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Abstract. The partial sums of two quartic basic hypergeometric series are investigated
by means of the modified Abel lemma on summation by parts. Several summation and
transformation formulae are consequently established.
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1 Introduction and motivation

For two indeterminate = and g, the shifted-factorial of x with base ¢ is defined by
(x39)g =1 and (x39), = (1 —2)(1 —2q) - (1 —2¢"1) for neN.

When |¢| < 1, we have two well-defined infinite products

o

(#:0) =[] (1=d"2) and  (219), = (z19)s /(xq":q)

k=0

The product and fraction of shifted factorials are abbreviated respectively to

[, B, vidl, = (@50), (B50), (V@) »

[a,ﬁ,... ” (@) (B @)n (V@)
A, B,...,C (4:9),, (Bsq),, - (C;q),

Following Gasper—Rahman [12], the basic hypergeometric series is defined by

= i{(—l)n (Z)}Sir @0, a1, .-, Qr 2"
B _ 1 Q7bla"'7bs e ’

n=0 n
where the base g will be restricted to |¢| < 1 for nonterminating g-series. For its connections to
special functions and orthogonal polynomials, the reader can refer, for example, to the mono-
graph written by Andrews—Askey—Roy [2] and the paper by Koornwinder [15].
In the theory of basic hypergeometric series, there are several important classes, for example,

well-poised [3], quadratic [13, 17], cubic [16] and quartic [10, 11] series. To our knowledge, there
are four quartic series which can be displayed as follows:

n—1
b,d [qa/bd; q]3 Vd¥q* | 4] k.
(0.4 kzz() [ a/b2d2’ :| [bd, bd/q, qbd; ¢?]x q4a/b7 q4a/d’q kq ’

ap, A, - .., Gr

1*’“¢S[ bi,..., by
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2,2/.2.3 [ a2/ce q2a2/ce q?’az/ce'QQ]k[ c.e
Gn(a,c,e) = 1—q¢°%a [ce/qa } 4 ’ J J ) 4] k.
( ) k:()( q ) qa/c,qa/e‘ . (ce/a; q)3k |_q6a4/6262‘q kq
nol 2 . 3.2 /pd. o6 223
bd;q)k | b,d (¢®a®/bd; ¢°)[ V2d%/qPa "
Un a7b7d = 1— Bka (qa/|: ’ ’ 2:| _— 3 (2),
( ) kZ:O( q ) (bd; q2)2k q5a2/b2d2 q i (—bd/q?’a)k q3a/b, q3a/d q kq
n—1 2/ e 2 2.2/,2 _ k i
Va(a,ce) =3 (1 - 5ka(a/C€vQ>2fc[qce /a 2] W/Ce)[ 4c, qe 3} (),
( ) k:o( ! ) (qee/a; @) |9a/c, qa/e) w (@Pce; %) q2a3/6262‘q kq

By means of the series rearrangement, Gasper and Rahman [10, 11, 12] discovered several
summation and transformation formulae for the nonterminating special cases of F),(a,b,d) and
Un(a,b,d). The terminating series identities for the last four sums have been established by
Chu [4] and Chu-Wang [8], respectively, through inversion techniques and Abel’s lemma on
summation by parts. For the partial sums Fj,(a,b,d) and G,(a,c,e), the present authors [7]
recently derived several useful reciprocal relations and transformation formulae in terms of well-
poised series.

The purpose of this paper is to investigate the remaining two partial sums U,(a,b,d) and
Vo(a, c,e). By utilizing the modified Abel lemma on summation by parts, we shall show six
unusual transformation formulae with two between them and other four expressing U, (a, b, d)
and V,,(a, ¢, e) as partial sums of quadratic and cubic series. Several new and known terminating
as well as nonterminating series identities are consequently obtained as particular instances.

In order to make the paper self-contained, we reproduce Abel’s lemma on summation by
parts (cf. [5, 6, 7, 8]) as follows. For an arbitrary complex sequence {7y}, define the backward
and forward difference operators 57 and A, respectively, by

Tk = Tk — Th—1 and AT = Ti41 — Tk

Then Abel’s lemma on summation by parts can be modified as follows:

n—1 n—1
Z Bk \V4 Ak = {An_an — A_lBo} — ZAkABk
k=0 k=0

This can be considered as the discrete counterpart for the integral formula

b b
/ f@)g'(z)dx = {f(b)g(b) — f(a)g(a)} —/ f'(z)g(x)da.

In fact, it is almost trivial to check the following expression

n—1 n—1 n—1 n—1
Z By v Ay = ZBk{Ak — Ay} = ZAkBk — Z Ag—1By.
k=0 k=0 k=0 k=0

Replacing k by k + 1 for the last sum, we can reformulate the equation as follows

n—1 n—1
Z By Ay = Ap 1By — A_1By + ZAk{Bk; — Bij1}
k=0 k=0
n—1
= An-1Bn — A1Bo — ) AxABy,
k=0

which is exactly the equality stated in the modified Abel lemma.
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Throughout the paper, if W, is used to denote the partial sum of some g¢-series, then the
corresponding letter W without subscript will stand for the limit of W, (if it exists of course)
when n — oo.

When applying the modified Abel lemma on summation by parts to deal with hypergeometric
series, the crucial step lies in finding shifted factorial fractions { A, By} so that their differences
are expressible as ratios of linear factors. This has not been an easy task, even though it is
indeed routine to factorize { Ay, Br} once they are figured out. Specifically for U, (a,b,d) and
Vi (a,b,d), we shall devise three well-poised difference pairs for each partial sum. This is based
on numerous attempts to detect Ax and Bj sequences such that not only their differences turn
out to be factorizable, but also their combinations match exactly the summands displayed in
Un(a,b,d) and V,(a,b,d).

The contents of the paper will be organized as follows. In the second section, U, (a, b, d) will
be reformulated through the modified Abel lemma on summation by parts, which lead to three
transformations of Uy, (a, b, d) into partial sums of quadratic, cubic and quartic series. Then the
third section will be devoted to the transformation formulae of V,(a,b,d) in terms of partial
sums of quadratic, cubic and quartic series. These transformations on Uy, (a, b, d) and V,,(a, b, d)
will recover several known identities appeared in Chu-Wang [4, 8] and Gasper—Rahman [12],
and yield a few additional new summation formulae.

2 Transformation and summation formulae for U,(a, b, d)

In this section, we shall investigate the partial sum of quartic g-series U, (a,b,d). Three trans-
formation formulae will be established from U, (a,b,d) to quadratic, cubic and another quar-
tic series, unlike those for F),(a,b,d) and Gy(a,c,e) shown in [7], where reciprocal relations
and transformations into well-poised partial sums have been derived. As particular cases of
U, (a,b,d), four nonterminating series will be evaluated, including two that appeared in Gasper—
Rahman’s book [12].

