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Abstract. A study is made of 4-dimensional Lorentz manifolds which are projectively
related, that is, whose Levi-Civita connections give rise to the same (unparameterised)
geodesics. A brief review of some relevant recent work is provided and a list of new results
connecting projective relatedness and the holonomy type of the Lorentz manifold in question
is given. This necessitates a review of the possible holonomy groups for such manifolds which,
in turn, requires a certain convenient classification of the associated curvature tensors. These
reviews are provided.
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This paper is dedicated to the memory of Elie Cartan

1 Introduction

Elie Cartan (1869-1951) was one of the world’s leading geometers and it is to his memory that
the authors dedicate this paper. One of Cartan’s main interests lay in the crucially important
study of connections on manifolds and its applications to theoretical physics. The present paper
will proceed in a similar vein by presenting a discussion of holonomy theory on a 4-dimensional
manifold which admits a Lorentz metric. This leads naturally to applications in Einstein’s
general theory of relativity. Here the application will be to the projective structure of space-
times and which itself is closely related to the principle of equivalence in Einstein’s theory. A few
weeks before this paper was begun, the authors learned, sadly, of the death of Elie Cartan’s son,
Henri, at the age of 104. Henri Cartan was also a world leader in geometry and this father and
son combination laid down the foundations for a great deal of the research presently undertaken
in differential geometry.

This paper will be arranged in the following way. Section 2 will be used to introduce general
notation and in Section 3 a classification of the curvature tensor will be introduced and which will
prove useful in what is to follow. Also included in Section 3 is a discussion of certain relationships
between the metric, connection and curvature structures on a space-time. In Section 4 a review
of holonomy theory will be given and, in particular, as it applies to 4-dimensional Lorentz
manifolds. In Section 5, a discussion of projective structure will be presented. This will be
followed, in Sections 6 and 7, with several theorems which show a tight relationship between
projective relatedness and holonomy type. A brief summary of the paper is given in Section 8.

*This paper is a contribution to the Special Issue “Elie Cartan and Differential Geometry”. The full collection
is available at http://www.emis.de/journals/SIGMA /Cartan.html
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2 Notation and preliminary remarks

Throughout this paper, M will denote a 4-dimensional, Hausdorff, connected, smooth manifold
which admits a smooth metric g of Lorentz signature (—,+,+,+). The pair (M, g) is called
a space-time. It follows that the (usual manifold) topology on M is necessarily second coun-
table [1] and hence paracompact. All structures on M will be assumed smooth (where this
is sensible). The unique symmetric Levi-Civita connection arising on M through g is denoted
by V and, in a coordinate domain of M, its Christoffel symbols are written I'f,. The type (1,3)
curvature tensor associated with V is denoted by Riem and its (coordinate) components are
written R% ;. The Ricci tensor, Ricc, derived from Riem, has components Ry, = R, and
R = R,,g® is the Ricci scalar. The Weyl type (1,3) conformal tensor C' has components C%ed
given by

C%ea = R%ei — E%eq — 15 (0% 96 — 0%9be), (2.1)
where F is the tensor with components
E%eq = 15 (R%g0a — R%sc + 0% Roq — 6% Ryc), (2.2)

and where Ricc is the trace-free Ricci tensor with components ﬁab = R — % Jab- At any m € M,

the tensors E and Ricc uniquely (algebraically) determine each other and F = 0 < Ricc = 0 &
the Einstein space condition holding at m.

For m € M, T,,M denotes the tangent space to M at m and this will, for convenience, be
identified with the cotangent space T, M to M at m, through the metric g(m) by index raising
and lowering. Thus the liberty will be taken of using the same symbol for members of T,, M
and 7,5 M which are so related and similarly for other tensor spaces. A tetrad (that is, a basis
for T,,M) u,x,y,z € T,,M is called orthonormal if and only if the only non-vanishing inner
products between tetrad members are —g(u,u) = g(z,x) = g(y,y) = g(2,2) = 1 and a tetrad
Iyn,x,y € T, M is called null if and only if the only non-vanishing inner products between tetrad
members are g(I,n) = g(x,z) = g(y,y) = 1. In this case, [ and n are null vectors. Another
condition, the non-flat condition, will be imposed on (M, g), meaning that Riem does not vanish
over any non-empty open subset of M. This is a physical requirement and is there to prevent
gravitational shielding in general relativity theory.

Let A,,M denote the 6-dimensional vector space of all tensor type (2,0) 2-forms at m. This
vector space can be associated, using the metric g(m), with the vector spaces of tensor type
(0,2) 2-forms at m and of type (1,1) tensors at m which are skew-self adjoint with respect
to g(m), through the component identifications

(F S AmM) Fab(: _Fba) — Lap = gacgbdFCd - F% = gchaC-

Any member F of any of these vector spaces will be referred to as a bivector (at m) and written
symbolically as F' € A,, M. Any F € A,,M, F # 0, has (matrix) rank 2 or 4. If F' has rank 2
it is called simple and may be written in components as F® = pq® — ¢*p® for p,q € T,, M.
Although F does not determine p and ¢ it does uniquely determine the 2-dimensional subspace
(referred to as a 2-space) of T,,M spanned by p and ¢ and which is called the blade of F.
A simple bivector F' at m is then called timelike, spacelike or null according as its blade is,
respectively, a timelike, spacelike or null 2-space at m. If F € A,,M has rank 4 it is called
non-simple and may be written as F' = G + H where G and H are simple bivectors with G
timelike and H spacelike and where the blades of G and H are uniquely determined by F' and
are orthogonal complements of each other. They will be collectively called the canonical pair of
blades of F'. The Hodge duality operator on bivectors is denoted by *. Then F' is simple if and
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* *
only if F' is simple and the blades of F' and F' are orthogonal complements of each other. In
*
this case F' is spacelike, respectively, timelike or null, if and only if F is timelike, respectively,
*

spacelike or null. If F' is simple and either spacelike or timelike, the blades of F' and F' are
complementary (that is, their union spans 7,,M). This is not the case if F' is null. In the
above expression for a non-simple bivector F', G and H are (multiples of) duals of each other.
For any bivector F' at m, F and Iiﬂ are independent bivectors at m and 7; = —F. If Fis
a simple bivector at m with F'% = p?q® — ¢*p®, p,q € T;,, M, then F (or its blade) is sometimes
written as p A gq. It is convenient, on occasions, to use round and square brackets to denote
the usual symmetrisation and skew-symmetrisation of indices, respectively. As a general remark
on notation, both coordinate and coordinate-free notation will be used, depending on relative

convenience. More details on these aspects of Minkowski geometry may be found, for example,
in [2].

3 Curvature structure of space-times

Because of the algebraic symmetries of Riem, one may introduce the curvature maps f and f
from the vector space of bivectors to itself at m (recalling the liberties taken with this vector
space in Section 2) by

f: F® Ry Fd  f. Feb L Reb ped (3.1)

The maps f and f are linear maps of equal rank, the latter being referred to as the curvature rank
at m. Let B,, denote the range space of f or f at m (according to the agreed identification) so
that dim B,, equals the curvature rank at m and which, in turn, is < 6. This leads to a convenient
algebraic classification of Riem at m into five mutually exclusive and disjoint curvature classes
(for further details, see [2]).

Class A This covers all possibilities not covered by classes B, C, D and O below. For this
class, the curvature rank at m is 2, 3, 4, 5 or 6.

Class B This occurs when dim B,,, = 2 and when B,, is spanned by a timelike-spacelike pair of
simple bivectors with orthogonal blades (chosen so that one is the dual of the other).
In this case, one can choose a null tetrad I, n, z,y € T,, M such that these bivectors are

* *
F=1I0Anand F =x Ay so that F is timelike and F' is spacelike and then (using the
algebraic identity Ryjp.q = 0 to remove cross terms) one has, at m,

Raped = aFypFog + BE o Feq (32)

for a, B € R, a# 0 # .
Class C In this case dim B, = 2 or 3 and B,, may be spanned by independent simple bivec-
tors F' and G (or F, G and H) with the property that there exists 0 # r € T,,, M such

that r lies in the blades of F and G (or F, G and H). Thus Fr® = Garb(= Hapr?) =0
and r is then unique up to a multiplicative non-zero real number.

Class D In this case dim B, = 1. If B,, is spanned by the bivector F' then, at m,
Rabcd - aFachd (33>

for 0 # a € R and Rypeq) = 0 implies that FypF.q = 0 from which it may be checked
that F' is necessarily simple.

Class O In this case Riem vanishes at m.
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It is remarked that this classification is pointwise and may vary over M. The subset of M
consisting of points at which the curvature class is A is an open subset of M [2, p. 393] and
the analogous subset arising from the class O is closed (and has empty interior in the manifold
topology of M if (M,g) is non-flat). It is also useful to note that the equation Rgpeqk® = 0
at m has no non-trivial solutions if the curvature class at m is A or B, a unique independent
solution (the vector r above) if the curvature class at m is C and two independent solutions if

the curvature class at m is D (and which span the blade of F in (3.3)). If dim B,, > 4 the
curvature class at m is A. If (M, g) has the same curvature class at each m € M it will be
referred to as being of that class.

Related to this classification scheme is the following result which will prove useful in what is
to follow. The details and proof can be found in [3, 4, 5, 2].

