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Abstract. Matrix elements of intertwining operators between ¢g-Wakimoto modules associa-
ted to the tensor product of representations of Uy (slz) with arbitrary spins are studied. It is
shown that they coincide with the Tarasov—Varchenko’s formulae of the solutions of the gKZ
equations. The result generalizes that of the previous paper [Kuroki K., Nakayashiki A.,
SIGMA 4 (2008), 049, 13 pages].
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1 Introduction

In [8] the integral formulae of the quantum Knizhnik—Zamolodchikov (qKZ) equations [3] for
the tensor product of spin 1/2 representation of Uy,(slz) arising from ¢g-Wakimoto modules have
been studied. The formulae are identified with those of Tarasov—Varchenko’s formulae. The aim
of this paper is to generalize the results to the case of tensor product of representations with
arbitrary spins.

It is known that certain matrix elements of intertwining operators between g-Wakimoto modu-
les satisfy the qKZ equation [3, 10]. Thus it is interesting to compute those matrix elements
explicitly. In [5] two kinds of intertwining operators were introduced, type I and type II. They
were defined according as the position of evaluation representations. In the application to the
study of solvable lattice models two types of operators have their own roles. Type I and type II
operators correspond to states and particles respectively. The properties of traces exhibit very
different structure. However as far as the matrix elements are concerned they are not expected
to be very different [5].

In [8] a computation of matrix elements has been carried out in the case of type I opera-
tor and the tensor product of 2-dimensional vector representation of Uj(slz) generalizing the
result of [10] (see the previous paper [8]). In this paper we compute matrix elements for the
composition of the type I intertwining operators [5] associated to finite dimensional irreducible
representations of Uy(slz). We perform certain multidimensional integrals and sums explicitly.
It is shown that the formulae thus obtained coincide with those of Matsuo [9], Tarasov and
Varchenko [13] without the term corresponding to the deformed cycles.

To obtain actual matrix elements of intertwining operators it is necessary to specify certain
contours of integration associated to screening operators. We do not consider this problem in
this paper. To find integration contours describing each composition of intertwining operators is
an important open problem. We also remark that the formulae for type II intertwining operators
are not obtained in this paper. The computation of them looks quite different from that for
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type I case as opposed to the expectation. It is interesting to find the way to get a similar result
for matrix elements in the case of type II operators.

The paper is organized in the following manner. The construction of the solutions of the
qKZ equations due to Tarasov and Varchenko is reviewed in Section 2. In Section 3 a free field
construction of intertwining operator is reviewed. The formulae for the matrix elements of some
operators are calculated in Section 4. The main theorem of this paper is stated in this section.
In Section 5 the proof of the main theorem is given. The evaluation representation of Ug(sl2) is
explicitly described in Appendix A. Appendix B gives the explicit form of the R-matrix in special
cases. The explicit forms of the operators which appear in Section 3 are given in Appendix C.
Appendix D contains the list of OPE’s which is necessary to derive the integral formulae.

2 Tarasov—Varchenko’s formulae

We review Tarasov—Varchenko’s formula for solutions of the qKZ equations. In this paper
we assume that ¢ is a complex number such that |¢|] < 1. We mainly follow the notation

of [13]. For a nonnegative integer [ let V) = @210 (C’UZ(Z) be the [ + 1 dimensional irreducible
Uy(slz)-module and v =y ® C[z, z7!] the evaluation representation of UAEZE) on V. The

action of Uq(gfg) on Vz(l) is given in Appendix A. Let I; and [ be nonnegative integers and
Ry, 1,(2) € End(V(h) @ V(2)) the trigonometric quantum R-matrix uniquely determined by the
following conditions:

(i) PRy, ,(z) commutes with U,(sly),
(i) PRy, () (v5" @ u§®) = uf® @ ofV,
where P : V1) @ V() — v(2) @ V(1) i g linear map given by
Po@w)=w®wv.
The explicit form of the R-matrix is given in Appendix B in case [1 = 1 or Iy = 1. We set

Eli,lj (Z) = Pl (Z)‘Eli,lj (Z)) Eli,lj (Z) = (Clz ® Clj)Rli,lj (Z)(Clz ® Clj)’
( ) B li2lj (qli+lj+2271;q4)oo(qfliflj+227].;q4)oo
Pl \%) =4 (g G2 =1, ) (gl it 21 gh)

Cp) = vl(l_)e (vgl) € V(l)),

where for a complex number a with |a| < 1

o0

(z;0)00 = H (1- aiz).

i=0
Let k& be a complex number. We set

p = @2++2),

We assume that p satisfies [p| < 1. Let T; denote the p-shift operator of z;,
Tjjf(zla"'azn) = f(zla--'vpzja"~zn)‘

Let ly,...,l, and N be nonnegative integers. The qKZ equation for a V}, ® --- ® V}, -valued
function W(z1,...,2,) is

hj
2

T;0 = Rjj_1(pzi/2j-1) - Rja(pzi/21)k % Rjn(zj/20) -+ Rjjai(2j/2541)¥, (1)
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where k is a complex parameter, Ew(z) signifies that Eli,lj (z) acts on the i-th and j-th compo-

nents of the tensor product and s acts on j-th component as

M) L2m (1)

K20y =K 2 Upl.

