclusively with the generic case. In this
case Uy, Us in (3.1) are nonzero and can be further normalized through a coframe adaptation.
Before carrying out this normalization, we recall some more basic definitions.

Definition 3.2. Given a Pfaffian system I on a manifold X, recall that the first derived system
IM ¢ [ is the Pfaffian system defined by the short exact sequence

0—IW 7™ g7 mod T — 0,
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where 7 : Q*(3) — Q*(X)/I be the canonical surjection. (Here we abuse notation and identify I
with the algebraic ideal in Q*(X) that it generates.) Iteratively, we define the derived flag
CI(k) C .- Cj(l) c .

Remark 3.3. I is completely integrable (in the Frobenius sense) iff I(1) = TI.

Since d commutes with pullbacks, each derived system I (k) is invariant under any automor-
phism of I, i.e. if ¢ € Aut(I), then ¢*I%) = 1),

Definition 3.3. For hyperbolic equations, define
Char(Ip,dM;) = {X € ¥(X7) : X € I+, X 2dM; C Ir},
C(Ip,dM;) = Char(Ip,dM;)*.

We now normalize the coefficients Uy, Us in the generic case. Moreover, explicit generators
for the first few systems in the derived flag of C'(Ir,dM;) and C(Ip,dM>) are obtained. The
proofs of the following theorem and subsequent corollaries are provided in Appendix C.

Theorem 3.4 (Generic hyperbolic structure equations). Given any generic hyperbolic
equation F = 0 with nondegenerate parametrization iy : Y7 — J2(R2,R), there is an associated
coframe w = {w'}_, on X7 such that
1
1) Ip = {wh % w3}, 10 = {w'}, My ={w!,w?}, M= {w! ud},

2) we have the structure equations

dw' = W AW + w? A w? mod IS),
d? =t AP+ B AW’ mod M, (3.2)
dw? = WO AW + ew? A WP mod Mo,

where € = +£1,

3) for some choice of coframe satisfying the above structure equations, we have
C(Ip,dM;) = {w', w? W3 W W}, C(Ip,dMs) = {w',w? w3 Wb W'},
CIp,dM)V = {w', w? wt, W%}, C(Ip,dMy)Y = {w!, w? Wb W}, (3.3)
C(Ip,dM;)? = {w &’} CIp,dMs)? = {0 W7}

Corollary 3.3. For the choice of coframe as in Theorem 3.4, we have the additional structure
equations

dw* = ew® AW mod {w!, w? w},

dw® =0 mod {wl,wz,w4,w5},

dw® = —w* A W7 mod {wl,w?’,wﬁ}, (3.4)
dw” =0 mod {w!,w?,w®, W™}

We will refer to (3.2) and (3.4) collectively as the generic hyperbolic structure equations.
Corollary 3.4. € is a contact invariant, and moreover € = sgn(Ii1s).
Example 3.2. From Table 3 and the proof of Corollary 3.2, we see ¢ = 1 for:

o F(x,y,2,p,q,7,t) =0 whenever F is not an affine function of r, t.

o rt = f(x,y,2,p,q,5) whenever fss # 2.
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Remark 3.4. We have the following dictionary of notations for the adapted coframe labelling:

Gardner-Kamran [11] Vranceanu [25] The
Ir wt, 72, 7l ds', ds?, ds® wh, w?, Wl
My wl, w2 ds', ds? wl, w?
Moy wt, 73 ds', ds? wl, w3
C(Ip,dMy) | wl, 72, 73, wt, w® |dst, ds?, ds?, ds®, dsb | w!, w?, W3, Wt W°
C(Ip,dMy) | w', 72, 73, Wb W7 |dst, ds?, ds?, ds*, ds” | w!, w?, w3, Wb, W’

4 The structure group and the Cartan equivalence problem

In this section, we reformulate the problem of contact-equivalence of PDE as a Cartan equiva-

lence problem. The reader will notice the similarities in the calculation of the structure group

in this section and in the calculations in the proof of Corollary 3.4 provided in Appendix C.
For any ¢ € Contact™ (27, X7),

Consequently, with respect to the adapted coframe w on Y7 (as specified in Theorem 3.4) and
corresponding coframe @ on X7, we have

ol A 0 0O O O 0 O wt
w2 Ui A 0 0 0 0 O w?
3 e 0 X3 0 0 0 O w3
o &* =1 0 0 0 X i 0 0 w?
o° 0 0 0 pus A5 0 O w®
e 0 0 0 0 0 X o Wb
@’ 0 0 0 0 0 mw A w7

Applying ¢* to the dw' structure equation in (3.2) yields
¢*do' = dé* @' = d(Mw') = M (WP A’ +w? Aw?)  mod TV,

and also
¢*dot = A3w3 A (Aew® + 10w ) + Aow? A (Mgw? + 11W%) mod Ig),

which implies v; = v5 = 0, A\{ = A3\g = Ao A\4. Similarly, using the dw?, dw? equations yields
AL =A3h6 = Aoy, 11 =12=0,

A2 = M5 = A3z, 1 = A3fi4,
A3 = AgA7 = A2 s, [ = EXafi3.

Then

B /\6 )\2 1 )\4 o >\2

TN T TR TR

)\3 4
)\3 7 >\6 ﬁ B )

and so

()‘17)‘25>\3))\4a>\5y)\67)\7) - (ﬁalzvalvﬂalvﬁalvﬂa ala/@)a
(11, 2, 3, pa) = (Barag, €aras, az, a2),  Vaip #0,a2,a3 € R. (4.1)
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This leads us to define
S =diag(—1,1,—-1,-1,—-1,1,-1),

and the connected matrix Lie group

a®? 0 0 0 0 0 O

aijaa a1 0 0 0 0 O

eaiaz 0 ap O O O O
G'={M(a):acR" xR*},  M(a)= 0 0 0 a 0 0 O (4.2)

0 0 0 a3 1 0 O

0 0 0 0 0 a O

0 0 0 0 0 ag 1

Let us also define

— 0 00 0 0 0
0 0 e0 0 0 O
0 — 00 0 0 0
R=| 0 0 00 0 -1 0 = R?=diag(1,-1,-1,-1,1,—1,1).
0 0 00 0 0 —e
0 0 01 0 0
0 0 00 — 0

We note that R* = S? = 1 and we have the relation RS = SR™', and consequently R, S
generate the dihedral group of order 8

Dg=(R,S:R'=5%>=SRSR=1).
The results (4.1) of the previous calculations establish that
¢ € Contact™ (37, 7) iff ¢*@w = gw, where ¢:%7 — GT,
where G is the group generated by G, S, R?, which we can realize as the semi-direct product
Gt =G" x (S, R?)

induced by the adjoint action. If ¢f@ = Rw, then ¢y € Contact™ (X7, ¥7). Conversely, given
any ¢ € Contact™ (X7,%7), we have ¢ = ¢g o ¢, where ¢ € Aut™ (Ir). Thus,

P*® = ¢*Pi@ = ¢* Rw = Rgw = Adg(g)Rw, VgeGr.

Since GV is Adg-invariant, and Adg(S) = SR?, then G* is Adg-invariant and so
¢ € Contact™ (X7, %7) iff ¢*@w = gw, where ¢:Y7 — G,

where G~ = GT - R. (Note that G~ is not a group.) Consequently, we define
G = G° x Dy,

and we have established:

Lemma 4.1. ¢ € Contact(X7,X7) if and only if

P'w = gw, for some g:%¥7— G. (4.3)
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The group G will play the role of our initial structure group in the application of the Cartan
equivalence method [6, 10, 22]. Specifically, the Cartan equivalence problem for generic hyper-
bolic equations can be stated as follows: Given the coframes w, @ on Y7, X7 respectively, find
necessary and sufficient conditions for the existence of a local diffeomorphism ¢ : 7 — 7
satisfying (4.3). This is also known as the isomorphism problem for G-structures (w,G) and

(@,G).

Remark 4.1. Vranceanu (c.f. page 366 in [25]) considered the equivalence problem with respect
to a smaller group which, in our notation, is G° x (R?). This has index 4 in G.

The solution of the general Cartan equivalence problem leads to either the structure equations
of an {e}-structure or of an infinite Lie pseudo-group. However, for the equivalence problem for
generic hyperbolic equations only the former case occurs. In particular, we will show in the next
section that we are led to {e}-structures on X7 x Gr, where Gt C G is a subgroup of dimension
at most two. (Different {e}-structures arise due to normalizations of nonconstant type, and will
depend on choices of normal forms I' in different orbits.) For the moment, let us recall the
general solution to the coframe ({e}-structure) equivalence problem. Our description below is
abbreviated from the presentation given in [22].

Let ©®, © be local coframes on manifolds M, M respectively of dimension m, and let ® satisfy
®*© = ©. If the structure equations for the {e}-structures are correspondingly

1 ~ 1 = ~
de® = §T“bc®b A ©°, de® = §Tabceb A ©°, 1<a,bc<m,

then by commutativity of ®* and d, the structure functions 7%, are invariants, i.e.

T 0 ® = T%,.

For any local function f on M, define the coframe derivatives % by

of ok
df = —-0".
f 0Ok
Let us write the iterated derivatives of the structure functions as
O*T "y,
T, = 90k . 90k where o = (a,b,c,ky,...,ks) and s = order(o)
and 1 < a,b,c,ky,...,ks < m. We repeat this construction for the barred variables. Necessarily,

again as a consequence of commutativity of ®* and d, the derived structure functions 7, and T},
satisfy the invariance equations

T,(z) = T,(z), when 7 = ®¢(z), V order(o) > 0. (4.4)

Note that these equations are not independent: there are generalized Jacobi identities (which
we will not describe explicitly here) which allow the permutation of the coframe derivatives, so
in general only nondecreasing coframe derivative indices are needed.

Definition 4.1. Let ©® be a coframe with defined on an open set U C M.

1. Let K® be the Euclidean space of dimension equal to the number of multi-indices

U:(G’?bvcvkh'"akT)a b<C, klg"'gkra 0§T§3~

2. The s order structure map associated to © is

TG . U — K®), 2o = Ty (), order(o) < s.
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3. The coframe © is fully regular if T() is regular for all s > 0. In this case, let p, =
rank(T()), and define the rank of ® as the minimal s such that p, = pgi1.

4. The s order classifying set is C*)(®,U) = {T®)(z) : 2 € U} c K.

As a consequence of the invariance equations (4.4), if ® and © are equivalent coframes via
®:U — U, then

c4)(Oe,U)=Cc(®,8(U)), Vs>0.

This is sufficient in the fully regular case. We refer the reader to [22] for a proof of the following
theorem.

Theorem 4.1. Suppose ®, © are fully reqular coframes on U, U respectively. There exists ®
satisfying ®*@ = O if and only if for each s > 0, C®)(@®,U) N C)(O,U) is nonempty. The
set of self-equivalences ® (i.e. satisfying ®*@ = O ) defines a p-dimensional local Lie group of
transformations, where p = m — rank(®) > 0.

5 Nine-dimensional maximal symmetry
The solution to the Cartan equivalence problem (4.3) begins by lifting the problem to the left
principal bundles 7 x G 5 %7 and 37 x G 5 £ by defining
(:J‘(u’g) = g1 Wy, Lf)’(@g) = g7 ®|a, where w e Xy, we 27, geaq,
and noting the following key lemma [10].

Lemma 5.1. There exists an equivalence ¢ as in (4.3) if and only if there exists a local diffeo-
morphism ® : X7 x G — X7 x G satisfying ®*& = @.

Identifying the coframe w on X7 with its pullback by the canonical projection X7 x G — X7,
we can write

o = gijwj, g€ G.
Using (2.8), the structure equations for these lifted forms are then
A A 1
di' = (dg-g~")'; N + 5@%#@’“ A&t
where the coefficients ;5 transform tensorially under the G-action

Ak =0 mn (975097 s (5.1)
and dg - g~! refers to the right-invariant Maurer—Cartan form on G. Since Dg is discrete, then
if (g,k) S GO X Dg,

d(gk) - (gk) ' =dg-k-k'g7t =dg- g7},
and so we can identify the Maurer—Cartan form on G with that on G°. For g = M (a1, az,a3) €
GY as in (4.2), we have g=! = M (i -2 —“—3) and

ay’ ai’ a1
228! 0 0 0 0O 0 O
o2 a8 0 0 0 0 0
e 0 o' 0 0 0 0

dg-g ' = 0 0 0 ot 0 0 0|,

0 0 0 o> 0 0 0
0 0 0 0 0 o' 0
0 0 0 0 0 a*> 0
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where

da1 dCLQ da3
041:7, a2:7, a?’:—
a a a

are a basis for the right-invariant 1-forms on G° and hence G. Identifying o on G with their
pullback by the canonical projection X7 x G — G, we have the structure equations for the lifted
coframe:

dit =208 AT P A+ P A+ A DT,

di? = a? N + o' ND2+ 0P AGT + P ADT + e ADY + 15 A D2,

di® =ed® N+ o AP + O AT + e AP+ NG + 15 A QP

dot =o' Aot + g At +r A%+ g At + g A D,

di® = a® NGt 4o AT 4 i A DR A mig A Dt i A DS, (5.2)
do® =o' NS+ At s A g A +mr ADT,

do" = a® NP+ g ADY F g ADP H 120 AGE 4 NG,

da' =0,
da? = —a' A a?,
da® = —at A ad,

where 7; are semi-basic 1-forms with respect to the projection 37 x G — ;. The structure
equations for the lifted forms @' can be written

A A TV
dis’ = o’ pjaf N7+ S ! A oF, (5.3)
where a’,; are constants (c.f. Maurer-Cartan form) and 45, is defined as in (5.1).

