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Abstract. The actions of 0-Kashiwara operators on the U,; (G(Ql))—crystal B, in [Yamane S.,
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1 Introduction

Let g be a symmetrizable Kac-Moody algebra. Let I be its index set for simple roots, P the
weight lattice, a;; € P a simple root (i € I), and h; € P*(= Hom(P,Z)) a simple coroot (i € I).
To each ¢ € I we associate a positive integer m; and set &; = m;q;, h Nl = h;/m;. Suppose
((hiy &@;))ijer is a generalized Cartan matrix for another symmetrizable Kac-Moody algebra g.
Then the subset P of P consisting of A € P such that <hz, A) is an integer for any i € I can be
considered as the weight lattice of g. For a dominant integral weight A let B%()\) be the highest
weight crystal with highest weight A over U,(g). Then, in [5] Kashiwara showed the following.
(The theorem in [5] is more general.)

Theorem 1. Let A be a dominant integral weight in P. Then, there exists a unique injective
map S : B8(\) — B%(\) such that
wt S(b) = wtb, S(eib) = e S(b), S(fib) = f"S(b).
In this paper, we use this theorem to examine the so-called Kirillov—-Reshetikhin crystal. Let g

be the affine algebra of type Df'). The generalized Cartan matrix ((h, a;))ijer (I = {0,1,2})
is given by

2 -1 0
-1 2 =3
0 -1 2

Set (mg, m1,m2) = (3,3,1). Then, g defined above turns out to be the affine algebra of
type Gél). Their Dynkin diagrams are depicted as follows

3 0 1 2 1 0 1 2
Dz(L): o o<——o G;): o o——o

*This paper is a contribution to the Proceedings of the Workshop “Geometric Aspects of Discrete and Ultra-
Discrete Integrable Systems” (March 30 — April 3, 2009, University of Glasgow, UK). The full collection is available
at http://www.emis.de/journals/SIGMA /GADUDIS2009.html
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For Ggl) a family of perfect crystals { B; };>1 was constructed in [7]. However, the crystal elements
there were realized in terms of tableaux given in [2], and it was not easy to calculate the action
of 0-Kashiwara operators on these tableaux. On the other hand, an explicit action of these
operators was given on perfect crystals {B;};>1 over U, (Dig)) in [6]. Hence, it is a natural idea
to use Theorem 1 to obtain the explicit action of egy, fy on B; from that on By with suitable [
We remark that Kirillov—Reshetikhin crystals are parametrized by a node of the Dynkin diagram
except 0 and a positive integer. Both B; and B, correspond to the pair (1,1).

Our strategy to do this is as follows. We define V; as an appropriate subset of Bgl that is
closed under the action of €, fml where é;, fZ stand for the Kashiwara operators on Bsy;. Hence,

we can regard V; as a U] (G(l)) crystal. We next show that as a U, (G( )) U,(Az))-crystal
1

and as a U, (G( )){1 2}(
conclude from Theorem 6.1 of [6] that Vj is isomorphic to the U, (G( ))—crystal By constructed
in [7] (Theorem 2).

The paper is organized as follows. In Section 2 we review the Ué (Df’))—crystal B;. We then
construct a Ué (Ggl))—crystal V; in Bgl with the aid of Theorem 1 and see it coincides with B;
given in [7] in Section 3. Minimal elements of B; are found and {B;};>; is shown to form

a coherent family of perfect crystals in Section 4. The crystal graphs of By and By are included
in Section 5.

{0, 1}(

Uq(G9))-crystal, V; has the same decomposition as B;. Then, we can

2 Review on U] (Df’))—crystal B

In this section we recall the perfect crystal for Uy (Dflg)) constructed in [6]. Since we also
consider Ué (Gél))-crystals later, we denote it by Bl. Kashiwara operators e;, f; and g;, @; on Bl

are denoted by é;, fz and &;, ¢;. Readers are warned that the coordinates x;, Z; and steps by
Kashiwara operators in [6] are divided by 3 here, since it is more convenient for our purpose.
As a set