We set

(2)oo = (z:0),  0(2) = (2)oo (P2 ") (D)oo

n
Consider a sequence (v) = (v1,...,vy) satisfying 0 < v; < [; for all i and N = ) v;. Let

r=t{i|vi #0}, {ilv; #0} = {k(1) <--- < k(r)} and n; = vy(;). We set

_ -2y
w2 = [[ S 3 11 qtat_tbtb

2, —t
a<b q a b riu-ur.={1,..,N} 1<i<y<r
‘Fs|:ns(s:17 7T) aEFi,bEF‘

(e, )

—1
per., \1b = @ D2k ty — ¢

=1

The elliptic hypergeometric space Fe is the space of functions W (¢, 2)=W (t1,...,tN, 21, .-, 2n)

of the form

! 6(ta/ts)
W =Y (2)0(t,2) Olta/t)
1]_:[ 0(q'ita/z;) 1§al<_£§N 0(q?ta/ty)

II':]:

satisfying the following conditions:

(1) Y(z) is meromorphic on (C*)" in z1,..., z,, where C* = C\ {0};

(ii) ©(t, z) is holomorphic on (C*)"*¥ in ty,..., z, and symmetric in t1,...,tx;

(iii) TIW/W = kg~ 2N+da=2 H q , TEW/W = q YN, where T'W = W (t1,...,pt,

and T;W = W(t, 21,...,pz], ey Zn)-
Define the phase function ®(¢,z) by
(H H Zt /Zz o) ) (H (qzta/tb)oo>
—1; 2 :
a=11i= 1 ta‘/zz o0 a<b (q ta/tb)oo

For W € Fq let

), W) /TNH@tz (ot 2)W(t,2),

where TV is a suitable deformation of the torus
N={(t1,...,tn)||ti| = 1,1 <i < N},
specified as follows. The integrand has simple poles at

ta)z; = (p°¢9)",  s>0, 1<a<N, 1<j<n,

,...,tN,Z)
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to/ty = (°¢®)™, 520, 1<a<b<N.

The contour of integration in %, is a simple closed curve which rounds the origin in the counter-
clockwise direction and separates the following two sets

{p°q7 Y2, p°*t]s > 0,1 < j < N,a < b},
{p5q" 2, p ¢ *ty|s > 0,1 < j < N,a < b}.

Let L be a complex number and

—2(L+§: YN+
K=4q i=1 .

Then
\I’W = (H Z;.Zi> (Hfliulj (ZZ/Z])) Z I(w(_e), W)Ugl) R ® Ue(in) (3)
i=1 i<j (e)

is a solution of the qKZ equation (1) for any W € Fo where (—¢) = (I —€1,...,l, — €,) and

l;
;= -2 - N+1),
“ (k+2 ( +Z p VT )

(pql itlj +2Z ;q4’p)oo (pq—li—lj+2z—1; q4’p)oo

(pqli—lj-i-Q —1. q4 p)oo (pq—li-i-lj-‘r?Z—I; q4’p) )

o0
(2:p,q HH —piglz)

=0 j=0

fliulj (Z) =

3 Free field realizations
We briefly review the free field construction of the representation of the Uq(s/l\g) of level k
[1, 10, 11] and intertwining operators [2, 6, 7]. We mainly follow the notation of [6]. We set
" —q"
)= —"
q—4q

Let k be a complex number and {a,, by, ¢y, @o, bo, G0, Qa, Qp, Qe | 1 € Z>o} satisfy

[(k + 2)n][2n]

(@ @m) = S [0, Qa] = 2(k +2),
—[2n]? -

[bru bm] = 5m+n,0 [nn] y [b07 Qb] = -
2n]? -

s n] = Oninn ool [0, Q] =4

Other combinations of elements are supposed to commute. Set
N1 = Clapn, by, cn | £n > 0].

Let r be a complex number and s an integer. The Fock module F; ; is defined to be the free N_
module of rank one generated by the vector |r, s) satisfying

N4|r, s) =0, aplr, s) = rlr,s), 130|7“, s) = —2s|r, s), co|r, s) = —2s|r, s).
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We set
Fr = @SGZFr,s-

The right Fock module FJ s and F,T are similarly defined using the vector (r, s| satisfying the
conditions

(r,s|N_ =0, (r, s|lag = r{r, s|, (T,S|Eo = —2s(r, s, (r, s|éo = —2s(r, s|.

Notice that F, and F} have left and right Uq(gl\g)—module structure respectively [10, 11].
Let

|L) =|L,0) € Fp, (L| = (L,0| € szo.

They become left and right highest weight vectors of Uq(s/l\g) with the weight LA; + (k — L)Ag

respectively, where Ag and A; are fundamental weights of sls.
We consider operators

¢$;? (Z) : Fr,s - Fr+l,s+l—m7 Jﬁ(u) : Fr,s - FT,S+17 S<t) : Fr,s - FT—2,8—17

the explicit forms of which are given in Appendix C. We set
l
o) (2) = 4u(2)

for simplicity. The operator ¢$,? (z) is used to construct the vertex operator for Uq(s/l\g):
oV () : W, = W, @V, Z 3 (2) @ o),

where W, is a certain submodule of F, called g-Wakimoto module [10].
The operator J~ (u) is a generating function of a part of generators of the Drinfeld realization

for Uq(S/Z\Q) at level k.
The operator S(t) commutes with U,(slz) modulo total differences. Here modulo total
differences means modulo functions of the form

F(d"22) — f(q=*F2)2)
(g—q 1)z '

k420-f(2) =

Consider

F(t,2) = (L+ 31— 2N]6 (21) - 60 (2)S(tx) - S(t1) | L)

i=1

which is a function taking the value in V(1) @ ... @ V) Let

(19
A= jG+2)
4(k +2)
Set
A n —-A n )
L fr TRy T 8 g n o (B X 2N+ i)
R S P D | P F
i=1 i=1
> L
~ i=1
Then the function F'(t,z) satisfies qKZ equation (1) with x = q_Q(LJr 3-N+1) modulo

total differences [10].
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4 Integral formulae

Define the components of F'(t, z) by

F(t,z)= Y FYtzpfe- vl

I/Z'E{O,...,li}
1<i<n

where (v) = (v1,...,v,). By the conditions on weights F*)(t, z) = 0 unless

n

Z(ZZ — Vi) = N

i=1
is satisfied. We assume this condition once for all. Let

tilvi # i} =, {ilvi # LY ={k(1) <--- <k(r)},

ni = Uiy — Vi) (1<i<r).
The main result of this paper is

Theorem 1. We have

FW(t,2) = AW (¢, 2) Hz <

sz (L—2N+ X 1)
< H glul]’ (ZZ/ZJ)> CI)(t, z)w(—u) <t7 Z)?