Definition 5.1. The degree of indeterminacy r(!) of a lifted coframe is the number of free
variables in the set of transformations o — a” + \;&" which preserve the structure equations
for dot.

For later use, we note the following;:
Lemma 5.2. For our lifted coframe ® = {&, a} on L7 x G satisfying (5.2), we have r(H) = 0.

Proof. From the d&', di?, do® equation in (5.2), we must have

ol — ot + a0t o? — a? + 22, a® - ad + exa?.

However, to preserve the form of do?, i = 4,5,6,7, we must have A = 0. Since there are no free
variables, then () = 0. |

The goal in Cartan’s solution algorithm is to reduce to an {e}-structure so that Theorem 4.1
can be invoked. This amounts to essentially adapting the coframes on the base, i.e. fixing
a map ¢ : X7 — G. Using Lemma 5.1, coefficients in the structure equations are candidates for
normalization, from which the structure group G can be subsequently reduced. However, we
only use those coefficients which are not affected by the choice of any map ¢ : 37 — G. Note
that pulling the Maurer—Cartan forms back to the base by such a map will express each o in
terms of the new coframe @ (pulled back to the base). This motivates the following definition.
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Definition 5.2. Given a lifted coframe, Lie algebra valued compatible absorption refers to re-
defining the right-invariant 1-forms o” by 4” = of + \*;&, where \?; are functions on the
bundle. The terms involving the coefficients 4* jk which cannot be eliminated by means of Lie
algebra valued compatible absorption are called torsion terms and the corresponding coefficients
are referred to as torsion coefficients.

From (5.2), the d&® and d&7 structure equations indicate that 4°ss, 4°57, 4747, Y757 are
torsion coefficients. Using (3.2), (3.4), and the tensor transformation law (5.1) for the 7’s, we
see that there is a well-defined G-action on R* (i.e. the range of (v°56,7°57,7 47,7 57)) given by
the formulas

GP-action by g = M (a1, az,a3) | R-action | S-action
A°s6 ar (%56 — 75702 + aze) —"a7 7°56
A4z o (YTar — a2 =7 "57a3) 7°56 —y 747 (5.4)
APs7 V57 ey'57 —°57
ATs7 V57 7’57 —"s7

We can always normalize 4°5¢ to zero by using the G°-action and setting
ag = €(—"56 + 7 5702). (5.5)
The matrix factorization
M (a1, a2, (7’56 +7°57a2)) = M (a1, az, ey’s7a2) M (1,0, —ey’56)

indicates that we can normalize v°56 to 0 for the base coframe via

5% = —~Psew! + WP, & = —eySsgwt + WP,
This change of coframe is admissible in the sense that it preserves the form of the structure
equations in (3.2) and (3.4). (We henceforth drop the bars.) Thus, we have the normal form
I' = (7%56 = 0,7°57,7747,7"57). In general, however, this is a normalization of nonconstant type
since I' still may depend on x € 7. Pointwise, we define the reduced structure group Gr as
the stabilizer of T, i.e. it is the subgroup of G preserving the structure equations together with
the normalization given by I'. Clearly, the 1-parameter subgroup generated M (1,0, a3) (a3 € R)
yields a 1-dimensional orbit through I' and so dim(Gr) < 2 since dim(G) = 3.

The algorithm continues by means of further normalizations and reductions of the structure
group until one of two possibilities occurs:

1) the structure group has been reduced to the identity, i.e. get an {e}-structure on 37, or

2) the structure group has not been reduced to the identity but the structure group acts
trivially on the torsion coefficients.

By Theorem 4.1, the former possibility yields a symmetry group of dimension at most seven. In
the latter case, the next step in the algorithm is to prolong the problem to the space ¥7 x Gr.
Here, we have abused notation and written Gr also for the structure group in the latter possibility
above. Since, by Lemma 5.2, r) = 0 with respect to the lifted coframe on ¥ x G, it is clear
that we must have r(!) = 0 for the lifted coframe on X7 x Gp. Finally, we invoke the following
standard theorem (Proposition 12.1 in [22]) written here in our notation:

Proposition 5.1. Let &, & be lifts of coframes w, @ having the same structure group Gr, no
group dependent torsion coefficients, and rY) = 0. Let &, & be modified Maurer—Cartan forms
obtained by performing a full Lie algebra-valued compatible absorption. Denote ® = {©, &},
© = {©&,a}. Then there exists ¢ : Xy — Y7 satisfying ¢*@ = gw for some g : X7 — Gr if and
only if there exists ® : X7 x Gr — 37 x Gr satisfying ®*0 = ©.
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In other words, we have prolonged to an {e}-structure on ¥7 x Gr. Since dim(Gr) < 2 for
any choice of I', then the symmetry group of the coframe is at most nine-dimensional. Thus, we
have proven:

Theorem 5.1. The (contact) symmetry group of any generic hyperbolic equation is finite di-
mensional and has mazximal dimension 9.

In fact, this upper bound is sharp. We will give explicit normal forms for all contact-
equivalence classes of generic hyperbolic equations with 9-dimensional symmetry along with
their corresponding symmetry generators and corresponding structure equations.

Define
m =57 € C®(7), n =5 € C®(%y),

and note that although m and n are G-invariant, they are not G-invariant. However, along
each G-orbit the product mn is invariant.

We define two functions which will play an important role in the classifications to follow.
Define

A1 =mn + e, Ay =m? — en?

Note that A is a contact invariant, and A, is a relative contact invariant: it is GT-invariant,
but under the R-action, Ay = —eAs.

Corollary 5.1. If a generic hyperbolic equation has 9-dimensional symmetry group, then A1 =0.

Proof. Under the assumption of maximal symmetry, all torsion coefficients must be constant.
Thus, m, 7 and consequently m, n must be constant. If Ay # 0, then there is a unique solution
to the linear system

m —€ a2 - ’7556
() ()-()

which yields the normalizations 4°56 = 4747 = 0 and a two dimensional reduction of the initial
structure group G. Consequently, the stabilizer Gt would be at most 1-dimensional and the
symmetry group would be at most 8-dimensional. Thus, we must have Ay = 0. |

6 Complete structure equations

In Appendix D, we provide details of Vranceanu’s reduction of the generic hyperbolic structure
equations which allowed him to isolate the maximally symmetric and two sets of submaximally
symmetric structures.

Theorem 6.1. Let K° = {diag(a?,a1,a1,a1,1,a1,1) : a1 > 0} C G. Consider a coframe
{wT_, on X7 satisfying the generic hyperbolic structure equations (3.2) and (3.4), and the
corresponding lifted coframe on L7 x K° — 3. If:

1) all torsion coefficients on which K° acts nontrivially are constants, and

2) K° cannot be reduced to the identity,

then the structure equations can be put in the form

do' = w? Aw® +w? Aw?,
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3
dw? =W AN+ WP AW+ w? A <—2nw5—{—7§w7>,

3
du® = WO AW+ ew? A’ + w3 A (—Zw“” n ;nw7> ,

dw* = ew’ A Wb +w? A (Bw® + 797w”) + wh A (32”u15 — T;uﬂ) , (6.1)
dw® = mw® A w7,

dwb = —w* Aw” + WP A (7635w5 + eBw7) +wP A (Zw5 — 3;nw7> ,

dw” = nw® AW,

where m,n, B € C*°(X7),

0 0 0
dm = msw® + m7w7, dn = nsw® + N7w7, msy = 81:? = WG (8:3::) , etc.
3 1 5
dB = ¢ | —4mA1 — 2neB — 6mms — mny +nmy + §m57 + 57@77 w
1 3 7
+ [ 4nA1 + 2mB — 6nny; — nms + mns — 5Ms5 — 5175 | W (6.2)
and
4 —mn+e—7n—1m 6 —mn—f—e—i—ln +§m
Yoot = o7 T 5 M5, Y35 = 5T T 5Ms

Finally, the integrability conditions for (6.1) (i.e. d*w’ = 0 for all i) reduce to the integrability
conditions for dm, dn, dB as given above.

Remark 6.1. All structures admitting a 9-dimensional symmetry group are included in (6.1)
(since K° cannot be reduced to the identity).

Remark 6.2. For all valid structures arising from (6.1), the function Az = B = %55 is
a relative contact invariant: it is G*-invariant, and under the R-action, Az = eAs3.

Corollary 6.1. For all valid structures arising from (6.1), the original G-structure on X7 can
be reduced to an H-structure, where H = H® x Dg and

@m? 0 0 0 0 0 0 )
ai1an al 0 0 0 0 0
maias 0 aq 0 0 0 O
H = 0 0 0 a 0 0 0 |:(a1,a9) ERT xR 3. (6.3)
0 0O 0 emay 1 0 O
0 0 0 0 0 a O
0 0 0 0 0 a 1

Moreover, wherever Ay # 0, or B # 0 there is a further reduction to a K-structure, where
K = K° x Dg.

Proof. For all valid structures satisfying (6.1), 7956 = 7747 = 0, so from the G-action described
in (5.4), the stabilizer Gr of T' = (v°56,v"47,7°57,7757) = (0,0,m,n) is contained in H (since
we can always keep 4°56 = 0 using az = emas).
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If Ay # 0, then ay = a3z = 0 is the unique solution to (5.6) and Gr C K. Alternatively,
suppose B # 0. Note that %15 and 49,7 are torsion coefficients, and for the structure equa-
tions (6.1), we have 4415 = 7%17 = 0, and the transformation laws (under H°):

4 —Bay -6 —Bemasy

Y15 = , YT =
a a

Consequently, we can normalize %15 = 457 = 0 and reduce the connected component of the
structure group to K° by setting as = 0. The discrete part of the structure group will preserve
this reduction since

R-action : 415 = =517, 4517 = 4145,
S-action: Ats = -5, 4% =107 u
Let us now examine in detail the case when m, n are constants. Then (6.2) becomes
dB = —2(2emA; +nB)w’® 4+ 2 (2nA; + mB)w". (6.4)
Applying d to (6.4) and simplifying, we obtain the integrability condition
0= —12eA1M00° Aw’.

Corollary 6.2. Suppose m, n are constants. Then A1Ay = 0 if and only if (6.1) are valid
structure equations. Moreover, in this case:

1) 0 = —nw® + mw" is closed, so o = dh for some function h € C*®(X7);

2) m=0iff n =0 iff c =0 iff h is constant;

3) if Ay =0, thenn = —5, and dB = 2Bo, so B = be2h | where b is an arbitrary constant;

4) if Ay =0, then:

o ife=—1, then m =n =0, and B is an arbitrary constant;
e if e =1, then letting n = eym, €1 = £1 we have dB = 2(2(m? 4+ €1) + B)o. If m # 0,
then B = —2(m? + €1) + be?", where b is an arbitrary constant. If m = 0, then B is

an arbitrary constant;
5) If Ay = Ay =0, thene =1, and (m,n) = (1,—1) or (—1,1).
All of the above structures have a symmetry group with dimension at least seven.

Proof. We prove only the final assertion as the others are straightforward to prove. Let Gr be
the reduced structure group for which there is no group dependent torsion. By construction
(c.f. Theorem 6.1), we must have K C Gr, and by Proposition 5.1 we prolong to an {e}-
structure on X7 x Gr. If B is constant, then by Theorem 4.1 the symmetry group has dimension
dim(37 x Gr) > 8. If B is nonconstant, then by Corollary 6.1, Gr C K. Note that B =B, so
equation (6.4) implies that on X7 X Gr, we have

dB = —2(2emA; +nB)&° + 2 (2nA; + mB) 7.