Theorem 3.1. Let (M, g) be a space-time, let m € M and let h be a second order, symmetric,
type (0,2) (not necessarily non-degenerate) tensor at m satisfying hae R, ;+hpe R,y = 0. Then,
with all tensor index movements and all orthogonality statements made using the metric g;

(1) if the curvature class of (M,g) at m € M is D and u,v € T,, M span the 2-space at m

orthogonal to F in (3.3) (that is w A v is the blade of F') there exists ¢, u,v,\ € R such
that, at m,

hap = ¢gap + HUqUpy + VU Vp + A(uavb + Uaub); (3'4)

(ii) if the curvature class of (M, g) at m € M is C there exists v € Ty, M (the vector appearing
in the above definition of class C) and ¢, A € R such that, at m,

hay = ¢gab + )\7’@7“{); (35>

(1i1) if the curvature class of (M, g) at m € M is B there exists a null tetrad I, n, x, y (that
appearing in the above definition of class B) and ¢, A € R such that, at m,

hat = dgab + Alamp + 1aly) = (¢ + A)gab — MTaZp + Yali); (3.6)
(iv) if the curvature class of (M,g) at m € M is A there exists ¢ € R such that, at m,

hab = ¢gab' (37)

The proof is essentially based on the obvious fact that the range B, of the map f in (3.1)
which, by the algebraic symmetries of the curvature Riem of (M, g), consists entirely of members
which are skew-self adjoint with respect to g, must likewise consist entirely of members skew-self
adjoint with respect to h. Thus each F' € B,, satisfies

GacFG + goeFS, =0, haeFS + hpeF€, = 0. (3.8)

It is a consequence of (3.8) that the blade of F' (if F' is simple) and each of the canonical pair
of blades of F' (if F is non-simple) are eigenspaces of h with respect to g, that is, for F' simple,
any k in the blade of F' satisfies hapk? = wgapk® where the eigenvalue w € R is independent of k,
and similarly for each of the canonical blades if F' is non-simple (but with possibly different
eigenvalues for these blades) [2, 3, 4].

It is remarked that if ¢’ is another metric on M whose curvature tensor Riem’ equals the
curvature tensor Riem of g everywhere on M then the conditions of this theorem are satisfied
for h = ¢'(m) at each m € M and so the conclusions also hold except that now one must
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add the restriction ¢ # 0 in each case to preserve the non-degeneracy of ¢’ at m and maybe
some restrictions on ¢, u, v and X if the signature of ¢’ is prescribed. If (M, g) is of class A,
(3.7) gives ¢’ = ¢g and the Bianchi identity may be used to show that ¢ is constant on M [4, 2].
When Theorem 3.1 is applied to another metric ¢’ on M in this way, it consolidates the curvature
classification scheme which preceded it. To see this note that ¢’ need not have Lorentz signature
(—,+,+, +) but, if this is insisted upon, the curvature classification scheme, including the nature

*
(timelike, spacelike or null) of F' and F in class B, r in class C and F' in class D is the same
whether taken for (the common curvature tensor) Riem with g or Riem with ¢’. In this sense it
is a classification of Riem, independent of the metric generating Riem [6].

4 Holonomy theory

Let (M, g) be a space-time with Levi-Civita connection V and let m € M. The connection V is
a complicated object but one particularly pleasing feature of it lies in the following construction.
Let m € M and for 1 < k < oo let Ci(m) denote the set of all piecewise C* closed curves starting
and ending at m. If ¢ € Cx(m) let 7. denote the vector space isomorphism of T,, M obtained
by parallel transporting, using V, each member of T,,M along c. Using a standard notation
associated with curves one defines, for curves ¢, g, c1,co € Ck(m), with ¢y denoting a constant
curve at m, the identity map 7., on Ty, M, the inverse 7,1 = 7,-1 and product Te, - Tey = Tey.cp tO
put a group structure on {7 : ¢ € Cx(m)}, making it a subgroup of G = GL(T,,, M )(= GL(4,R)),
called the k-holonomy group of M at m and denoted by ®j(m). In fact, since M is connected
and also a manifold, it is also path connected and, as a consequence, it is easily checked that,
up to an isomorphism, ®x(m) is independent of m. Less obvious is the fact that ®y(m) is
independent of k£ (1 < k < oo) and thus one arrives at the holonomy group ® (of V) on M.
Further details may be found in [7] and a summary in [2].

One could repeat the above operations, but now only using curves homotopic to zero. the
above independence of m and k still holds and one arrives at the restricted holonomy group ®°
of M. It can now be proved that ® and ®° are Lie subgroups of G, with ®° connected, and that
@ is the identity component of ® [7]. Clearly, if M is simply connected, ® = ®° and then ® is
a connected Lie subgroup of G. The common Lie algebra ¢ of ® and ®° is called the holonomy
algebra. The connection V can then be shown to be flat (that is, Riem vanishes on M) if and
only if ¢ is trivial and this, in turn, is equivalent to ®° being trivial.

For a space-time (M, g), however, one has the additional information that V is compatible
with the metric g, that is, Vg = 0. Thus each map 7. on T,,, M preserves inner products with
respect to g(m). It follows that ® is (isomorphic to) a subgroup of the Lorentz group L, where
L ={A€GL(4,R): AnAT = n} where AT denotes the transpose of A and 7 is the Minkowski
metric, n = diag(—1,1,1,1). Now & is a Lie subgroup of GL(4,R) and £ can be shown to be
a 6-dimensional Lie subgroup of GL(4,R) which is a regular submanifold of GL(4,R) (that is,
the (sub)manifold topology on L equals its induced topology from GL(4,R)). It follows that
® is a Lie subgroup of L (see e.g. [2]) and hence that ®° (or ®, if M is simply connected) is
a connected Lie subgroup of the identity component, Ly, of £. Thus the holonomy algebra ¢
can be identified with a subalgebra of the Lie algebra L of L, the Lorentz algebra. The one-
to-one correspondence between the subalgebras of L and the connected Lie subgroups of Lg
shows that the Lie group ®° (or @, if M is simply connected) is determined by the subalgebra
of L associated with ¢. Fortunately, the subalgebra structure of L is well-known and can be
conveniently represented as follows. Let m € M and choose a basis for T,,,M (together with
its dual basis) for which g(m) has components equal to, say, g, Then L is isomorphic to
{A € GL(4,R) : Ag(m)AT = g(m)} and L can then be represented as the subset of MyR each
member of which, if regarded as the set of components of a type (1,1) tensor at m in this
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Table 1. Holonomy algebras. For types Rs and Ri2 0 # w € R. Every potential holonomy algebra
except Rs (for which the curvature tensor fails to satisfy the algebraic Bianchi identity) can occur as an
actual holonomy algebra, see, e.g. [2]). There is also a type Ry, when ¢ is trivial and (M, g) is flat, but
this trivial type is omitted. Type R;5 is the “general” type, when ¢ = L.

Type | Dimension Basis Curvature Recurrent Constant
Class vector fields | vector fields

Ry 1 IAn Dor O {t}, {n} (x,y)
R3 1 INz Dor O - (l,y)
Ry 1 Ay Dor O - (I,n)
Rs 1 IAn+wz Ny — — —

Rg 2 IAn, INx C,DorO {l} (y)
Ry 2 IAn, x Ny B,Dor O {l}, {n} —

Rg 2 INz, IAYy C,Dor O - (1)
Ry 3 INn, INz, LAYy A, C,DorO {l} -
Ry 3 INn, IANz, nAT C,Dor O - (y)
Ryq 3 INz, INy, x Ny C,DorO - (1)
Ri2 3 INz, INy, INn+w(zAy)|A, C,DorO {l} -
Ry 3 TANY, YNz, TNz C,DorO - (u)
Ry 4 INn, INz, INYy, TAY any {l} -
Rys 6 L any - —

basis, is skew-self adjoint with respect to the matrix gq,(m) (that is, its components F' satisfy
an equation like the first in (3.8) with respect to g(m)). Thus one can informally identify L
with this collection of bivectors, usually, written in type (2,0) form. The binary operation
on L is that induced from the Lie algebra MR of GL(4,R) and is matrix commutation. Such
a representation of L is well-known and has been classified into fifteen convenient types [8]
(for details of the possible holonomy types most relevant for the physics of general relativity
see [9]). It is given in the first three columns of Table 1 using either a null tetrad I, n, z, y or
an orthonormal tetrad u, x, y, z to describe a basis for each subalgebra.

Now suppose M is simply connected. This condition is not always required but is imposed
in this section for convenience. It can always be assumed in local work, for example, in some
connected, simply connected coordinate domain. In this case ® = ®° and is connected and
will be referred to according to its Lie algebra label as in Table 1. Two important results can
now be mentioned in connection with the first column of Table 1. First, it turns out [10, 11, 2]
that if m € M there exists 0 # k € T,,, M such that F‘%kb = 0 for each F' € ¢ if and only if M
admits a global, covariantly constant, smooth vector field whose value at m is k. A basis for the
vector space of such vector fields on M for each holonomy type is given inside ( ) brackets in
the final column of Table 1. Second, there exists 0 # k € T,,, M such that k is an eigenvector of
each F' € ¢ but with at least one associated eigenvalue not zero if and only if M admits a global
smooth properly recurrent vector field X whose value at m is k, that is, a global nowhere zero
vector fiel X on M satisfying VX = X ® w for some global, smooth covector field w on M
(the recurrence 1-form) and such that no function o : M — R exists such that « is nowhere
zero on M and aX is covariantly constant on M. It follows from the existence of one non-
zero eigenvalue at m in the above definition that X is necessarily null (by the skew-self adjoint
property of the members of ¢). The independent properly recurrent vector fields are listed for
each holonomy type in { } brackets in the second from last column of Table 1. (It is remarked
here that a nowhere zero vector field Y on M is called recurrent if VY =Y ® r for some global
covector field r on M. In this case r could be identically zero and so (non-trivial) covariantly
constant vector fields are, in this sense, recurrent. In fact, any non-null recurrent vector field or
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any recurrent vector field on a manifold with positive definite metric can be globally scaled to
be nowhere zero and covariantly constant because if Y is any such vector field and VY =Y ®r,
aY is covariantly constant, where a = exp(—3 log(g(Y,Y))).)