In order for the reader to gain an immediate insight into the well-poised structure, we refor-
mulate the series Uy, (a, b, d) in the following manner:

—1 .2 212/3,. 3
(Ibd Z [b7d7Q]k (bd/q a’7q)k k
=0

3

q 3a/b, ¢3a/d; 3]k, (¢°a?/b2d?; q2)y,

[¢%a/bd, ¢*a/bd; q) (g>a®/bd; q°)y,
bd, ¢?bd; ¢, (bd/q%a; g~ )i

2.1 Quartic series to quadratic series

Let Ay and By be defined by

[¢°a/bd, ¢°a/bd; q]1(b*d® /q" a%; ¢*)r(q”a® /bd; ¢° )i
[bd, ¢%bd; ¢*|r(¢*%a3 /63d3; ¢3)x (bd /g a; =)y
[b, d; q2]k [dez/qua, q12a3/b3d3; q3]k

[@3a/b, ¢3a/d; @3k, [qa? [b2d?, b3d3 [ a?; 2|1,

Ap =

B =

We can easily show the relations

a(L— g2 /bd)(1 — g /bd)(1— gPa/bd)(1 — ga? Jbd)
(1 —q2a/bd)(1 — q4a/bd)(1 — @3a?/bd)(1 — ¢%a2/b3d3)’
An—an 1— q9+3na3/b3d3
A By 1- Qd3/p3d3 [ 2/b2d2 ‘q ]

w:=A_1Byg=

R =
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[¢%a/bd, q*a/bd; q), [ v2d?/q%a 3] (¢*a?/bd; ¢°)r
(bd/q% P LdPa/b.Pa/dlT | (bd/qPaiq 1),
and calculate the finite differences
A (1 _ q5ka)(1 _ q673ka/b2d2)(1 _ q2k+5a2/b2d2)(1 _ q2k+7a2/b2d2)
VA= (1 — @a/bd)(1 - gra/bd)(1 — a2 /bd)(1 — Pa®/B3dP)
[¢%a/bd, g a/bd; gl (3d®/q°a?; ¢*) k(g3 a® /bd; ¢°)r; o,
[bd, ¢%bd; ¢*]i(q'2a? /b3d3; ¢3)1 (bd /¢ a; g 1)k
(1 _ q3+5ka)(1 _ q3+ka/bd)(1 _ q9a2/b2d3)(1 _ q9a2/b3d2)
(1—q3a/b)(1 - ¢3a/d)(1 — ¢?a?/b%d?)(1 — ¢?a?/b3d?)

» b, d ‘ 2 bzdz/qﬁavqmag/bgd?” 3| 2%
q11a2/b2d2,b3d3/q7a2q . ¢a/b, ¢Sa/d kq .

ABj, = —

According to the modified Abel lemma on summation by parts, the finite U-sum can be refor-
mulated as follows:

(1 - ¢®a?/b?d?)(1 — q"a?/b*d?)(1 — ¢®a/b*d?)

Un(a,b,d) (1= Pa/bd)(1 = ¢a/bd)(1 — a2 /bd) (1 — P°a® [P P)
1 n—1
=Y BivA =w{R—-1} - ) AAB;.
=0 k=0

Observing that there holds the equality for the last partial sum

n—1 3 3
s (

1 —¢%?/*d3)(1 — ¢°a?/b3d?)
1—¢%a/b)(1 = g*a/d)( 1

(
1— ¢%2/b2d2)(1 — %2 /b3d3)
we derive after some simplification the recurrence relation

q?a/bd; q)3(1 — ¢3a?/bd)(1 — ¢°a?/b*d>) (1 — ¢°a?/b3d?)

(¢°a?/b2d?; ¢?)3(1 — ¢®a/b)(1 — q3a/d)(1 — ¢Ba/b2d?)

(1—¢*/bd)(1 = ¢*/bd)(1 — ¢*a/bd)(1 — ¢°a® /b>d®)
(= P2 [RR) (1~ /P E(1 — PaPP)

Un(a,b,d) = Uy(¢*a,b, d)(

—a{l—R(a,b,d)}

Iterating this equation m-times, we get the following expression

q?a/bd; q)3m[q>a®/bd, ¢°a®/b*d?, ¢°a®/b3d?; ¢5),m,

(¢°a?/b2d?; ¢%)smaPa/b, ¢*a/d, ¢%a/b*d%; g3,
a (1 —¢*/bd)(1 = ¢*/bd)(1 — ¢*a/bd)

(1= g%a2/Ra)(1 = ¢7a? /B2d?)(1 = ¢Fa/LPd?)

Un(a,b,d) = U,(¢*™a, b, d)(

m—1 2 4 6
bd,q*a/bd, ¢°a/bd
% E 1— 9+9ka3 b3d3 |:q a/ yd ) ) 3:| 3k
kzo( q / ) q3a/b,q3a/d,q9a/b2d2 q kq
3,2 9.2 /1293 9.2 /13 92
k q°a®/bd, ¢°a®/b°d’, ¢”a®/b°d
X {1 _R(qg a, ba d)} {q9a2/b2d2,q11a2/62d2,q13a2/b2d2’q6 N

Writing explicitly the R-function by separating k& and n factorials
1— q9+3n+9ka3/b3d3 b, d 9
1— ¢*t%a3/b3a3 | ¢"+O%a® /b7 d? ‘q .
[q2+3ka/bd, q4+3ka/bd; Q]n q—6—3kb2d2/a ’ 3 (q3+6ka2/bd; qﬁ)n
(bd/q*; q%)2n #+¥a /b, ¢ *ajal? | (g Fbdjaiq ),

R(¢*a,b,d) =
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_ [4%a/bd, q*a/bd; gy, ‘ v2d?/qba | 3] (¢*a®/bd;q°)n
T (/g% ¢P)m 2/b2d2 1, da/b.Pasdl? || bdjgPaiq ),
1— q9+3n+9k: 3/b3d3 q a/b q a/d q a/b2d2 (q3+6n(12/bd; q6)k
1 — ¢9%a3/B3d3 | q*a/bd, q"a/bd, q a/bd w (@Ba¥/bd; qO)y,
(¢°a®/b*d* ¢*)sk [ ¢*""a/bd, ¢*T"a/bd, ¢ "a/bd ‘ 3
(q9+2na2/b2d2;q2)3k 3+3na/b q3+3na/d q9 3”a/b2d2 )

and then defining the partial sum of quadratic series in base ¢ by
m—1
o ( _ ka3 b3 B qa/bdqa/bdqa/bd‘
Uabd_kZ_O /bd)[qa/bqa/dqa/anZ2
¢Pa®/bd, 0 [P d?, ¢ /b3 ] o
9a2/62d2,q11a2/b2d2,q13a2/b2d2 a | 9,
we derive the following transformation formula.
Theorem 1 (Transformation between quartic and quadratic series).
(¢*a/bd; q)3m[q’a®/bd, ¢°a®/V* @, °a®/b*d*; 4Ol
(¢°a?/b?d*; ¢*)3ma®a/b, ¢*a/d, ¢°a/b?d%; g%y,
_ (1 = ¢®a/bd)(1 — bd/q*)(1 — bd/q")
(1= a2 (1 = q7a¥/b2) (1 — V[ gfa)

3,2 bd: 6
% {U,%(a,b,d) _Ufn(q5na’q2nb’q2nd) (C] a / 54 )n

Un(a,b,d) — Un(q3ma, b,d)

(bd/qPa; q " )n
2a/bd, q*a/bd; ql,, a
[ b, d ‘Q]n[q /bd, q*a/bd; q) [ b /¢ 3] }

9a2/b2d? | bd/q ®)am | dPa/b,gPajdl?

By means of the Weierstrass M-test on uniformly convergent series (cf. Stromberg [19
p. 141]), we can compute the following limit

[e.9]

bdq k 4
1 3m ()
i Un(g™a,b,d) = ’;0 (bd; ¢)or, !

Letting m,n — oo in Theorem 1, we obtain the transformation formula.