3x3 = 3%3 (mod 2),
By = b= (x1,72,73,%3,%2,71) € (Z>0/3)° Z (2; + ;) + (x3 + T3)/2 < 1/3

i=1,2

In order to define the actions of Kashiwara operators €; and fl for ¢ = 0,1, 2, we introduce
some notations and conditions. Set (z);+ = max(x,0). For b = (x1, z2, x3, T3, T2, Z1) € By we set

T3+ _ _
s(b) = @1+ w2 + S + Ty + I, (2.1)

and
21 =21 — 21, 29 = X9 — I3, 23 = T3 — X3, 2’4:(513—1'3)/2. (2.2)
Now we define conditions (E;)-(Eg) and (F1)—(Fs) as follows

) z1+204+234+324<0, 214+20+324<0, 21+2<0, 2z <0,

) z1+204+234+324<0, 220+4+324<0, 22<0, 2z >0,

) z1+23+324<0, 234+324<0, 24<0, 20>0, 213+4+22>0, (2.3)
) z1+20+324>0, 204+324>0, 24>0, 23<0, 23+23<0,

) zi+2z24+23+324>0, 234+324>0, 23>0, 2z <0,

)

21+ 204+ 23+324>0, 2z1+234+324>0, 214+23>0, 2z >0.

(
(
(
(
(
(

SEEIES
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The conditions (F7)-(Fs) are disjoint and they exhaust all cases. (E;) (1 < i < 6) is defined
from (F;) by replacing > (resp. <) with > (resp. <). We also define

A= (0,21,21 + 22,21 + 22 + 324, 21 + 22 + 23 + 324,221 + 22 + 23 + 324). (2.4)

Then, for b = (x1, 2, x3,T3,T2,T1) € By, &b, fib, £i(b), pi(b) are given as follows

(21— 1/3,...) if (Ey),
(oo —1/3,85 — 1/3,..., 51 +1/3) it (E),
oy J (=23 B 13 it (),
(coovia—1/3,..., 53+ 2/3,...) it (Ey),
(01— 1/3,... 03+ 1/3,35 +1/3,...) if (Es),
(1 +1/3) it (Eg),
(@1 +1/3,...) it (F),
(...,z3+1/3,23+1/3,...,21 —1/3) if (F3),
Gy JComs o 1y3 ) if (),
(ova+1/3,..., 55— 2/3,...) if (Fy),
(x1+1/3,...,23 —1/3, 23 —1/3,...) if (F5),
(@1 —1/3) if (Fp).
(....,72+1/3,2: —1/3) if 29 > (—23)+,
etb=1o (...,23+1/3,23—1/3,...) if 20 <0 < z3,
(x14+1/3,29—1/3,...) if (22)4+ < (—23),
(k1 —1/3,20+1/3,...) if (22)4+ < (—23),
fib=X (... a5 —1/3,25+1/3,...) if 25 <0< zs,
{(...,f2—1/3,f1+1/3) if 20 > (—23)4,
éQb:{(...,x3+2/3,x2—1/3,...) if 2, >0,
(c..,za+1/3,23—2/3,...) if z4 <0,
be_{(...,x2—1/3,x3+2/3,...) if 24 <0,
(@3 —2/3,20+1/3,...) if 24 > 0,
€o(b) =1 —3s(b) + 3max A — 3(221 + 22 + 23 + 324),

So(b) = I — 3s(b) + 3max A,

21(b) = 321 + 3(T5 — T + (22 — 73) 1)1, (2.5)
¢1(b) = 321 + 3(23 — 22 + (T2 — T3)+ )+,

Eo(b) = 3T+ B(ws — T3)s,  Pa(b) = 3wa + B3 — w3)4

If é;b or fib does not belong to B, namely, if z; or z; for some j becomes negative or s(b)
exceeds [ /3, we should understand it to be 0. Forgetting the 0-arrows,

l
N T
Bl ~ @BGQ(jAl),
Jj=0

where BG} (M) is the highest weight Uq(Gg)—crystal of highest weight A and G; stands for the
simple Lie algebra G5 with the reverse labeling of the indices of the simple roots (a; is the short
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root). Forgetting 2-arrows,

B ~ . B* (joAo + j1A1),

=0 i<jo,j1<l—i
Jjo,ji=l—1t (mod 3)

where BA2()) is the highest weight U, (As)-crystal (with indices {0,1}) of highest weight .