A recurrent vector field is easily seen to define a 1-dimensional distribution on M which
is preserved by parallel transport. There is an important generalisation of this concept. Let
m € M and V' a non-trivial proper subspace of T,,M. Suppose 7.(V) = V for each 7. arising
from ¢ € Cx(m) at m. Then V is holonomy invariant and gives rise in an obvious way to
a smooth distribution on M which is, in fact, integrable [7]. Clearly, if V' C T,,, M is holonomy
invariant then so is the orthogonal complement, V', of V. If such a V exists the holonomy
group ® of M is called reducible (otherwise, irreducible). (This concept of holonomy reducibility
is a little more complicated in the case of a Lorentz metric than in the positive definite case
due to the possibility of null holonomy invariant subspaces giving a weaker form of reducibility.
This will not be pursued any further here, more details being available in [12] and summaries
in [2, 9, 11].) Thus, for example, in the notation of Table 1 the holonomy type Rs admits two
1-dimensional null holonomy invariant subspaces spanned by ! and n and which give rise to
two null properly recurrent vector fields and infinitely many 1-dimensional spacelike holonomy
invariant subspaces spanned by the infinitely many covariantly constant vector fields in (x,y).
For the holonomy type R7, two 1-dimensional null holonomy invariant subspaces exist and which
give rise to two independent properly recurrent null vector fields as in the previous case, together
with a 2-dimensional spacelike one orthogonal to each of the null ones. For holonomy types R,
R and R;3 one has a 1-dimensional holonomy invariant subspace, spanned by a covariantly
constant vector field in each case, together with its orthogonal complement. These holonomy
decompositions will be useful in Sections 6 and 7. In the event that M is not simply connected,
the vector fields determined by the holonomy and described above may not exist globally but
do exist locally over some open, connected and simply connected neighbourhood of any point.

It is remarked here that if (M, g) is of curvature class B it can be shown that it must in fact
be of holonomy type Ry [13, 2].

It is useful, at this point, to introduce the infinitesimal holonomy group ®, ., of (M, g) at each
m € M. Using a semi-colon to denote a V-covariant derivative, consider, in some coordinate
neighbourhood of m, the following matrices for (M, g) at m

R XY RY%u XYIZ°, (4.1)

for X,Y,Z,... € T,, M. It turns out that the collection (4.1) spans a subalgebra of the holonomy
algebra ¢ (and hence only a finite number of terms arise in (4.1) [7]). This algebra is called the
infinitesimal holonomy algebra at m and is denoted by ¢/,. The unique connected Lie subgroup
of ® that it gives rise to is the infinitesimal holonomy group ®}, at m. This is useful in that
it says that the range space of the map f in (3.1) is, at each m € M, (isomorphic as a vector
space to) a subspace of ¢. This gives a restriction, when ¢ is known, on the expression for Riem
at each m and hence on its curvature class at m. This restriction is listed in the fourth column
of Table 1. Thus if the holonomy type of (M, g) is Ry, R3 or Ry its curvature class is O or D
at each m € M whilst if it is Rg, Rg, Ri1o9, R11 or Ry3 it is O, D or C, if R7 it is O, D or B,
if Rg or Rys it is O, D, C or A and if R4 or Ry5 it could be any curvature class. A useful
relationship between the various algebras ¢/, the algebra ¢ and the curvature class (through the
range space By,) at each m € M is provided by the Ambrose—Singer theorem [14] (see also [7]).

5 Projective structure

One aspect of differential geometry that has been found interesting both for pure geometers
and physicists working in general relativity theory is that of projective structure. For general
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relativity it is clearly motivated by the Newton—FEinstein principle of equivalence. In this section
it will take the form described in the following question; for a space-time (M, g) with Levi-
Civita connection V, if one knows the paths of all the unparameterised geodesics (that is, only
the geodesic paths in M) how tightly is V determined? Put another way, let (M, g) and (M, g’)
be space-times with respective Levi-Civita connections V and V', such that the sets of geodesic
paths of V and V' coincide (and let it be agreed that V and V' (or g and ¢') are then said
to be projectively related (on M)). What can be deduced about the relationship between V
and V' (and between g and ¢')? (And it is, perhaps, not surprising that some reasonable link
should exist between projective relatedness and holonomy theory.) In general, V and V’ may be
expected to differ but it turns out that in many interesting situations they are necessarily equal.
If V = V' is the result, holonomy theory can also describe precisely, the (simple) relationship
between ¢ and ¢’ [15, 2].

If V and V' are projectively related then there exists a uniquely defined global smooth 1-form
field ¥ on M such that, in any coordinate domain of M, the respective Christoffel symbols of
V and V' satisfy [16, 17]

I, = The = 0%be + 8ty (5.1)

It is a consequence of the fact that V and V' are metric connections that 1 is a global gradient
on M [16]. Equation (5.1) can, by using the identity V'¢’ = 0, be written in the equivalent form

Jabie = 29apPe + Gactb + Ghetba (5.2)

(recalling that a semi-colon denotes covariant differentiation with respect to V). Equation (5.1)
reveals a simple relation between the type (1,3) curvature tensors Riem and Riem’ of V and V',
respectively, given by

R'%q = R%eq + 0gthpe — 0°tba (= Ryp = Rap — 30ap), (5.3)

where ¥y = Vap — Yoty = Yy and where R, = R , are the Ricci tensor components of V'.
It can now be shown that if V and V'’ are projectively related, the following type (1,3) Weyl
projective tensor, W, is the same for each of them [18§]

%ed = R + 5(0%Roe — 0% Roa)- (5.4)

A particularly important case of such a study arises where the original pair (M, g) is a space-
time which is also an Einstein space so that the tensor E in (2.2) is identically zero on M.
Such a situation has been discussed in several places [19, 20, 21, 22, 23, 24] in connection with
the principle of equivalence. The particular case which is, perhaps, of most importance in
general relativity arises when the Ricci scalar vanishes and then (M, ¢) is a vacuum (Ricci flat)
space-time and this is discussed in [22, 24]. It turns out that if (M, g) is a space-time which
is a (general) Einstein space (and with the non-flat assumption temporarily dropped) and if ¢’
is another metric on M projectively related to g then either (M,g) and (M, g’) are each of
constant curvature, or the Levi-Civita connections V and V'’ of g and ¢’, respectively, are equal.
In the event that neither space-time is of constant curvature, (and so V' = V) an argument
from holonomy theory can be used to show that, generically, (M,g') is also an Einstein space
and that ¢ = cg (0 # ¢ € R). Although examples exist where each of these conclusions fail,
¢’ always has Lorentz signature (up to an overall minus sign). If, in addition, (M, g) is assumed
vacuum and the non-flat condition is imposed, then, necessarily, V = V' and, with one very
special case excluded, ¢’ = cg on M (0 # ¢ € R) (and so (M, ¢') is also vacuum). For this case
¢’ has the same signature as g (up to an overall minus sign [22, 24]). This result is relevant for
general relativity theory. A similar restrictive result for space-times of certain holonomy types
will be established in the next two sections.
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The formalism described above characterises the relationship between the connections and
metrics of two projectively related space-times (M, g) and (M, g’). However, it is convenient
to rewrite them in a different way using the Sinyukov transformation [20]. Thus, with this
projective relatedness assumed, one takes advantage of the fact that the 1-form ¢ in (5.1) is
necessarily a global gradient by writing ¢ = dx for some smooth function y : M — R. Then the
pair ¢’ and v above are replaced by a type (0,2) symmetric tensor field a and a 1-form field A
on M which are given in terms of ¢’ and 1 by

Qah = 62Xg/0dgacgbda Ao = _62X¢b9/bcgac (:> Ao = _aabwb)v (5'5)

where an abuse of notation has been used in that ¢’*® denotes the contravariant components
of ¢’ (and not the tensor g/, with indices raised using g) so that g,.¢’® = §,°. Then (5.5) may
be inverted to give

glab = 672xacdgacgbd’ e = _eizx)\bgbcg;c' (5.6)

The idea is that if g and ¢’ are projectively related metrics on M, so that (5.2) holds for some
1-form (= dx), then a and X as defined in (5.5) can be shown, after a short calculation, to
satisfy Sinjukov’s equation

Qab;e = gacAb + gbc)\a- (57>

From (5.5) it follows that a is non-degenerate and from (5.7), after a contraction with g2, that
A is a global gradient on M (in fact, of %aabgab).

