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Abstract. In this paper, we develop results in the direction of an analogue of Sjamaar
and Lerman’s singular reduction of Hamiltonian symplectic manifolds in the context of
reduction of Hamiltonian generalized complex manifolds (in the sense of Lin and Tolman).
Specifically, we prove that if a compact Lie group acts on a generalized complex manifold
in a Hamiltonian fashion, then the partition of the global quotient by orbit types induces
a partition of the Lin—Tolman quotient into generalized complex manifolds. This result holds
also for reduction of Hamiltonian generalized Kahler manifolds.
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1 Introduction

Generalized complex geometry was introduced by Hitchin in [11], and further developed by his
student Gualtieri in his doctoral thesis [9]. It serves as a common ground in which symplectic,
Poisson, and complex geometry can meet. For this reason, there has been much effort to
import ideas and techniques from these other fields into the generalized complex setting. In
particular, many constructions and results from equivariant symplectic geometry have found
useful analogues here. One example is that of Hamiltonian group actions and moment maps,
developed in [14]. (Similar constructions were developed and examined by other groups, such
as [4, 20] and [12], but this paper expands specifically on the work of Lin and Tolman.)

Lin and Tolman’s construction generalizes the usual symplectic definition, and they go on
to prove that one can reduce a generalized complex manifold by its Hamiltonian symmetries,
in perfect parallel to Marsden—Weinstein symplectic reduction [15] (sometimes also credited to
Meyer [16]). Just as in the symplectic case, in order to ensure that the generalized reduced space
is a manifold, one must make an assumption regarding freeness of the group action.

In [19], Lerman and Sjamaar proved that if the symplectic reduced space is not a manifold,
then the orbit type stratification of the original symplectic manifold induces the structure of
a stratified space (see Definition 1.7 of that paper) on the reduced space, each stratum of which
is naturally a symplectic manifold. The main result of this paper, Theorem 5.3, is a first step
in the direction of an analagous result for the case of a singular generalized complex reduced
space. It states that the singular generalized complex reduced space can be partitioned into
disjoint generalized complex manifolds. It is not yet known whether the reduced space in this
situation is actually a stratified space. A similar, although distinct, situation was studied in [13],
in which the authors considered the singular reduction of Dirac manifolds. They analyzed the
global quotient of a Dirac manifold by a proper group action as a differential space, as in [6],
and obtained conditions that guarantee the Dirac structure will descend to the quotient space.
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An interesting difference between the symplectic and generalized complex situations is that
the generic result of symplectic reduction is a space with at worst orbifold singularities, whereas
for the reduction of a twisted generalized complex manifold, the generic result may be a space
with worse-than-orbifold singularities. See Remark 5.1 below.

Section 2 is a rapid introduction to some essential notions from generalized complex geomet-
ry. Section 3 reviews some important facts about equivariant cohomology and the orbit type
stratification of G-spaces. Section 4 consists of a summary of Hamiltonian actions and reduction
in generalized complex geometry. Finally, Section 5 contains the full statement and proof of our
main theorem.

An earlier version of this work appeared in the author’s doctoral thesis [8], where many
definitions and calculations are explained in great detail.

Throughout, we use the abbreviations “GC” for “generalized complex” and “GK” for “gene-
ralized Kahler”. Also, we typically use the same notation and nomenclature to refer to both
a map and its complex linear extension. Finally, we make use of the musical notation for the map
between a vector space and its dual induced by a bilinear form. If B: V x V — R is a bilinear
form on a real vector space V', then we will denote by B’: V — V* the map v — 1,B 1= B(v,-),
where ¢, denotes the interior product by v. If B is non-degenerate, then B’ is invertible and
we denote its inverse by Bf := (Bb)_l. We also use the musical notation for vector bundles,
sections of their second symmetric powers, and the associated bundle maps.

2 Generalized complex geometry

We begin by giving several standard definitions and results from generalized complex geometry,
which can be found in [9] or [3].

For any smooth manifold M, the Pontryagin bundle, or generalized tangent bundle,
of M is TM :=TM & T*M. This vector bundle carries a natural non-degenerate symmetric
metric (-, -)) of signature (n,n), defined by

1

(uta,v+B) = 5 (alv) + B(w)

forallz € M and u+ «a,v+ 3 € T, M. We will use the same notation for the complex bilinear
extension of this metric to the complexification TcM := TM ®rC. These metrics will henceforth
be referred to as the standard metrics on TM and TcM.

Proposition 2.1. Let M be a manifold. There is a natural bijective correspondence between
the following two structures.

1. Complex linear subbundles E C TcM over M such that ENE = 0 and E is mazimally
isotropic with respect to the standard metric on TcV. (Here O denotes the image of the
zero section of TcM — M, as is customary.)

2. Bundle automorphisms J of TM over the identity M — M such that J?=—id and T is
orthogonal with respect to the standard metric on TM.

Definition 2.2. Let M be a manifold. Either of the equivalent structures described in Propo-
sition 2.1 will be called an almost GC structure on M. If M is equipped with an almost GC
structure 7, then (M, J) is an almost GC manifold.

Let E C TcM be an almost GC structure on M, and for each v € M let m,: Tec M — T M
be the projection. The type of this almost GC structure at the point x € M is the complex
codimension of 7,(E;) in Tc o M:

type(E), = dimc Tt M — dime 7, (Ey).
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Let J1 and J2 be commuting almost GC structures on M. Then G := —J; o J5 is an
orthogonal and involutive bundle map TM — TM, and there is an associated bilinear form
defined by

(X, Y) = (G(X), V)

for all X, Y € TM in a common fiber. We call G positive definite if its associated bilinear form
is positive definite, i.e. if (G(X), X)) > 0 for all nonzero X € TM. An almost GK structure
on M is a pair of commuting almost GC structures (Ji, J2) on M such that G := =7 o Ja is
positive definite.