Thus, the coframe derivatives of B are functions of B. Thus, if B is nonconstant, then the
rank of the lifted coframe ® is 1 and by Theorem 4.1 the symmetry group will be at least
dim(X7 x Gr) — rank(®) > 8 — 1 = 7 dimensional. [

Remark 6.3. In the case Ay = 0, € = 1, we note that €; is a contact invariant.
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Certain values of m, n, B lead to equivalent structures owing to the presence of the Dsg

discrete subgroup of the original structure group G. Suppose A; =0, so n = —5. Then
1 A
R-action: m=—-——, B =¢€DB,
m
S-action: m=-m, B=B.

In this case, by choosing a representative element m € (0,1], we can reduce Dg to Zs = (R?).
If € = 1, no further reduction occurs. If e = —1 and B # 0, we choose a representative out of
{B, —B} to reduce the discrete subgroup to the identity. A similar argument is used in the case

A1 # 0, where Ay =0, n = eym, and
R-action: m =eeym, B =¢€DB,
S-action: 1 =-m, B=B.

The results are organized in Table 4 according to the dimension of the symmetry group of
the resulting {e}-structures on X7 x Gr.

Table 4. All generic hyperbolic structures for which m, n are constants and K° C Gr.

’ Sym. grp. ‘ Ay ‘ Ay ‘ (e,m) ‘ n ‘ B ‘ Str. grp. Gr ‘
9 0 [#0|{x1}x(0,1]| —=< 0 HY % (R?)
except (1,1)

9 0| 0 (1,1) ~1 0 HY % (R?)
8 #0] 0 (—1,0) 0 b>0 K% % (R2,S)
8 40| 0 (—1,0) 0 0 K9 % Dg

8 0] 0 (1,0) 0 beR K% % Dg
8 #0| 0 | {1} x (0,00) | m —2(m? 4+ 1) K% % (R)
8 20| 0 | {1} x(0,00) | —m —2(m? — 1) K% % (R?)
7 0 |#0|{-1}x(0,1]| L be?h b >0 KO

7 0 |#0] {1} x(0,1) | -2 be? b e R* K% % (R?)
7 0| 0 (1,1) ~1 be? b e R* KO % (R?)
7 #£0| 0 | {1} x(0,00) | m | =2(m?+1)+be?", beR| K°x(R)
7 #0| 0 | {1} x(0,00) | =m | =2(m? —1) +be®", be R | K" x (R?)

(h is a nonconstant function such that dh = —nw® + mw")

Remark 6.4. Vranceanu explicitly derived the following constant torsion cases:

e 9-dim. symmetry: e=1, Ay =0, B =0;

e 8-dim. symmetry:

1) e=1,A1#0, A2 =0, m=n =0,
2) e=1,A1#0,Ay=0,n=4m, B=-2(m?+£1).

Theorem 6.2. All contact-inequivalent generic hyperbolic structures for which:

1) KV is a subgroup of the structure group, and

2) m, n are constants,

are displayed in Table 4.
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For ease of reference, we state below the structure equations explicitly for each of the cases
above. For the maximally symmetric cases, we state the structure equations for both the base
coframe {w!,... ,w"} and the lifted coframe on X7 x Gpr. In the submaximally symmetric
cases, we only display structure equations for the lifted coframe. (One can obtain the structure
equations on the base simply by setting &' = 0 and removing all hats from the remaining
variables.) In each case, we assume that Gt and all parameters are as in Table 4. Note that da?
are determined by (5.3). Following potentially some Lie algebra valued compatible absorption,
&P = of + M0, the structure equations dé” are determined by the integrability conditions
d*&" = 0. (We only display the final results.)

For those coframes whose structure equations depend explicitly on the (nonconstant) func-
tion h, we have m # 0 (c.f. Table 4) and the symmetry algebra is determined by restricting to the
level set h = hg, where hg is a constant. (Note: We will abuse notation and identify h € C*°(X7)
with its pullback to the bundle.) On this level set, we have 0 = dh = —n@® + m&7. We can
choose (the pullback of) {&!,..., &% &'} as a coframe on each level set, and the corresponding
structure equations will have constant coefficients. Thus, these are Maurer—Cartan equations
for a local Lie group. A well-known fact is that the isomorphism type of the symmetry algebra
of a coframe determined in this way is independent of the level set chosen. Consequently, we
make the canonical choice and restrict to the level set A = 0 in these cases.

The structure constants for the (contact) symmetry algebra for each of the structures can
be read off from the structure equations for the coframe (or its pullback to the level set h = 0
if h appears explicitly). Only the symmetry algebras appearing in the 9-dimensional case will
be studied in further detail in this article.

6.1 Casel: A;=0,B=0

This branch consists of precisely all maximally symmetric generic hyperbolic equations.
Parameters: (e,m) € {£1} x (0,1].
Base coframe:

dw' = w? Awt + w3 A WS,

3 m
do? = N’ + WP AW+ W A | w4+ w7 )
2m 2
3
dw3:w6/\w7—|—€w2/\w5+w3/\ iw5+7mw7 ,
2m 2

3
dot = ew® NS — Wi A (;w5 + glcﬂ) , (6.5)
m

dw® = mw® A W',

€ 3m
dwb = =W Aw” — WA [ —WP + =" ),
2m 2
€
dw” = ——WO AW,
m

Lifted coframe on Y7 x Gr:



Contact Geometry of Hyperbolic Equations of Generic Type

23

6.2 Case 2: A, =0, B constant

This branch contains two families of equations with 8-dimensional symmetry. All coefficients in

both sets of structure equations are constants.

6.2.1 Case2a: m=n=20

di? = &' NP+ AP+ P AGT,

di® = a' NP+ AGT + e N GP,

di* = &' AT + P NS + B2 AP + e ANGT,
de® =0,

do® =6t AN — O AT+ €3 A DS 4+ b A QT
do” =0,

dat =

6.2.2 Case2b: n=€em #0 (and e =1)

dit =28 AT+ P AGS + 0% A,

. R . . R R R . 3erm m
di? alAw2+w4/\w5+w3/\w7—w2/\< o ),

2 2
€em 3m
di® =" AP +OANOT + e AY — P A <12a5—2w7>,

3erm m
dd)4 _ QAgl /\(,:14+€(:)5 /\&\)6 + (m2 +€1)d)2 A (_2&\)5 +€1(:J7) +@4 A <;d)5 _ 2(:)7> )

flmAS 3mA7

d&ﬁ:@1/\@6—@4/\037—1—(7712—1—61)@3/\(61035—2037)—1—036/\< 5 @ 5

do” = eyma® A&7,
dat = 0.

6.3 Case 3: B nonconstant

This branch contains two families of equations with 7-dimensional symmetry. Note the case

A1 =As=0,¢e=m = —n =1 is contained in both families.
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6.3.1 Case 3a: A; = 0, B nonconstant
dit =26 Aot + P AT+ O3 A G,

3
di =" NP+ AP+ P A —|—d}2/\< € A5+7;w7>,
L 3m

di? =6 AP +ONOT+ e NP+ @ /\< dﬂ),
€ m
dot = &P Aot 4+ P N8 4+ b2 NP — ot A [ —05 + =0T ),
2m 2
di® =mad A7,
€ 3m
do® =6t NS — P AOT+ e ANOT — OO A [ —® + =07 ),
2m 2
€
do™ = ——° NG,
m
da' =0
On the level set {h = 0}: In this case, &7 = —-50°.

+
N N ~ A € . € . ~
dw3:a1/\w3+(ew2——w3——2w A,
m m
N N ~ ~ € . N ~
dw4:a1/\w4+(bw2——w4—e 6)/\w5,
m
de® =0,
. . . r .. . . .
dob = at Aob — —2(b<.u3 — et — em@®) A &P,
m

6.3.2 Case 3b: A; = 0, B nonconstant
dot =26 ANt + @3NS + P A D!

. . . N . . . . 3etm m .
dw2:al/\w2+w4/\w5—|—w3/\w7—w2/\< ; w5—2w7>,

€em 3m
Ao = " AP+ OANOT + P AL — A3/\<12 o — 2@;7),
+ +

di® =mad A7,

dob = ' NG® =GP A QT+ (eem® +1)0P AP + (—2(m? + €) + be?M)?

-6 em .5 3m o7
+ a8 A 207,
()
do” = eime® AT,
dé' =
On the level set {h = 0}: In this case, &7 = e,&°.

dit =26 AT+ B A0S+ 0% At

(=2(m? + €1) + be*M)O? A5 + (eym? +1)&?

AT

AT



Contact Geometry of Hyperbolic Equations of Generic Type 25

(@ + 10 — egmi®) N GP,

AP+
di® = &P AP 4 e (08 + e10% + mdd) AP,
Aot +

do* = &' NGt + (=08 + (—(m? + 1) + b)@? + emdt) A &P,
do® =0,
d’ = &P A G8 + e (0t + (—(m? + €1) 4 b)e® — mwb) A LS,
dal =0.

7 The maximally symmetric case

7.1 A coframing in local coordinates

For the remainder of the paper we focus on the maximally symmetric generic hyperbolic struc-
tures. In Appendix E, we outline how Vranceanu arrived at an explicit coframe {w? 1'7:1 on X7
given in local coordinates which satisfies the structure equations (6.5). In local coordinates
(x,9,2,p,q,u,v) on X7, the coframe is given by

w! = dz — pdx — qdy,

2

2 3 3
em maov v em av _
= (6_3u3+2u2> S <_3_3u3> =+ vdo),

3 €m2 mav3 OZ’U2 4 em3 771201’03 man av 6
=(— + (- + w

6 3u3 + 2u?

3 3u3 u? U
— mu3?(dp + vdq) + u"/?dg, (7.1)
du — md
W = e 4 mu(dy — vde),  wP = T mdY)
u
d
Wb = —Vau(dy — vdz), w' = Ev)

which is valid on the open set u > 0, and where a = 1 — em*. The coordinates (z,y, z, p, q) are
identified with the corresponding coordinates on J!(R? R).

Note that « in the case A; = 0 is a relative contact invariant since ov = —em? (m2 — #) =
—em?Ag, m # 0, and Ay is relative contact invariant. Since the contact-inequivalent structures
are parametrized by (e,m) € {£1} x (0, 1], then a € [0,1) U (1, 2].

7.2 Normal forms

Let us determine how the coordinates (u,v) on X7 are related to the standard 2-jet coordinates
(z,y,2,p,q,7,81t) € JX(R2R) . Let x : R — Y7 be any integral manifold of I with indepen-
dence condition x*(dz A dy) # 0. Without loss of generality, we identify the coordinates (z,y)
on R? with the (z,y) coordinates on ¥7. The composition iz o x is then an integral manifold of
the contact system C®) and on R? we can write

dp = rdx + sdy, dq = sdx + tdy, (7.2)

where for convenience p is identified with (if o x)*p, and similarly for the coordinates g, r, s, t.
Substituting (7.2) into the conditions 0 = x*w? = yx*w?3, and extracting the coefficients of dx
and dy, we obtain the relations

0 = 6vs + 61 + 2emu® — 3em>u?v — av?,

0 = 2ut + 25 + em?u® + av?,
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0 = —6su + m(6sv + 6r — av®) + 3vem>u? + 3av*u — em*u?,

0 = —2tu + m(2tv + 25 + av?®) — em3u® — 20wu,
or equivalently, using the coordinate w = u — muv instead of u, we have

1 1
r= —g(emw3 +v3), s = —i(emsz —v?), t = —(emiw 4 v). (7.3)

Thus, our PDE is of the form
F(r,s,t) =0,

and we have a nondegenerate parametrization ir : X7 — J2(R?,R) (for u = w +mv > 0).

Consider the case a = 0, i.e. (¢,m) = (1,1). In this case, it is straightforward to eliminate
both parameters w, v and obtain the equation

,
t—s"——=0. 7.4
rt—s -5 (7.4)
Now consider the general case o # 0. Let us write u = —%, v = 0 and rewrite (7.3) as
at = em?® — auw,
1 1 2 ~2t2
s = ——em? — em>uv + —a(uv)? = g u—,
2 2 2c 2a
1 1 m(e+m?) em?ut @33
~3 2~ 3(7~\2 ~~\3
u’r = —em + em“uv + em’(uv)” — -a(uv)’ = - ,
g€ emTa e (@0)” = go(un) 302 o T 3a2

3

and so using v = (em? — a4iv) ! as a new parameter, we arrive at

2as — t2 = —em?V*t?, 3a%r = m(e + mM)3t3 — 3em?%3 4+ 3,
Eliminating the parameter v, we obtain

(e + mh2(2as — t2)% + em* (3ar — 6ast + 2t3)2 = 0. (7.5)
Finally, use the scaling z = éx, which induces

(7,8,t) = (agr, s, t)
to eliminate o from (7.5). Dropping bars, and letting a = m* we obtain

(e+a)? (2s —2)° + ea (3r — 6st + 2%)° = 0. (7.6)
Note that in the case € = 1 considered by Vranceanu, the st term has a missing factor of 2.