In practice, when asking which pairs (¢, V') are projectively related to some original pair
(9, V) on M, it is often easier to use (5.7) to attempt to find a and X rather than (5.2) to find ¢’
and 1. But then one must be able to convert back from a and X to ¢ and 1. To do this one first
assumes that such a non-degenerate tensor a and a 1-form A are given on M and which together
satisfy (5.7) and so one may define a symmetric non-degenerate type (2,0) tensor a~! on M
which, at each m € M, is the inverse of a (agc(a™)®® = 6,%). Then raising and lowering indices
on a and a~! with ¢ in the usual way, so that a;}a® = §,°, one defines a global 1-form 1) on M
by 1, = —a;bl AP (and so Ay = —agy?). Tt follows that 9 is a global gradient on M. To see this
first differentiate the condition a;la® = §,° and use (5.7) to find, after a short calculation,

a;bl;c = a;cli/)b + agcl¢a. (5.8)

Now define a smooth, symmetric connection V” on M by decreeing that, in any coordinate
domain, its Christoffel symbols are given by I where

I = The — ¥ Ghe- (5.9)

Then it is easily checked from (5.8), (5.9) and the equation \, = —au¥® that V”a = 0 and so
if the everywhere non-degenerate tensor a is regarded as a metric on M, V" is its Levi-Civita
connection. But a contraction of (5.9) over the indices a and ¢ gives, from a standard formula
for Christoffel symbols

Ia a _ O 1 |deta| o
T ba — Fba = Bz <2 In <detg| — 7’¢}b (510)

and so 1 is seen to be a global gradient on M. (The authors have recently discovered that
Sinyukov [20] had established the same result by a method involving the direct construction
of the connection of the tensor a~!'.) Writing y for this potential function, so that 1) = dx,
one defines a metric ¢ on M by ¢’ = e?Xa. Then (5.8) can be used to show that ¢’ and
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satisfy (5.2) and hence that ¢’ is projectively related to g. It is easily checked that the tensors
and ¢’ thus found satisfy (5.5) and (5.6). [It is remarked that if ¢ is replaced by A and the
metric g by the tensor a=! in (5.9) the connection V" thus defined satisfies V"7a=! = 0. In
fact, V=V" & V = V" & V = V'] Since any solution pair (¢’,%) of (5.2) leads to a pair
(a, \) satisfying (5.7) it follows that all projectively related metrics g’ together with their attendant
1-forms v will be found if all pairs (a,\) can be found and which, together, satisfy (5.7).

For the finding of the general solution of (5.7) a useful result arises by applying the Ricci
identity to a and using (5.7) to get

(Aabsed = Gab:de =)ae R eq + e RS 4ed = JacAbd + GbeAad — JadAbe — JbdAac (5.11)

where A\gp = Ag;p = Apq. This leads to the following lemma (which is a special case of a more
detailed result in [22]) and for which a definition is required. Suppose m € M, that F' € A,, M
and that the curvature tensor Riem of (M, g) satisfies R%® F°d = aF*® (o € R) at m so that
F is a (real) eigenvector of the map f in (3.1). Then F is called a (real) eigenbivector of Riem
at m with eigenvalue a.

Lemma 5.1. Let (M, g) and (M,q') be space-times with g and g’ projectively related. Suppose
at m € M that F € Ay, M is a (real) eigenbivector of Riem of (M, g) with zero eigenvalue (so
that F is in the kernel, ker f, of f in (3.1)). Then the blade of F (if F is simple) or each of
the canonical pair of blades of F (if F' is non-simple) is an eigenspace of the symmetric tensor
Aab with respect to g at m. (That is, if p A q is in any of these blades (p,q € T,, M) there exists
p € R such that for any k € p A q, A\apk® = pgapk®). In particular,

(1) suppose that, at m, the collection of all the blades of all simple members of kerf and
all the canonical blade pairs of all the non-simple members of kerf (and which are each
eigenspaces of Aqyp) are such that they force T,, M to be an eigenspace of Agp. Then Mgy
18 proportional to gup at m.

(#3) If condition (i) is satisfied at each m' in some connected open neighbourhood U of m, then,
on U and for some c € R,

(@) Aab = CGab; (b) AdaR%y. =0, (€) aaeRyeq + apeR4eq = 0.
Proof. First contract (5.11) with F°? and use R%_,F°d = 0 to get
9aeF“Noe + Ghe FNac = GaeF““Noa — goe F Nag = 0, (5.12)
which rearranges, after cancellation of a factor 2, as
AacF Gy + Mo F'G, =0, (5.13)

where F') = F*g,, is skew-self adjoint with respect to g. The argument following (3.8) applied
to hap = Agp then completes the proof of the first part of the lemma. Part (i) of the lemma then
also follows if T;,, M is an eigenspace of A\, with respect to g. [It is remarked here that, for such
a symmetric tensor, the eigenspaces corresponding to distinct eigenvalues are orthogonal.] For
part (i7) one notes that, from part (i), Agp = 0gap on U for some smooth function o : U — R.
The Ricci identity on A then shows that

)‘deabc = Aabe — Aaieb = Yab0,c — JacO b (5.14)

where a comma denotes a partial derivative. Now for m’ € U there exists 0 # F' € ker f at m/
and a contraction of (5.14) with F®¢ gives

gab(Fch,c) - gac(Fch,b) =0 (515)
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from which it follows that g, F bca,c = 0 and so F “ba’b = 0. So either F' is non-simple (and
hence do = 0) at m’ or each member of ker f is simple and the 1-form do is g-orthogonal to
its blade. In the latter case, if dim(ker f ) =1, and ker f is spanned by a single simple bivector
the conditions of (i) are not satisfied, whereas, if dim(ker f) = 2, ker f must be spanned by two
simple bivectors whose blades intersect in a 1-dimensional subspace of T,y M and which again
results in condition (i) failing. If dim(ker f) = 3 it can be checked that either ker f is spanned
by three simple bivectors whose blades intersect in a 1-dimensional subspace of T,,,/ M (in which
case do is forced to be zero) or ker f is spanned by three simple bivectors the blades of whose
duals intersect in a 1-dimensional subspace of T,y M (and (i) fails). If dim ker f >4, ker f must
contain a non-simple member and do = 0 must hold (see [2, p. 392]). It follows that do = 0
on U and, since U is connected, the result (ii)(a) follows. The result (i7)(b) is then immediate
from (5.14) and the result (i7)(c) follows from (5.11). [

It is remarked that, in the construction of examples, the concept of local projective relatedness
will be required. For a space-time (M, g) let U be a non-empty connected open subset of M and
let ¢’ be some metric defined on U. Then g and ¢’ (or their respective Levi-Civita connections)
will be said to be (locally) projectively related (on U) if the restriction of g to U is projectively
related to ¢’ on U.

6 Projective structure and holonomy 1

The relationship between holonomy type and projective relatedness can now be given. Amongst
the holonomy types studied are several which include significant solutions to Einstein’s field
equations in general relativity (in addition to the vacuum solutions already discussed). For
example, one has the non-vacuum pp-waves (type R3 and Rg), the Godel metric (Ryg), the
Bertotti-Robinson metrics (R7) and the Einstein static universe (R13). For each holonomy type
the general idea is, first, to determine the holonomy invariant distributions peculiar to that type
and identify any covariantly constant or recurrent vector fields, second to link these vector fields
to Riem using the infinitesimal holonomy structure, third to use Lemma 5.1 and Theorem 3.1
to find expressions for the 1-form A and the tensor a and finally to use (5.7) to complete the
procedure. It is convenient to break up the holonomy types into certain subcollections for easier
handling. All metric and connection statements and index raising are understood to apply to
the structures g and V originally given on M. The following preliminary topological lemma,
which is a generalised version of a result in [2], is useful in some of the theorems.

Lemma 6.1.

(1) Let X be a topological space and let A and B be disjoint subsets of X such that A and AUB
are open in X and AU B is dense in X. Suppose B = By U By, with By and By disjoint,
and int B C int B1 U By where int denotes the interior operator in the manifold topology
of M. Then X may be disjointly decomposed as X = AUint By Uint Be U J where J is the
closed subset of X defined by the disjointness of the decomposition and A Uint By Uint By
is open and dense in X (that is, intJ = &).

(ii) Let X be topological space and let Ay, ..., Ay, be disjoint subsets of X such that A; together
with Ui:’fAi for k =2,...,n are open subsets of X and such that UZ%A; is (open and)
dense in X. Then X may be disjointly decomposed as X = A1 Uint Ao U---Uint A, U K
where K is the closed subset of X defined by the disjointness of the decomposition and
Ay Uint Ay U ---Uint A,, is open and dense in X (that is, int K = ©).

Proof. (i) Suppose intJ # & and let U be a non-empty open subset of X with U C J.
Then U N (AU B) is open and non-empty (since AU B is dense in M) but U is disjoint from
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A, int By and int By. Then U N B is open and non-empty and hence so is U Nint B. But
g £UNintB C UN (int By U By) = U N By and so U N By contains the non-empty, open
subset U Nint B of M from which the contradiction that U Nint By # & follows. Thus, U = &,
intJ = @ and the result follows.

(44) Suppose U is an non-empty open subset of X with U C K. Then UN(U!Z A;) is not empty
but U is disjoint from Ap, int As, ..., int A,,. It follows that if the open set UN(A1UA2)(= UNAs)
is non-empty, then U N Ay is non-empty and open and gives the contradiction that U Nint Ao is
(open and) non-empty. Thus U is disjoint from Ay. Continuing this sequence one finally gets
the contradiction that U is disjoint from each A; and hence from the open dense set UZTA;.
Thus U = @ and the result follows. |

Theorem 6.1. Let (M,g) and (M,g") be space-times with (M, g) non-flat. Suppose that (M, g)
is of holonomy type Ry, Rs or Ry and that V and V' are projectively related. Then V = V'
on M.