Proposition 2 (Nonterminating series transformation).
(1 — ¢’a/bd)(1 — bd/q*)(1 — bd/q")

(0= G RE) (1 — 7Y RR) (1 — ¥ fa)

(¢a/bd: Q)oc[q*a%/bd, a0, /B Lo~ g e 10,5 e )
(¢°a%/0*d? ¢*)oclq®a/b, ¢*a/d, ¢Oa/0?d% ¢Ploe {7 (bd;qP)ak

U(a,b,d) = U®(a,b,d)

When bd = ¢?T2% with § = 0, 1, this proposition results in

a, —26 3—66 2b 5-46,2 /p
U(a,b,q2+25/b): [ q 1— 25ab‘q} [q 3—66 2q 45 / ‘q]

¢*a/b,q q N
= [b, q2+25/b§q Jk 4(5)+(2+20)k

X
(q2+25; q2)2k

k=0
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1446

Taking a = ¢q in this equation and noting that the initial condition

U(q1+45 b q2+25/b) -1— q1+46
we recover the following formula due to Andrews [1, equation (4.6)] and Ismail-Stanton [14,
Proposition 6]

o0 2426 2426, g4+43
qu /bCI]k 4()(2+25)k:[q b,q b‘q]

2425 4+46
—~ 2+25 2k >0 gt t

which leads, under the replacement a — ¢2°a, to the nonterminating series formula.
Corollary 3 (Gasper—Rahman [12, Exercise 3.29(ii),(iii)]).

oo 1_q5k+26a b, q2+25/b‘ 5 (a; q)k(ql—i-%/a; q3)k(q1+26 2’ q ) (kgl)(_a)k
1—q*a qa? (¢*1%; ¢%)ak[qab, ¢>+2a/b; ¢3]k

B |: qa, q3+25 3:| [q5a2/b, q3—25a2b7 q2+25b, q4+46/b‘q6:|
qab q3+25a/b q5a2’ q3725a2’ qQJrZzS7 q4+46 .

k=0

2.2 Quartic series to cubic series

Define two sequences by

[¢3a/bd, bd® | q* a; q)k (4*b; ¢k (q”a® /bd; ¢O )i
[¢?bd, ¢%a? /bd?; q*]k (¢3a/b; ¢3)1(bd/q a; ¢~ 1)
(¢*a/bd; @)1 (d/q%; ¢*)r(V*d* /¢ a; ¢° )i (g a® /bd®; ¢*)k
(bd: ¢*)r(¢Oa/d; ¢*)(q" a?/b2d?; ¢?)i(bd? /P a; q)i
It is not hard to check the relations
(1-0bd/¢*)(1 — ¢°a®/bd*)(1 — a/b)(1 — bd/¢*a)
(1 —¢%a/bd)(1 —bd?/gPa)(1 — b)(1 — g3a®/bd) ’
Ay 1B, 1—¢Ma?/bd? [ b, d/¢? | 5
A By 1- d2/bd [ Ta2 /b2 ’q }
[¢*a/bd, g*a/bd; gln [ 0%d?/qPa | 5] (¢°a®/bd;q%)n
(bd/q% ¢%)2n [a/b, ¢bajdl? } (bd/ga;q 1),

and compute the finite differences

(1 _ q5ka)(1 2 Zk/d)( 5+2k 2/b2d2)( q3+3ka/d)

A =

By =

w:=A_1Byg=

R =

VA= 1—q a/bd)(l e a/bd2)(1 “0)(1 - 3a2/bd)
« 1a°a/bd b s qli(b: ¢*)i(g°a”/bdi )k
[¢%bd, ¢%a? /bd?; ¢k (qPa/b; ¢)x(bd/qta; ¢ ), "
AB, — — (1 _ q4+5ka)(1 _ q3+ka/bd)(1 _ q2+2kb)(1 _ q9a2/b2d3)

(1= gPa/bd®)(1 — a2 /02d?)(1 — qfa/d)(1 — bd)
% [5;27(?2‘4 [ d2//qb2d2‘ QL {bch;//q;a QBL [quzézd2’q4]qu.

Then applying the modified Abel lemma on summation by parts, the U-sum can alternatively
be reformulated as follows:

(1-¢*/d)(1 — ¢’a/d)(1 — ¢°a®/b?d?)
(1 —¢%a/bd)(1 = ¢°a/bd?)(1 — b)(1 — ¢*a?/bd)

Un(a,b,d)
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n—1 n—1
= ZBk‘VAk :w{R— 1} — ZAkABk
k=0 k=0

Observing that the last partial sum results in

Un(ga,4'b.4/q?) (1 - ?D)(1 - ga/bd)(1 - ¢°a?/VPd?)
_ kZ:OAkABk = (1—bd)(1 — ¢fa/d)(1 — ¢Pa/bd)(1 — q"a2/b2d2)

we derive after some simplification the relation

b; 2 2q bd; 1 — ¢3a2/bd)(1 — ¢°a2/b%d3
Un(a;b,d) = Unld'a, a"b,d/q") (<qga)22/(bq2d2/; qziiéﬁa/d? q3>2/<1 ! A . bd>)
1= bd/q?)(1 — o /ba?)(1 — a/b)(1 - ga/bd)

(1—d/¢*)(1 = ¢*a/d)(1 — ¢°a®/b?d?)
Iterating it m-times, we get the following expression
(b;4°)2m(q°a/bd; q)2m|q” 2/bd ¢*a®/b*d%; ¢°lm
(¢°a®/0°d?; ¢*)am (qPa/d; ¢*)amlq® /d, bd; P ]m

(1 —bd/q*)(1 — ¢’a/bd)(1 — a/b) mzl (1 — ¢**%*a®/bd?) (s ¢*) o,
(1—d/¢*)(1 = ¢*a/d)(1 — g>a® /b*d?) (q"a®/b>d?; ¢*)ax

. 2 d q5a/bd q3a2/bd q9a2/b2d3
x {1=R(¢*a, ¢**b, ¢ d [q a/bd, ‘ 2} [ ; ’ 6:| 2k
=R b TTDY i) a2 L dPa/d, ¢’afd 17|

+ {1 —R(a,b,d)}(

Un(a,b,d) = U,(¢*™a, ¢*™b, ¢~*™d)

Rewriting the R-function explicitly as

B 1 — @PHant8kg2 fpg2 [ gdkp q—2-2kg
4k 4k 2k _ 9 2
R(¢™"a,q™"b,q"*"d) = 1— q5+8ka2/bd2 q7+4ka2/b2d2 ‘q

n

y [q2+2ka/bd, q4+2ka/bd; Q] b2d2/q a 3 ( 346k 2/bd q )n
(q2k—2bd; q2)2n a/b q6+6ka/d ( —3— kad/a q- -1
_ [¢?a/bd, ¢*a/bd; q],, { b, d/q? ’ 2] [deQ/q a 3} (¢®a®/bd; %)y,
(bd/q?; %) 2n T2/ | a/bgfafal? | (bdjgPaiq )
1— q5+4n+8k 2/bd2 2+na/bd q5+na/bd q4/d q de
1 — +8a2/bd? | q*a/bd,q°a/bd,q*~*"/d, ¢~ 2pq |4
(¢°a/d; ¢*)on [ ¢*"b, q7a2/b2d2‘ ] (¢*+%"a? /bd; ¢° )
(@3 /d; ¢)are [b,a72ma? /22T | (qPa? bd; g8

n

and defining further the finite cubic sum in base ¢ by
m—1 3,2 9.2 /p2 73
a( _ G2 b qa/bd,qa/bd‘es
Un(a,b,d) =) (1— /bd)[ Lasd, Pajd |
k=0 k

y (b5 4%)ok [q2a/bd7q5a/bd‘ 2] ok
(¢"a2/b2d2;q%)ay, | q*/d,bd/q? L

we find the following transformation formula.