Remark 2.3. Let M be a manifold. A maximally isotropic linear subbundle of TM, respec-
tively Tc M, is called a Dirac structure, respectively complex Dirac structure on M. Thus
an almost GC structure on M is a complex Dirac structure E C TcM satisfying £ N E = {0}.

Definition 2.4. Let M be a manifold, and let B € Q%(M), where Q?(M) denotes the space of
differential two-forms on M. The B-transform of TM defined by B is the map

1 0
e TM — TM, eB:(Bb 1).

B

The B-transform e” is called closed or exact if the two-form B is closed or exact, respectively.

Proposition 2.5. Let M be a manifold and let B € Q*(M). The B-field transform e® is
orthogonal with respect to the standard metrics on TM and TcM. It transforms almost GC
structures on V' by

J—ePoJoe™®? and E— eP(E)

for an almost GC structure given equivalently by a map J or a Dirac structure E, and it preserves
types. It transforms almost GK structures (Jv,J2) by transforming Ji and Ja individually.

The Lie bracket defines a skew-symmetric bilinear bracket on sections of the tangent bund-
le TM. This can be extended to a skew-symmetric bilinear bracket on sections of the Pontryagin
bundle TM, called the Courant bracket, defined by

X +0,Y +0):= [X, Y]+ LxB — Lya — L d(5(X) —a(Y))

for all X +a,Y +( € I'(TM), where I'(TM) denotes the space of smooth sections of TM — M.
Here the bracket on the right-hand side is the usual Lie bracket of vector fields, and £ denotes Lie
differentiation. For each closed differential three-form H € Q2 (M), there is also the H -twisted
Courant bracket, defined by

X+a,Y+08lg=[X+a,Y+0]+wyexH

X +a,Y+ 3 el(TM). Both the Courant and the H-twisted Courant brackets extend complex
linearly to brackets on smooth sections of the complexified Pontryagin bundle T¢c M, which will
be denoted the same way.

Definition 2.6. Let M be a manifold, and let L be a real (respectively complex) linear sub-
bundle of TM (respectively TcM). Then L is Courant involutive if the space I'(L) of smooth
sections of L is closed under the Courant bracket, i.e. [['(L),I'(L)] C T(L). If H € Q3 (M), we
similarly define H -twisted Courant involutive.



4 T.E. Goldberg

Let E C TcM be an almost GC structure on M. This is a GC structure if F is Courant
involutive, in which case (M, E) is a GC manifold. If H € Q3(M) and E is H-twisted Courant
involutive, then E is an H-twisted GC structure, and (M, E, H) is a twisted GC manifold.

Let (J1, J2) be an almost GK structure on M. This is a GK structure if both J; and 7, are
Courant involutive, in which case (M, J1, J2) is a GK manifold. If H € Qg’l(M) and J; and Js
are H-twisted Courant involutive, then this is an H-twisted GK structure, and (M, 71, J2, H)
is a twisted GK manifold.

Remark 2.7. Let M be a manifold and D be a real or complex Dirac structure on M. Then D
is called closed, or integrable, if the space I'(D) of smooth sections of D is Courant involutive.
Thus a GC structure on M is a closed complex Dirac structure F C TcM such that ENE = 0.

Proposition 2.8 (Proposition 3.23 of [9]). Let M be a manifold, let H € Q3(M), and
let B € Q*(M). The B-transform of an H-twisted GC structure is an (H + dB)-twisted GC
structure. Thus, a closed B-transform of an untwisted GC structure is untwisted.

Example 2.9.

1. Let (M,w) be an almost symplectic manifold, meaning that w € Q?(M) is a non-
degenerate form on M, but not necessarily closed. This defines an almost GC structure 7,
on M by

0 —wt
Joi= (wb 0 )

of type 0 at every point. It has associated Dirac structure defined by
Epr=1{X —iw)(X)| X € Te .M},

for each x € M. As discussed in Section 3 of [9], it is a GC structure if and only if dw = 0,
i.e. if and only if w is a symplectic structure on M.

2. Let (M, I) be an almost complex manifold, meaning that I> = —idry; but I is not
necessarily integrable. This defines an almost GC structure J;y on M by

7 0
jf:(o I*)'

of type n at every point. It has associated Dirac structure defined by
Er= T071M D Tl*,OMv

where T oM, To1 M C TcM denote the +i-eigenbundles of 1. As discussed in Section 3
of [9], it is a GC structure if and only if I is integrable, i.e. if and only if I is a complex
structure on M.

3. Let M be a Kdhler manifold with Kihler form w € Q?(M), complex structure I: TM —
TM, and associated Riemannian metric g. Then 7, and J; commute and

- (0 ¢
G-—_jwojl—<gb 0)

is positive definite, so (M, J,, Jr) is a GK manifold.
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Example 2.10. Let (M, J1) and (Ma, J2) be almost GC manifolds. Then the direct sum J
of 74 and Jo is amap J := (J1, J2): TM;®&TMy — TM; S TMs, which under the identification
TM; & TMy = T(M; x My) yields an almost GC structure on M; x M. We will call this the
direct sum of the almost GC structures on M; and M. It is not hard to see that (J1,J2) is
a GC structure on M7 x My if and only if 7; is a GC structure on M; for i = 1, 2.