Proof. Suppose first that (M, g) has holonomy type Ry and, by the non-flat condition, let U be
the open dense subset of M on which Riem is non-zero. Then, for m € U (see Section 4), there
exists a connected and simply connected open neighbourhood V' C U of m and two orthogonal
smooth unit spacelike vector fields X and Y on V, spanning a holonomy invariant distribution
at each point of V' and which are covariantly constant on V. The Ricci identity then reveals
that R%.qX?% = R%.Y? = 0 on V and so Riem takes the curvature class D form (3.3) where
F' is a smooth simple timelike bivector field on V whose blade is orthogonal to the 2-spaces
X(m) ANY(m) at each m € V. Then at each m € V one may construct a null tetrad I, n,
x, y, based on the holonomy invariant subspaces, so that x = X(m) and y = Y(m) and then
RapeaGe? = 0 is satisfied by at m for G = 1Az, Ay, n Az, n Ay and z Ay. It follows that
the conditions of Lemma 5.1 are satisfied on (some possibly reduced version of) V' and hence
that the conclusions (a), (b) and (c¢) of this lemma hold. Then part (¢) of Lemma 5.1 and
Theorem 3.1(i) show that, on V,

Agh = ngab + ,U*XaXb + VYaYb + P(Xayb + YaXb) (61)

for functions &, p, v and p. Also the smoothness of the functions au, X* X" (= ¢ + p), agY2Y?
(= ¢ +v), ap XY (= p) and g%ayy, (= 4¢ + pu + v) reveal the smoothness of the functions ¢,
w, v and p on V. Now one substitutes (6.1) into (5.7) to get

gab¢,c + XaXbM,c + YaYE)V,c + (Xa}/b + YaXb)p,c = gac>\b + gbc)\a- (6'2)

A contraction of (6.2) successively with (?z? and n%y® at any m € V shows that Az = \I® =
Aay® = Agn® = 0. Thus the 1-form A is zero on V. It follows from (5.6) that the 1-form ¢ is
identically zero on V' and hence, from (5.1) that V = V' on V', hence on U and thus on M. This
completes the proof for holonomy type Ro and the proofs for the holonomy types R3 and R4 are
similar; for type Rs one has covariantly constant, orthogonal, null and spacelike vector fields L
and Y, respectively, on V and the holonomy invariant distributions can be used construct vector
fields N and X on (a possibly reduced) V such that L, N, X and Y give a null tetrad at each
point of V' from which the proof follows in a similar way to that of the Ry type. For type Ry
one has covariantly constant null vector fields L and N on V which one can choose to satisfy
gapL*N® = 1. Again one easily achieves V = V' on M. |

Theorem 6.2. Let (M,g) and (M,qg’) be space-times with (M, g) non-flat and of holonomy
type R7. Suppose that V and V' are projectively related. Then V =V’ on M.

Proof. Let U be the open dense subset of M on which Riem does not vanish. If m € U
there exists an open, connected and simply connected neighbourhood V' C U and null properly
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recurrent vector fields L and N scaled so that L*N, = 1 on V (noting that this scaling will
not affect their recurrence property). Then VL = L ® P and VN = —N ® P for some smooth
I-form field P on V. The simple bivector field F' = L A N, (Fu = 2LjuNy)), then satisfies

VF = 0 and its (simple) dual bivector field also satisfies VF' = 0. The blades of F' and F
span, respectively, the timelike and spacelike holonomy distributions on V' and reducing V, if

*
necessary, one may write Fop = 2X ;Y for smooth unit orthogonal spacelike vector fields X

and Y on V and which satisfy X*X,j, = Y Y, = 0. The condition V}*?’ = 0 on V shows that
VX =Y®Q and VY = —X ®Q on V for some smooth 1-form @ on V. At each m € V, L(m),
N(m), X(m) and Y (m) give a null tetrad [, n, x, y at m. Now at each m € U, Table 1 and
a consideration of the infinitesimal holonomy structure of (M, g) show that the curvature class
of Riem at m is either D or B, taking the form (3.2) if it is B and (3.3) with F either timelike
or spacelike if it is D. Let B, Dg and D¢ denote the subsets of U consisting of those points at
which the curvature class is, respectively, B, D with F' spacelike or D with F' timelike. Then
one may decompose M, disjointly, as M = BUDgUD{UJ = BUint DgUint Dy U K where, by
the “rank” theorem (see e.g. [2]), B is open in M and J and K are closed subsets of M defined
by the disjointness of the decomposition and J satisfies int J=@. If intDg # & let m € int Dg
and m € V C int Dg with V' as above. Then (3.3) holds on V' with F = X AY and « smooth
on V. It is then clear that, at m, I Az, [Ny, n Ax, n Ay and [ A n are in kerf and so, from
Lemma 5.1(i%)(a), T, M is an eigenspace of VA and so VA = ¢g on V. Then Lemma 5.1(ii)(c)
and Theorem 3.1(7) show that

Qap = PYap + Lo Ly + VN Ny + P(LaNb + NaLb) (6'3)

for functions ¢, u, v, and p on V which are smooth since aayLOLY, agy NN, agpy L*N? and gabaab
are. Noting that LNy is covariantly constant on V, a substitution of (6.3) into (5.7) gives,
onV,

gab¢,c + LaLb,u,c + QMLaLch + NaNbV,c — 2UN Ny P, + (LaNb + NaLb)p,c (64)
= gac)\b + gbc)\a-

Successive contractions of (6.4) with L*X? and N*Y?® then show that A,L® = A\JN® = A\, X ¢ =
AY? = 0 on V. Thus A vanishes on V and so on int Dg. If int Dy # @ a similar argument
using (3.3) with F' = L A N can be used to show that A vanishes on intD¢. If B # @,
Lemma 5.1(4i)(b) shows that A vanishes on B since no non-trivial solutions for A of the equation
displayed there exist at points of curvature class B. So one has achieved the situation that
M = BUDUJ with intJ = @ and B and B U D open in M (again by an application of
the “rank” theorem) and with A\ vanishing on the open subset B U int Dg U int D¢. That this
open subset is a dense subset of M follows from Lemma 6.1(i) by the following argument.
Since D = Dg U D¢ then, from elementary topology, int Dg U int D¢ C int D. That the reverse
inclusion is true in this case follows from noting that it is trivially true if int D = @ whilst if
int D # & one writes equation (3.3) for Riem on some open neighbourhood of any point m in the
submanifold int D with o and F' smooth (as one can) and then defines the smooth map 6 from
this neighbourhood to R by 8(m) = (F*®F,;)(m) (so that (m) > 0 if m € Dg and §(m) < 0 if
m € Dyg). It is easily seen now that m is either in int Dg or int D¢. Thus int D = int Dg U int Dy
and the conditions of Lemma 6.1(7) are satisfied. So A vanishes on an open dense subset of M
and hence on M. It follows that V =V’ on M. [ |

Theorem 6.3. Let (M,g) and (M,qg’) be space-times with (M, g) non-flat and of holonomy
type Rig, Ri1 or Ris and with Riem of curvature class C at each point of an open, dense
subset U of M. Suppose that ¥V and V' are projectively related. Then V =YV’ on M.
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Proof. Suppose that (M, g) is of holonomy type Rjp (the arguments for types R1; and Rj3 are
similar). For any m € U there exists an open, connected and simply connected neighbourhood
V C U of m and a unit spacelike covariantly constant vector field X on V. Then one may choose
an orthonormal tetrad u, x, y, z at m such that X (m) = x and, from the Ricci identity on X,
R%aX®*=0o0nV,and so x Au, x Ay and = A z are in kerf at m. As before, one sees that the
conditions and conclusions of Lemma 5.1 hold at each point of V' and so Theorem 3.1(i7) gives

Agp = PGap + X0 Xp (6.5)

on V for functions ¢ and p which are smooth since aq, X *X b and g“baab are. On substituting (6.5)
into (5.7) one finds

gab¢,c + XaXbU,c = gacAb + gbc)\a (66)

and successive contractions of (6.6) with 2%® and u®z® show that A vanishes at m, hence on V'
and so on M. Tt follows that V =V’ on M. [ |

Theorem 6.4. Let (M,g) and (M,g’) be space-times with (M, g) non-flat and of holonomy
type Rg, Rs or Ria. Suppose that V and V' are projectively related. Then ¥V = V' on M.

Proof. In each case let U be the open dense subset of M on which Riem does not vanish. Then
any m € U admits an open, connected and simply connected neighbourhood V' C U on which
are defined orthogonal vector fields L, X and Y, with L null and either recurrent or covariantly
constant (depending on the holonomy type) and X and Y unit spacelike vector fields and which
together span a 3-dimensional null holonomy invariant distribution on V. By reducing V, if
necessary, one may assume the existence of a null vector field N which along with L, X and Y
span a null tetrad at each point of V.

Now for holonomy type Rg one may take L recurrent and Y covariantly constant. The
curvature class at m is either C or D and if it is D, equation (3.3) holds with F' = I Az or
F=IAn+al Az (a €R). Let the subset of points of M at which the first of these class D
possibilities holds be denoted by Dy, (null) and at which the second holds by Dyy (non-null).
Then let D = D,,UDyy,. Let the subset of points of M at which at which the curvature class is C
be denoted by C. Then C is open in M and U = CUD. M admits the disjoint decomposition
M = CUDy, UDyy, UJ where J is the closed subset of M determined by the disjointness of
the decomposition and int J = @. It is clear that, whatever the curvature type, the conditions
and conclusions of Lemma 5.1 hold. If C # & and m € C then one may arrange in the previous
paragraph that m € V C U and that, on V,

Qgp = PGap + 1YYy (67)

for functions ¢ and p. The proof now proceeds as for Theorem 6.3 and one obtains V = V'
on C.