3 U, (Ggl))-crystal

In this section we define a subset V; of Egl and see it is isomorphic to the Ué (Ggl))—crystal B;.
The set Vj is defined as a subset of By satisfying the following conditions:

r1,T1,T9 — T3,T3 — Ty € 7. (31)

For an element b = (1, x9, x3, T3, T2, T1) of V| we define s(b) as in (2.1). From (3.1) we see that

s(b) € {0,1,...,1}.

Lemma 1. For 0 <k </

H{oeVi|s(b) =k} = —=(k+1)(k+2)(2k +3)(3k + 4)(3k + 5).

120

Proof. We first count the number of elements (x2,z3,Z3,T2) satisfying the conditions of co-
ordinates as an element of V; and xg + (x3 + Z3)/2 4+ Zo = m (m = 0,1,...,k). According to
(a,b,c,d) (a,d € {0,1/3,2/3}, b,c € {0,1/3,2/3,1,4/3,5/3}) such that zo € Z+a, x3 € 2Z+ b,
T3 € 27 + ¢, T9 € Z + d, we divide the cases into the following 18:

(i) (0,0,0,0), (ii) (0,0,2/3,2/3), (iii) (0,0,4/3,1/3),

(iv) (0,1,1/3,1/3), (v) (0,1,1,0), (vi) (0,1,5/3,2/3),

(vi) (1/3,1/3,1/3,1/3),  (viii) (1/3,1/3,1,0), (ix) (1/3,1/3,5/3,2/3),

(x) (1/3,4/3,0,0), (xi) (1/3,4/3,2/3,2/3), (xii) (1/3,4/3,4/3,1/3),

(xiii) (2/3,2/3,0,0), (xiv) (2/3,2/3,2/3,2/3), (xv) (2/3,2/3,4/3,1/3),

(xvi) (2/3,5/3,1/3,1/3),  (xvii) (2/3,5/3,1,0), (xviii) (2/3,5/3,5/3,2/3).
The number of elements (x2, x3, T3, T2) in a case among the above such that a+ (b+c¢)/2+d =€
(e=0,1,2,3) is given by f(e) = (m_§+3). Since there is one case with e = 0 (i) and e = 3 (xviii)
and 8 cases with e = 1 and e = 2, the number of (z2, x3, Z3, T2) such that xo+(x3+Z3)/24+T2 = m
is given by

f(0) +8f(1)+8f(2) + f(3) = %(Qm +1)(3m? + 3m + 2).

For each (x9, x3, T3, T2) such that zo+ (x3+Z3)/24+Z2 =m (m =0,1,..., k) there are (k—m+1)
cases for (z1,Z1), so the number of b € V; such that s(b) = k is given by

k
Z %(2m+ D(3m? +3m+2)(k—m+1).

A direct calculation leads to the desired result. [ |
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We define the action of operators e;, f; (i =0,1,2) on V; as follows.

(331—1,...) if (El)v
(..,z3—1,23—1,...,21 + 1) if (E2),
(...,.%'2—%,xg—%,.fg—i-%,.fj—l-%,...) lf(Eg) and z4 = —

cob = (...,ZL‘Q—%,:L‘g—%,i‘g—l—%,i‘g—l—%,...) (Eg) and z4 = —
(..,z3—2,...,Z24+1,...) if (E3) and z4 # —
(...,1’2—1,...,.7?’34—2,...) (E4),
(z1—1,...,2z3+ 1,23+ 1,...) if (E5),
(- T+ 1) if (Es),
(1‘1+1,...) if (Fl),
(..,z3+ 1,23+ 1,...,21 — 1) if (Fy),
(...,:L'3+2,...,.ii’2—1,...) 1f<F3),

fob = ('~-,x2+%,aj‘3+%,i‘3—%,i’g—%,...) f(F4) andz4—é
(...,$2+%,$3+%,fgf%,f’g*%, ) (F4) andZ4—%
(.., 4+1,...,23—2,...) if (Fy) and247é3,3,
(l’l—l-l,...,l'g—l,{f‘g—l,...) 1f<F5),
\("'7@1_1) lf(F6)7
{(...,i‘g—i—l,fl—l) iffz—i‘gk($2—$3)+,