Let Hy € Q3 (M) and Hy € Q3(Ms), let m;: My x My — M; be the natural projection for
t=1,2, and set H := 7 H; + 75 H,. By the naturality of the exterior derivative, we know H is
a closed three-form on M; x M. Furthermore, it is not hard to see that (J1, J2) is an H-twisted
GC structure on My x M if and only if J; is an H;-twisted GC structure on M; for i = 1, 2.

There is a completely analogous product construction for almost GK and GK manifolds as
well.

Let (M,E,H) be a twisted GC manifold. Suppose S is a submanifold of M given by the
embedding j: S — M. Although j induces a natural embedding j.: T'S — TM of tangent
bundles, because of the contravariance of cotangent bundles there is in general no obvious
embedding TS < TM of the Pontryagin bundles. The following definition comes from [3].

For each x € S, define

Esg = {(X,\s) € TcaS | (X,A) € (TeoS @ TE ,M)NE, }.

By [3, Lemma 8.2], this Eg, is a maximally isotropic complex subspace of T¢ ,S. Let Eg :=
|l,cs Esz- Then Eg is a constant-rank complex linear distribution of T¢S, but is not in general
a smooth subbundle, nor will it generally satisfy Fg N Eg = 0.

Proposition 2.11. Let (M, E, H) be a twisted GC manifold, let j: S — M be a submanifold,
and let Eg C TS be as defined above. If Eg is a subbundle of TcS, then Eg is (7 H )-twisted
Courant involutive.

In the untwisted case, where H = 0, Proposition 2.11 was proved in [5, Corollary 3.1.4].
The proof in the twisted case is nearly identical, with only minor changes to this proof and the
relevant definitions and precursory results, (i.e. Definition 2.3.2, Propositions 2.3.3 and 3.1.3,
and Corollary 3.1.4 in [5]).

Definition 2.12. Let (M, E, H) be a twisted GC manifold, and let j: S < M be a submanifold.
If Es C TS is a subbundle and satisfies Eg N Eg = 0, then (S, Es,j*H) is a (twisted) GC
submanifold of (M, E, H), and we denote by Js the GC structure on S induced by Fg.

Remark 2.13. Suppose (M, E, H) is a twisted GC manifold, and j: S < M is an open sub-
manifold. Then since T'S and TS can be identified with (T'M)|s and (T*M)|g, respectively, we
see that we can identify Eg with E|g, that Js = J|rg, and that j*H can be identified with H|g.
Therefore an open submanifold of an H-twisted GC manifold is automatically an H-twisted GC
manifold. Similarly, an open submanifold of an H-twisted GK manifold is automatically an

H-twisted GK manifold.

Definition 2.14. Let (M,J) be an almost GC manifold, and let S C M be a submanifold.
A splitting bundle for S with respect to (M, J) is a subbundle N of TM|g — S such that
TM|s =TS & N and T'S & Ann(N) C TM is invariant under J. If a splitting bundle exists
for S, then S is called a split submanifold of (M, ).

The following is an extension of Proposition 5.12 of [3] to the twisted case. As with Propo-
sition 2.11, the original proof still holds with only minor alterations.
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Proposition 2.15. Let (M,J,H) be a twisted GC manifold, and let i: S — M be a split
submanifold of M with splitting bundle N — S. Then S is an (i*H)-twisted GC submanifold of
(M,TJ,H), and the GC structure corresponding to the bundle Eg is the same as the one induced
by the restriction of J via the natural isomorphism

TS=TS®Ann N C TM.

It is straightforward to show that this implies the following.

Corollary 2.16. Let (M, T, T2, H) be a twisted GK manifold, and and leti: S — M be a split
submanifold of M with respect to both J1 and Ja, with common splitting bundle N — S. Then
(S, (T)w, (J2)w) is an (i*H)-twisted GK manifold.

Definition 2.17. Let M be a manifold, and let G be a Lie group acting smoothly on M. This
lifts to an action of G on TM by bundle automorphisms, given by

(g4, (7)) : TM — TM

for each g € G, where g, is the pushforward of tangent vectors by the map g: M — M and
(g~1)* is the pullback of tangent covectors by the map g=': M — M.

Let J be an H-twisted GC structure on M. We say that the G-action on (M,J,H) is
canonical if the following hold.

1. The differential form H is G-invariant, i.e. ¢ H = H for all g € G.
2. The action of G on TM commutes with 7, i.e. the diagram

T™ — > TM

(9*7(91)*)J/ l(g*,(gl)*)
TM — TM

commutes for all g € G.

It is easy to check that a smooth group action on a manifold commutes with an almost GC
structure J: TM — TM if and only if the complex linear extension of the action preserves the
corresponding complex Dirac structure.

Example 2.18. Let (M,w) be an almost symplectic manifold, let w’: TM — T*M be the
associated bundle isomorphism, and let

0 —wh
Jo 1= (wb 0 )

be the associated almost GC structure on M. Let G be a Lie group acting smoothly on M.
It is easy to check that the G-action is symplectic if and only if the map w’: TM — T*M is
G-equivariant with respect to the pushforward action on T'M and the inverse pullback action
on T*M, if and only if the G-action commutes with 7.

Recall that for a smooth action of a compact Lie group G on a manifold M, each connected
component of the fixed point set M is a closed submanifold of M. (Different components
of M© may have different dimensions.)