Theorem 7.1. The contact-equivalence classes of mazimally symmetric generic hyperbolic PDE
are parametrized by (e,a) € {£1} x (0,1]. Normal forms from each equivalence class are given
by (7.4) in the case (e,a) = (1,1) and (7.6) otherwise.

Remark 7.1. Letting ¢ = a = 1 in (7.6), we have F = 4 (25 — £2)° 4 (3r — 6st + 2¢%)° = 0, and
1
A = F.Fy — ZFS2 = —36(2s — t*)F.

On the equation manifold (and hence on ¥7), we have A = 0 and consequently, this limiting
equation is parabolic.
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7.3 Nine-dimensional symmetry algebras

The calculations leading to (7.3) are quite long and consequently to confirm the validity of (7.3)
(and in turn, Theorem 7.1), it is useful to describe the nine-dimensional (contact) symmetry
algebra explicitly for the normal forms given in the previous section. Calculating the symmetry
algebra is a nontrivial task however — the standard Lie method of calculating symmetries (by
working in J2(R?,R) on the equation locus) is highly impractical owing to the complexity of the
equations. In Appendix F, we describe how the symmetry algebra was found by an alternative
method. In order to give a unified description of the symmetry algebras, we work with the
normal forms (7.4) and (7.5) as these arise from the parametrization (7.3).

Proposition 7.1. Any equation of the form F(r,s,t) = 0 admits the symmetries

0 0 0 0 0
1 8:1:’ 2 8y7 3 aza 4 maz7 5 yaz7
0 0 0
X6 _m%—l—yafy—i—%%.

The equations (7.4) and (7.5) have the following additional symmetries:

I RN 9 a0 L0 0 a 4
X7_y8y+3z&z7 Xg_xay “2Y 9y Xo=2 8m+$y8y+ <xz— 6y)

0
0z
In particular, all of these symmetries are projectable point symmetries.

(Recall that a point symmetry here is a vector field on JY(R?,R). A point symmetry is
projectable if it projects to a vector field on the base R2.)
The normalization of (7.5) to (7.6) is carried out by letting Z = Lz from which we get:

Corollary 7.1. The generic hyperbolic equation (7.6) has symmetry generators Xy, ..., X as
in Proposition 7.1 as well as

0 0 0 1,0 50 0 14
X7_y87y+325’ Xg—xa—y—iy&, Xg—xax—kxyay—F(azz 6y>

9
0z

We will denote the corresponding abstract Lie algebras as g, and express their commutator
relations in a canonical basis. Let

(617627 637 647 657 667 677 687 69) == <X27X37X47X57 _X87X77X17 _2X6 + X77 _Xg)

The commutator relations in this basis are

€1 €2 €3 €4 €5 € €7 €8 €9
(&) . . . €y ey (&) . —€1 €5
(D) . . . . 362 . —€9 —63
€3 . . . 363 —€9 €3
€4 . €3 264
€5 . €5 €1 €5
€6
er . —2e7  eg
es . —2eg
€9
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In the case a # 0, redefining
(é2,€3,€4) = (cea, aes, aey)

and dropping the bars, we have the same commutator relations as above except « has been
normalized to 1. Thus, in the case a # 0, all symmetry algebras are isomorphic. (This is also
obvious from the fact that the symmetry generators in Corollary 7.1 are independent of «.)

Let g1 denote the abstract symmetry algebra in the case v # 0, although this is a slight abuse
of notation since a € (0,1) U (1,2] in this case. We calculate for g = g5 (6 =0, 1),

0 0 6
Killing form: k =diag | 0,0,0,0,0,24,| 0 12 0 ,
6 0 O
derived subalgebra: g(l) = (e1, €2, €3, €4, €5, €7, €8, €9),
radical: t= (g(l))L'ﬁ = (e1, €2, €3, €4, €5, €6),
(semi-simple) Levi factor: gss = (e7, es, e9) = sl(2,R),
Levi decomposition: g=1X gss,
nilradical : n = (e1, ez, €3, €4, €5),
derived series of t : W =n, @ = (ea,€3,0€4), () = +B) =,
lower central series of t: t™® =t! =n.

An isomorphism between two Lie algebras must restrict to an isomorphism of their radicals
and the corresponding derived flags of the radicals. Since t(®) is two-dimensional for gy and
three-dimensional for g;, then we must have gg 2 g;.

Theorem 7.2. The contact symmetry algebra of any mazximally symmetric generic hyperbolic
PDE is:

1) nine-dimensional,

2) contact-equivalent to a (projectable) point symmetry algebra.

Moreover, there are exactly two isomorphism classes of Lie algebras (represented by go and g1)
that arise as such symmetry algebras.

We remark that Mubarakzjanov has classified all five-dimensional real solvable Lie algebras
(labelled by g5.) [20] and all six-dimensional non-nilpotent real solvable Lie algebras (labelled
by g6,«) [21]. The nilradicals of go and g; can be identified in the former classification as:

ngp = gs1: (€1,€2,€3,€4,65) = (€2, —e3,€1,€5,€4),

n = gs3:  (€1,€2,€3,64,65) = (e3,€e4, —€2,€1,€5).

The radicals of gg and g; can be identified in the latter classification as

o 1 2
t0 = gesa:  (€1,€2,E3,€4,65,6) = <€2, —es, €1, €5, €4, 366 ,  param.: (A\,vy) = |1, 3)
-~ S 1
t1 = ger6:  (€1,€2,€3,€64,65 65) = | €3,e4,—€3,€1, €5, 3¢ |, param.: h=1.

Let us be more explicit about the direct verification of Proposition 7.1 from the point of view
of external symmetries, internal symmetries, and symmetries of the lifted coframe on 37 x H.
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7.3.1 External symmetries

Given any vector field X on J°(R? R), there is a corresponding prolonged vector field X @)
on J2(R%,R). This prolongation is uniquely determined by the condition that EX(2>C(2) cc®,
where C®) is the contact system on J2(R? R). See (F.5) for the standard prolongation formula.
For the vector fields in Proposition 7.1, we have

' =x, xV=%,  x7=x,

x{ :X4+8é;, X&) = X5+ 5?(1’ xP =X +p§ +q§q
x? = X7—|—3p88 +2q(;9 +3r§+2 ;)thgt
XEEQ) =Xg— q(‘)ap — ay(jq — 25(; — té)as — agt,
X = Xo+ (2 —ap— ya) ) — G175 — (or+ 2y8) 5 — (2os )5 — (et + v,
For (7.4) or (7.5), we verify the external symmetry condition
Lx,F =0 whenever F =0.
Clearly this is satisfied by Xi(z)7 i =1,...,6 since they have no components in the %, %, %

direction and since F' = F(r,s,t) for (7.4) and (7.5). For the remaining vector fields we have

(7.4) LyoF =4F,  Ly@F =0, LyoF =—4zF,
(75) : EXS)F = 6F, £Xé2)F = 0, EXéz)F = —GI'F,

and so the external symmetry condition is satisfied.

7.3.2 Internal symmetries

The symmetry generators Xi(Q) are all tangent to the equation manifold F' = 0, so they induce
(via the parametrization (7.3)) corresponding vector fields Z; on ¥7. Letting XZ.(l) = (W%)*Xi(z)
denote the projection onto J!(R?,R), and identifying the coordinates (z,y, z,p, ¢) on J'(R? R)
with corresponding coordinates on X7, we have

RIS R (D) 9 9
Zi=XV, i=16  Zi=X twgs oo

e, 0 0 e 9 o9
Zs = Xg —i—av ma Zy =X, (my+xw)aw+(y :cv)av,

with © = w + mv. One can verify directly that these vector fields satisfy the internal symmetry
condition
L Z; IrcClI F,

where Iy = (w!,w? w3) is given by the explicit coframing (7.1).
7.3.3 Symmetries of the lifted coframe on X7 X H’, where H' = H® x (R?)

The lifted coframe & = {&',...,&7, &', 4%} on ¥y x H' is parametrized by

ot = a12w1, O = aqw? + alagwl, 0% = a1 + malagwl,
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ot = aqwt, &° = w® + emagw?, O = a1, O =W’ + agwb,

. day az . R . das  3ag (€ . . as? . .

al = —= + = (" + ma®), a2:—+—(—w5+mw7> -5l 1+ mab),
ai 2a1 ai 2a1 \m 2a1

and by construction @ is an {e}-structure on X7 x H’, so that a symmetry is by definition a map
®: Y7 x H — Y7 x H' such that

~ . ~ 0 0 - a1 0 3asz 0
Zi=Z;, i=1,...,5 T6 = Z6 — a1 —— — ag—— G g 00 9

1 1y ? 3 ) 6 6 alaal a28a27 7 7 9 6@1 B aa2,
. . zxa, O 1 zag\ O
Ty =7 Zo="Zy— ot | — )

" > ? 2 8a1+ <(w+mv)3/2 2 >8a2

7.4 Ampére contact transformations and 3z;,(zy,)?+1=0

After deriving the normal form

’l“t—SQ—ﬁ:O (77)
12 ’

which appeared in (7.4), Vranceanu remarks that if one makes an Ampére contact transformation,
then (7.7) can be reduced to the simpler form

. 1
rtd + — =0. 7.8
The notion of an Ampere contact transformation is never defined in Vranceanu’s paper and does
not appear to be common terminology in the literature. This terminology is, however, referred

to briefly in recent work by Stormark (see page 275 in [24]). Namely, Stormark defines it as the
genuine (i.e. non-point) contact transformation ® of J'(R? R) given by

which is clearly contact since
dz — pdx — qdy = d(z — px) + xdp — qdy = dz — pdx — qdy.

This is essentially akin to the Legendre transformation from Hamiltonian mechanics, but only
acting with respect to the x, z, p variables. For our purposes, we consider the corresponding
Legendre-like transformation acting with respect to y, z, ¢ variables, namely

The prolongation of this transformation to J?(R? R) satisfies

dp — 7dx — 3dy = dp — Fdx — 3dq = rdx + sdy — 7dx — §(sdx + tdy) mod ¢
= (r—ss—r)dx+ (s —ts)dy mod C?),
dq — 5dz — tdy = —dy — sdx — tdqg = —dy — sdx — t(sdx + tdy) mod C?
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= —(5+ st)dx — (1 + tt)dy mod C¢?,
and hence
rt—s2 s 1
s ) = s
(’r’ 7‘) < t 7t’ t)
Consequently
¢ Foo1 1 1 1
2 v r Lt (s . B
O=rt—s B 7 op 7 <7“t +12> = 7t +12 0.

By applying the subsequent scaling + = 1 (and hence (r,s,t) = (47,25,%)), we are led to the
equation

3rt> 41 =0, (7.9)

which was investigated by Goursat [12] who recognized its Darboux integrability.

Since (7.9) is contact-equivalent to (7.7), it is clear that (7.9) is hyperbolic of generic type
with A; = Ay =0 and ¢ = a = 1. The standard Lie algorithm to calculate symmetries can be
applied for this equation in a straightforward manner. Its contact symmetry algebra consists of

(projectable) point symmetries Xi,..., X¢ as in Proposition 7.1 as well as

X7 = azygz, Xg = 2y§y + 32(;92, Xo = anax + azzgz. (7.10)
We note that the vector fields X7, Xg, X9 have prolongations

Xg) :X7+y§p+x§q+§s,

x? = X; +3p§p +q§q +3r§r + Sé?s - tgt,

XéQ) =Xo+ (2 — xp)gn + xqaaq - 3957’524 +(q— :cs);S + xtgt.

7.5 Darboux integrability

Definition 7.1. For a hyperbolic PDE F' = 0, Iy is said to be Darboux-integrable (at level
two) if each of C(Ip,dM;) and C(Ir,dMs) contains a completely integrable subsystem of rank
two that is independent from Ig.