1<J
where (—v) = (I1 = v1,.. ., ln — V), ni = Uy — V) and

AVt :ququ (g )qu(m) (kzzz +h(L— 2N)lzll+4LN AN(N-1))

. <q—q ) Hq = S“nt e {ﬁnﬁl (1 —qQ(lk(sri))}
(

V) s=1 s=1 i=0
(Htk+2 a— 1) k+2L 1)

The formula for F*)(t,z) is of the form of (2), (3). More precisely in Tarasov-Varchenko’s
formula (2), (3), W can be written as

L-3N—=Y 1;+Y, N
H;(k“)( Fbrt et (H ta> AW (¢, z)W!
a=1

for suitable W’. This W’ specifies an intertwiner. In this paper we don’t consider the problem
on specifying W'.

To prove Theorem 1 let us begin by writing down the formula obtained by the free field
description of operators ¢;(z), J~(u), S(t) given in Appendix C. Let (¢) = (e1,...,en), (1) =
(115 s gy - s Hrmy) € {0, 13N, Then F®)(t, 2) can be written as

r N

F(”)(t, z) = (—1)N(q - q_l)izNH [nlig Ht;l

i=1 a=1
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duzl,zz (v)
X Z H €i f H Miyio g —— 27_”““ o F(e)(,u) (tv Z’U,)7

€istiq, zz—i i=1 1<iy <r
1<22<n11

where

(b 2lu) = <L+Zz — 2N, (21) By, (Bh1)-1)

X [ N [¢lk (Zk(l))7 J'ul 1 (ul )] lk(l) ) Jul 2( )] lk(l)72 try Jl:1 n1 (ul,nl )}qlk(l)—Q(nl—l) s

x [ [¢lk(r) (Zk(r )5, Lo, 1( r1)] gk JM 2( 2)] grem T2 J;;T ny (ur,nr)]qlk(r)%("rfl)

X Gty 1 (1) 41) -+ 0, (20) Sy () - Sy ()| L)

and the integrand in the right hand side signifies to take the coefficient of < T w, . For
1<i<
15;5;;1

the notation [z,y], see Appendix C.
Let (m) = (m1,...,my), 0 <m; <n;. Then

duzl,zg (v)
% H Nn,zzZ it 1, F(e)(u)( z)

1<11<T
1<io<ngy
_ § quzlk —m;(n;—1) n;
mg
Ogmignz
1<i<r

duzl,zg (v)
8 /CN I megg = | Fdm (21,

1<i1 <r
1<i2<n,

where

F((S)(M)(m)(t zlu) = <L+Zl = 2N|¢, (21) - 0y (1) 1)
X (J,u_l’l(uLI) e Jﬂl,ml (Ul,m1)¢lk(1) (Zk(l))(]/i_l,m1+1 (uLmlJrl) e Jﬂ_lqnl (ul’nl)) e
X (J;:M (wra) - Jp 00 (Ur,mr)‘z)lkm (Zk(r))t];;’mr“ (Urpm,41) I (uhnr))
X ¢lk(r)+1 (Zk(r)—i-l) e ¢ln (Zn)SeN (tN) te Sel (tl)’L>7

and CV is a suitable deformation of the torus TV specified as follows. We introduce the lexico-
graphical order

(i1,72) < (J1.J2) & i1 <j1 or iy=yj1 and iz < jo.
For a given (m) = (m1,...,m;), 1 <m; < n;, we define

7 < (il,ig) & 5 < k‘(ll) or j= k:(’Ll) and mg, < 12,
7> (il,ig) s 7> k‘(ll) or j= k:(ll) and m;, > i2.
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The contour for the integration variable u;, ;, is a simple closed curve rounding the origin in
the counterclockwise direction such that ¢ Tht2, i ((i1,d2) < 4), ¢ 2uj, 4, ((i1,i2) < (j1,72)),
g P22 (1 < a < N) are inside, and ¢~ J+k+2 zj ((i1,i2) > J), Puj, 4, ((G1,72) < (i1,12))
are outside. We denote it C(;, ;,)-

Then
®) _ ) (v)
F(e)(.u)(m)(t’ZW) - f Y (t,z)(I)(t Z)G(e)(u)(m)(tyzhi)a
where
l; l n
f(l/)(b z) = H(q 2 )2(k+2) &, 5 ZZ/ZJ H k+2
1<J i=1
n Ly N L ,
x § [T =)= 5 S Ta %) 7= p < [J (e 2t) 7 ¢
=1 i=1 a<b
(v) A) qebtb —q ata
GieY iy (b 21) = Gy (1 210) <H el
<b
k=2
A(”) LMi P Zj _ qﬂzl,ZQ j ui;[,ig
G(e)(u) t z|u 1,72 H P e
(41,32) (i1,52)>] j— 4 11,12
— iy i k42
Uiy e — @ Hii2l 2
X qﬂzl,zQ j
(il,l;[)<j Wiy g ql +k—|—2
X H g Hirviz Wiryip — qimlh(k+1)7€btb
(i1,i2) Wiy iy — ¢ Hi1072 (k+2)tb
15§b5§§v
X II g e = R gy
i) < (1. Uiy iz — 4 Ujy o
(7’17Z2)<(]17]2)
For i N 77 . £ . 4 :
or ¢, let AM = {(i,7)|ni; = £}. The number of elements in Au,i is a; and Aw’ =