Proposition 2.19. Let M be a manifold, and let J be an almost GC structure on M. Suppose
the compact Lie group G acts canonically on (M,J). Then each component of M is a split
submanifold of (M,J).
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Proof. Let (M%) be a component of M©. First, recall that for each z € (M) the derivative
of the action of G at 2 defines a linear action of G on T, M, and that T,(M%)" = (T,M)%. Let
dg be a bi-invariant Haar measure on G, adjusted so that dg(G) = 1. Define a bundle map
m: (TM)|(pey — T(MC) by setting

(V) 1= /G(g -v)dg forall veV,

for each z € (M%)’. Define the subbundle N C (T'M)|(pcy by setting N, = kerm, for each

T € (M G),. That 7 is a bundle map and N is a vector bundle follow from the naturality of the
technique of averaging by integration. Note also that T, M = (TxM)G @ N, = Tx(MG)/ ® N,
for each x € (MG)I. To conclude that N is a splitting for (M%)’ C (M, J), it remains only to
show that T(M%)’ @ Ann(N) = <TM)G‘(MG)/ @ Ann(N) is preserved by J.

Fix z € (M%), let V = T, M, and let W = N,. We claim that Ann(W) = (V*)¢, which
would imply that (V & V*)¢ = V¢ @ (V¥)¢ = V¢ @ Ann(W). Since J, commutes with the
action of G on V & V*, we know that J ((V & V*)¢) = (V@ V*)¥, and hence a proof of this
claim completes the proof of this proposition.

Let A € Ann(W), let g € G, and let v € V. Decompose u as u = v + w for v € V& and
w € W. Then

(g-N)(u) =g )

(
=Ag )+ A w)
= Av) + )\( Low) since v € V¢
=Auv)+0 since w € W, W is G-stable, and A\ € Ann(WW)
= A(v) + A(w) since w € W and A € Ann(W)
= A(w).
Therefore A € (V*)¢, so Ann(W) € (V*)€. Note that

Ann(W) = (V/W)* = (VEaW)/W)" = (V9.
Hence dim Ann(W) = dim(V%), so Ann(W) = (V*)C. u

3 Background information on G-spaces

In this section we give some brief definitions and results about compact group actions on man-
ifolds which will be required in later sections. The standard reference for the material on
equivariant cohomology is [10]. The material on orbit spaces and their stratification by orbit
types can be found in [7, Chapter 2] and [18, Chapter 2].

3.1 Equivariant cohomology

Let M be a manifold and G be a compact Lie group acting smoothly on M. Consider the space
QF(M) ® S¥(g*), where S* denotes the degree i elements of the symmetric algebra. This is a G-
space with action defined by linear extension of the rule g- (¢ ® p) := ((97")*a) ® (po Ad,-1)
for g € G, a € Q*(M), p € S(g*). We can identify QF(M) @ S?(g*) with the space of degree i
polynomial maps g — QF(M) via

a®p: £ p)-a

for £ € g. An element of Q¥ (M)®S*(g*) is G-invariant if and only if its corresponding polynomial
map is G-equivariant with respect to the adjoint action of G on g and the action of G on QF(M)
given by g-a := (g ")*a for g € G, a € QF(M).
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Definition 3.1. Let M be a manifold and G be a compact Lie group acting smoothly on M.
The space of equivariant differential forms of degree n on M is

[n/2]
(M) = @ (M) @ 5°(g") .
1=0

The differential dg: Q¢ — ngl is defined, viewing equivariant forms as maps g — Q*(M), by

dg(a®p)(§) == (da — t¢,,a) p(§) forall £ € g.
The Cartan model for the G-equivariant cohomology of M is Hf (M) := H*(QF, dg).

Suppose now that G acts freely on M. Then the G-equivariant cohomology of M is naturally
isomorphic as a graded algebra to the de Rham cohomology of the quotient M /G,

HE(M) = H*(M/G).

We denote this isomorphism by x: HA(M) — H*(M/G).

Let B € Q"(M). The form B is called basic if it is G-equivariant and if ¢, B = 0 for all
¢ € g. If there is a differential form B € Q"(M/QG) such that the pullback of B by the quotient
map M — M/G equals B, then we say B descends to B.

Proposition 3.2. Let M be a manifold and G be a compact Lie group acting smoothly and
freely on M.

(a) If B € Q*(M) is basic, then B descends to some B € Q"(M/G).
(b) If B € Q*(M)Y C QL(M) is equivariantly closed, i.e. dgB = 0, then B is closed and basic
and descends to some closed B € Q" (M/G) such that

where [B] and [E] are the cohomology classes of B and B, respectively.

(c) If n € QA(M) is equivariantly closed, then there exists T € Q% 1(M) so that n+ dgl €
QUM)E C QL(M). In this case, since n+dl is equivariantly closed, it descends to some
n e Q"(M/G) such that k[n] = [7].

Definition 3.3. Let M be a manifold and G be a compact Lie group acting on M smoothly
and freely. Then M — M/G is a (left) principal G-bundle. A connection on this bundle is
a g-valued one-form 0 € Q'(M, g) such that

1. 0 is G-equivariant, i.e. g*0 = Ad, o 6;
2. 0(&y) =& forall € eg.

3.2 Orbit type stratification

Let G be a group. For each subgroup H of G, we will denote by (H) the set of subgroups of G
that are conjugate to H. Suppose G is a compact Lie group and M is a manifold on which G
acts smoothly. Note that the conjugacy relation among subgroups of G preserves closedness,
and hence also preserves the property of being a Lie subgroup.

Definition 3.4. Let = € M, and let G, := {g € G | g- = = z} be the isotropy subgroup of
in G. The orbit type of the point z, or of G - z, is the set (G,) of subgroups of G that are
conjugate to G.