If int Dy, # @ then with V' as above and m € V C int Dy, Lemma 5.1 and Theorem 3.1(7)
give, on V,

Qgp = GGap + pLaLy + VYY), + p(La}/b + YaLb) (68)

for functions ¢, p, v and p which are smooth since agp XX, aqY2Y?, agy N®N® and aq, N®Y?
are. On substituting (6.8) into (5.7) and contracting, successively, with X?Y? L4L? and N*X?
one again finds that A = 0 on V and hence on intD,, and so V = V' on intDy,. (This argument
includes within it the curvature class C case above; one simply sets p and p to zero in (6.8).)
If int Dypy # @ and m € V C intDyy, with V' as above, Riem takes the form (3.3) with F
chosen as F'= LA N+ oL A X for a smooth function o, on V. Now define smooth vector fields
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X' =X—-ocLand N =N+ocX — "—;L on V, noting that L, N’, X’ and Y still give rise to a null
tetrad in the obvious way at each point of V' and that now F'= LA N’ on V. Again Lemma 5.1
applies and Theorem 3.1(7) gives

aab = gap + X, X} + VY Y, + p(X1Y, + Yo X3), (6.9)

where, as before, ¢, u, v and p are smooth functions on V. On substituting (6.9) into (5.7) (and
noting that, since L is recurrent, L*X (’l;b = 0) successive contractions with N'*N"® L¢X'" and
Ley? again reveal that V = V’ on int Dy,. So V = V/ on W = CuUint D, Uint Dyy,. That
the open set W is dense in M follows from Lemma 6.1(7). To see this let K = M \ W and
let W be a non-empty open subset of K. Then W is disjoint from C, int Dy, and int Dy, but
the open subset WN (CUD) =W NU # @ since U is dense in M. It follows that W N D and
hence W NintD are open and non-empty. Now, as in the previous theorem, consider the map
arising from the bivector F' in (3.3) on the (non-empty) open submanifold intD (and note that
for points in Dy, (where F' null) its value is zero whereas for points in Dy, its value is negative).
A consideration of the open subset of intD given by the inverse image, under f, of the negative
reals shows that intD C intDy, UDy,. The result now follows from Lemma 6.1(7) and A vanishes
on W and hence on M. Tt follows that V = V' and this completes the proof when the holonomy
type is Rg.

If (M, g) has holonomy type Rg and if m € U the curvature class of Riem at m is either D
(equation (3.3) with F' null) or C. A neighbourhood V' and vector fields L, N, X and Y, can
be established, as in the above paragraphs, with L covariantly constant. Lemma 1 again applies
and Theorem 3.1, parts (i) and (i7), then lead to a straightforward proof that A = 0 on (and in
an obvious notation) the open subset C and on int D. (For class D, useful contractions of (5.7)
are with L®LP, LeX? LoY? YY® and L*N® and in the class C case, with L*X?, L2Y? and
X2N®) That the open subset C UintD is dense in M then follows from Lemma 6.1(i4) since
CUD is open and dense in M. Thus A =0 and V = V' on M.

If (M, g) has holonomy type R1s then for m € U one may choose a neighbourhood V' of m and
vector fields L, N, X and Y as above with the null vector field L recurrent. Table 1 shows that
INz, IAy and IAn+w 2z Ay lie in kerf and so Lemma 5.1 again applies. If m € U the possible
curvature classes for Riem at m are D with F' null in (3.3) (since the only linear combinations of
the members of the bivector algebra for type R12 which are simple are null), C (with R%.ql® =0
at m) or A. One then decomposes M’, in an obvious notation, as M’ = A Uint CUintD U J
(recalling from Section 3 that A is an open subset of M). The conclusion (b) of Lemma 5.1(7)
then immediately shows that A = 0 on A and procedures similar to those already given reveal
that A = 0 on int C and int D (for the latter contract (5.7) with LLY, L*X? LY YY? and
N@Lb). Since A, AUC and A UCUD are open in M, with the latter dense, Lemma 6.1(i1)
completes the proof that A =0 and V=V’ on M. [ |

In summary, if (M, g) is non-flat and if, in addition, it is either of holonomy type Ra, Rs,
R4, Rg, R7, Rg or Rqs or of holonomy type Rig, R11 or Ri3 and of curvature class C over some
open dense subset of M then if ¢’ is another metric on M projectively related to g, V = V'
on M. One can say a little more here because in each of the above holonomy types (including
the curvature class C clause applied to the types Ry, R11 and Ri3) the condition that V and V’
are projectively related leads to V = V’ and hence to the condition that the holonomy groups
of (M, g) and (M, ¢') are the same. It is then easy to write down a simple relation between the
metrics g and ¢’ [15, 2]. For example, suppose either that M is simply connected or that one is
working over a connected and simply connected open region V' of M (on which the holonomy
type is the same as that of M). Then if this common holonomy type is Ra, R3 or Ry, one gets
a relation of the form

Gob = PYab + 1PaPb + V4aqs + P(Dadb + GaD); (6.10)
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where ¢, p, v and p are constants (subject only to a non-degeneracy condition and signature
requirements) and where p and ¢ are vector fields on M (or V') spanning the 2-dimensional
vector space of covariantly constant vector fields. For holonomy types Rg and Rg or types Rio,
R11 or Ry3 (with the above clauses attached) one gets

Yab = BYab + 1kaks, (6.11)

where ¢ and p are constants (again subject to non-degeneracy and signature requirements) and k
is a vector field on M (or V') spanning the vector space of covariantly constant vector fields.
For holonomy type R7 one gets

Gab = Dgab + p1(lanp + nalp), (6.12)

where again ¢ and p are constants (again subject to non-degeneracy and signature requirements)
and [ and n are null, properly recurrent vector fields on M (or V). For holonomy type Rj2 one
gets g/, = ¢gap with ¢ constant. [It is remarked here that for holonomy types Rig, Ri1 or Ris,
even without the curvature class C clause, if it is given that V = V' then (6.11) follows for
constant ¢ and p. But, in this latter case, projective relatedness without this clause does not
force the condition V = V' as will be seen later.] It is clear from these results that if g and ¢’
are projectively related metrics they may have different signatures.

7 Projective structure and holonomy 11

In this section the holonomy types (and special cases of holonomy types) omitted in the last
section will be discussed. Theorem 6.3 dealt in detail with the projective relatedness problem
for the (non-flat) holonomy types Rig, Ri1 and Ri3 when the curvature rank of the map f
in (3.1) (and which, for each of these types, is necessarily at most 3) is equal to 2 or 3 (curvature
class C) at each point of an open, dense subset of M. One can now consider the situation for
these holonomy types when the curvature rank is 1 (curvature class D) at each point of some
open, dense subset U of M. For any of these holonomy types define subsets My = {m € M : A
vanishes on some open neighbourhood of m} and My = {m € M : X does not vanish on any
open neighbourhood of m} = M \ M;. Then one has the disjoint decomposition of M given by
M = M; U My with My open in M. Let J = M \ U so that J is closed in M and intJ = &
(since U is open and dense in M). Next, if Dy, is the subset of points of M at which the
bivector F' in (3.3) is either spacelike or timelike and Dy, the subset of points where it is null
then U = Dy, UD,, with Dy, an open subset of M (by a consideration of the map associated with
the smooth function F,; F® on U and described earlier). One then gets a disjoint decomposition
M = M; U (My N Dyy) Uint (Ma N Dy) U K. It will be seen, as the proof progresses, that in
all cases Mo N Dyy, is also open in M and hence K, which is defined by the disjointness of the
decomposition, is closed in M. It then follows that, with the openness of Ms N Dy, assumed,
if W is a non-empty open subset of K, WNM; =W N (M;NDypn) =W Nint (MyNDy,) = 2.
But the non-empty open set WNU = W N (Dy UDpn) = WNDy, (since W C K and
KNDyy, =92)=WnN(M;NDy). Hence W Nint (My; N Dy,) # @ and this contradiction shows
that int K = @. Thus, considering the open dense subset M; U (M2 NDyy) Uint (Ma; N Dy, ) of M
one sees that since A = 0 on M; the interesting parts of M in this context are the open subsets
M5 N Dyy and int (M N Dy) (and, in fact, D, = @ in the Ry3 case). In fact, it will turn out
that, in all cases, int (M2 N Dy) = @.

So let (M, g) be a (non-flat) space-time of holonomy type Rig, R11 or Rj3 whose curvature
is of class D on some open dense subset U of M. Thus (3.3) holds on U (and Riem vanishes
on M\ U). Let m € U and let V. C U be a connected, simply connected, open neighbourhood
of m on which is defined a metric ¢, (locally) projectively related to g on V', together with
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an associated pair (a,\). The conditions imposed on (M, g) together with (3.3) show that the
conditions and hence the conclusions of Lemma 5.1 hold on U and hence on V. Thus VA = cg
holds on V' for some constant c.

Now suppose that the holonomy type of (M, g) is R1;. Then V' can be chosen so that it admits
a covariantly constant, null vector field I, so that, from the Ricci identity, R%.ql¢ = 0. Also,
from the curvature class D condition, V' (after a possible reduction, if necessary) admits another
(smooth) nowhere-zero vector field p such that I[(m’) and p(m’) are independent members of
T, M for each m/ € V and such that R%.4p® = 0 holds on V. Condition (b) of Lemma 5.1 and
the curvature class D condition then show that, on V,

Ao = 0lg + ppa (7.1)

and so, since A,.p = cgqp, One gets

PPab + PapPp + laa,b = CGab- (72)

Also, part (¢) of Lemma 5.1 and Theorem 3.1() give

aab = $Gab + Blaly + YPapb + 3(lapy + Palp) (7.3)

for smooth functions ¢, 3, v and § on V. Now there exists a nowhere-null, nowhere-zero vector
field ¢ on (a possibly reduced) V' which is orthogonal to [ and p and is such that g,q® is constant
(and hence ¢%qq;p = 0) on V. Then from (7.3), aaq® = ¢q, on V. On covariantly differentiating
this last equation and using (5.7) after a contraction with ¢“ one finds that ¢ , = 0 and so ¢ is
constant on V' (and non-zero since a is non-degenerate).