Theorem 4 (Transformation between quartic and cubic series).

(b5 ¢%)2m (¢%a/bd; q)2m g3 a®/bd, ¢®a®/b?d3; ¢5)
(@®a®/b2d?; q%)om(q3a/d; ¢3)2mg?/ d, bd; ¢*)m

Un(a,b,d) — Un(¢*™a, ¢*™b, ¢~ 2™d)
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_ (1=bd/¢*)(A = g*a/bd)(1 — a/b)
T (1—d/®)(1—¢Pa/d)(1—gPa?/b2d>
[¢%a/bd, ¢*a/bd; gl { b, d/q? ’ 2] [b2d2/q "
(bd/¢?; 4%)2n a2 /02d? | . La/b,q 6a/d|?

By means of the Weierstrass M-test, we can compute the limit

)ﬁ%mﬁw—aﬂﬁmf%fw>

3] (q3a2/bd;q6)n}
L (bd/gPazqg ) f

: 4m 4m —2m 3\ __ - a k(b2d2/q3a;q3)k 3(Ftt
m,lrlz,lllooUn(q a,q""b,q"""d) = Z (g) WQ (5.
k=0 ’

The limiting case m,n — oo of Theorem 4 leads to the transformation formula.

Proposition 5 (Nonterminating series transformation).
(1 —bd/q*)(1 — ¢*a/bd)(1 — a/b)
(1 =d/¢*)(1 = ¢*a/d)(1 - ¢>a® [b?d?)
(¢%a/bd; q)oo (b; ¢%) o lg®a®/bd, ¢°a®/b*d; 4]0 (qga)’f (0*d%Pa; a®)r st

U(a,b,d) = U*(a,b,d)

(Pa)d: F)cld? /.00, P2 [P Ploe 2= \0 ) (PafbidPh

When b = a, this proposition reduces to the following relation

(@*/d; @)oo (@ 4*)la’a/d, ¢ /d°; ¢°) o - Z ad?/q Ok 3(5) 3k,

U(a,a,d) =
(08 = 0 by ) lg? s ads P P = (@0

Taking d = 1 in the last equation and noting U(a,b,1) =1 — a, we get

o~ (/6% )k a5tk _ (3:0%)00
2 i (@ )’

which results also from a limiting case of the ¢-Bailey-Daum formula (cf. [12, II-9]).
Combining the last two equations leads us to the nonterminating series identity.

Corollary 6 (Gasper-Rahman [12, Exercise 3.29(i)]).

i 1-¢*a [ a,d ‘ } [ ad’/¢* q3] (¢%/d; @)k (a’a/d; q6)kq(’§)(_q3/d)k

£ 1—a 2| p L% dPa/d (ad; ¢%) ok
¢*a, q?’/d‘ adQ,qg/d3’ 6
ad, ¢°/d?|? ¢4, ¢ba/d |’

2.3 Quartic series to quartic series

Finally, for the two sequences given by

(¢°a/bd; @)i(a°b; ¢°)i(0°d?/a; ¢ (q°a® /b7d; )y,
(4?bd; ¢*)i(a®a/b; ¢*)k(gPa? /b2 d%; ¢2) (b2 d/as q)k

lga/bd, b*d/a; q]1(d/4°; 4°)k(aPa® /bd; ¢°)y
bd, qa®/b?d; ¢*|1(q3a/d; ¢3)k(bd/q%a; g~ 1)k’

we have no difficulty to check the relations

(1-0%*d/qa)(1 = b°d*/q*a*)(1 = b/a)(1 — bd/q?)
(1 —bd/q%a)(1 —b)(1 — b2d?%/q?a)(1 — b2d/qa?) ’

Ay =

wi=A_ 1B0
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R Ap By 1—q"'0?d/a [ b, d/q? ‘ 2]

A,1B0 N l—qflbzd/a 2/b2d2

[qa/bd, ¢*a/bd; q],, b2d2/qaq3 (¢ 2/bal;qﬁ)n_
(bd/q%q%)2n  |a/b,¢%a/dl” | (bd/q2a;q 1),

and compute the finite differences

(1-¢*a)(1 — @ /d)(1 — ¢"a/bd)(1 — ¢°a®/b*d?)

VA= T S0 (1 Pafbd)(1 = ga2/Rd)(1 — o)
q*a/bd b ) B2d?/q3al 5 g2 /02d) ,] s
g [ vd/fa | ‘ } [q5a2/b2d2‘q L L dPa/b ‘q L L a*bd ‘q kq 7
ABk _ (1 _ q1+5ka)(l _ q?’ka/b)(l _ q2+2kzb)(1 _ q3+2ka2/b2d2)

(1 —=bd)(1 —qa?/b%d)(1 — ¢3a/d)(1 — q%a/bd)
. _laa/bd, bd/a; qli(d/q* ¢*)k(g*a® /bd; ¢°) p
[9*bd, ¢®a /6*d; ¢k (¢Pa/d; ¢*)i (bd/qPas ¢~ )™
Then by means of the modified Abel lemma on summation by parts, the U-sum can be refor-
mulated as follows:

(1 —¢*/d)(1 — qa/bd)(1 — ¢’a®/b*d?)

Unta. b, d) 7= (L= Pafbi)(1 = P o)
— n—1
—ZBkVAk_w{R_l} D> ArAB.
k=0 k=0

Writing the last partial sum in terms of U-sum as

Un(aa,a%,d/¢®) (1= bja)(1 — @b)(1 — B /ga?)
- ZA’“AB’f (1= bd)(1 — 22 /qa?) (1 — Pafd)(1 - bdjq?a)

we derive after some simplification the following relation

1 —a/b)(1 —bd/q*)(1 — b*d/qa)(1 — b*d*/q’a?)
(1—d/q*)(1 = bd/qa)(1 — b3d?/q*a?)

(¢%a/bd) (b 4%)s(1 — B2 /ga) (1 — b2 [g%a®)(1 — bja)

(1= bd)(1 = ¢%d)(1 — bdfga)(1 — ¢*a/d)(1 — b*d*/q*a?) -

Iterating it m-times, we get the following expression

Up(a,b,d) = {1 — R(a, b, d)}(

— Un(qa, ¢*b,d/q%)

b*d*/¢*a®
. m Am, —2m q
Un(a,b,d) = Un(¢™a,q"™b,q~*"d) [ ¢*/d, bd‘ ]m

(b; q2)2m b/aadeQ/q a‘ 3 (q2a/bd; q_l)m
bd/qa,bd/Pa;qlm | Pa/d 1| (Bd2/q3a2 ¢5)m

(1= a/b)(1 — bd/g?)(1 — ¥ /'a) B/ ga
T U= 4/ = bd]aa)(1 — B8/ S g )[ b2 2}

k=0

x {1-R(¢"a, ¢*b, g% )} )2k [ ¢*b/a,b*d?/¢* a‘ } (ga/bd)* ¢~ )

bd/a )k @Ga/d (P3dY a2, %),
Separating k£ and n factorials in the R-function

1— qn+5k—1b2d/a q4kb,q_2_2kd 9
1= ¢*12d/a | q* *a2/?d?|?