e1b = (...,x3—|—1,£3—1,...) if o — 23 <0< 3 — 29,
($1+1,3}2—1,...) if(ig—f3)+<x2—l‘3,
(r1 — Lixa+1,...) if (g —Z3)y < x9 — w3,

fib=<(..,xzs—1,234+1,...) if To—Z3 <0< x3— 29,
(...,i’g—l,fl-i-l) if§:2—§:3>(a:2—a:3)+,

eob — (...,f3+%,i‘2—%,...) if £3 > w3,

20 — e o—
(...,:132—1—%,333—% ) if 3 < w3,

fgb— ( 75[;2_%71}3—’_%7"') ifi’3§x37
(...,i’g—%,i’g—l—%,...) if 3 > 3.

We now set (mg, mq, mo) = (3,3,1).

Proposition 1.

(1) For any b € V; we have e;b, fib € Vi U{0} fori=0,1,2.
(2) The equalities e; = €]"" and f; = flml hold on V| fori=0,1,2.

Proof. (1) can be checked easily.

For (2) we only treat f;. To prove the ¢ = 0 case consider the following table

| (F)  (Fy)  (Fs) (K  (F5)  (Fe)
2| -1/3 —-1/3 0 0o -1/3 -1/3
x| 0 —-1/3 —-1/3 2/3 1/3 0
z3| 0 /3 2/3 —1/3 -1/3 0
24| 0 0o -1/3 -1/3 0 0
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This table signifies the difference (z; for fob) — (zj for b) when b belongs to the case (F;). Note
that the left hand sides of the inequalities of each (F;) (2.3) always decrease by 1/3. Since
21, 22,23 € L, 24 € )3 for b € V, we see that if b belongs to (F}), fob and f2b also belong to (F})
except two cases: (a) b € (Fy) and z4 = 1/3, and (b) b € (Fy) and z4 = 2/3. If (a) occurs, we
have fob, f2b € (F3). Hence, we obtain fo = f3 in this case. If (b) occurs, we have fob € (Fy),
fgb € (F3). Therefore, we obtain fj = fg’ in this case as well.

In the ¢ = 1 case, if b belongs to one of the 3 cases, flb and ffb also belong to the same case.
Hence, we obtain f; = ff’ For ¢ = 2 there is nothing to do. |

Proposition 1, together with Theorem 1, shows that V; can be regarded as a Ué (Gél))—crystal
with operators e;, f; (i =0,1,2).

Proposition 2. As a U, (Gg)){l 2}—crystal

l
V, ~ @BGZ(kAl),
k=0

where BY2()\) is the highest weight Uy(Gs)-crystal of highest weight .

Proof. For a subset J of {0, 1,2} we say b is J-highest if e;b = 0 for any j € J. Note from (2.5)
that by = (k,0,0,0,0,0) (0 <k <) is {1,2}-highest of weight 3kA; in Bs;. By setting g = G;
(= G2 with the reverse labeling of indices), (m1,m2) = (3,1), § = G2 in Theorem 1, we know

that the connected component generated from by by f1 = ff’ and fy = fg is isomorphic to
B% (kAy). Hence by Proposition 1 (1) we have

l
& B> (kn1) C W (3.2)
k=0

Now recall Weyl’s formula to calculate the dimension of the highest weight representation. In
our case we obtain

1
#B92(kA) = o (B + Dk +2)(2k + 3)(3k + 4)(3k + 5).
However, this is equal to #{b € V; | s(b) = k} by Lemma 1. Therefore, C in (3.2) should be =,
and the proof is completed. |

Proposition 3. As a U, (Gél)){o 1}—crystal

[1/2]
Vi=@ P B2Goho+ i),

i=0 i<jo,j1 <l—i
where BA2(\) is the highest weight Uy(As)-crystal (with indices {0,1}) of highest weight .

Proof. For integers i, jo, j1 such that 0 < i < 1/2, i < jo,j1 <1 — i, define an element b; j, j,
of V; by

- :{ (0,y1,3y0 — 2y1 + 1, Y0 + %, Yo + jo, 0) if jo < Jj1,
1,50,51 (0, y0, Yo + 4, 2y1 — Yo + i, 2y0 — Y1 + Jjo,0) if jo > 7J1.