Now the simple bivector F in (3.3) satisfies Fyl° = 0 and so is either null or spacelike
at m € U, that is, either m € Dy or m € Dyn. Recalling the decomposition of M given
above assume int(Ma N Dy) is not empty and let m € V' C int(Mz N Dy,) for (some possibly
reduced) open neighbourhood V' as before. Then p may be chosen a unit spacelike vector field
on V orthogonal to [ on V and (7.3) shows that a.l® = ¢l, which, after differentiation and
making use of (5.7) and the constancy of ¢ and | immediately shows that A\ vanishes on V. This
contradicts the fact that m € Ms. Thus, int(My N Dy,) is empty.

If F is spacelike at m, that is, m € Dyn, and assuming that Ms N Dyy is not empty let
m € (M2 N Dyy) and choose V' such that m € V' C Dy, (since Dyy, is open in M). Then one
may choose p so that p is null and [“p, = 1 on V. Then (7.2) on contraction first with [* and
then with p® (using p®p,p = 0 since p is null on V') yields

cla =pa,  CPa=0a (7.4)
and then (7.2) becomes

PPab = Lyp, (Tap = gab — lapy — Paly). (7.5)
Next, differentiate (7.3) and use (7.1) and (5.7) to get

ac(olo + ppb) + Goe(ola + ppa) (7.6)
= lalbﬁ,c + PaPvY,c + VPa;ePb + YPaPbic + (lapb + palb)d,c + 6(lapb;c + pa;clb)'

On contracting this successively with 141°, p®p® and [?p® (using [*Pa;p = 0) one gets
2pla = Y.a, 20pq = Ba, olg + ppa = 6.4- (7.7)

If one finally contracts (7.6) first with {* and then with p* and use is made of (7.7) one easily
finds

YPap = pLab, Opap = 0Tap. (7.8)
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The condition m € My implies that p,p(m) # 0 because, otherwise, (7.5) shows that ¢ = 0
and then (7.4) reveals that p and o are constant on V. Then (7.8) shows that p and o vanish
at m and hence on V. Finally, (7.1) implies that A vanishes on V' and a contradiction follows. It
thus follows that p,, does not vanish at m and hence on some open neighbourhood of m (taken
to be V). Further, if A(m) = 0 then (7.1) shows that o(m) = p(m) = 0 and so, from (7.5), ¢ = 0.
Then (7.4) reveals that o and p are constant and hence zero on V' and hence, from (7.1), the
contradiction that A = 0 on V. Thus A(m) # 0 and so one may assume that V is chosen (after
a possible reduction) so that A and p,; are nowhere zero on V. But this implies that V' C Ms
and hence that V' C (M2 NDyy). From this it follows that My N Dy, is open in M (as remarked
above).

Continuing with this case, if p,p is not a multiple of Tpy, at some m’ € V' then (7.8) shows,
since T'(m’) # 0, that p(m') = o(m’) = 0 and then (7.1) gives the contradiction that A(m') = 0.
S0 payp is a non-zero multiple of Ty, at each point of V. It follows that the covector fields
associated with both [ and p are closed 1-forms on V' and hence are gradients on (a possibly
reduced) V, say of the (smooth) functions u and v, respectively. In addition, [ and p are easily
checked to have zero Lie bracket and so span an integrable distribution (again on a possibly
reduced V). It can then be shown by using standard techniques that if one chooses z and y
coordinates on that part of the 2-dimensional submanifold u = v = 0 contained in (a possibly
reduced) V and chooses the other coordinates as parameters along the integral curves of [ and p
(with z and y constant along these curves) the parameter coordinates may be taken as u and v
and [ = 9/0v and p = 9/Ju. Then with the coordinates u, v, x, y the metric g takes the form

ds? = 2dudv + gapdz®dz’  (gap = Tup), (7.9)

where Greek indices take the values 3 and 4 and the second (bracketed) equation in (7.5) has
been used.

Now suppose that the constant ¢ # 0. Then (7.4) shows that one may use the translational
freedom in the coordinate u to arrange that p = cu. If ¢ = 0 then the first equation in (7.5)
together with the non-vanishing of p,; on V implies p = 0 on V and the second equation
in (7.4) shows that o is a non-zero constant on V. Then (7.7) and (7.8) reveal that § is a linear
function of » which is nowhere zero on V. A translation of the u coordinate then ensures that
0 = ou (and u is nowhere zero) on V. Thus whether ¢ is zero or not, one can achieve the result
that up,,, = Tup. Denoting the Christoffel symbols arising from V by I' and noting that since
[ = 0/0v is a Killing vector field on V, the functions g.3(= T,s3) are independent of v, one
calculates that —uFiﬂ = gap- This, together with up,;, = T, and an integration then leads
t0 gap = u?hap for functions h,p which are independent of u and v. Thus, on V, the original
metric is

ds? = 2dudv + u*hags (xS, x4)dac°‘dxﬁ. (7.10)

The next step is, recalling the coordinate scalings above, to write p = cu and, from (7.4),
o = cv+e; and substitute into (7.7) to get 8 = cv®+2e1v+e9, v = cu’+es and § = eju+cuv+ey
for constants ej, e, e3 and e4. Then (7.5) and (7.8) act as consistency checks on these constants
and give e3 = e4 = 0. The equation (7.7) now gives the Sinyukov tensor in (7.3) as

Qgp = ¢ (gab + (cv? + 2e10 + e2)laly + cu’papy + (e1u + cuv)(lapy + palb)) . (7.11)

This equation can then be inverted following the techniques described in Section 5. First, with
the above values for p and ¢ one finds A from (7.1) and, from (7.11), ¢ can be calculated from
the equation ¢, = —a;bl)\b given in Section 5. Then the potential, x, of the 1-form v can be
found. Finally the required metric is then given, on V, by ¢/, = e®Xaqy,. This calculation was
done using Maple and results in

-1

Y = dy, x=3lnF, F =" [1+ 2cuv + 2e1u + (e — 662)11,2} (7.12)



Holonomy and Projective Equivalence in 4-Dimensional Lorentz Manifolds 19

and for the metric ¢/, projectively related to g,

ds”? = kFg — k3 F?[(cv? + 2e10 + e2)du® + cu’dv?
+ 2u(cv + e1 + (ef — cea)u)dudv] (7.13)

for a positive constant x = ¢~ L.

It is noted here that if A,(m) is proportional to I(m) then it follows from (7.1) that p(m) = 0
and from (7.5) that ¢ = 0. Then (7.4) reveals that p = 0 and that o is constant on V' and so A,
is a constant multiple of I, = gal® on V. Conversely, since VX = cg, this last condition implies
that ¢ = 0. Thus the special case ¢ = 0 corresponds to the condition that A, is a (non-zero)
constant multiple of [, on V' and then (7.11), (7.12) and (7.13) simplify. For this special case
it follows from (7.12) that ¢, = r(u)l, on V for some (smooth) function r on V. Thus, for
any metric ¢’, projectively related to g on V' and with Levi-Civita connection V', one finds
from (5.1) that [, = —2r(u)laly, where a stroke denotes a V'-covariant derivative. Then the

nowhere-zero vector field I’ = e/ 2] on V is null with respect to ¢ (from (7.13) with ¢ = 0)
and covariantly constant with respect to V’. It is, in fact, true that (V,g’) (that is, V') is
also of holonomy type Rj;. This follows from Table 1 since (V,g') admits a nowhere zero null
covariantly constant vector field and so must be of holonomy type Rs, R4, Rg or Ri; and the
first three of these are ruled out because they would, from Theorems 6.1 and 6.4, force V = V.
[That V' cannot be flat over some non-empty open subset V’ of V follows since ¢’ would then be
of constant curvature and hence so would g [16], contradicting the curvature class D condition
on (V,g).] The space-time (V,¢’) is also of curvature class D on V since, otherwise, it would
be of curvature class C over some non-empty open subset V’ of V. In this case, Theorem 6.3
would show that A = 0 on V’ and a contradiction follows.

Now let (M,g) be a space-time of holonomy type Rjgp or Rj3 which is (non-flat and) of
curvature class D, that is the curvature rank equals 1 over some open dense subset U of M and
Riem vanishes on M \ U. Let ¢’ be a metric on some connected open neighbourhood V' C U of
m € U which is projectively related to g on V. On V| Riem takes the form (3.3) for some nowhere
zero bivector F' on V. If the holonomy type is Rj3 this bivector F' is necessarily spacelike and
so the subset Dy, in the above decomposition of M is empty. Then V may be chosen to admit
a covariantly constant, unit timelike vector field u (so that, from the Ricci identity, R%.qué = 0
on V) and a unit (smooth) spacelike vector field w which is orthogonal to v on V' and also
satisfies R%qqw® = 0 on V. On V one has the useful relations UUgsp = WWqp = UWgay = 0.
If, however, the holonomy type of (M, g) is Rig, V may be chosen so as to admit a covariantly
constant unit spacelike vector field (which for later convenience will also be labelled u) and
which satisfies R%.qu® = 0 and another nowhere-zero vector field (similarly labelled w) which
is orthogonal to u and satisfies R%qw? = 0 on V but whose nature (spacelike, timelike or null)
may vary. It follows that in the Rjg case, each of D, and Dy, may be non-empty. These
remarks permit the totality of possibilities for the types Rig and Ri3, with one exception, to be
taken together (the exceptional case being for type Rjp and the subset Dy,).