+ — _
{El 11+ ’Ei,aii} - Wesset a; =a;, A ; = Ay, Ay =Uj_1 Ay, and

Zmz r .
F(v) _ milyi m;(n;—1) s
Jow= 2 (D" {Hq Kog [m ]}

0<m;<n; =1
1<i<r
duzl io (V)
X : G .
/CN I wiving_ = s, | C@Ga0m)

(41,i2)

See the beginning of the next section for the notation of the g-binomial coefficient { :: ] .
(2

For a given (a) = (a1,...,a,), 1 < a; < n;, we define f((:))(a) and J((:)) as follows
7 7)
Tow= 2. Jidw
|Apil=ai

1<i<r
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N
(v) _ , gty — ¢t V)
Ty = Z H € H th—q-2t Jo(a)
€1,...,en=% \j=1 1<a<b<N @
Using J(V), F®) (t,z) can be written as

(a)
r 1 N
I1 [M') (H tb—1> FO 20t 2) Y J((:)).
L b=1

i=1 (a)

FO(t,2) = (-1 (g — )" (

Theorem 1 straightforwardly follows from the following proposition.

Proposition 1. If (a) # (n1,n2,...,ny), J((Z))(t, z) =0. For (a) = (n1,ne,...,n,) we have

T 2 = (DN (1—g7)

(nl""7n’f
T 27‘: Nt nsflk(s)ns ns_l ;
<1 q(m“ ) [t JT (1= ¢?®0™9) by (¢, 2).
s—1 1=0

This proposition is proved by performing integrals in the variables u; ; in the next section.

5 Proof of Proposition 1

We set
it =TT =

for nonnegative integers n, m (n > m). To prove Proposition 1, we have to calculate j};j))(a). We
need the following lemmas.

Lemma 1. Forn >1 and n > m > 0, we have

DS [T ¢|=aem|n]:

AUB={12,...n} i<j
|A]=m i€A,jEB

(i) > [Ie" ] = g min=D) [ :1 } .

AUB={1,2,....n} i<
|Al=m
pi=1(i€A), p;=—1(i€B)

Proof. By the ¢-binomial theorem

n n
[ (1 _|_q—n—1+2ix) _ Z [ T; ] zt

1 =0

(2

we have the equation

23 i
=17 (ntl)ym | T
> g7 =gq [ ] :

1<i1 < <im<n

The assertions (i) and (i) easily follow from this equation. [
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Lemma 2. Letn>1,n>m>0and1<i1 < -+ < i, <n. Then we have

D seno toytotis)  ton) 1] (o) — € to)

oESy 1<a<b<n

—m(nt1)- 2D o 3 )

—q =l = m]l em(ty, . ot) [T (B — ta),
1<a<b<n
where ey, (t1,...,t,) is the m-th elementary symmetric polynomial.

Proof. Set

Z sgno tO’(Zl Yoo(iz) - U(im) H (tU(b) o q_Qt‘T(a))'

oESy 1<a<b<n

It is easy to see that F'(¢) is an antisymmetric polynomial. So we can write

Fiy=s@t) I -t

1<a<b<n

where S(t) is a symmetric polynomial. Moreover S(¢) is a homogeneous polynomial of degree m

and deg, S(t) = 1 for all i € {1,...,n}. Hence we have
S(t) = cem(t)

for some constant c.

m

. n(n—1 m(m+1
$ 44 nn=l)_mimt)

The number (—1)7=! * s equal to the coefficient of
t:Ll tg 1, tzfi:m+1t?7mflt1217mf2 et
in F(t).

We can show

—2nm+4m(m—1)+2 g ik
c=q =l

gESm

where /(o) is the inversion number of o.
m(m—1)

Using the fact 3 ¢*(?) = ¢~ 2z [m]!, we have the desired result.
oESm

Lemma 3. For1 <n <1, we have

s=0 €Sy i=1 i=s+1 1<a<b<n

n—1

_In— n(n—1) i

= (=1)"g" {H (1—¢* ))} )ttty ...ty
i=0

Proof. We set

n

tai - _2t¢7'
nS_ngno—H 2= o) H (z — g "o Hw

gESy =s+1 1>]

n n L
Z(_l)sq_S(n ! |: :| Z H Z_qta(z H (Z_q_lta(i)) H tgib)ilt

m(m—1) Z q2€(0)> q —(n—m)(n—m-—1) Z q2€(7')

TESh—m

o(a)
to(a)



g-Wakimoto Modules and Integral Formulae 11
— - _1\s,—s(n—=1) | T
Ln Z_;)( 1)%q [ ) ]Ln
Using Lemma 2,
n k zk: 21
n— _k(na1)_nn=1) 2. 4
Los =Y (~1)F 2" Fep(t)g MO 5 1 — i SO ST g
k=0 t=0 1<i1 <2< <1t <58
§<t41 << <n
= SO (1R ey (t)g RO k1 — k)l
k=0
i n—s
20t 2s(k—t)+(s+1)t+(n—s+1)(k—t) -
x (;q ’ L D
Then
_ - _1\s,—s(n=1) | T - _1\k.n—k —lk—lc(n—l—l)—M -
L= Y000 | Skt g = [k —
s=0 k=0
i n—s
2t _sk+k-+n(k—t) -
dean | b
=[] D (—1)Fe ey (1) g RO
k=0
k k n—k+t n k
2lt (k—t)(n+1)+t _1\s,,—s(n—k—1) -
X ]y e [
t=0 s=t
— [ (—1)Ren ey (1) g k-
k=0
k
y ZqQth(k—t)(n+1)+t[ ] Jg—tn—h-Dg
t=0
_ [n]|( 1)n —ln "(" Ly Z t 2lt —(n 1)t [ :| en(t)
t=0
n(n—1) n-l
= [)i(-1)"¢ "2 (1—¢* Z))} en(t).
i=0
Here we have used the ¢g-binomial theorem. |