Here we have set y, = (I —i — jo)/3 for a = 0,1. From (2.5) one notices that b; j, j, is {0,1}-
highest of weight 3joAo + 3j1A1 in Bs;. For instance, £o(b; j,.5,) = 0 and ¢o(b; jy.5,) = 3jo since
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5(bijo.j1) =l and max A = 221 + 29 + 23 + 324 = jo. By setting g = g = Ao, (mp,m1) = (3,3) in
Theorem 1, the connected component generated from b; j, j, by fi = f# (i = 0,1) is isomorphic
to B42(joAg + j1A1). Hence, by Proposition 1 (1) we have

11/2]
B D B™Gho+iM)C

i=0 i<jo,j1 <l—i

However, from Proposition 2 one knows that

l
Vi = > 4B (kAy).

k=0
Moreover, it is already established in [7] that

! l1/2]
S B (kA) =D > #B™(joAo + j1h).
k=0

1=0 i<jo,j1<l—1

Therefore, the proof is completed. |

Theorem 6.1 in [6] shows that if two U (Ggl))-crystals decompose into Py B% (kM) as
U,y(G2)-crystals, then they are isomorphic to each other. Therefore, we now have

Theorem 2. V; agrees with the Ué (Gél))—crystal By constructed in [7]. The values of €;, @; with
our representation are given by
eo(b) =1 — s(b) + max A — (221 + 22 + 23 + 324), wo(b) =1—s(b) + max A,
e1(b) = 1+(73—572+(372—953)+)+, 1(0) = 21+ (z3 — 22+ (T2 — Z3)4)+,  (3.3)
(b) 3T9 (3?3 — $3)+ (pz(b) = 3x9 + %(.Tg — :L'3)+.

4 Minimal elements and a coherent family

The notion of perfect crystals was introduced in [3] to construct the path realization of a highest
weight crystal of a quantum affine algebra. The crystal B; was shown to be perfect of level [
in [7]. In this section we obtain all the minimal elements of B; in the coordinate representation
and also show {B;};>1 forms a coherent family of perfect crystals. For the notations such as P,
(P, see [3].
4.1 Minimal elements
From (3.3) we have

(¢, 0(b)) = wo(b) + 2¢1(b) + ©2(b)

=l+max A+ 2(z3+ (22)4)+ + (Bz4)+ — (21 + 22 + 223 + 324),

where z; (1 < j <4) are given in (2.2) and A is given in (2.4). The following lemma was proven
n [6], although Z is replaced with Z/3 here.

Lemma 2. For (21, 29, 23, 24) € (Z/3)* set
U(z1,29,23,24) = max A+ 2(z3 + (22)+ )+ + (324)+ — (21 + 22 + 223 + 324).

Then we have (21,22, 23,24) > 0 and ¥(z1,29,23,24) = 0 if and only if (21,22, 23,24) =
0,0,0,0).



8 K.C. Misra, M. Mohamad and M. Okado

From this lemma, we have (c, ¢(b)) — [ = (21, 22, 23, 24) > 0. Since (c, p(b) —e(b)) = 0, we
also have (c,e(b)) > I.

Suppose (c,e(b)) = [. It implies ¢ = 0. Hence from the lemma one can conclude that such
element b = (z1, x2, r3, T3, T2, Z1) should satisfy x1 = Z1, x9 = x5 = T3 = To. Therefore the set
of minimal elements (Bj)min in By is given by

(Bl)min - {(ayﬁwg767ﬁv Ct)‘ (S ZZO)/B € (ZZO)/3,2C¥ + 35 < l}
For b = (o, 3,3, B3, B, ) € (B])min one calculates

e(b) = p(b) = (I —2a — 308)Ao + a1 + 35A,.