Recall that for our adapted coframe as in Theorem 3.4, we have
CUp,dM)® ={w* 0w’}  and  CUp,dMy)® = {5 w7}
Theorem 7.3. Given a generic hyperbolic PDE F = 0 with (mazximal) 9-dimensional symmetry
group, the second derived systems C(Ip,dM;)® and C(Ir,dMy)?:
1) are completely integrable, and hence I is Darboux integrable, and
2) contain rank one completely integrable subsystems.
Proof. Referring to the maximally symmetric structure equations (6.5), we have that
dw* = dw® =0 mod C(Ip, dMl)(z), dw® =dw” =0 mod C(Ip,dMg)(z).
Hence, the rank two systems C(Ir,dM;)®), i = 1,2 are complete integrable and I = {w',w?,

w3} is Darboux integrable. Moreover, since

€
dw® = mwd AW, dw” = —— W AW,
m

then the rank one subsystems {w’} and {w”} are also completely integrable. [
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Abstractly, Darboux’s integration method for these systems proceeds as follows. Darboux
integrability of Ir implies the existence of completely integrable subsystems J; C C(Ip, dM;).
Applying the Frobenius theorem to each subsystem J;, there exist local functions f;, g; called
Riemann invariants such that

Jv={df1,dg1} C C(Ip,dM), Jo = {df2,dga} C C(IF,dMa).
If 1, @9 are arbitrary functions, then restricting to any submanifold determined by

S g=wi(f1),  g2=2(f2),
the structure equations (2.7) become
do' =0 mod IZF, 1=1,2,3,

where Ip = {1, &%, &3} is the restriction of I to S. Hence, Ip is completely integrable, and so

there exist local functions hq, ho, hg on S such that
Ir = {dhy,dhs, dhs}.

Hence, these functions hi, he, hs are first integrals of Ir, and together with the constraint S
determine first integrals of Ip.
Explicitly, from our parametrization of the coframe {w'}!_; on ¥7 (c.f. (7.1)), we have:

wt = w3 ?dx + my/u(dy — vdz) = Vu(wdz + mdy) = Vu(d(my + wz) — zdw),
wd = @(du —mdv) = @dw,
u u

W = —u(dy — vdz) = —/u(d(y — vx) + wdv),

and so

CIp,dM)® = {w!, w®} = {dw, d(my + wz)},
C(Ip,dM3)? = {w® W'} = {dv,d(y — vz)},

where w = v — mwv. Thus,
w, my -+ wz, and v, Y—UT

are Riemann invariants and, in principle, Darboux’s integration method may be applied to find
solutions or first integrals to the original equation. In [11, Corollary 5.9] Gardner-Kamran
asserted that hyperbolic equations of generic type do not have Riemann invariants. As first
remarked by Eendebak [8], this statement is incorrect and the equation 3rt3 + 1 = 0 is a coun-
terexample. Moreover, as described above, all maximally symmetric generic hyperbolic equations
have Riemann invariants.

We refer the reader to page 130 in Goursat [12] for the implementation of Darboux’s method
to the equation 3rt3+1 = 0. The implementation of Darboux’s method in the case (¢,a) # (1,1)
appears to be computationally quite difficult.

Let us comment on Darboux integrability for the submaximally symmetric cases described
in Table 4. Recall that the structure equations listed in Sections 6.2 and 6.3 are those for the
lifted coframe. To obtain the structure equations for the corresponding base coframe, we simply
set &' = 0 and remove all hats. For all these cases we have either that

CIp,dM)® = {w', &},  C(p,dMy)® = {5 07}
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and hence Ir is Darboux integrable, or

C(Ir,dM)® = {w°}, C(Ip,dMs)® = {w"}

and Ir is not Darboux integrable. We list the possibilities in Table 5. Moreover, for these sub-
maximally symmetric cases, all which are Darboux integrable have one-dimensional subsystems
of C(Ip,dM;)® and C(Ip,dM>)® which are completely integrable (namely, {w°} and {w"}
respectively). Thus, the converse of Theorem 7.3 is clearly false.

Table 5. Darboux integrability of submaximally symmetric generic hyperbolic PDE.

’ Case ‘ Darboux integrable? ‘

2a no
2b | no in general; yes if (m,€e1) = (1,—1)

3Ja yes

3b | no in general; yes if (m,€;) = (1,—1)

8 Concluding remarks

Let us summarize some of the main results of this paper:

We derived relative invariants I7, I (see Theorem 3.3) given parametrically in terms of
an arbitrary hyperbolic equation F(z,v, 2, 2z, 2y, Zza, Zey, 2yy) = 0. Their vanishing/non-
vanishing distinguishes the three types of hyperbolic equations.

In the generic case, the e contact invariant is given parametrically as e = sgn(;l2) = £1.

In the abstract analysis of the generic hyperbolic structure equations, we identified relative
contact invariants m, n, B and Ay = mn + €, Ay = m? — en? which played a key role
in the classification of various generic hyperbolic structures admitting nine, eight, and
seven-dimensional symmetry along with the corresponding complete structure equations.

Integration of maximally symmetric structure equations, leading to normal forms for all
contact-equivalence classes of maximally symmetric generic hyperbolic equations.

Nine-dimensional symmetry algebras for these normal forms for generic hyperbolic equa-
tions are given explicitly. There are exactly two such nonisomorphic algebras.

For any maximally symmetric generic hyperbolic equation, the second derived systems of
C(Ip,dM;),i = 1,2 are rank 2 and completely integrable. Hence, all maximally symmetric
generic hyperbolic equations are Darboux integrable.

We conclude with some possible points for future investigation:

1.

Maximally symmetric equations: (1) Do “simpler” normal forms exist? (2) Implement
Darboux’s integration method in the general case. (3) Investigate the existence of conser-
vation laws. (4) Study the local solvability of these equations.

. Submaximally symmetric equations: Integrate the structure equations given in Sections 6.2

and 6.3 and find normal forms for the corresponding PDE equivalence classes. Address
similar questions as above.

The submaximally symmetric structures that we have derived here (see Table 4 and Sec-
tions 6.2 and 6.3) share the common property that m, n are constants and K is a subgroup
of the structure group. Are there any other reductions of the initial 3-dimensional structure
group that lead to valid structures?
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4. In this article, we have carried out a detailed analysis of the generic (7-7) case. Hyperbolic
equations of Goursat (6-7) type are equally poorly understood. Some preliminary results
on structure equations were stated in [11], but to our knowledge, Vranceanu’s student
Petrescu [23] has written the only paper which has made a more detailed investigation into
the contact geometry of the Goursat class. Recasting Petrescu’s results for a contemporary
audience and building upon his work would make for a natural sequel to our paper.

A Hyperbolic structure equations

We give here the details of the proof of Theorem 3.1 starting from the preliminary hyperbolic
structure equations (2.7). The main details of this proof have appeared in [25] and [11].

Note A.1. In this section, we will define changes in the coframe basis using a “bar”, e.g.
W' = g'jw’, but we make the convention that the bar is immediately dropped afterwards, i.e. so
that w* is redefined to be @".

Proof of Theorem 3.1. From the preliminary hyperbolic structure equations (2.7), we have

dw' = W A (a4w4 + asw® + agw® + a7w7) mod My, (A.1)
but since

0=d?' AN A2 AP AW® = a4w4/\w6 Aw’ Awh Aw? /\w3/\w5,

0=d?w' AN Aw? Awd Aw? = a5w5/\uJG/\uﬂ/\cu1 A w? /\u)?’/\<,u47
then ay = a5 = 0. Assuming ag = a7 = 0, then dw' = 0 mod M;, which would imply that
dw' A dw! A w! = 0, i.e. the Darboux rank p of Il(;l) = {w!'} would be p < 1. However, since
wt = it (dz — pdx — qdy) € I}(,l) and dw! = i%(dz A dp + dy A dg), then dw! A dw' A W =
i3 (de Ndp Ndy Ndg N dz) # 0 since ip is a nondegenerate parametrization. Hence p > 2 and we
get a contradiction. Thus, agw® + a7w” # 0.

Choose A, B such that Bag — Aa7 = 1, and redefine

@8 = agw® + a7’ 0" = A’ + BL".
This preserves both the dw? and dw? structure equations (since @® A ©” = w® A w"). We have

7
dw' = W3 AW, dw? = Wt AW + Wi A (Z bkwk> mod M.
k=4

Redefining (@2, &%, 0%) = (w? — bew', w? + bsw?, w® — byw?), we may without loss of generality
take by = bs = bg = 0. (Note that the dw? equation is not affected.) Setting by = Uy, we have

dw' = w3 AW, dw? = W AW 4+ Thw? AW” mod M;. (A.2)
A similar argument modulo {w',w3} and for the My characteristic system yields

dw' = w? Awl, dw® = WO AW+ Ug® AP mod Ma, (A.3)
and we emphasize that w’ in (A.2) are the same as w’ in (A.3). This implies

do' = AWt + W3 AWS F W AW mod {w'}.
We calculate

0=dd?P AN A2 AP Aw? = dw? Awd Aw! Aw? Awd Aw?,

0=d*W' AN AP AW AW = =W A (dw + WO AW Aw! Awd Awt A WS,

The first equation implies that y467 = 0 (c.f. as defined in (2.8)) and hence the second equation
implies W = 0. |
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B Principal contact invariants for hyperbolic equations

Here we derive the contact invariants stated in Theorem 3.3. We give a brief outline of the
computations to follow. Ultimately, we are looking for a coframe satisfying the hyperbolic
structure equations given in (3.1). Beginning with the pullback of the basis 6%, 62, 62 of the
contact ideal on J?(R? R), we find a canonical basis 6, 62, #* whose pullback brings ()7
into the Witt normal form. This yields the basis @',..., @7 in Lemma B.2. A subsequent
normalization in (B.5) defines the basis w!, ..., w” which satisfies (3.1) and from which (multiples
of) U; and Us can be extracted in parametrized form. The final calculation of these parametrized
functions is performed in the ambient space J2(R2,R), essentially using the simple fact given
in (2.4). Pulling these back by ir yields the desired invariants. We begin with the following

lemma.

Lemma B.1. Given a symmetric bilinear form represented by

C

Q= ( —ab b > with A = det(Q) = ac — b* < 0, (B.1)

the change of basis matriz

>
P:(A+ ‘ ) As = b+ sgn(b)V/IA], sgn(x)z{ boe=h

a  Ar 1, <0,

brings Q, up to a monzero scaling, into the Witt normal form, i.e.

PtQP=p<(1) é) p#0. (B.2)

Proof. Let vy, va be the columns of P. Note that Ay = b=+ sgn(b)\/m are roots of the
polynomial A\? — 2b\ + ac = 0 and that A # 0. Hence, vy, vy are nonzero and it is a straight-
forward verification that v; and vy are null vectors (i.e. v{Qu; = v§Qus = 0). They are linearly
independent since det(P) = 2/]A[(|b] + \/]A]) # 0. Finally, they have nonzero scalar product
p=viQug = 2AN; # 0. |

We apply this elementary result to the 2 x 2 submatrix appearing in the matrix in (2.5)
representing the bilinear form (-, -)7,

F,  —1iF,
_%Fs Fr

with respect to the basis 62, 62, and arrive at the canonical basis
62 = X\, 0% + F,0°, 03 = F.0% + N\, 0°.

Without loss of generality, we assume that Fy > 0. (If not, consider the equation —F = 0
which defines the same locus as F' = 0.) In the notation of the previous lemma, we have

1 F
A:FtFT—ZF3<O, Aizii N

Note that AL > 0, but A_ may vanish. Both Ay are roots of the polynomial

A2 — F A+ FF, =0.
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Furthermore, let us note the identities
AL A = FiFy Ay + A =F, )\ — FF, =2\ /|Al

We also define the total derivative operators

D—E—i- 24—7’24-32 D—g—l— 2—&- g—i—tg
* = oz Yoz T "ap T Pag v“ oy 9%, T %ap T "o

Lemma B.2. Suppose that Fy > 0. Let &' = z}é’, where
6' = dz — pdx — qdy, 62 = X\ 0% + F,0°%, 63 = F.0% + )\ 0,

~ E, ~
0* = dx — Idy, 05 = A\ dr + Fyds + D, Fdy,

~ F ~
0% = dy — Idm, 0" = \dt + F,ds + D, Fdz.

Then w = {w _1 is a (local) coframe on L7 satisfying the structure equations

dio' = p(@ Aot + &P AG%) + W2 A&® mod TV,

d? =" NP+ P A pihE mod M;,
diP =N+ 2 A pitE mod Mo,
where
Ip = {&', 0%, & M={h,  p= "E( - ) and
AVATAY
F, F\F F, F,F,
ElzdFt—)\—td/\+— <Fq— ; P) dy, Eg_dFr—)\?"d)\Jr—( P q)dm.
+ + + +

Proof. We need to show that w is linearly independent, or equivalently OV A ADT £ 0.
By (2.4), it suffices to show that 8* A--- A7 AdF # 0. We calculate

0 AN O* A O3 A O AGC = 4| Aldz Adp Adg Adaz A dy (B.3)
and so

O' A+ NOTNAF
=4]|Aldz Adp N dg N dx Ady N (Apdt + Frds) A (Aydr + Fids) A (Frdr 4+ Fsds + Fidt)

0 F A Vo2 a2 g)
=4|Aldet | Ay F 0 dz Ndp ANdg ANdx ANdy N\dr Ads A dt
F, F, F;

== 4|A|)\+(—2FtFr + >\+FS)V01J2(R2,R) == 4|A’)\3_(—2)\7 + FS)VOL]Q(RQ,R)
= 8’A‘3/2)\3_V01J2(R27R) 7é 0.