R(¢*a, ¢*b, ¢~ d) =
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[¢*%a/bd, ¢>*a/bd; q], ¢3F302d? /a ‘ 5] (3a?/bd; %),
(P 2bd; )2 [0 Pa/b.g a)dl | (¢F2bd/aig ),
_ [qa/bd, ¢*a/bd; q], b d/g? ‘ 2| [V | (¢°a®/bd; ¢°)n
(bd/¢% P)an  |Pa?/? T | |a/b,Pa/dl? | (bdjqasq V),
1_qn+5k—1b2d/a 3n— Sb2d2/a q3 3nb/a q a/d‘ an
1— q5k—1b2d/a b2d2/q a, q3b/a q3+3"a/d i
" (bd/a; ) (q*"b; ¢*) ok {q4/d, bd/q?, ¢ 72 d? [a? ’qz]
(¢bd/a; q)k(b; ¢2)ar | ¢ "/d, ¢""2bd, b?d?/qa® I |’

and then defining the partial sum of quartic series

m—1
_ b2d?/qa® (b5 4%) o
U* b d — 5k 1b2d |: 2:| )
(@b, = 320 =) | ol G
k
x q3b/a,b2d2/q3a‘ 5] (= aa/bd)"q" )
¢*a/d p (B03d%/a?;q5)

we establish the following transformation formula.

Theorem 7 (Transformation between two quartic series).
2 72
U(abd) = U(qasq ™) |1 ]

o (Bi@%)om b2d*/q’a, b/a‘ 3| _(*a/bdig”)m
[bd/qa, bd/q*a; qlm ¢’a/d o (B3d?/¢Pa%;q0)
_ (I—a/b)(1-bd/q*)(1-b*d*/q’a®)
- (1-d/q*)(1-bd/qa)(1-b*d*/qPa?)

. laa/bd, ¢*a/bd; gl [ b, d/q? ‘qg P&/ a | 5 (¢°a’/bd; ¢°)n
(bd/q2; 4%)2n a2/ | |afb,Pa/dlT | (bdjqPasq ), f

In particular for m = n, we have the reduced transformation.

{U@(a,b, d) — U2 (7a, ¢2"b, ¢*"d)

Proposition 8 (Transformation between two quartic series: g3a? = b%d?).

Un(a,b,d) = Uy (g™ a,?"b, g2 d)—— o d Jnbdi
( ) ( ) (@®a/d; ¢3)n(q®a/b; ¢3)n—1

(qa/bd; q)n(q*a/bd; q)n—1 [qu, d) qz} '
n—1

(ga/bd; ¢ V)n(bd; ¢?)on—1 | @°

In order to examine the limiting case n — oo of the last equation, we write U*(¢°"a, ¢*"b,
¢*/#127q /b) explicitly as follows:

2—2n
* n n n n q
Un(q5 a, q2 b, q3/2+2 a/b Z +5k+1/2b) |: 5/2— an/a q4n 1/2 )q :|

x [q3‘3"b/a,q3”@‘ 3} (@b ¢%)or(— g /2)" -(5)
/23 (@327 @)1 (q5; )

Inverting the summation index £k — n — 1 — k and then applying the relation

(* 2 ¢ n—1-k(* 30/ a; ¢ -1 -k
(@°272"b/a; ¢*)n—1-1k(g*/*~ naQ)n—l—k
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_ (@¢)n-1(d®a/bi¢®)n1 R (0% @)k (a®?a/b; ¢k e
(4%2a/b;¢%)n-1(4Y% @)n1 (4% a*)w(aa/b; ¢ ’

we can reformulate the finite sum U} (¢°"a, ¢*™b, ¢*/*?"a/b) as

n—1
RN IS CRULT SIS Z(_l)k(ql/Q;q)k(q?’/Qa/b;qQ)kq@
(@*2a/b;¢%)n-1(4"/% @)n—1 — (@% a*)k(a®a/b; ¢*)x

(1= ¢ =5%=920) (¢*"b; ¢*)an—2—2k (0°" 03 ¢* ) -1k
(¢ 12a;¢%) 11 (¢% 23765 ¢ )11 (g6 ¢O) 11
Substituting this expression into Proposition 8 and then letting n — oo, we derive the following
transformation formula

(0;4%)00(@; ¢%) 0o (63205 %)
(67205 ) /25; o b )

(@2 @) i(a® 2a/b; )y (x
XZ( i)' P Ea e M)

From this transformation, we can derive two new interesting summation formulae. First,
taking b = 1 in this equation and keeping in mind that U(a, 1,d) = 1, we obtain the following
remarkable summation formula.

Ula,b,¢*?a/b) =

Corollary 9 (Nonterminating series identity).

2) =

q
k=0 (4% ¢*)r(aa; ¢* )k (4% 0% oo (0% a3 ¢*)oo (43203 ¢%) o

i ( B q3/2)k(q1/25Q)k(q3/2a3 e (5 _ (6*7a:6%)o0(%*54%)0 (0 4% oo

The special case a = 0 of this corollary recovers an identity of Rogers—Ramanujan type due
to Stanton [18, p. 61]:

— (G k kgere) _ (66
Z% (q4;q4)k - 7((] @) [q q, q Q]

Combining (1) with Corollary 9 yields another formula for quartic series.

Corollary 10 (Nonterminating series identity).

o0

k1= %a [b,¢*%a/b| 4 a 5] (@Y%0)e(@2a;¢%) x2eo
Z(_l) 17 2 ’q 3 b 3/2b’q 3/2- 2 q 2
k=0 —a q ¢°a/b.q (@32 a; q%)an
b, q3/2a/b‘q2 ¢*a, ¢ ‘ q ¢*/ ‘q
q q3/2 . q a/b q3/2b 3/2a/b

3 Transformation and summation formulae for V,,(a, b, d)

The quartic series V,,(a, ¢, e) may be considered as dual one to the Uy, (a,b,d) in the last section
in the sense that the numerator factorials and denominator factorials are inverted. This section
will be devoted analogously to investigation of summation and transformation formulae for
Vi(a,c,e). As the series Uy, (a, ¢, e), the following expression for V,,(a, ¢, €) makes its well-poised
structure more transparent

(ac.¢) i a (qczeQ/GQ;(f)k [ge,qe; 3l 4,
= q (¢*a®/c*e*;:¢°)k [qa/c, qa/e; %Lk
Ll

?[ce,q*a®[ce; ¢k (¢~ a/ces g i
lgce/a, qeefas gl (g°ce; ¢O)r
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3.1 Quartic series to quadratic series
Let Ay and By be defined by

[i°c*e?/a?, a* /qc’e®; il e, g e ¢l
[¢?a®/c2e?, ¢5cPe? [a?; ¢*x[qa/c, qa/e; ¢ i
(¢°cPe?[a®; ®)1(a® [ ce; *)an(a/q ce; g~ i
(a*/g3c3e3; *)k[qce/a, gPce/a; qlk(gPce; ¢O)y