4.2 Coherent family of perfect crystals

The notion of a coherent family of perfect crystals was introduced in [1]. Let {B;};>1 be a family
of perfect crystals B; of level [ and (Bj)min be the subset of minimal elements of B;. Set
J={(L,b) | 1 € Z>0,b € (B))min}- Let o denote the isomorphism of (P} ); defined by o = o™
For \ € P,, Ty denotes a crystal with a unique element ¢y defined in [4]. For our purpose the
following facts are sufficient. For any P.-weighted crystal B and A, p € P, consider the crystal

T)\®B®TM:{t)\®b®tu ‘ bEB}.
The definition of T and the tensor product rule of crystals imply

Ei(ta @b t,) =ty R EDR T, filta®bOt,) =tr® fibD t,,
gi(ta@b®@t,) =ei(b) = (hi, N),  @i(ta®@b®t,) = i(b) + (hi, ),
wt (ty ©b@1,) = A+ p + wtb.

Definition 1. A crystal B, with an element by is called a limit of {B;};>1 if it satisfies the
following conditions:

o Wtbeo = 0,6(bso) = ¢(boo) =0,
e for any (I,b) € J, there exists an embedding of crystals

fap + Ty @ Bi@T_ ) — Beo

sending t.4) @ b @ t_, @) t0 beo,
® Boo = U(l,b)eJ Tm fi,p)-
If a limit exists for the family {B;}, we say that {B;} is a coherent family of perfect crystals.

Let us now consider the following set
)y o 6| vi,V1,v2 — 13,3 — )y € Z,
By = {b = (v1,v2,v3,03,02,11) € (Z/3) Sus = 305 (mod 2) } :

and set by, = (0,0,0,0,0,0). We introduce the crystal structure on By, as follows. The actions
of e;, fi (i =0,1,2) are defined by the same rule as in Section 3 with x; and &; replaced with v;
and 7;. The only difference lies in the fact that e;b or f;b never becomes 0, since we allow

2
a coordinate to be negative and there is no restriction for the sum s(b) = > (v;+7;)+ (v3+173) /2.

i=1
For ¢;, p; with ¢ = 1,2 we adopt the formulas in Section 3. For g, g we define

eo(b) = —s(b) + max A — (221 + 22 + 23 + 324), ¢o(b) = —s(b) + max A,
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where A is given in (2.4) and z1, 22, 23, z4 are given in (2.2) with z;, Z; replaced by v;, 7;. Note
that wtboo = 0 and €;(boo) = pi(bso) = 0 for i = 0,1, 2.

Let by = (o, B, B, B3, B, ) be an element of (Bj)min. Since e(by) = ¢(by), one can set o = id.
Let A = e(bg). For b = (x1,x2,x3, T3, T2, T1) € B; we define a map

fupe): Th@B T \ — By
by

fup)(tr@b@t_y) = V = (v1,v0,v3, 3, U9, 1),
where

V=71 —Q, V=71 —Q,
V]’::Ej—ﬁ, Ijj:i'j—ﬁ (]:2,3)

Note that s(b') = s(b) — (2« + 33). Then we have

wt(ty @b t_\) = wtb= wtb,
Po(tr @b®1t_x) = o(b) + (ho, —A)
= o(b) + (1 = 5(b)) + s(b) — (I = 2a = 3B) = po(b),
Prta@b@t_y) = pi1(b) + (b, =A) = p1(V)) + a —a = g1 (V),
Pa(tr @b @ t_x) = p2(b) + (h2, =A) = (V) + 36 — 36 = pa(V).

gilta®@b®t_y) =¢;(b) (i =0,1,2) also follows from the above calculations.
From the fact that (z; for b) = (z; for V') it is straightforward to check that if b,e;b € B;

(resp. b, fib € By), then fyp)(ei(ta @ b @ t_x)) = €ifp0)(tx @ b@t_)) (vesp. fiipy)(filta ®
b®t_x)) = fifup)(tx ®b@1t_y)). Hence f 4, is a crystal embedding. It is easy to see that
Ji,00)(EA ® bo @ t_)) = boo. We can also check By, = U(l,b)eJ Im f(; ). Therefore we have shown
that the family of perfect crystals {B;};>1 forms a coherent family.

5 Crystal graphs of B; and B,

In this section we present crystal graphs of the Ué (Gél))—crystals Bj and Bs in Figs. 1 and 2.

In the graphs b ', ¥/ stands for b = fib. Minimal elements are marked as *. Recall that as
a Uy(Ga)-crystal

B, ~ B(0)® B(A1),  Bs~ B(0)® B(A1) @ B(2A1).