For a given sequence (m;)i_; (0 < m; <mn;), let M; = {(4,5) |7 < mi}. Set

A(v) _ duiy iy | Aw)
L@ = /CN ( H 2mum2> Gl m

(i1,i2)

Lemma 4. We have

A(l/) . (L—N){SX;: ng—Qag it i
L em) =4 [T oo

(i1,82)<j

) ((i1,i2)<(j17j2

q'll‘zl’l?)
)
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N Z ICil
% Z ( —l eb) H q2
b=1 (41,32

CiliDi=Ay,; \b= 12)<(j1.2)
D}=D;NM; (i1,i2)€CLU--UC

1<i<r (j1,j2)ED1U--UD,.

r ‘Dil‘ —1—
—l—ep, . tbi i, 4 6btb

S T (0ot 1 et
1<b; ;<N i1=1 | i2=1 b#£bi ) iy biy,ig — 'O

1<i<r
1<5<|D;|

k(i1)—1 |Diy | s
tbz‘l,z‘Q — 1 . <Zl>tb11 in

—1;
i1 Zj —q Ity Zk(in) — 4
J1:J2 J 11,2 (1)
-2 H 2 Lit H

— — _ k
tbipig q tbjlyjz j=1 7 q biy ig i2=|D,/L. I+1 Zk( 1) q (”)tbl o

< 1

(i1,32)<(J1.52)

Proof. We integrate with respect the variables u;j, (i,7) € A} in the order Uy oo Ugt
1 a+

Ugt - Ug . With respect to Ut the only singularity outside Cﬁ is co. Then the mtegral

T,Qp

)

in Ugt is calculated by taking the residue at oco. After this integration the integrand as a
functlon of Ugt, has a similar structure. Then the integral with respect to Ugt, is calculated by

taking r631due at oo and so on. Finally we get

> af
I = (—1)=1 Res -+ Res --- Res --- Res G( Y)(m )(t,z|u)
(e)(m)(m) U4 =00 U, =00 Uyt =00 U + =00 \€
r,a;‘— 1 1,ai‘—
_ H q(L*N)Ml,iQ H quil,izlj H q*,uil,zg
(41,i2) (i1,i2)<j (41,82)<(J1.j2)
k-2
duil,iQ z;—q 7 Wiy ,io
ol % af H I, H o — qu—k—Qu, )
C =T \(i1si2)€A, e i<(inia) 7 2
(il’iQ)EA;L
k+1—
» H Uiyio — 4 + @ty H WUiy,io — Ujy,jo
. gkt2 . q—2q. . ’
U t U U
(inig)ea, iz T 47T (insiz)<(ir o) iz T 4 Wi
1SbsN (i1,92),(j1,J2) EAL
N-Y af

where C' =1 " is the resulting contour for (u, ,,...,us,, ). We set

—l;—k—2
e+ = 1 Zj = q T iy
IGmon®2) = 11 o= I ==
(i1,i2)€A, 12 j<(iniz) 11,12
(i1,i2) €A,

k+1—
X | I Uiq,io — 4 + a7 ] [ Wiy,ia — Ujy,j2
. k2 g2, .
- U q T4ty Lou 9y
(21712)614“ 11,12 (11712)< ]17]2) 11,2 71,72
1<b<N (i1,02),(J1,J2)€AL
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Next we perform integrations with respect to the remaining variables u;j, (i,j) € A, in the
order uy oy Wy Ul 5---s U - The poles of the integrand inside Cy,, —are 0 and
¢*+2ty, b=1,...,N. Thus we have

dug, , )+
/Cfr,ar 2mi [(E)(H)(m)(tyz)

rar )t

. —li—k=2,
(Do )| O - I
. 1 Uiy iy zj — gk 2,
i<b<N (ir,in)€A, " 5< (i1 i2) J .
(i1,i2)75£r,a,,\ (i1,i2)€Au—{é7',ar}
.
Uiy, — 4 * @ty Wiy,ig — Ujy,j0
X H k+2t H -2
o Uy iy — b NP Wiyyip — 4 “Ujyj
(i1,02) €A —{lrap} "2 4 (i1,i2)<(j1,52) <lr,ap " 7 "
1<b<N (i1,82),(j1,J2)EAL

-l

+ Z (1- qilieber,ar) H Zj—4q jtbe'r,ar H tbemr

)

2i —q" t t

1<by, o, <N jtna, 3T ber,ar 1<b<N ber,ay
b#bera,

_ qflfebtb
. tb

L. Uiy ig — qktbg . Uiy in . Zj - qu_k_zuil i2
(11,82) <lrap ’ rar (i1,i2)€A, ’ J<(i1,i2) ’
(i17i2)7£é7”,a7‘ (i17i2)eAH_{£T»G«T}

k+1—
X | | Uiy ig — 4 + oty ] [ Uiy ip — Ujq,j2
. k2 . =2, .
o U q =ty o ot U qg“u
(i1 ,i2)€Ap—{lra,} 1% (i1,02)<(j1.j2) <lriap "2 11
1<b<N (i1,02),(j1,J2)€EAL

The integrand in ug, , _, has the poles at 0 and ¢"*2t, inside Cy,.,.,—, and so on. Finally we get

(i1,32) (i1,i2)<j (i1,i2)<(j1,42)
X Z Res --- Res I((V)+ ,
Uy 1 =Weq 1 W ap =Wer ap €) (1)
”LU(Z.LZ.QG{O}U(T—W”,Q) ’ ’ ’ ’
(i1,92)€AL
where T' = {t1,t9,...,tn}, Wi 4, = U wy. . b
{ti.to Nt Wi Zil,i2<€nm{ [
Set C; = {{;j|wy,; =0}, D; = A, ; — Ci. Then we have the desired result. [

Now we can calculate JA((EV))(a).