Ay =

Br =

We can easily show the following relations
(1—a/qe)(1 —a/qe)(1 — a®/qc?e?)(1 — g*cPe® [a®)
(1 —qe)(1 = ge)(1 — gc?e?/a?)(1 — a*/gPc3ed)
Ap 1B,  1- @3 c3ed /aB qc2e?/a ’ )
A 1By 1—¢3c3e3/a3  |a/qc,a/qe
(a®/ce; ¢*)an [ qc, qe ‘ 3} (a/qPce;q M )n
[qce/a, g3ce/a; q),, |a®/qc?e? (¢oce; %)
and calculate the finite differences
A, = (1 —¢%a)(1 — ¢®> Fce/a)(1 — ¢?c?e?/a3) (1 — ¢>c3e? Ja?)
’ (1= qc)(1 — qe)(1 — qc2e2/a®)(1 — g3c3e fal)

gc’e?/a? at /P cBe? 2 qe,  qe ’ EIE”
. q2a3/0262,q6c3e3/a3 . ’

w:=A_1Byg=

R =

qajc,  qaje
(1 — @P+5%a) (1 — ¢' =% c2e2 /a®) (1 — ¢P+2Pc2e? [a?)(1 — 72 c2e? [a?)
(1= Pes a1 — qeeja) (1 — Peefa)(1 — goce)
(¢°ce? [a®; ¢*)i(a®[ce; 4*)an(a/adPee; g i o
(a*/qc?e?; q%)lq*ce/a, q*ce/a; qli(q  ee; ¢B)~
Applying the modified Abel lemma on summation by parts, we can manipulate the finite V-sum

as follows:

ABj, = —

(1—q*ce/a)(l — g*c*e’/a®)(1 — ¢’c 62/a )

n—1 n—1
k=0 k=0
Noting that the last partial sum results in
n—1 2 .2/,.3 2 2
1 —qc?e?/a®)(1 — ¢3c?e?/a?®)(1 — ¢°c*e? /a?)
~ N " ALAB; = Vi(da, e, ¢ (
> AABy (@0 4.0 T B33 a1~ qeeja)(1 — Pee)a)(l — Pee)

k=0
we derive after some simplification the recurrence relation
(1—ge)(1 — ge)(1 — gc®e®/a®) (gc*e® [a*; ¢*)3
1 —gdce)(1 — g*c?e3 [a®)(1 — ¢*cPe? [a3)( qce/a q)3
1 —gc/a)(1 — ge/a)(1 — gc?e*/a®)(1 — g’c’e’ /a?)
(1 —q%ce/a)(1 — g%c3e2/a3)(1 — q%c2e3 /a?) ’

Iterating it m-times, we get the following expression

Vila,c,e) = Vn(q3a,q3c, q?’e)(

7{17 ace}(

[qc, ge, qc?e? [a®; ¢*lm(qce? [a®; ¢2)3m
[@Pce, g2c2e3 [a3, i?c3e? [a?; ¢O)m (qee/ a; q)3m

VTL (CL, ¢, 6) = Vn(q3ma’ q3mc’ q3m6)
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 a(l—qe/a)(1 - gefa)(1 — gc?e?/a?)
(1= Pee/a)(1 — 2e3]a¥)(1 — P a?)

m—1 )
3+9k33 3 qc, qe, qce/a 3 3k
x /o) .
k:0 qce/a7q Ce/a,q C@/(L
2 2 52,2
|~ R(g™a. e, g we/aace/aqce/a’ |
<R aTeaTe)) gce, 3c2e3 /a3, ¢dcde?/a® |1 k

Writing explicitly the R-function by separating k& and n factorials

1 — B33tk B3 /43 [ 146k 2,2 /2
R(¢**a, ¢* c,q*"e) = 1 : 310k 3636 /3a [q e ‘ 2]
—q c3ed3/a a/qe, a/qe .
(a®/ce; ¢%)an q'*3%c, q' e ‘qg (>~ a/ce;q")n
[q1+3kce/a, q3+3kce/a; dn q—l—dkad/02€2 (q5+6kce; )

B (a?/ce; ¢%)on qgcte?/a® | 4 qe,qe | 5] (a/q*ce;q™ 1),
 gce/a, g3ce/a; q),, [a/qc, a/qe‘ ] [a3/qc2e2’ } C(Pee; )
1— q3+3n+9kc363/a3 (q1+2”c262/a2; q2)3k(q5ce; q6)k
L= PRS0 (4P Pl ce: )
g T3¢, ¢! 3, qee/a, Pcefa, Pcefa, ¢* 3 cPe? Ja? | 4
{ qc, qe, ¢ tce/a, @3t "ce/a, ¢* "cefa, ¢*c?e? /a? ‘q ]k’

X

and then defining the finite quadratic sum in base ¢> by
m—1 4.2.2/ 3
o _ P33 /B qe, qe, ¢“c“e/a ‘3
Vin(a,¢,€) = kz—o /) [qce/a,q3ce/a,q5ce/a 4

[EELIE PR P )
q°ce, ¢33 /a3, ¢¥c*e?/a? ’

we obtain the following transformation formula.

Theorem 11 (Transformation between quartic and quadratic series).

3mg) g, qe, q?e? [a®; ¢°lm(qcPe? [a®; ¢2)3m
[q5ce, q?c?e3 /a3, g>c3e? [a3; ¢O)m (qee/a; q)3m

1—a/qe)(1 —a/qe)(1 — qc?e?/a?
- (1(a/q2£Z)()1(q2c?{g2/)c§3)(1qq202/63/23) {V;;(a, c.e) = Vy(g™"a,q""c,q’"e)

(a?/ce; q*)on gc*e?Ja? qz] [ ge.qe |
. La?/qc?e? (¢Pce; ¢5)y,

X
lgce/a, g3ce/a; q]n [a/ qc, a/qe

Letting n — 1+ m, ¢ — a/q and e — ¢~ in this theorem, we derive the summation
formula, which does not seem to have explicitly appeared previously.

Vﬂ ((l, ¢, 6) - Vn(q?)ma’ q3mc’ q

1-3m

Corollary 12 (Terminating series identity).
i 1 _q5ka [ g 3-6m ] [a .q 3m,q:| 2+3ma; qz)zk (_1)kq(2+3m)k7(g)
(

q — =
1—a | ¢*PMma ‘ gtrom g q), (33mas gf)y,

_ [qﬁ”’”a .q 3m/a‘q] [ @ ‘qe]
q°, q9+3ma’ q3—3m/a .

k=0
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3.2 Quartic series to cubic series

Define two sequences by

(a®/qc®e; Q)r(q3c®e? [a®; *)u(a c; )i (qta® fce; )i
(¢%c?e/a; ¢ )i (q%a®/c2e?; ¢3)k(qa/c; )k (qce/a; )
[¢%a®/ce, ¢5c®e/a; q"]k(qe; ¢ )u(a/qce; a1 )i
[q%ce/a,a?/q?c?e; qlp(qPa/e; ¢?)r(qPee; )k

Ay =

Br =

It is not hard to check the relations
(1 ce/a)(1 - a/qe)(1 — &®/ac®e®)(1 - ¢*c%e/a)
(1 —a?/¢*c%e)(1 — qc?e?/a?)(1 — qc)(1 — a?/ce)’
A 1By 1—g*tc%e/a [ gc?e?/a?
A_1By  1—q2ce/a |a/qc,¢Pale ¢ .
(a®/ce;q*)an [ qc, ge )q3 (a/qce;q )
[ce/a, q?ce/a; q), |a®/qc?e? (¢°ce; ¢)n

w:=A_1Byg=

R =

and compute the finite differences

oA = - ¢**a)(1 — ¢"*Feefa)(1 — ¢""*a/e)(1 — g*c*e?/a®)
F (1 —q?c?e/a?)(1 — qc?e?/a?)(1 — qc)(1 — a?/ce)

X[az/q%Qe q] [qc262/a2‘q2] [ qgc ‘q3] [aQ/ce
. qa/c X q*a?/c%e? X ¢®c’e/a

4 k
qce/a q ]k 7>
o q4+5ka)(1 _ ql_ch/a)(l _ q3+2k6262/a2)(1 _ q4+3kc)
(1 —q?ce/a)(1 —q?*c?e/a?)(1 — ¢3a/e)(1 — ¢oce)