The proof is, in fact, very similar to that already given for the holonomy type Ri; and so
it will be described only briefly. For m € U choose an open, connected and simply connected
neighbourhood V' of m. Then one has, from Lemma 5.1, Ay, = cgqp for some constant ¢ and so,
as before,

Aa = OUg + pWq, PWash + WaPb + UgO b = CYab (714>
and

Agb = PGab + LuqUp + YWawp + 5(anb + waub) (715)
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for functions o, p, ¢, B, v and § on V. Whichever subcase is chosen an argument similar to that
given in the holonomy R;; case leads to the conclusion that ¢ is constant.

Now suppose the holonomy type is Rjg, that int (M NDy,) is non-empty and with V' as usual
choose m € V' C int (M2NDy). On V| u is unit spacelike and covariantly constant and w is null.
Then the second of (7.14), on contraction with w® and u®, gives ¢ = 0, ¢ is constant on V' and
(pw)ap = 0. Thus A is covariantly constant on V' and p(m) = 0. [If p(m) # 0 then p would not
vanish over some neighbourhood of m and on that neighbourhood pw would be a nowhere-zero,
nowhere-null covariantly constant vector field on V' with pw(m) and u(m) independent members
of T,, M at each m € V . This would reduce the holonomy type in this neighbourhood to R3 and
then, from Theorem 6.1, one finds that A vanishes on this neighbourhood of m contradicting
the fact that m € Mps.] Since A (and u) are covariantly constant on V' with A proportional to
u at m it follows that A is proportional to v on V and hence, from (7.14), that p is zero on V.
Finally a substitution of (7.15) into (5.7) and a contraction with u%w® gives 0 = 0 on V and
hence, from (7.14) that A = 0 on V. This contradiction to the statement m € My shows that
int(Mg N Dn) = .

The other cases can be handled together. One assumes that My N Dy, is non-empty and
chooses m € (MzNDyy) and the usual neighbourhood V' such that m € V' C Dpp. To deal with
both cases simultaneously one writes, for the vector fields u and w on V, u®u, = €1, w*w, = €
(and u®w, = 0) with €; and ey equal to either £1. Thus the Ri3 type requires ¢; = —1 and
€o = 1 whilst the Rjg type requires ¢; = 1 and €3 = £1. Equations (7.14) and (7.15) still hold
and contractions of the second in (7.14) with u®* and w*® give

€10 ,q = ClUq, €200 = CWq, PWaib = cTyp (Tab = Gab — €1UUp — €2wawb)- (716)

Then substituting (7.15) into (5.7) and contracting successively with u%u’, w%w® and u%w® and
then with u® and w® gives

2610Ua = [, 2e2pWa = Y,a; €2PUq + €10Wg = €1€20 4 (7.17)
and
YWa;p = PTap, 6wa;b = 0Typ. (718)

As before one can now show, since A € My, that A and wgy are nowhere zero on V' and hence
V C My N Dun (so that My N Dyy is open in M). Also, on V, wgy is a non-zero multiple
of Typ. Thus, V may be chosen so that the 1-forms associated with u and w through g are
global gradients on V', say u = €;dt and w = eadz for functions ¢ and z on V. So reducing V, if
necessary, to a coordinate domain with coordinates t, z, 23, z* such that g takes the form

ds? = e1dt? + eadz? 4 2%hop(a?, 2t da®da”, (7.19)

where the functions h,g are independent of ¢ and z. The equations (7.14) and (7.17) may be
integrated to give

Agp = @ (gab + (ct? 4 2cat + e3)uqup + c2?wawy + (ctz 4 coz)(uqwy + waub)) , (7.20)

where ¢y and c3 are constants. Inverting the pair (a, A) to obtain the corresponding pair (¢’, 1))
leads to

1/} = dX7 X = %IHF,
F=xt [1+ ea(c+ er(ese — 3))2* + €1 (ct? + 2eat + c3)] - (7.21)
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corresponding to the metric ¢’ projectively related to g and given by

(7.22)

J = kFg— k3F? < (ct? + 2cat + c3 + ea(ces — c3)22)dt? )

+(c+ e1(ces — ¢3))22d2% + 2e1ea(ct + co)zdtdz

where k = ¢!

is a positive constant.

In summary, for space-times (M, g) of holonomy types Rip, R11 and Rj3 and which are of
curvature class D over some open dense subset U of M, int(MsND,) = @ and one may identify
an open dense subset of M such that each point m of this subset lies in a neighbourhood where
either A = 0 (when m € M;) or where A is nowhere zero and in which the situation can be
completely resolved (in the open subset My N Dyy). It is interesting to remark at this point
that more can be said in the cases when Riem is nowhere zero on M and the nature (timelike,
spacelike or null) of the bivector F in (3.3) is constant on M. To see this, suppose that such is
the case and suppose that F' is non-null (and hence always timelike or spacelike on M). Then,
in the previous notation, M = M; U My = Dyny, with M open in M. But then the previous
work shows that My = Ms N Dyy is also open in M. Thus, since M is connected, one of M,
and My is empty and so either M = My or M = M>. It follows that, in this case, either A =0
on M or A is nowhere vanishing on M. In the similar situation, but with F' null, M = D, and
the work above shows that A =0 on M.

Although the class D assumption for these holonomy types was made over an open dense
subset of M it is now seen that this is, in fact, a complete solution for holonomy types Rig, R11
and Ri3. For if (M, g) is of any of these holonomy types, then either it is of curvature class C
over an open dense subset of M, in which case, V = V' on M, or the curvature class is D over
some subset E' of M. Now the subset J of M over which Riem vanishes is closed and satisfies
int J = @. Also, the subset E'U J is closed (by the rank theorem on Riem since M \ (E U J)
is exactly the open subset of M on which Riem has curvature rank > 1) and if intFl = & it is
easily checked that int (E U J) = @ and so the curvature class is C over the open dense subset
M\ (EUJ) of M. Then Theorem 6.3 gives V.= V' on M. If intE # & let E' = int E and
proceed as above on the (connected) components of E' with metric g.

Where a space-time (M, g) has holonomy type Rg or R4 the situation turns out to be even
more complicated. These cases will be discussed in detail elsewhere [25], but, for completeness,
non-trivial (that is, A not identically zero) examples of projective relatedness in such space-times
will now be discussed briefly.

Consider a spacetime (M, g) and a point m € M for which there exists a coordinate neigh-
bourhood U of m with coordinates u, v, z, y (v > 0) such that g is given on U by

ds® = 2dudv + b(u)v/odu® + u?e! @Y (dz? + dy?), (7.23)

where b(u) and f(z,y) are arbitrary smooth functions on U. Now the 1-form field | = du may
be shown to be recurrent on U, and is covariantly constant on U if and only if b(u) = 0 on U.
On any connected open subset of U where b(u) = 0, (7.23) is locally of the form (7.10) and of
curvature class D. However, for (7.23) to be of holonomy type Rg or Ry4, b(u) # 0 at least at
one point m € M, and hence over some open neighbourhood V of m. Assuming that b(u) is
nowhere zero on V the curvature class is A on V and after somewhat lengthy calculations it
may be shown that (5.7) may be solved non-trivially to give

a= ¢(g + 2&ududv + 5(211 + ub(u)ﬁ)duQ), (7.24)
where ¢, ¢ € R. Inverting the pair (a, \) to obtain the corresponding pair (¢’,) leads to

p=dx, x=ilnF,  F=g"[1+¢&u? (7.25)
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with x = ¢~ !, corresponding to a metric ¢/, projectively related to (7.23), and given on V by
g =rKFg—rk3F? [2¢u(1 + Eu)dudv + E(u(l + Eu)b(u)y/v + 2v)du?] . (7.26)
If f(x,y) satisfies % + 227]; = 0 everywhere on V' then an application of the Ambrose—Singer
theorem [14] shows (7.23) has holonomy type Ry, and otherwise has holonomy type Ri4 on V.
It is remarked that examples are known of non-trivially projectively related space-times of the

Friedmann-Robertson-Walker-Lemaitre (FRWL) type and which are of holonomy type R;5 [26].
Other examples of Rj5 metrics with similar properties will be discussed in [25].

8 Conclusions

This paper studied the question of, given a space-time (M, g), what can be said about those
other metrics ¢’ on M (or some open submanifold of M) which are projectively related to g?
The question was inspired from both a geometrical point of view and from a physical stand-
point through the principle of equivalence in Einsteins general theory of relativity. If (M, g) is
an Einstein space (and this includes the important vacuum metrics of general relativity) the
problem is already resolved, as explained in Section 5. This paper then proceeded to extend this
by studying the situation through the various possible holonomy groups that are possible for
a Lorentz manifold. It was shown that, by using certain algebraic properties of the curvature
tensor, much of this problem is tractable and an essentially complete solution was obtained for
all the holonomy types except Rg, R14 and Rj5. For these latter types, examples of non-trivially
projectively related space-times were shown to exist (and further details will be given elsewhere).
Amongst all of these are several well-known, physically important solutions of Einsteins field
equations.
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