Let H be a closed subgroup H of G. The (H)-orbit type submanifold of M is the set
Mgy :={r € M | G, € (H)}. The H-isotropy type submanifold of M is the set My = {x €
M | G, = H}. The H-fixed point submanifold of M is the set M := {x € M | G, C H}.
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Note that the sets defined above are related by the equation My = Mgy N M H_ Also, two
G-orbits in M have the same orbit type if and only if they are G-equivariantly diffeomorphic.
This leads one to the following definitions.

Definition 3.5. Let x € M, and let H = G,. The local action type submanifold through x
is the subset M(l}”{) C M of points y € M such that there is a G-equivariant diffeomorphism

between G-invariant open neighborhoods of x and y. Define M}j = M(lfq) NnMH.

Some important properties of the sets we have defined above are collected in the following
proposition. Their proofs can be found in the references cited at the beginning of this section.

Proposition 3.6. Let G be a compact Lie group, and M be a manifold on which G acts smoothly.
Let x € M and put H = G,. Then the following hold.

(a) M(lf{), respectively M is an open and closed subset of M), respectively Mp.

(b) The sets M(ljg[) and M}_} are locally closed embedded submanifolds of M, as is each connected
component of My, of M), and of MH.

(c) M}j and M(l}”{) consists of the union of certain components of My and M), respectively.

(d) My and M}} are open in M1,

(e) Mgy and M(lj‘q) are G-stable, and G- My = Mgy and G - Mé}” = M(I;I)

f) Let N = Ng(H) be the normalizer of H in G. Both My and Ml are N -stable, and N/H
H
acts freely on both. Hence M}} /N = M}}/ (N/H) is a manifold.

(9) The inclusions Mg — Mgy and M}j — M(lj”q) induce homeomorphisms My — M) and
M}j/N — M(lf{)/G. Thus the quotient M(lf{)/G inherits a natural manifold structure.

(h) Each component of the quotient M) /G inherits a natural manifold structure.

In general, the orbit space M/G can be a very singular space. It will be a Hausdorff and
second-countable topological space, but will rarely inherit a manifold, or even an orbifold, struc-
ture from M. However, because M is the disjoint union of its orbit type submanifolds, we can
also partition the orbit space:

M/G = | | Mu)/G, (3.1)
(H)

where the disjoint union is taken over all the distinct orbit type submanifolds of M. Since each
component of M) /G is a manifold, we know that, after refining the partition to components,
(3.1) is a partition of M /G into manifolds. It is called the orbit type partition of M/G.

Remark 3.7. All of the above results hold true even if G is an arbitrary Lie group, so long as
it acts on M both smoothly and properly.

4 Hamiltonian actions on generalized complex manifolds

In [14], the authors proposed the following definition of Hamiltonian actions on GC manifolds.

Definition 4.1. Let (M, J) be an untwisted GC manifold, let E be the associated complex
Dirac structure on M, and let G be a Lie group acting canonically on (M, ). This action is
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generalized Hamiltonian if there exists a G-equivariant map pu: M — g* such that, for all
ey,

& = T (dub)

or equivalently &y —idut € T'(E). Here p: M — R is the smooth function defined by uf(z) :=
(u(x),&) for all x € M. The map p is called a generalized moment map for the G-action
on (M,J).

Let (M,J,H) be a twisted GC manifold, and let G be a Lie group acting canonically on
(M,J,H). This action is twisted generalized Hamiltonian if there exists a G-equivariant
map p: M — g* and a G-equivariant g*-valued one-form o € Q(M, g*) on M such that, for all
§eM,

1. &y = —J(dub) — af (or equivalently &y + of —idué € T'(E)), and
2. 1, H= dat.

Here u¢ is as defined above, and ot € Q!(M) is the differential one-form on M defined by
(a®)z(v) := (ag(v),&) for all x € M, v € T,M. The map p and the one-form « are called
a generalized moment map and a moment one-form, respectively, for the action G-action
on (M,J,H).

Definition 4.2. Let (M, 71, J2) be a GK manifold, and let G be a Lie group acting on M and
preserving both J; and J>. This action is called generalized Hamiltonian if the action of G
on (M, J1) is generalized Hamiltonian.

Similarly, if (M, J1,J2, H) be a twisted GK manifold, and the G-action preserves Ji, Jo,
and H, then the action is twisted generalized Hamiltonian if the action of G on (M, J1, H)
is twisted generalized Hamiltonian.

Remark 4.3.

(a) Note that a moment one-form o € Q1(M, g*) is an equivariant differential form of degree 3.

(b) Because E is an isotropic subbundle, the condition that &y, + af —idué € E implies that
<<§M +af —idus, &y + af — id,u§>> = 0, and hence that LgMaf = LgMd;ﬁ =0.

(¢) Given a GC manifold (M, J), one can consider this as a twisted GC manifold (M, J, H)
by setting H = 0. Therefore, if a Lie group G acts on (M, J) canonically, we have
two notions of whether the action is Hamiltonian. It may be Hamiltonian as an action
on (M,J), in which case there is just a moment map, or it may be Hamiltonian as an
action on (M, J, H), in which case there is both a moment map and a moment one-form.
It is potentially interesting to explore both possibilities.

Example 4.4. Let (M, w) be a symplectic manifold, and let G be a Lie group acting on (M, w)
in a Hamiltonian fashion with moment map ®: M — g*. Recall that this means the G-action is
symplectic, the map ® is G-equivariant, and for all ¢ € g we have d®¢ = tey - Let T, be the GC
structure on M induced by w. As discussed in Example 3.8 of [14], the action of G on (M, J.,)
is generalized Hamiltonian, and @ is a generalized moment map.