[°a®/ce, ¢°c®e/a; ¢*1k(qe; ¢° )i (a/qaces g i 4

[43ce/a, a?/qc?e; qli(gPa/e; 4%k (g ce; ¢O)y,
Then by means of the modified Abel lemma on summation by parts, the V-sum can be refor-
mulated as follows:

aB, = -

(1 —qee/a)(1 — qa/e)(1 — g*c’¢®/a’)

Va(a, c,€) (1 —q?*c?e/a?)(1 — gc?e?[a?)(1 — qc)(1 — a?/ce)
n—1 n—l
=Y BivAr=w{R—1} - > AAB.
k=0 k=0

By expressing the last partial sum in terms of V-sum as

B _ Vald'a,¢% e) (1 —ge/a)(1 — g’c?e?/a®)(1 — gc)
ZAkABk (1 —q2ce/a)(1 — q2c2e/a2)(1 — q3a/e)(1 — goce)’

we derive after some simplification the following relation
(9¢;6%)2(gce?/a®; ¢*)a(1 — gc/a)(1 — a?/ce)
(qcefa; q)2(qa/e; q%)2(1 — goce) (1 — ¢?cPe? /a?)
1— 1— 1— 3 2.2 1— 2.2
{1 (e e) LD o)L~ a1 — gee/a)
(1—a/qce)(1 —qa/e)(1 — ¢*c’e*/a?)

Iterating it m-times, we get the following expression

Vila,c,e) = Vn(q4a, e, e)

(g¢; ¢%)om(gc?€? /a?; q*)am(gc/a, a? [ ce; ¢*lm
(qce/a; q)am(qa/e; q?)amlqPce, ¢>c3e? Ja®; ¢5)m

Vila,c,e) = Vn(q4ma, q6mc, e)
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(1—a/qece)(1 —qa/e)(1 — ¢*c’e 2/@3 [¢°ce, ¢*cPe?/a®; ¢l

¢3c/a,a?/ce
ce/a,q®ce/a

1—ce/a)(l —qe/a)(l — a3/gc?e?) ' 1 2+8k ce/a)(qc;
( /a)(1 — qc/a)( /4 kzo /a)(q¢; ¢*)ar

X {1 - fR(qA‘ka, ¢, e)} [

2] (qc 62/“ q )2k 2k
k (¢Ba/e; q*)ar

Rewriting the R-function explicitly as

1 _ g2+in+8k .2 144k 2 .2 /,.2
R(g"*a,q%c,e) = —* e [q ok,

2
1— ¢?*t8kc2e/a “a/e, ¥ afe ‘q :|n
(q*a?/ce; ¢*)an q1+6’“c,qe‘ 5] (¢"*a/cesqNn
[¢%kce/a, >+ ceja; ql, | a®/qcPe? o (@16Rce; q),

(a%/ce; q?)an [ qc?e? Ja? ’ 2] [ qc, qe ‘ 3} (a/qce; g7,

~ [ce/a, 2eejaqln |a/ac.Pajell | |aP/qce? (goce; ¢%)n
1 — @t c2e /o Teefa, gcefa, q4"a2/ce,q32”6/a‘ 2
1 — ¢>t8kc2e/a | q"ce/a,q"Bcefa,a?/ce, g c/a N
(¢""¢; ¢*) ok (P ce; ¢O)y [q1+2"c262/a27 ale ‘qz}
(46, 63) ok (@0 ce; ¢O) | qc?e?/a?, ¢* " afe I |,

and defining further the finite cubic sum in base ¢ by

m—1

A 2+8k 2 Q?’C/avaz/ce 2 (qC;q )Qk(qc 62/a 4 )Qk 2%k
V.o (a, e e) e/a) 3 3 e
ce/a,q>cefal” |, (qPa/e; q®)ak[qPce, g¥c3e? [a3; ¢Bp

)

k:O
we establish the following transformation formula.

Theorem 13 (Transformation between quartic and cubic series).

i e (a6 @)am(ac?e? o Pamlge/a 0 ce; P
Val(a,e.e) = Vald a4 e €) g e o qafe: P amidce, PP a% ol

R R
(a®/ce; ¢*)an [qc262/a2 ‘2] [ qc, qe ‘3} (a/qce;ql)n}.

[ce/a, ¢?cefa;qln |ajac, ajelt | | ad/qc2e? (gPce; ¢5)y,

Whenn — 146§ +2m, e — q_1/2a3/2/c and ¢ = ¢~ 1730-6m with § = 0,1, the last theorem
recovers the following summation formula.

Corollary 14 (Chu [4, Equation (4.8d)]).

1 1 1 1
i L-¢a [ al 1 |g :| (g7a2; ¢")or(—q2a”2)" [q2+3na§’q o q3] q_(g)
= 1—a L@"a,qa a2 T | (g3a;q)i(a7a?;¢0), 7’ K
0, n — odd;

= 2 3
q-a 2 q 6
= 2m.
3/2 3/2"1 [ 9/2 3/2“1] L
[q a 3m q a m

Instead, letting n — 1+ m, e — q*1/2a3/2/c and a = q~
another terminating series identity.

1=4m i Theorem 13, we recover
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Corollary 15 (Chu and Wang [8, Corollary 40]).

i 1 _q5k7174m q—1—4m ‘ 9 (q 2m’q2)2k( q1+2m) qe, q I—Gm‘ 3 _(g)
1 _q7174m q—4m/67 q2+2mc q L ( 72m )lc q3 6m ) 3 q kq

q
4 2
C C
N |:q3 ‘QG:| |: g QQ:| |:q ’q2:|
q m q-c 2m q m

3.3 Quartic series to quartic series

k=0

Finally, for the two sequences given by
A, = la'a?/ce, i’ec?/a; ¢'ln(g' e )la/ces g )
lgce/a, q*a®/ce®; qlk(qa/c; ¢*)k(q°ce; ¢°)k
_ (¢*a®/ce®; q)i(c*e? /qa®; ¢*)i(e/a* @ )i(aPa® [ee; ")
(ce?/q%a; ¢*)r(q%a® /e ¢ u(gPa/e; 4)i(ce/qa;
we have no difficulty to check the relations
e A B, (L—ce/a)(l— g*a*/ce®)(1 —a/qc)(1 — ce/q)
TN T (U= a?/ee)(1 = ce?/qPa)(1 — qo) (1 — qa/ce)
A, 1B, 1- > a2/ ce? c2e? qa® ’ 9
A By 1—q2a2/ce® |a/qc,¢Paje
(a®/ce; 4°)an [ qc, e/q? 3} (ga/ce;q )n.
ce/qa,ce/a; qln | GPa® /21T | (ce/q; q5)n

and compute the finite differences

(1 _ q5ka)(1 _ qSkfze)(l _ q1+2ka/e)( 2k 1e 2/a )

R =

VAR = (1 —a?/ce)(1 —ce?/q?a)(1 — qe)(1 — ce/qa)
[a® /ce, ce?/q*a; ¢*(qc; ®)rlqa/ce; D
[qce/a, a2 Jce?; qli(qa/c @)r(qPee: O |
Apy = (=0 = g ee/a)(1 ¢ af0)( — o'/ Pe)

(1 —qa/ce)(1 - ga/e)(1 — g%a®/c?e?)(1 — ce?/q%a)

3,2/ .2
X[qa/ce

ce/a

] [l L] [ o
L L qale . /ce? L La7cefal |,

Then according to the modified Abel lemma on summation by parts, the V-sum can be refor-
mulated as follows:

(1—e/q*)(1 —qa/e)(1 — ?e?/qa?)