We give the table that relates the numbers in the crystal graphs to our representation of elements
according to which U, (G2)-components they belong to.

B(0) : = (0,0,0,0,0,0)

B(Al)t
[1]=(1,0,0,0,0,0) :(010000 =(0,2,2,0,0,0) [4]= (0,%,4,0,0,0)
:(07%’%’1’0’()):(0’% 3’3’3’ ) 00,1,1,0 O) :(07()’1’%’%’0)
[9]=(0,0,0, %, 5,0)[10] = (0,0,0,3, %,0) [11] = (0,0,0,0,1,0) [12] = (0,0,0,0,0,1)
[13] = (0,0,2,0,0,0) [14] = (0,0,0,2,0,0)
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Figure 1. Crystal graph of By. / is f; and \ is fs.

B(2A4)
[15]=(2,0,0,0,0,0) [16]=(1,1,0,0,0,0) [17]= (1,2,2,0,0,0) [18]=(1,1,4,0,0,0)
: (1’%’%’1’070): (1’%’%7%7%70):(1 0,1,1,0,0) : (1 0,1 % % 0)
(23] = (1,0,0,3,4,0) [24] = (1,0,0,3,3,0)[25] = (1,0,0,0,1,0) [26]= (1,0,0,0,0,1)
[27]=(1,0,2,0,0,0) [28]= (1,0,0,2,0,0) [29]=(0,2,0,0,0,0) [30]=(0,3,2,0,0,0)
_ 4 4 _ 4 1 _ 411 1 _
— (073’3’0v0v0>— (0’3’3v1=070)— (0’3=37373’ ) —(0 1,1,1,0,0)
35]=(0,1,1,%,1,0)[36]= (0,1,0,4,1,0)[37] = (0,1,0,2, 2,0) [38]=1(0,1,0,0,1,0)
[39]=1(0,1,0,0,0,1) [40]=(0,1,2,0,0,0) [41]=(0,1,0,2,0,0) [42]=(0,3,3,0,1,0)
[43]=(0,%,%,0,1,0) [44] = (0, %,%,1,1,0) [45] = (0,4, %, §. 3, ) [46]=(0,0,1,1,1,0)
[47]=(0,0,1,1,4,0) 48] = (0,0,0,4,40)[49]= (0,0,0,2,2,0 :(000020)
3’3 3’3 3’3
51]=(0,0,0,0,1,1) [52]=(0,0,2,0,1,0) [53]=(0,0,0,2,1,0 =(0,2,2,0,0,1
) ) ( ) 1373
55]= (0,4,5,0,0,1) [56] = (0, 5,5, 1,0,1)[57]= (0,3, 5, 5 5, ) :<0 0,1,1,0,1)
[59]=(0,0,1, %, 3,1) [60] = (0,0,0,, §,1) [61]= (0,0,0,3,3,1) :<000002>
163]=(0,0,2,0,0,1) [64]=(0,0,0,2,0,1) [65]|= (0,2,%,0,0,0) [66]= (0,1, 0,0,0)
67)- (03,5100 = (045 3 106 - 003100 [= 00430
71|=(0,0,2,% L 0)[72]|= (0,0,2,2,2,0)|73|=(0,0,4,0,0,0) :(002200)
33 373
— 2 2 — 14 — 11 — 1
_(0’3’3’2’0’0)_(0’3’3’2’0’0)_(0’3’3’3’0 O) _(O 3 3 3’3’ )
79|=(0,0,1,3,0,0) =(0,0,1,1, 1 0)[81|=(0,0,0,49 L 0 = (0,0,0,%, 2,0
373 373 73737

[83] = (0,0,0,4,0,0) [84]= (0,3, 5,1,0,0)[85]= (0, 3.5, 5. 3 0) : (0,0,1,3,3,0)
[87]=(0,3,333.0)(88]= (0,3, 3.3 3.0)[89] = (0,3, 5, 3. 3.0)[90"|= (0,3, 3.3, 3.0)
o1] = (0,4,4,2,2,0)

Comparing our crystal graphs with those in [7] we found that some 2-arrows are missing in
Fig. 3 of [7].
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90"

Figure 2. Crystal graph of By. \,is fo, ./ is fi1 and others are f5.
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