Theorem 4.5. Let (M,E,H) be a twisted GC manifold, where E is the associated complex
Dirac structure, and let G be a Lie group acting on (M, E,H) in a Hamiltonian fashion with
moment map p: M — g* and moment one-form o € QY (M, g*). If j: S — M is a G-stable
twisted GC submanifold of (M, E, H), then the restriction of the action of G to (S, Eg,j*H) is
Hamiltonian with moment map j|s: S — g* and moment one-form j*a € QL(S, g*).
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Proof. First we will prove that the action of G on S preserves Eg. Let x € S and (X,\) €
(Tc,wS & T¢ ,M) N Ey, which means that (X, Als) € Egz. Then for any g € G we have

9+ (X +7*A) = g:(X) + (971" N

Because S is G-stable, the inclusion j: S <— M is G-equivariant, i.e. the G-action commutes
with j. Hence j,: T'S < T'M is G-equivariant, so g«(X) € Ty.,S. Also

(g Ns) = ()" A =7"(g"") = ((g7)*N) s

Since E is G-stable, we have g - (X + \) = ¢g.(X) + (¢97!)*\ € Ey.. Therefore g - (X,j*\) =
(9+(X),5*(g71)*A) € Eggp. Thus Eg is G-stable.
Now suppose that (S, Eg, j*H) is a GC submanifold of (M, E, H), meaning that Eg is a vector

bundle, that Fg N Eg = 0, and that Eg is j*H-twisted Courant involutive. Since j is G-
equivariant, for all ¢ € g we have &xr|s = &g, (7*1)¢ = j*(uf), and (j*)¢ = j*(af). Furthermore,
by the naturality of the exterior derivative we have

d(j*u)* = dj* (i) = j* (du®),
so d(p|s)® = (duf)|s. For each z € S C M, since (&ur + of — id,ug)}x € E,, this means that
(&5 + af|g —iduf|g) L € Esy.
Again using the G-equivariance of j, for all x € .S we have
tead " (H)], = 3" (tes H)I, = 3" (1, H)|, = j*(da®)| = d(j"a)"

Thus the action of G on (S, Eg, 7*H) is twisted Hamiltonian with moment map x|g and moment
one-form a|g. [

x

The above result holds also for the untwisted case, of course, by putting H = 0 and o = 0.
The following three results are exactly what makes reduction of generalized Hamiltonian
manifolds possible.

Theorem 4.6 (Lemma 3.8 and Proposition 4.6 of [14]). Let a compact Lie group G act
on a GC manifold (M,T), respectfully a GK manifold (M, J1,J2), in a Hamiltonian fashion
with moment map p: M — g*. Suppose a € g* is an element such that G acts freely on
the inverse image p~'(O,) of the coadjoint orbit O, of G through a. Then the quotient space
u:l((ga) /G inherits a natural GC structure J from T, respectfully a natural GK structure
(J1, J2) from (J1, T2).

Lemma 4.7 (Lemma A.6 of [14]). Let a compact Lie group G act freely on a manifold M.
Let H be a G-invariant and closed three-form, and let a: g — QY (M) be an equivariant map.
Fiz a connection 0 € Q' (M, g) on the principal G-bundle M — M/G. Then if H + o € Q3,(M)
is equivariantly closed, there exists a natural form T' € Q*(M)Y so that ey L' = af for all € € g.
Thus H + a +del € Q3 (M) C Q%(M) is closed and basic and so descends to a closed form
H e O(M/G) so that [H] = k[H + al.

Theorem 4.8 (Propositions A.7 and A.10 of [14]). Let a compact Lie group G act on
a twisted GC manifold (M, T, H), respectfully a twisted GK manifold (M, J1, Jo, H), in a Hamil-
tonian fashion with moment map p: M — g* and moment one-form a € QY(M,g). Suppose
a € g* is an element such that G acts freely on the inverse image p~*(QO4) of the coadjoint
orbit O, of G through a. Assume that H + « is equivariantly closed. Given a connection on
the principal G-bundle p=(04) — p~1(0,)/G, the quotient space 1= *(0,)/G inherits an H-
twisted GC structure J from T, respectfully an H-twisted GK structure (jl, jg) from (J1, J2),
where H is defined as in Lemma 4.7 above. Up to B-transform, these inherited structures are
independent of our choice of connection.
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Definition 4.9. The quotient space p~(0,)/G in Theorems 4.6 and 4.8 is called the gene-
ralized complex quotient (or generalized Kdhler quotient, as applicable), or the Lin—
Tolman quotient, of M by G at level a. We use the notation

M, = 1(0,)/G.

Remark 4.10. As noted in Example 3.9 of [14], in the context of the hypotheses of Theorem 4.6,
if the GC structure and moment map come from a symplectic structure and moment map,
then the GC structure on the quotient is exactly the one induced by the Marsden—Weinstein
ssymplectic structure on the quotient.

The following result will be useful to us later. Its proof follows trivially from the definitions
of generalized and twisted generalized Hamiltonian actions.

Lemma 4.11. Let (M,J,H) be a twisted GC manifold with a Hamiltonian action of a Lie
group G, moment map p: M — g*, and moment one-form o € Ql(M, g"). Let K C G be a Lie
subgroup. Then the induced action of K on (M,J,H) is also Hamiltonian, with generalized
moment map and moment one-form the compositions of i and «, respectively, with the projection
g* — € dual to the inclusion t — g:
M-tsg —>p,  TM-2>g —>¢.