Vala,c,e) (1 —a2/ce)(1 — ce?/q2a)(1 — qc)(1 — ce/qa)
1l n—1

=) BivAr=a{R-1} - ) AuAB;.
— k=0

Observing that the last partial sum results in

Valga, ’c.e/q%) (1 = ce/a)(1 — a/qe)(1 — g'a®/c?e 3)
_ZAkABk (1 —gqa/ce)(1 —q3a/e)(1 — ¢?a3/c2e?)(1 —ceQ/q a)

we derive after some simplification the following relation

VTL (a? C? 6) =

(1 —a/ce)(1 — q?a®/ce?)(1 — ge/a)(1 — q/ce)
U0l ERN A = P —gafe) o)
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(1 —qc)(1 —qgc/a)(1 —a/ce)(1 — a?/ce)(1 — q*a/c?e?)
(ce/qa)(1 — g%a®/c?e?)(1 — qa?/c?e?)(1 — ¢?/e)(qa/e; ¢*)2

Iterating it m-times, we get the following expression

- Vn(qa7 QBC, e/q3)

_ m 3m —3m qc/a,a2/ce‘ 2
Va(a,ce) = Vu(q™a,q¢’™e,q 6)[ ga?/c2e? | i
a/ce,qa/ce;qlm c ¢*a’/c?e®; ¢%)m
q ’q:a
(qafe; @?)am | G°a’f?e?, ¢Plel” | (ce/qa; g )m
_ g (X —afee)(1 —ge/a)(1 — g/ce)
(1 —qa?/c?e?)(1 — ¢*/e)(1 — qa/e)
m—1 3 2 : .
% 1 — o252 /o2 {q da,a/ce‘ 2} (qajce; q) *
k:o( q /ce”) a2/ ce? i 7@3&/6; )2
3\ (oA 3723, 6 2k
1 — R(dFa. o3ke. 3k (QQQ)k(qa/CeaQ)k(_qa)‘
x { (¢%a,q*"c,q"e)} (203 /2e2, 5 Je; Pl ce

Writing explicitly the R-function as
1 — g2Hnt5ka2 /2 [ g 12262 a2 ‘qﬂ
215k 2/ 2 —1-2k 3+4k
1 —¢?toka2/ce? |q a/c,¢ afel” |

(q2ka2/ce; q2)2n q1+3kc, q—2—3k6
In

R(q*a, ¢* e, g 3Fe) =

] e,
n

lgFcefa, g Feefayqln | ¢*T*Fad/c?e? (ce/q; q5)n
__(a®/ce;q?)an [czez/an qz] [qc, e/qQ‘a] (qa/ce;q~")n
[ce/qa, ce/a;ql, |a/qc. ¢’ ale ¢*a®/c?e? (ce/q; q5)n

1— q2+n+5ka2/062 q3a2/62€2, q4na2/667 q32nc/a‘ 9 —nk
1 — ¢F+2a2 /ce? ¢*~"a?[c*e?, a* [ee, ¢ *cla ! k !

(q""a/ce; q)r(qPa/e; o [ ¢, b e, q2aB [ce? \qg]
b
k

(qa/ce; Qr(3+2ra)e; ¢2)ar |4, " /e, ¢ T3ma3 /e

and then defining the finite sum of quartic series

m—1

Scfa,afce| 5] (agees i (:
Vinla,c,e) = 1— ¢*a%/ ce? [q e ‘ 2] ’ (2)
m( ) kzo( / ) q3a2/02e2 . (qga/e;qg)Qk
20\ k
_qa qc ’ 3 43,23 6
X( C€> [q2a3/0262,q5/eq]k(qa/067q)k’

we find the following transformation formula.

Theorem 16 (Transformation between two quartic series).
2
_ m 3m —3m qc/a, a /ce‘ 2
Vala,c,e) = Va(q™a,q¢""c,q 6){ ga?/c2e? q]m
[a/ce, qa/ce; qlm [ qc ‘q3:| (¢*a®/c?e3;¢%)m
(qafe; )om | G°a%/P€?, el | (ce/qa; g )m
(1—a/qe)(1 —a/ce)(1 — ce/q) x x( 5n_ 3n_ 3
= v, c,e) =V, " ) " ) "
(1= a1~ )1 —gafe) | (6 Il ae d )
(a®/ce; ¢*)an [ c’e®/qa’ 2] [qc, e/q® ‘ 3] (ga/ce; (J‘l)n}
n

[ce/qa, ce/a;qln [a/qc, ?ale ¢*a?[cPe? (ce/q; q5)n
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1-3m 2+3m

Lettingn — 14+m,c=q~ and e — ¢ , we obtain from the last theorem the following

terminating series identity.
Corollary 17 (Terminating series identity).
m

Zﬂ [ . q?’/CLQ1 ) ‘f] [q?’”’mgq?’m‘qg] (a®/q; q*)on(—a)k (5
= 1—a e a, gl ] a w (@2/a; Q) (q% ¢

_ la/q, 905 qlm(a™" [a; ¢ )m(a~* "% ¢%)m
(¢ 7%ma; ¢%)2m(a®; ¢*)m(1/as q71)

4 Concluding remarks

Recently, hypergeometric series has been found to have elliptic analogue after the pioneering work
of Frenkel-Turaev [9]. Warnaar [20] derived several terminating elliptic series identities. Further
summation formulae have been established by Chu-Jia [6] through Abel’s lemma on summation
by parts. It is plausible that the same approach works also for the elliptic analogue of the quartic
series. All what we have gotten are two terminating elliptic analogues for Corollary 6 plus one
for Corollary 17. Following the notations of [6], they are produced below for reader’s reference.

Theorem 18 (Terminating elliptic series identity).

ié’q a;p) [a N p] la™: ¢: Plela’ "0 ¢ pli (45) -
0 Y

gt—m [q*t™a; ¢%, plak

k=0

X (—1)* [ ql”m ‘q } _ x(m = 2n)[¢°a; ¢%, plnla* ¢°, plu
¢,q" P (g2 ¢2, plnlg?~?"a; 45, pln

Theorem 19 (Terminating elliptic series identity).

242m. 34+2m

\~ 0(¢° a;p) [ ‘ ] [2° %™ @, plela® ™ a5 6 pli (%) 1 (342m)n
2
0 q5+4m q,p . [-2"a; &2, plo q

—3—4m 2.2 5. 42 —4dm . 6
a q-a;q=,p q 597, Pl2m|q a;q-,p
v (_1)k |: q 2o ‘qB p:| _ [ I Jom|[ ) Im
k

a°.q (4% @2, plmla—2"a; 2, plam[@®; 45, plm

=0

Theorem 20 (Terminating elliptic series identity).

o~ 0(¢° a; p) 3 /a? a?/q; %, plox(—a)® itk
y- fla”aip) - |:2+3mQ/13ma‘q2?p [[ / J2k(—a) g (35

P a,q i [4%/a; 4, plk[q% q°, plk
y [q?’“m ‘q p} _ o/a,90: 4, plmlq™"" /a1 ¢, Pl ¢°, plm
k [q=173ma; 4%, plam[a®; ¢, plm[1/a; ¢ 1, plm
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