Proposition 2. We have
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,i ZT: ns(ng—2at) ty

i1vin  Lhiy
X | g s=re=st1 Z H 1,82 21 2
ty — ty. .
1<b11 ig S <N \#u1<7J1 21 2 q bzl iy
1< <r
1<iz<a;,
@
i n;, (ng, —1) .
1] mmsan- gl
i1=1 | si; =0 [Sil]'[ah - 32'1]-
Niy —aiy
X E (—l)H'Silqz(ﬂk(il)_”ﬁ_ai1+1)+5i1 . :
[i)![ny, — @iy — ]!
4 —1—€
1 1 tbi“? —4 "t Uiy iy — tbi1,j2
I =a ) ] Ry |
; tbi ; ty AL tbi i q tbi )
iz=1 b#£biy i 112 io<jo i1z 1,92
i) s
_ G
=1 q]tb’l in ) ip=syy +1 k() T4 Wt i,

Proof. Using Lemma 4 we have

Tt = ( EDDEED DICEIEINRY | PLEra [ " ]

. myg
| A il=a; O<ml<n1 i=1
1<i<r  1<i<r

f[ q(L—N)(m-—2ai) H q,uilmlj H q—/»h;l,iz
i=1

(11,32)<J (i1,i2)<(j1,52)

N
Z ICs
x> (Lato= I ¢
CiUuD;=A, ; b=1 (11,32)<(41,J2)
Di=D;nM; (i1,i2)€C1U-+-UC
1<i<r (41,J2)€D1U--UD;,
r |Di1‘ —1—e
—l—Eb. . tbil,iQ - q btb
< > IIGII (=g ) JT —4—
1<b; ;<N i1=1 | i2=1 b#biy in biy ,ig b
1<i<r
1<5<|D;|
_ (i1)— ol
y H tbzl ip tb]1732 H q thll,l2
th;, . — q 2y, ity
(i17i2)<(j17j2) 7’1722 Jl ]2 j 1 L2

|D21‘ k i

y H Zh(iy) — q (i 1)th ig (4)
. Zk(i k(’l)tb
ia=|D} |+1 “k()

01,92
Set \i = |Aui N M;|, v = |Dsl, si = |D}|, 1 <i <r. Then the right hand side of (4) is equal to

Z (_1);;1”” ﬁqmilk(i)q—mi(ni—l)[ n; }
i=1 i

0<m;<n;
I<i<r

Zl 5)(ms—2Xs)
Yo Y Y Cumye o

0<v;<a; 0<s;<v; 0<A;<m;
1<5<r 1<5<r 1<5<r
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r

<1 11

i1=1

Z H g Miviz

|AM7i1|:ai1 ’l:2<j:2
[Apiy MMy [=Ay 1771

T -
H q)\il’Yi1+ai1’Yi1—ailsil—"/fl |: Aiy :| iy — iy :|
=1 Siq L Vi1 Siq
r Yiq —1—
—1—€p. . tbil ig q bty
< > I (=g ) T —9p—
1<bi; iy <N i1=1 ip=1 bbiy iy biyig — b
1<iy <r
1<ia<yi,
X H 11 ig tbll 2 H —q ]tblwz H Zk(in) — 4 (Zl)tbilﬂé
2 e
i9<ja2 11 i 4 tb11732 j=1 bL1 i i2=si; +1 “k(ih) — 94 (Zl)tbil,iQ
% H tbn i 11732
ALt
in<ji i1z 11712
where
r s n r
Cor — (e [ 5 (] S}
—1)i=1 s=1 " t=k(s =1
(a)(v) — ’ q
T
r r 2 (as—7s)
- X =20 ( 3 )\ (25 % e(as—) L\
X q s= =s q s=1s<t H q
1<b<N
Here we have used Lemma 1 (7).
By (7i) of Lemma 1 we have
E E ' § : H tbi17i2 _tbh,jz
(e a)('y t _ qutb
J=10<v;<a; 1<bi; iy <N \i1<j1 ‘1:%2 192
1<y<r 1< <r
1<ia<7igy
Yip @5 —Yi; +Sip My -
I E D § j 1y g (i =Dl (miy =Aiy) | i ]
.
i1=1 1=0 Xiy=siy my - i
% § { H g Pz <q)\i1%1+a¢17i1ailsil’yfl |: >\i1 |: Ay — >\i1
S; ihn — Si
[Apipl=ai;  2<U2 iv ] [ Via i1
[Apiy MMy [=Aiy 1771
’Yil _ —l—eb o
% H (1 . q_l_EbilaZé) H tbi1vi2 q ty tbil ig tbil,jg
; ty, . —1tp 44 —q2tb )
i2=1 b#biy ig 2 12<J2 biy sia 11,72
k(i1)— 1 ,l. Viq —l;
X — tbilh H Pr(in) — 4 <“>tbi1vi2

j=1 q Tt biy g

io=si; +1 “k(i1)

— ey
q tbil 2

)
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— E C H tbilﬂ? B tbj17j2
- (a)(v) z : ty. _q—th’ ]
0<yj<aj 1<biy,ip <N \i1<j1 ~1:%2 1,92
1<5<r 1< <r
1<i2<i,

Vip @i —ViptS8ip Mg

- ﬁ So> T Y (g ma T ganma i) [ ni, ]

; miy
i1=1 {5 =0 Xj;=s; my;=0

n; (n;, —1) i L .