Thus, @ is a coframe on ¥;. Let us verify the structure equations. Note that

1

: peprera
M\ — EF,

N — FF,

2 F, 2 F,
*d — + - *d — + t ~4
= N RE, < e ) WS N RE, <A+ e )

ip0? = (A\po? - R&®),  ip0° = —F,&* + A0%)
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where all coefficients on the right side are pulled back by i}, to X7 (i.e. evaluated on F' = 0)

dot = i%(dx Ndp + dy A dq) = is(dz A (6% + sdy) + dy A (0% + sdx))
= i%(dz A 6% + dy A 63).
Mod M, we have

dajl:L P A (—FR&®) + Bty A (A@?)
= DZ Ry \ t h\ +

+ +
A E\F, > A -1
S e SR (5 W A 19 N0’ S e s Ly = % A &S,
T (02 - RE)? ( T X — FF, 2 /A

Mod Ms, we have
% F, F,
dol= 4 4 I 6) A (L2 A o8 ) A (—FG?
@ 2= RE) <<w + /\+w (A7) + /\+w + o (—F&?)

_ -
(M- EF,)?

|
>
o
N
>
+
>
[
N————
L
>
&
o
Il
>
>
+
&
S
>
&
o
Il
|
—
&
o
>
ISR
S

Now examine d@? and d&®. Note the relation
0=1ip(dF) =ip(Fydx + Fydy + F.dz + F,dp + Fydq + F.dr + Fsds + F,dt)
= i} (Fpdx + Fydy + F.(0" + pdz + qdy) + F, (0% + rdz + sdy) + Fy(6° + sdz + tdy)
+ F.dr + Fsds + Fidt)
= i3 (Dy Fdx + DyFdy + F.dr + Fyds + Fydt + F,0" + F,0* + F,0°) (B.4)

and so,

FF;
05@<Q£M+QJ@+BW+Ew+Eﬁ+<Q_;f)ﬁ> mod Mj,

0

F,F,
it <Ddex + DyFdy + F,dr + Fyds + Fydt + <Fp - q) 92> mod M.
Mod M, we have
d? = i%(dhy A 6% + Xy db? + Fydo® + dF; A 63)

z¢;< A+dA /\93+)\+(dx/\dr+dy/\ds)+Ft(dx/\ds+dy/\dt)+dFt/\03>

i ()\+d3:/\dr—/\ dy/\ds—l—Ftdm/\ds—kDmFd:c/\dy—Frdy/\dr—i-El/\93)

i <<dm — Mdy) A (Aypdr + Fyds + Dy Fdy) + =1 A 93>

=0 AP+ PPN pitEr.

Mod Ms, we have
i (dEy A 0% + Frdf? + X d6® + dry A 6?)

da?

Fr
i}<M§AW+JﬁwamﬂwMAd$+A+MxA®+dyAﬁ)—X;M+AW>

=i} (Frdy Ads + A (dz A ds + dy A dt) — dx A (DyFdy + Fyds + Fydt) + Zo A 6?)

<<dy - daz) A (Aydt + Fyds + DyFdz) + S A 92>

SADT+ %A pitEs. |
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Let us write

PinE] = byt + bs@® + be@® + by 0", pitEy = s + e300 + 608 + 0.
We make the change of basis
1_ ~1 2 -2 bs_; 3_ ~3 C4-q 4 ~4 ~3
w=a, W =0 - —0, w’ =0 - =0, w® = p(@* + bs@°),
p p

1 1

W= 2@ —by0%), WO =p(@8 +d?), W= (@ — ced?) (B.5)
p p

to obtain the structure equations

do' =W At + W AW+ Ww? Aw? mod Ig),
dw? = w* AW’ + b Aw” mod My,

dw? = WO AW + csw? A WP mod Mo,

where W = W + p(bs — ¢7). Thus, in the notation of Theorem 3.1, we have that U; = by and
Us = ¢5 and by the argument given at the end of Appendix A, we must have that W = 0.

We are primarily concerned with the vanishing / nonvanishing of U; and Us, though the sign
will play a later role in the determination of the e contact invariant. It suffices to calculate

Uy : & coefficient in P21, and Us: & coefficient in ip=a.

Note that the sign of these coefficients is reversed for both since p < 0. As a further sim-
plification, since i%(dz), i%(dy) depend only on &%, &5, and since i%(A;) > 0, it suffices to
calculate

F F.
Uy : & coefficient in itd ( —~ ), and Us : & coefficient in ijpd | ~—— ) .
Ay At

Let us illustrate how to calculate the &7 coefficient in ipd (f—i) Given @ = fio' = ipd (%)

on Y7, we are interested in f7. Sinceip : ¥7 — J 2(R?,R) is maximal rank, there exist functions f;
on J?(R?, R) such that i%f; = fi, so © = i%(f;6"). Thus, we calculate f7 using

- - F - -
91/\-~~/\06/\d<)\t)/\dF:f701/\---/\97/\dF
+

and then use i} to obtain f7.
Using (B.3), we have

e A~ F,
1/1::01/\92/\93/\94A05/\06/\d<)\t)/\dF
_l’_

F,
= —4|A|dz Adp A dg Adx Ady AdE A (Apdr + Fids) Ad (;)
+

= —4|A|Lidz Adp ANdg A dx Ady Adr Ads A dt

= f70* A---AGT A dF, (B.6)
where
F F F; 7
I, = det At Fy 0 , fz !

EEINEDYA
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Let I; = i}fl, and note Iy and f7 = i} f7 have opposite sign. Because of the aforementioned
sign reversal (i.e. Uy and f7 have opposite sign), we have

sgn(Uy) = sgn([y). (B.7)

We perform a similar computation for the w® coefficient in ipd (f—’“)
+

Vo ::§1A§2/\§3/\§4Ad(?>A§6A§7AdF
+

F
= —4|Aldz ANdp ANdg Ndx A dy A (Apdt + Frds) NdF Nd (A)
+

= —4|A|Ldz Adp Adg Adx Ady Adr Ads A dt
= fs0' A ANOT NdF,

where
0 F, Ay ;
Iy=det| F F B fo= m
@), @), @, ) T
), Oy ), \hf ),

Let I = i}}fg, and note I> and f5 = i} f5 have opposite sign. Because of the aforementioned
sign reversal (i.e. Uy and f5 have opposite sign), we have

sgn(Us) = sgn(1z). (B.8)

Since class 6-6, 6-7, and 7-7 hyperbolic equations are determined by the vanishing/nonvanishing
of Uy, Us, the classification in Theorem 3.3 follows.
For the scaling property, suppose that F' = ¢F with i..¢ > 0. We may without loss of

generality suppose that 37 = Y7 and iy = ip. Hence,

L E = in(6F + 0F,) = i5(0F,),  inFy = ip(0F,),  ihE = ip(6F),
A= ip(62A), iy = ip(0As).

Since i3 commutes with d,

From the coframe definition in Lemma B.2, we see that

(@07 = @ (iF0)0*, ((p0)a”, &%, ((F9)&°, &%, (ipe)oT).
Hence, from the expression for v in (B.6),
50 = (i5) i, (B.9)

Since z}A = i%(¢*A), then by (B.6) and (B.9) we see that necessarily
I = (i%6)°14.
Similarly, we find that

I = (i3¢)* I
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C Generic hyperbolic structure equations

Starting with the hyperbolic structure equations (c.f. Theorem 3.1), we specialize here to the
generic case and prove Theorem 3.4 and Corollaries 3.3 and 3.4.

Proof of Theorem 3.4. Suppose class(M;) = class(My) = 7 so that UjUy # 0. Let (0!,...,
0") = (Mwh, ..., \ywT), where

_3 _1 _1 _1 _3 _1 _1 1
A= |Uh| 71|02 7%, A= |U1|2|U2|72,  A3= U1 1|U2|7%, A= |U1| 1|U2]1,
_3 _1

X = UL 75075, Ae=1,  Ar=|Uh| iU 1.

This normalizes (U1, Us) to (e1,€2) = (sgn(Uy),sgn(Us)) = (+1, £1). Dropping bars and making
the further coframe change 0® = w?, @% = ewb normalizes (€1,€2) to (1,€), where e = e1eg =
+1. Thus, we have obtained the structure equations (3.2) in Theorem 3.4.
Using the structure equations (3.2), let us now establish explicit generators for C'(Ir,dM;)
and its derived systems. Let {%, e %} be the dual basis to {w!, ..., w"}. From the structure
(99) (99)
equations, we have

o 0

Char(IF,dMl) = {80')6’ W

} =  C(Ip,dM;) = {w,w? W, Wt W%},

Next, we clearly have dw! =0, dw? =0, dw® Z0 mod C(Ir,dM;) while

O:d2w2/\w1/\w2/\w3/\w4:dw4/\w5/\w1/\w2/\w3/\w4,

0,= PP AW Aw? AP Aw® = dw® Aw? Aw! Aw? Aw? A WP
implies that dw* = 0, dw® =0 mod C(Ip,dM;). Thus, C(Ip,dM;)V) = {w!, w?, w* w°} and

dw! = w3 AW, dw* = I? A8 + Jwd AW,

dw? =W AW, dw® = Kw? Awb + Lwd Aw” mod {w!, w? wt, W}
We have dw' # 0, dw? #0 mod C(Ir,dM;)V). Redefining

ot = wt — Tw! — Jw?, @° =W’ — Kw! — Lw?
preserves the structure equations (3.2). Dropping bars, we have

dw*=0, do®=0  mod C(Ip,dM;)W.

Hence, C(Ir,dM;)® = {w* w°}. Similarly, we describe the derived flag of C(I, dMs). |

Proof of Corollary 3.3. Using the integrability condition d?w! = 0, we have

0=d’w AN AW AWl = (W AW = dwB) AW AW Aw? A WS, (C.1)
0=d?w N Awd Aw? = (e’ Aw® — dw?) Aw? Awt Awd AW, (C.2)
0=d*w' Ao Awt Aw® = — (W3 A dwb + W A dwt) Aw! Awt AWE. (C.3)

Equation (C.1) implies 7%47 = —1 and 7557 = 0; (C.2) implies v*56 = € and *5; = 0; (C.3)
implies v%35 = %55 and %37 = 7557. Referring to C(IF,dMi)(Z), in (3.3), we know %95 =
7437 = 0, so we obtain 7435 = %97 = 0. Using these values, we have

O:d2w4/\w1/\w2/\w4/\w6:(7425—6’y637)/\w5/\w3/\w7/\w1/\w2/\w4/\w6. |
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Proof of Corollary 3.4. We are interested in all coframe changes which preserve the form of
the structure equations (3.2) and (3.4) with the exception of possibly changing the value of the
e coefficient to its negative. If necessarily the value of the € coefficient is preserved under these
coframe changes, then it is a contact invariant. The change of coframe @' = R';w’, where

- 0 00 0 0 O
0 0 €0 O O O
0 - 00 O 0 O
R = 0O 0 00 0O -1 O
0 0 00 0 0 —e
0 0 01 0 0 O
0 0 00 — 0 O

interchanges the labelling of M; and My but preserves the structure equations, including the
value of €. Thus, without loss of generality, we may restrict to change of coframe which pre-
serve M and My and hence each C(Ip, dMZ-)(k). Thus, we have

1

ol A 0 0 0O 0O 0 O w
w02 ur X 0 0 0 0 O w?
@3 w2 0 A3 0 O 0 O w3
ot =10 0 0 M v 0 O w?
@° 0 0 0 uz Xs 0 O w?
@b 0 0 0 0 0 X 1w W
@’ 0 0 0 0 0 pu M W’

Using (3.2) yields
dot = dAw!) = M (WP AWt 4+ w? Awh) mod Ig)
and also
di' =P NP+ % At = A A (/\6w6 + V2w7) + Mow? A ()\4w4 + 1/1w5) mod Il(;l),

which implies 1 = 19 = 0, A1 = A3Xg = A2A4. We also have

di? = d(ulwl + /\2w2) = mw® AWl + )\g(w4 Aw® 4+ w3 A w7) mod Mj,
do® = d(ugwl + /\3w3) = pow? Awt + )\3(w6 AW+ ew? A w5) mod My

and

di? =* NP + P ADT = Mw? A dsw® + 3w’ A (paw® + )\7w7) mod Mj,
d® = O AT 4 6% A @ = Aewb A Mw” + dow? A (psw* + Asw®)  mod Mo,

where 6 = +e. Consequently, we have the system of equations

A1 = A3Ag = A2y, vy =vy =0,
A2 = M5 = A3z, H1 = N34,
A3 = AgA7 = deXa s, fo = 0Aopt3.
Then
ﬂ:_/\(ﬁ_ﬁ_ﬁ_&)\zl :&_)\7:)\3

VIR VRV A3 o’
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and so

b (6 (A (A (s
oo (2) () () (2)

Consequently, we must have § = € and so € is a contact invariant.
Finally, from (B.7), (B.8), and the proof of Theorem 3.4 given in Appendix C, we have

e = sgn(U1Usy) = sgn(111s). [

Remark C.1. Vranceanu [25] incorrectly asserts that € can be normalized to 1. In particular,
in the formulas preceding his equation (4) he writes v = (BC3)i. This is invalid if BC' < 0.