Example 4.12. Let G be a Lie group, and let (M;, J;, H;) be a twisted GC manifold on
which G acts in a Hamiltonian fashion with moment map u;: M; — g* and moment one-
form o; € QY(M;,g*), for i = 1,2. Let (My x M, J,H) be the product of these two GC
manifolds, as defined in Example 2.10. Recall that J = (71, J2) and H = 7{ H; + 74 Ho, where
mi: My x Ms — M; is the natural projection for ¢ = 1,2. Define u: My x My — g* & g* and
a € QY My x Mo, g* ® g*) by pp = miu1 + mipo and @ = 7fa; + mhae. It is easy to check that
the action of G x G on My x M, is twisted generalized Hamiltonian with moment map p and
moment one-form c.

Embedding G diagonally in G x G, we obtain a Hamiltonian action of G on M; x Ms. The
projection g* @ g* — g* induced by this embedding is given by addition: (A1, A2) — A1 + A2, so
a moment map and moment one-form for the G-action on M; x My is given by

My x My — g%, (z1,22) — pa(21) + pa(22)
and

TMy x TMy — g*, (X1, X2) — a1(X7) + az(Xa2),
respectively.

Perhaps the most important instance of the construction of Example 4.12 is if we start with
an arbitrary twisted generalized Hamiltonian G-manifold, (M, 7, H, u, «), and let the second
GC manifold be a coadjoint orbit O, in g*, where a € g* is some fixed element. Let w, be the
canonical symplectic structure on O,. The action of G on O, is Hamiltonian in the symplectic
sense, with moment map given by the inclusion O, — g*. Using the symplectic structure —w,
instead, the action is still Hamiltonian, but now the moment map is given by the negative
inclusion O, — g*, A — —\.

As described in Examples 2.9 and 4.4, the symplectic structure —w, induces a GC structure 7,
on O, and the G-action on O, is generalized Hamiltonian with the same moment map. Viewing
(Oq, Ja) as a twisted GC manifold where the twisting is by the zero three-form, the G-action
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is twisted generalized Hamiltonian with a constantly vanishing moment one-form. Then the
diagonal G-action on M x O, is twisted generalized Hamiltonian with moment map

WM x O, — g, (x,A) — p(x) — A
and moment one-form
o TM x T(O,) — g*, (X,)Y) — a(X).

The reason this construction is important is that it is the basis of the shifting trick. If one
wishes to reduce M by G at level a € g*, one can instead consider the reduction of M x O,
by G at level 0, because

Ma =~ (M X Oa)g

as topological spaces. To see this, observe that u=1(0,) and (u/)~1(0) are G-equivariantly
homeomorphic via the maps

pHO) = (W)7TH0),  z (2 ()

and

(1)7H0) = p7H(Oa), (@A) = w

5 Partition of the generalized reduced space

Let M be a manifold, G be a Lie group acting on M smoothly, and p: M — g* a smooth, G-
equivariant map. Let a € g*. By equivariance the pre-image p~1(0,) of the coadjoint orbit O,
is preserved by G, and so we can consider the quotient space p~1(0,)/G. Let M = | | M
be the orbit type partition of M. Because each set Mg is stable under G, each intersection
w10 N Mg is also stable under G, so the orbit type partition of M descends to a partition

p 1 (04)/G = | | (b (0) N M) /G
(H)

of the quotient u=1(0,)/G.

Suppose now M is a symplectic manifold, the G-action is Hamiltonian, and p is a moment
map. In this case the quotient space M, := p~1(0,)/G is called the symplectic reduction,
or Marsden—Weinstein quotient, of M at level a. The symplectic moment map condition is
that dus = Leyw for all € € g. If G acts freely on p=1(0,), then each &y is nonzero on u=(0,),
which by the non-degeneracy of w implies that a is a regular value of . Therefore p=1(0,) € M
is a submanifold, so M, is a manifold. In this case, Marsden and Weinstein proved that M,
inherits a natural symplectic structure. Theorems 4.6 and 4.8, proved in [14], are analogues of
this result.

In the event that the symplectic quotient is singular, one can consider the individual parts
of the partitioned quotient. In [19], Lerman and Sjamaar proved that each component of
(Ma) gy = (1~ H(O4) N M(ypy) /G inherits a natural symplectic structure. The main results
of this paper are analogues of this in the generalized complex case.

Remark 5.1. By the symplectic moment map condition, dué = ey w, if a € g* is a regular
value of ji, then each vector field £y is nowhere zero on p~1(a). This means that the action of G
on 1~ 1(a) is at least locally free, which means that the quotient M, is at worst an orbifold, to
which Marsden and Weinstein were able to associate a symplectic structure. By Sard’s Theorem,
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a generic value of u will be regular, so the generic result of symplectic reduction is a symplectic
orbifold.

If (M,J) is an untwisted GC manifold with moment map p, then the generalized moment
map condition, J(du¢) = —£yy, likewise guarantees the equivalence of regular values and local
freeness of the action, so M, is at worst an orbifold. However, if (M, 7, H) is a twisted GC
manifold with moment map g and moment one-form «, then this equivalence may no longer
hold, due to the presence of the moment one-form in the moment condition:

T(du) =~y — of.

Specifically, &3 could vanish even if 7 (du¢) does not. Therefore, it seems that the generic result
of GC reduction may be a GC singular space.

Before stating and proving our main theorem, we need the following lemma.

Lemma 5.2. Let (M,J,H) be a compact, twisted GC manifold, and let G be a compact Lie
group acting on (M, T, H) in a Hamiltonian fashion with moment map p: M — g* and moment
one-form o € QY (M, g). If the G-action on M s trivial, then du = a = 0.