> (qnilAil"Failnil_ailmil_ail—ZIZLI |: 7’;11 } [ Ny 73\1@1 ])
) Qr — s
11 71 21

X q/\117i1+a117i1 T @iy Siy *’Yizl Aiy @iy — Ay
Siq Yin — Siq

_1—
X (1- q_l_Ebil,iQ) H Py —0 boiy iy — iy gy
; ty. . —1tp ALty = qutb. .
ig=1 b#£bi, iy 01,12 in<jo lilviz 1,52
k(i1)—1 s Vi —lp(s
X T Lj — 4 l]tbilwiz ﬂ k(i) — 4 k(ll)tbilaiz
Tl Tnia
i=1 Z] q ]tbilaiz i2:3i1+1 Zk(il) —q k( l)tbil,iQ
It is easy to show
LT n n=1) | m n—m
_1)ym —m(n—1) 2l(m—2X) nA+an—am—a— "2 -
Az: 220( )"q m | q 2 \ 4
=s m=
% q)\'y+a'yfa57'y2 A a—A
S y—s
e - ]! = o 1
—(—1)* a(n—s—1)+s 5 —1)¢ i(2l-n—a+1) Sans
(=1 e [s]![as]!;( V'a [l —a—dqe?
for0<s<y<a<n.
Hence
Sa [ XS k)m-20) (L-M{ 3 (ne—2a5)}
j((:))(a) = (=1)= [g7" =O# q <=1

- 572 S T L
x | q 521(71 “ )(t:§+1nt) § H tbu,zz tbhuz
. - tb. = q_2tb- .
1§bi1,i2§N 11<J1 ‘12 J1+72
1<i1 <r
1<is<a;,
" it n;. (ng;, —1) Al
X H E (—=1)%n qail(”il —siy —1)+8i q_%%
i1=1 | si,=0 [siy]!ai, — siy]!
njy — iy
X E (—1)iqi(2lk(i1>—"i1 —ai; +1) 1
i=0 [’L]'[nll - a’il - /L]'
%y _ —1—g .
« H (1 . q_l_EbilviQ) H tbi17i2 q tb H tbi1,i2 tbi17j2
; o, ;. —ty Aty — q_th, .
i9=1 bibil,iz 31,19 ia<ja i1 ,i9 1,592
k(i1)—1 —1; ai s
zj —q ity Zr(iy) — 4 OV,
J 11, 1 01,0
X . SN H (1) 1,i2 n

i —qli Cy— oleGy)
Jj=1 =4 tbilﬂé ig=si, +1 Zk(iy) — 4 tbilﬂ-2
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Lemma 5. If a; # n; for some i,

q“ty — q“tq ) ~v)
s (11 (11 =0
_ 42 €)(a
=% j=1 <a<b = 4" la )
1<i<N

Proof. It is enough to show the following equation. For 1 <b;, ;, <N (1 <i; <r, 1 <iy <

a’il)’ bi1,i2 7& bjl,]é ((ilviQ) 7& (jlva))v

N
> (H fi) [Tt —a=ta) T[T Q—q ") [ (., —a ")

i=t  \i= J i1,
ey e 150 5, b
N(N 1) _
=(1—-¢*)Ng (H 5as,ns> {H ty —ta)} I sy —at) ¢ (5)
a<b b;‘ébil,ig

For a set {b11,...,br0,.} = {b1,...,ba}, let{c1,...,cn_a} be defined by

{bl,...,ba}u{Cl,...,CN_a}:{1,...,]\7},

where o = ) a;.
i=1
Then the left hand side of (5) is equal to

1<i<a i<j

Q=g I e+ | § [Talts, - tb,~>} { II & a2t

N—
X H (—q) H q Z ( | €c; A(qfcjtcj — gteite,)

bi<Cj Ci<bj €c; =+
1<
X H H (tbi - qecjiltcj) H H (tbi - qiliecj tcj)
1<i<a 1<j<N—«a 1<i<a 1<j<N—«a
Using
(tbj - q€ci_1tci) (tbl - q_l_ecj th) = (tbj - tcl) (tbL - q_QtC]')7

we have

< TT TT e —tey) (ts — a2te;)

1<i<a 1<j<N—-a
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xS [[opq ey X (Jﬁaﬁci) 1 (" te, — qite)

b¢<Cj Ci<bj ec; =% =1 1<J
1<i<N—a

Let a # N and a;(e) =t (1, ¢, (¢°t:)?, . . ., (¢t;)N ~~1). Then

N—a«a
> (H q) [Itat; = aits)

ei=+ i=1 i<j
1<i<N-—a

N—«
= ) (H q) det(ai(e1),aa(e2),...,an_o(en—_a)). (6)

i=1
Since

> eai(e) =" (0,(q—q Vtiy..., (¢V 0T — g N Tem )N e
€i::|:

)

the right hand side of (6) is equal to 0. |

If a; = n; for all ¢, then

N
> (1« [[ Lh-0ta) jo
€ ty — g2t (¢)(a)
=+ \i=1 1<a<b<N a

1<i<N

_ 2
=4 | | M § § | | tbilﬂé q tbjbjz
ty — g 2t, e R T TR
a<b I‘lu---uFT:{l,...,N} bilﬂi2€r‘i1 11>71 1,2 71,72