D Isolating maximally and submaximally symmetric structures

Starting with the structure equations (3.2), (3.4) (and not assuming v°s56 = 0) we clarify Vran-
ceanu’s method of isolating all structures admitting maximal symmetry as well as several struc-
tures admitting submaximal symmetry. The key to understanding Vranceanu’s method occurs
in a single rather cryptic paragraph on pages 367-368 of [25]. In our notation, Vranceanu writes:

In effect, we can remark that if a1 were equal to 1 we could reduce as, and consequently as,
to zero, by cancelling in the covariant dw® the term ~%45 with the help of the coefficient as.
This indicates that for as, as different than zero, we must have a1 # 1, and consequently the
systems for which we cannot reduce as and as to zero are found amongst those for which ay # 1,
as = ag = 0, and such that we cannot reduce aq to 1.

Let us refer back to the structure equations (5.2) for the lifted coframe on 37 x G — 3.
Let H? denote the subgroup obtained by setting a; = 1 in G°. Since Vranceanu did not consider
discrete symmetries, let us consider the corresponding lifted coframe on X7 x H® — 7. We would
have structure equations as in (5.2) except no a! terms would appear (and da? = da® = 0).
Thus, using Lie algebra valued compatible absorption using a? and o only, 7846 would be a
torsion coefficient. With respect to the group H°, we have the transformation laws

4846 = 7%46 — V%5603 + a2, 4856 = 7036. (D.1)

By setting as = v5s56a3 — 7646, we can normalize 4546 = 0. In the group reduced from HP,
we only obtain as = 7%s¢as, so it is unclear whether as, a3 can both be reduced to 0. Thus,
Vranceanu’s claim may be true, but if so it is certainly not obvious. Are there any structures
for which aq can be reduced to 1, but at least one of as, ag are nonzero?

The second sentence in the paragraph appears to be quite cryptic and at first sight appears
even self-contradictory. One can make sense of this as follows: Vranceanu sets out to find
all structures for which K° = {diag(a12,a1,a1,a1,1,a1,1) : a; > 0} C G cannot be reduced
to the identity. Thus, he is considering the restricted equivalence problem with respect to the
subgroup K, and a lifted coframe on the bundle 7 x K? — Y7 satisfying the structure equations

dit =20 AT+ P AGE+ P AT+ A,

do? =o' NP+ O AP+ AP ADT + o1 A DT+ maa A D,

~3 _ 1 ~3 ~ 6 ~T ~2 ~5 ~1 ~3

do’ = N0+ A"+ e ANW° + 131 Aw™ 4+ 133 Aw”,

dit = ' Nt + AT+ mua A D + mua A DT+ e A QS (D.2)
d® = ns1 AOT 4 ms2 A D+ msa A DT + 55 A D,

dd® = at A8 4 g AOT + g3 A DD +mge A — DT AQT,
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o’ = n71 Aot +7773/\(2)3+7776/\@6 -I-T]77/\<,f)77
da! = 0.

where 7); are semibasic with respect to the canonical projection X7 x K° — 7. Note that under
the K-action, all coefficients transform by a scaling action:

Ak = (a1)Py'

for some scaling weight p € R. (In other words, by setting as = a3 = 0 in the general trans-
formation formulas under G, c.f. last sentence in Vranceanu’s paragraph above.) For specific
i, j, k, if 4';; # 0, then we can normalize to 4%;; = +1 by setting a; = \’yijk]_l/p, thereby
reducing K° to the identity. Since we are assuming that K° cannot be reduced, Vranceanu’s
conclusion would be that fyijk = 0. A technical assumption that should be made here is that if
p # 0, we are considering jk to be a constant torsion coefficient. For example, if oG jk # 0 (as
functions) but vanishes at a point, then K cannot be normalized since a; must be nonzero. In
summary, we have:

Lemma D.1. Suppose & = (a1)Pk is a torsion coefficient with respect to K°. If (1) K° cannot
be reduced to the identity, (2) p # 0, and (3) k is a constant, then k = 0.

Note D.1. We do not need to assume that all torsion terms are constant. Only those torsion
terms with a nontrivial scaling action by K are assumed to be constant.

Vranceanu finishes the paragraph with the consequences of this simplification:

However, it is easy to see that for these systems we must have in the formulas (3.4), all null
coefficients, except for v'a5, va7, v's3, Y56 = 1, V57, V%35, 1037, V072, VO = 1, vT75 and
likewise one must have Y234 = 0 (a # 2), 7390 = 0 (a # 3).

Note D.2. The values 7453 =029 =0, 756 = €, 7047 = —1 were established in Corollary 3.3.
Also, the final assertions in Vranceanu’s sentence above should read 'yQM and 731a respectively —
see explanations below.

We give an outline of these details. With respect to the subgroup K, the following are
torsion terms (c.f. (D.2)):

P (k#2), Yo (k#3), A, Aloe (k #4), A1k, A%k (k #6),

A 1ky Aoky P aks A1k Yk ATk (k arbitrary), AP35, 477, A ar.
The scaling weight for all these terms is nonzero with the exception of 4%95, 4427, 4935, 437
for which p = 0. By Lemma D.1, all of the corresponding coefficients must vanish with the
exception of y%95, Y427, 7935, 4037. Vranceanu did not make use of the following torsion terms:

2% — A (B#£1,2),  28m—A4'm (k#1,3), 2% A (k£ 1,4),
~6 ~

2% — 4" (k#1,6),  F’i3—4%2,  Au—-912 Y-

All of these terms have nonzero scaling weight (and hence must vanish) with the exception of
24 — 4 k1 (no sum), i=2,3,4,6, k=5,T.

Thus, the structure equations take the form

dw' = W3 AW+ W Awt+wt A,

dw2:w4Aw5+w3/\w7+w2/\n2,
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dw® = WO AW + ew? A WP + w3 A3,

dwt = ew® AW + W2 A (Yasw® 4+ Ylarw™) + wh Ay, (D.3)
dw® = mw® AW,

dwb = —w* Aw” + W3 A (7635w5 + 7637007) + wO A 7,

dw” = nw’® AW,

k

where 7, = 7¥ 1w’ (no sum on k), and

27446 = 2736 = 27226 = 7' 16, 27063 = 27143 = 27223 = 713,
6 0.3 o2 _ 1 6 o4 o3 _ 1
29764 = 27734 = 27724 = Y 14, 29762 = 27742 = 2932 = 7 12,
'7616 = ’7414 = 7313 = 72127
or more succinctly,

1

Ve = 57114 (no sum),  k,€=2,3,4,6, (D.4)
Y1k =~%12  (no sum), k =3,4,6. (D.5)
Lemma D.2. There exists an admissible change of coframe so that 1 =0 and ¥?12 = 0.
Proof. Let us evaluate some integrability conditions.
0=d’w' = (m —nma—na) A2 AWt + (1 —m3 —16) Aw® AwS —w! Adny. (D.6)
Isolating terms that are in the ideal generated by w! and using (D.5), we have
0 =w' A (292 12dw® — dny). (D.7)
Note that for £k = 2,3,4,06,
0=d’W" NP AW = —wF Admp AP AWT (no sum on k)
= - Ad(VF ) AP AW = —wF A d (7221w1 + ;771) Aw® Aw'
LN <d7221 Awl + 4251 dwt + ;dm> AP AW (D.8)

Thus, (D.7) and (D.8) imply
dm = d(27%190") + w' A (1w’ + fow")
for some functions f, g. Applying d and wedging with w' yields
0=w! Adw! A (fiw® + fow™) = wr A (W2 Awh +w? AWP) A (1wd + fow")
and so we must have f; = fo = 0. By Poincaré’s lemma, we have
m = 2v%10w! + 2dh
for some function h. Define the change of coframe

(@1,@2,@3,@47516) = (a12w1,a1w2,alwg,a1w4,a1w6), where ap = e™.
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Then
do' = 2e®dh A W' + 2hdw' = 2e*dh A Wt 4 (WP A wt + WP AW+ W A
=2dh At + @2 At + P A+t A
= Aot F P AGS.

Dropping bars, we have a new coframe satisfying (D.3) with n; = 0. Moreover, using (D.7), we
have that 7212 =0. |

From (D.6), we have that
’7445 = =725, 7447 = —%ar, 765 = 7’35, o1 = —7’ar,
and using (D.4), (D.5), the structure equations take the form
dw' = W3 AWl + w? AW,
dw? = W AW + WP AW+ WP A (P + 207w"),
dw? = WO AW+ e AW+ Wi A (7335w5 + 7337(.07),
dw* = ew® AWl +w? A (Ya50° + yarw”) — wh A (YPa5w° + yParw’),
dw® = mw® A w7,
dw® = —w Aw" +w? A (19350° + 105707) — WO A (Pg50° + ¥P5rwT),
dw” = nwd AW,
Further integrability conditions reveal
7

0=d’® =dm AP A = dm:m5w5+m7w,

0=d’w" =dn A’ Aw” = dn:n5w5+n7w7.

Next,
0=d’W?ANw? = (n— 7235 +7225)w’ Awd AW AW + (m — 29%97)w? Awt Awd AWT,
0=d?W3 AW =e(—m 47337 — Vo) AW AW AW — (n429335)w® Awd AWl AW,
3n 9 m 3 n 3 3m

= 72252—7, V27=§7 7352—5, 737277

1
0=d*w? = (mn+6—’y427)w2/\w5/\w7+§w2/\(3dn/\w5—dm/\w7),
1
0=d**= (7635—mn—e)w3Aw5/\w7—|—§w3/\(dn/\w5—3dm/\w7),
0:d2w4/\w1/\w2/\w4/\w6:(67637—7425)w3/\w5/\w7/\w1/\wz/\w4/\w6,
4 6 4 3 1 6 1 3
= 725 =B =ey37, V'er =mn+e€—ong — oms, V'ss =mn+ e+ ong + oms.

The final two integrability conditions are
0 = d?w* = (—4nA, — 2mB + 6nny + nms — mns)w? Aw® Aw’ + w? Aw® AdB
— %uﬂ AW’ A (dms + 3dny),
0= d?wb = (—=4mA; — 2neB — 6mms — mny + nm7)w3 AP AW +ew® Aw” AdB

1
+ §w3 AW’ A (3dms + dny),
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which implies

0=dd?w* A" =w? AW’ ANdB AW,
0=d’ANw® =e® AW AdB A WP,

and hence d?w?* = d?w% = 0 is equivalent to

3 1
dB =€ (—4mA1 — 2neB — 6mms — mny + nmys + §m57 + 2n77) w?

1 3
+ <4nA1 + 2mB — 6nny — nms + mns — §m55 — 2n75> W'

This reduces the structure equations to those given in Theorem 6.1.

E Parametrization of maximally symmetric structures

While in general it is very difficult to go from structure equations specified in an abstract
coframe to a coframe described parametrically (i.e. in local coordinates), Vranceanu succeeded
in doing this for the maximally symmetric structure equations (6.5). Certain steps in his com-
putation were unjustified or contained errors (e.g. Vranceanu missed the contact invariant € in
his structure equations and hence his normal forms), and so we provide a more complete outline
here.

Let us consider a coframe {w'}7_, on X7 satisfying (6.5), and let us consider w! in its canonical
form

w! = dz — pdz — qdy. (E.1)

w® and w”

The subsystem {w®,w"} is completely integrable, so by the Frobenius theorem there exist local
functions u, v on 37 such that {du,dv} generate the same subsystem. We introduce u, v as
follows. By using the dw® and dw” equations,

d
0=d (iw5 +mw7> = S + mw’ = .
m m U
Consequently,
7 du 7 7
dw'" = ——ANw' = duw') =0,
u
and hence
T @’ = em(du — mdv)' (E.2)
U U

An ansatz for w?, w3, w?, W

3

We can now determine an ansatz for w?, w3, w?, w8 Plugging (E.1), into the dw' equation, we

obtain
de Adp +dy A dg = w? Awt + WP A Wb,

Taking the interior product with %, we find that

4 6 3

0 = (ig,w?)w* — (ig,w")w?® + (i, w*)w® — (ig,w®)w?,
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and hence iauwk = 0 and similarly iavwk = iazwk =0 for k = 2,3,4,6. Thus,
wk = AFdp + B¥dg + C*dx + D*dy. (E.3)

Vranceanu asserts without justification that the coefficients A*, B*¥, C*, DF can be taken to
only depend on u, v. In Lemma E.1, we show that we can reduce to dependence on z, y, u, v,
but it is unclear why a further simplification is a priori necessary.

w?* and w®
We observe from the dw* and dwS equations, that
4 6y _ S, 4 6y , du _ —3/2( 4 6
d(w* +mw’) = 2(w + mw®) A = 0=d(u?(w" +muw®)),
u

and we make the choice of introducing the z-coordinate into the coframe via
w* + mwb = w3 ?dz.

Now substitute into the dw® equation and simplify to get
6
d (%) = d(vdz)

and we make the choice of introducing the y-coordinate into the coframe via

Wb = —Vu(dy — vdz), wh = u32dz + my/u(dy — vdz).

w? and w?
Using the ansatz (E.3), we write
2_ 6 4
w® = oW’ + pw” + ardp + Bidg,

w3 = gow* + pw + andp + Bady.

Plugging these and (E.1) into dw', we obtain o1 = 09 =: ¢ and

dx Adp +dy Adg = —(Vu(u — mv)ag + vv/uas)dz A dp + Vu(may — ag)dp A dy,
+ (Vu(u — mv)B1 + vv/uB)dg A dz — Vu(mBy — B2)dy A dg,

which can be solved to obtain

w? = owb + pw? — u_3/2(dp + vdq), (E.4)
w? = ow* 4+ pw — mu™?(dp + vdq) + v ?dg, (E.5)

for some functions o, u, p.

Lemma E.1. o, u, p only depend on x, y, u, v.

4

Proof. Since w?, w® depend only on dz, dy and w®, w” depend only on du, dv, it suffices to
4 .5

show that do, du, dp depend only on w?, w®, w8, w7. The structure equations (6.5) indicate that
dw* =0 mod {w®,w™} for k = 2,3,4,6. Applying d to (E.4), (E.5), we obtain

dw? = do A Wb + dp A w? mod {w®,w’},

dw? = do Aw* + dp A W° mod {w®,w'},
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so necessarily,

do = oyt + ogw® mod {w® w’},
dy = pyw* + o408 mod {w®,w’},

dp = ogwt + pew® mod {w®,w'}. [ |

We now make the simplifying search for solutions where o, u, p are functions of u, v only.
Thus,

o

Jo - ﬁw
w

5 —
o Tor =

_ 97

do = o 7 d dp Ip 7

5 _ 5
L Al Wl Wi

Then substitution of (E.4), (E.5) into the structure equations for w? and w? yields

15) 2 5] 15) 3
dw?® = <G+ €U+6M>w5/\w6+<J+2mo+p>w7/\w6+<u+w>w5/\w4
m

dwd ' m oW’ Owd
0 3
+ —'u—i—Qa—i—m,u W AW +wd AW’ — —ew‘r’—i—maﬂ Aw?,
Ow’ 2m 2
0 2 0
dw? = —U+£+ey w® Awt + —U+2ma—|—p w' Aw?
ow®  m Ow’
0 0
+ —'0—1—2604—g AWl + —'0—|—3mp W AW e AP
Owd m oW’
3
— <Q:nW5 + ;nw7> Awd.
Comparison with the structure equations yields
ou 3ep do 2¢e0 ap €
— =1 — == — = —2e0 — — E.6
Owd m ’ Owd m Owd R (E-6)
ou oo ap
For ~';; defined as in (2.8), we have
I 0 9 |__,9 €9
Bwi’ Bk | — kg owd’ 0wT| Ow®  mow™’

Using this commutator relation, we can verify that all integrability conditions for the system
(E.6), (E.7) are satisfied. Using (E.2), we have for F' = F(u,v),

F
dF = Fydu + Fydv = 0 + u(mF, + F,)w”,

€m
and so
OF  uF, oOF o OF
0 " em’ awr - mEut Busubydania .

We use these expressions for the coframe derivatives to rewrite the system (E.6), (E.7) and
obtain expressions for o, u, p. The three equations in (E.6) are respectively equivalent to

€m a1(v
(UBM)U = —emu2 = M — 3 + u(3 )7
2
m mai (v as (v
(uza)u = —-muy = 0= € + 1( ) + 2(2 )’
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3 02
em m=ai(v 2mas (v as(v
(up)u = =2mo = p=——+ u3( ) u2( ) 15 )

Using these expressions for o, u, p, the three equations in (E.7) are respectively equivalent to
ai(v) = —2a2(v),  ay(v) = —az(v),  as(v) = —aq, (E.8)
where o = 1 — em*. The general solution of (E.8) is

1
az(v) = —aw + cs, as(v) = 5041)2 — c3v + c2, ai(v) = —§<)zz)"3 + c3v? — 2c9v + ¢y,

for arbitrary constants c1, co, c3. Taking the simplest choice ¢; = co = ¢3 = 0 yields

em  av® em?  mav® N av? emd  m2av? N mav?  au
== — o= ——- —_— = — — —_——
H 3 3u3’ 6 3us 2u?2’ p 3 3ud u? u’

and these can be substituted into our ansatz for w?, w3. Finally, our explicit parametrization
for the coframe on 37 satisfying the structure equations (6.5) is given by (7.1).

F Calculation of the nine-dimensional symmetry algebras

We provide here the calculation of the (contact) symmetries of the maximally symmetric generic
hyperbolic PDE’s F' = 0 corresponding to the normal forms (7.4) and (7.5). A direct approach
by computing one of:

1) internal symmetries of I,
2) external symmetries of F,
3) symmetries of the lifted coframe on 37 x H,
without any prior simplifications is highly impractical owing to the complexity of the equation.

We first make several observations which allow us to simplify the calculation dramatically.
Any equation of the form F(r,s,t) = 0 admits a six-parameter family of symmetries

- . s 2
T =c1+ c6%, Y = C2 + CpY,s Z=c3+cyr+csy+cetz

corresponding to the symmetry generators

0 0 0 0 0 0 0 5 0 F1
e c‘Ty’ 5’ a:%, yg, xa—x +y87y + za. (F.1)
These are clearly symmetries because the induced action on the second derivative coordinates r,
s, t is trivial. (Equivalently, the prolongations of the vector fields (F.1) to J?(R?,R) have no
components along 0., 0s, 0;.)

We will treat both cases (7.4) and (7.5) simultaneously by using the parametric form of the

equation. Using (7.3), we have the following vector fields tangent to the equation manifold in
J?(R% R):

9 el a2l a3l
ow ey T s T M gy
o 5,0 o 0

w - Vo as o
The key is noticing the following C'*°(37)-linear combinations of a%, % that can be expressed
purely in terms of the 2-jet variables z, y, z, p, q, 7, s, t:
0 0 0 0 0

Wr— +v— =3r—+2s—+1

ow Ov or ds | ot (F-2)
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i_g_Q g+t2+ g
Tow " ov Cor Tas T Yo

0 0 0 0 0
(my + wx)a—w —(y — wc)% = (2ys + 3957“)5 + (yt + 2a:s)$ + (ay + ot) = o

These three vector fields are also tangent to the equation manifold, but they are clearly not
contact vector fields since: (1) they do not preserve the contact ideal, and (2) they do not arise
as prolongations of vector fields on J!(R?,R) (c.f. Bicklund’s theorem). However, this leads
us to the following problem: Do (F.2)—(F.4) describe the r, s, ¢ components of contact vector
fields on J?(IR?,R)? If so, then those contact vector fields would also be tangent to the equation
manifold and hence would correspond to contact symmetries of the equation. The search is
greatly simplified by the observation that the components in (F.2)—(F.4) are linear in z, y, r,
s, t and independent of z, p, ¢

By Bicklund’s theorem, any contact vector field on J?(R?, R) is the prolongation of a contact
vector field on J!(R? R). Hence, we look at a generalized vector field of order one on J°(R? R)

0 0 0
X = 51(1372/72,2?&)% +§2($7yazapa Q)aiy + 77(3373/,27% Q)a

(F.3)

(F.4)

and examine its prolongation X® = pr(®(X) on J?(R?,R). If we write

0 0 . 0 0 0
X@ = x gt L gy vy 24y 2
T T e T T s T
then the standard prolongation formula [22] is
n"" = Din’ — (Di€?)z;, (F.5)
where D; are total derivative operators and we have used the notation ! = z, 22 = y. J is

an unordered (symmetric) multi-index, so that for example z; = p, z12 = 291 = s, etc. lan
Anderson’s JetCalculus package in Maple v.11 was very useful for computing and manipulating
these prolongations. We give an outline of the calculation here.

In order that the components of X® in the directions %, %, %, have: (1) no dependence
on third-order terms, and (2) no quadratic dependence on r, s, t, we must have (using (F.5)),

0=1, —p(€)p — a(&)y, (F.6)
0= —p(€")g — a(6)q; (F.7)
0 =mpp — p(§ )pp - Q(§2)pp - 2(5 )ps (F.8)
0 =1gq — (& )qq q(§ )qq - 2(52) (F.9)
0= 1pg — (€ )pg — a(€)pg — (€1)g — (€))p- (F.10)

Differentiating (F.6), (F.7) with respect to p or ¢ and comparing with (F.8)—(F.10) leads to the

conclusion that ¢!, €2, i are all independent of p, g. Consequently, the vector fields we derive are

necessarily infinitesimal point transformations, i.e. they project to vector fields on JO(R?,R).
We first examine the coefficient of g in X or equivalently £y (s). Using (F.5),

Ly (8) = —p2q(€")z2 — pd*(€%)z2 — P2 (E)ys — 2ps(€Y): — Pt(EP): — (%)
—qr(&Y)s — 2¢5(€%)5 + oz — (€22 — (€%)y2)pg — r(E))y — (€7
+ (nyz - (fl)xy)p + (nxz - (52):1311)(] + (77z - (él)x - (52)1/)5 + Nay- (F-ll)

Referring back to (F.2)—(F.4), we require Ly 2)(s) € spang{s,t,yt,zs}. From (F.11), we must
have ¢t = ¢l (), €% = €*(z,y), and 7 is linear in z with n,, = 1, = 0. Thus, n = Ci(z) +
Cy(y) + C3(z)z. Recalculating X, we have

L@ (r) = Nea + (C3(z) — 2(§1)x)r - 25@2)96 + (QC'é(x) - (gl)xa:)p - Q(§2)mu
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Ly (s) = —t(&%)z + (C3(x) = (6))ay)g + (Ca(x) — (§1)a — (£2)y)s,

Ly (t) = C5(y) + (Ca(x) — 2(3)y)t — (€*)yya.
From (F.2)—(F.4), we require Ly (r) € spang{r,s,zr,ys} and Ly (t) € spang{l,t,y,tx}.
Thus, Ner = (§2)zz = (€2)yy = 0, Ca(y) is at most cubic in y, (£!), is linear in z, and Cj(x) =
(£)4y. Referring to (F.1), we have six symmetries with trivial action on r,s,¢ and so without

loss of generality we can require £ to have no constant or linear term, £2 to have no constant
term, and €2 to have no constant term or terms purely linear in z, y. Thus,

fl = a2$2, 52 = bo1x + b1oy + aszy, n= 0020y2 + Cozaoy3 + coo1z + asxz,

and we have

Ly (r) = (—3azz — 2a1 + coo1)r — 2(bo1 — a2y)s, (F.12)
L2 (s) = (—2a2x — a1 — bio + coo1)s + (bor — a2y)t, (F.13)
L@ (t) = 2co20 + 6cozoy + (—zaz — 2b1o + coo1)t. (F.14)

Comparing (F.12)—(F.14) to each of the desired expressions arising in (F.2)—(F.4), we obtain the
remaining symmetry generators

0 0 0 a4y0 20 9 _a g\ 0
+3z— Xg—xay 5Y 55’ Xog == —i—xyay—i—(a;z y) .

X7 = y(‘)iy 0z’ Ox 6 0z
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