‘FS|:nS (8:17"'7T) 1§’51§7“
1<io<ng

r Mg

Sil
X Z (_1>Si1 q_(ml_l)&l [ . ] H (zk(u) - qlk(il)tbibiz)

SZ‘1

i1=1 | 8;;=0 io=1
Mg -2
ty, .. —q “tp, .
_lk 11,19 11,32
< I Gy a0t ) 1 —2——
i2=Si1+1 i2>7j2 11522 11,32

niy k(i1)—1

o H 1 H Zj — q_ljtbil,iQ 7 (7)

i2:1 zk(ll) - q (Zl)tbil,ig j:1 Z] q thilviQ

where

~ ng(ni—1)
_oWN nN2_ N(N-1) Y g
Cr=(-)N(1—qg ) ¢V NgT T g=m 7

T n

X q_ 52:21 (t:k%s?)+1lt)nS qs§1 (t:§+1nt)ns

By Lemma 3 the right hand side of (7) becomes

r ns—1
ol {(—1)”5 [l tecoms g~ { I (1=gte™) }}
s=1

=0
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s <H ty — tq ) 5 1 ty — g *ta
_ g2 _
a<btb 9 "ta rqU-Ulp={1,...,N} 1<i<j<r ty —ta
ITs|=ns (s=1,...,r) ELEFZ‘,bEFj

r " k(s)—1 . qilit
b P — b
s=1bel’'s “k(s) — 4 Mty i=1 Zi — q'ity

This completes the proof of Proposition 1. |
A The representation Vz(l)
Let ¢", e;, fi (i = 0,1) and ¢ be the generators of Uq(.;l\g). (See [4] for more details.) The

actions of the generators of Uq(;l\z) on Vz(l) are given as follows.
For0<i<landn € Z,

el @ 2" = [l — o) @ 2", el @27 = [ @ 2,
forl @ 2" = o) @ 27, frol) @ 2" = [l ol @ 2"
¢ () ® 2 = g~ (=20 () ® 2" thvz@ ® 2" = qlf2zvz(l) ® 2"
vj(-) ® 2" = q"v](-l) ® 2"
B R-matrix

We give examples of explicit forms of R-matrix in the case of [ = 1 or lo = 1. They are taken
from [4]. If we write

Ry 12( )( (1) (l2) Z U(l)®7”ll2 ( )

¢=0,1
then we have
< roit(2) rof(2) ) _ 1 ( e N U R ER U >
re(z) mPz) ) @it =Tl (g g )eg M2 gt T2 )
< roo () T (2) ) _ 1 ( 2" — g7 h/2 (¢ —q Hzg"2f )
ri(z) TN(2) ) egh/2— g 2N (g — g g e 2qTh2 - gm IR )
h=hi,e=e; and f = fi.
C Free field representations
The following formulae are given in [6]. For z = a, b, c let
Ln|lx, _ L
o(L; M, Nz : o) = _7;[1\[/-“1]][1\7”]2 nghla . MN O logz + i

T 1
2(N|z:a) =2(L;L,N|z:a) = =) $2] 2 gl % log 2 + ~ Qo
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The normal ordering is defined by specifying N, ag, l~)0, ¢o as annihilation operators, N_, Qg,

Qyp, Q. as creation operators.
Define operators

J_(Z): Fr,sHFr,s+1a S(Z) Fr,s_>Fr72,sfla
by

J(2) = —— e (J5(2) = J2(2)

(q—qHz"7 -
_ _ k+2

2
J, (2) =t exp <a(“) <q %=
k+2

(w) 2, MUt e n(2 2)p,
a”<q 5 )—u{(q q nila 2 g5

-1
S(z) = Si(z) —S_(2)),
(2) (q—q—l)z( +(2) (2))

¢\ (2) =: exp (a (z 2,k + 2|¢"2; k"f)) ;
o) = o f (H;ﬂr [ [0 ], () ,J—<ur>]
where

[X,Y], = XY — gV X,

and the integral in gbl(l_)r (z) signifies to take the coefficient of (u;

D List of OPE’s

The following formulae are given in [6]

oW (2) :

+ aglogq

}

coup) 7L

Fr,s - Fr+l,s+l—m7

> + b(2\q(“71)(k+2)z; —1) + c(2\q(”71)(k+1)71z; O)) :

—2> - b(2|q_k_2,z; —1) - c(2q_k_2+gz;0)> :

. (q11+l2+2k+6zQ’q q2(k+2)) (Q—zl ot 2k+622. g4 o (k+2)>
61, (21)1,(22) = (¢"21) 27 - = - =
<q11—z2+2k+6% , q2(k:+2))oo <q—l1+l2+2k+6%; , q2(k+2)>
Xty (21) 1, (22) g RS ) <z,
k-2,
_ —qt _ l—k—
d1(2)J,, (u) = 72 m—— u(2)d, (u) 5 lq 2u| < ||,
I+k+2
- ju—gq " Z - —l+k
Ty ) = " e ) s e < e,
It
(q *;p) L _
¢1(2)Se(t) (quzz.p)oo (q"2) %2 du(2)S(t) -, |2 > [q "1,
z? 00
B - q—,u(k-‘rl)—st B L
I (w)Se(t) = g7+ (W) Se(t) 1, lu| > ¢ 521,
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_ _ q Mup —q Muy _ _
Jm(ul)‘]uz(u?) = ur — q_2u2 : Jm(ul)Juz(u?) 5 ‘uﬂ > |q 2“2‘,

€1 €2 (q72t*2§ )

qtr — q%te ) o
_ =2 '

h ! 2 (qQ%; )oo

Sey(t1)Sey (ta) = (q72t1) 772 W (1)Sa () 5 ] > g2t
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