In Lemma 5.5 of [1], the authors proved the above result in the case that G is a torus; however,
their proof holds just as well in the non-abelian case. It relies on viewing the components of
u as the real parts of a pseudo-holomorphic function and applying a version of the Maximum
Principle, a course first taken in [17]. A thorough description of this version of the Maximum
Principle can be found in Section 4.4 of [8].

Theorem 5.3 (Singular generalized reduction).

(a) Let (M, J) be a GC manifold, and let G be a compact group acting in a Hamiltonian fashion
on (M, J) with generalized moment map ji: M — g*. Let a € g*, and let My, = | |(Ma) (g
be the orbit type partition of the GC quotient of (M,J) by G at level a. Then each
component of each (Ma) g inherits a natural GC structure from (M, J).

(b) Let (M,J,H) be a compact GC manifold, and let G be a compact group acting in a Hamil-
tonian fashion on (M,J,H) with generalized moment map p: M — g* and moment
one-form o € QY(M,g*). Assume that H + « is equivariantly closed. Let a € g*, and
My = | |(Ma) ) be the orbit type partition of the GC quotient of (M, J, H) by G at level a.
Then each component of each (Ma) gy inherits a twisted GC structure from (M, J,H),
natural up to B-transform.

Proof. We begin with the twisted case.

First we prove the theorem in the case that a = 0.

Let £ € M and K = G,. Note that this implies that K is a closed subgroup of G, and
is hence compact. Clearly K acts canonically on (M,J,H), since G does. By part (c) of
Proposition 3.6, M}? is open in M. Tt follows that every component of M¥ intersecting Mﬁ?
has the same dimension as Mé? Let MX be the union of components of M* having nontrivial
intersection with Mk Since each component of M is a manifold, it follows that MX is also.
Furthermore, by Proposition 2.19 we know that each connected component of M¥ is a split
submanifold of (M, J), and hence also a twisted GC submanifold. Therefore so is MX.

Let Z% be the union of components of M}g that have nontrivial intersection with p=1(0).
Since Z% is open in M ls which is open in MX | as discussed in Remark 2.13 we know that 2%
is a twisted GC submanifold of M, and hence also of M. Let j: Z% < M be the inclusion,
and denote the (j*H)-twisted GC structure of Z7 by J'.

Let N = Ng(K) be the normalizer of K in G. By part (e) of Proposition 3.6, we know M%
is N-stable. In fact, so is Z%-, as we now show. Note that connected components of manifolds
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are path-connected. Therefore, for any n € N, if y,z € Mk are in the same component, then
soaren-y and n-z. Now let n € N and y € Z%. By the definition of Z%., there exists some z
in the same component of Mk as y such that z € p=1(0). Since p~1(0) is N-stable, this means
n-ze€p ' (0)N Mk C Z%, and hence n -y € Z% as well.

Now we will show that u(Z%) and (T Z%) lie in Anng«(8) N (g*)%, where Anng-(£) denotes
the annihilator of £ in g*. Since MX is fixed point-wise by K and p and « are equivariant, we
know these two sets are contained in (g*)%. Because MX is closed in M, it is compact. Since K
acts trivially on M it follows from Theorem 4.5 and Lemmas 4.11 and 5.2 that dué = a% =0
on TMX and hence on TZ3., for all £ € €. Hence € is locally constant on Z% for all £ € &
Because each component of Z7- has nonempty intersection with p~1(0), it follows that u¢ = 0
on Zj, for all £ € €, so pu(Z%) C Anng-(€).

Let L denote the quotient Lie group N/K, and let [ denote its Lie algebra. In Lemma 17 of [2],
it is proved that the projection g* — n* dual to the inclusion n < g induces an isomorphism

Let p': Z§ — " and o': TZ}. — I* be the compositions of this isomorphism with the restrictions
of u and «, respectively, and note that

Z N~ H(0) = Zg 0 (1) 7H(0).

Because Z7; is fixed point-wise by K, the action of N on Z%- induces an action of the quotient
L = N/K on Zj,. We now verify that this action is twisted generalized Hamiltonian with
moment map x4 and moment one-form «’'.

Since p, «, and the projection g* — n* are N-equivariant, and Zj, consists of K-fixed
points, we know that p' and o' are L-equivariant. Now we check that p' and o satisfy the
generalized moment map conditions for the L-action on Z% . Because K fixes the points of Z%,
the infinitesimal action of £ on Z§ is zero, so for all § € n we have [{]zz = {zz, where [¢] denotes
the image of £ under the quotient projection n — n/¢ = [. As noted above, u7 = 0 and o = 0
for all n € ¢, so (1)) = pé and (/)€ = of for all € € n. By Theorem 4.5 and Lemma 4.11, the
compositions

Zy gt —>n and  TZE —%-g* —>n*

are a generalized moment map and moment one-form for the N-action on the (j*H)-twisted GC
manifold Z%, respectively, so we conclude that

lzs =&zs = =T (dpt) — ot = ~J'(d()E) — ()¢
and
gl

(7"H) = te,y (°H) = da® = d(a/)¥
K

€] 2z,

for all [¢] € L.

By part (e) of Proposition 3.6, we know that N/K acts freely on Z7., and hence also
on (y/)71(0). Since H + a is G-equivariantly closed, we know H is closed. Using this fact,
our computations from the previous paragraph, and part (b) of Remark 4.3, we compute

dp(j*H + o)([§]) = d("H) — el oy, (J*H) + d(a)) - Yelzg, (¥
= J*(dH) = 1y, (j°H) + daf ()
=0-daf+daf-0=0

- sz}f{
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for all [¢] € (n/€)* = [*. Hence j*H + o' is L-equivariantly closed. Therefore we can apply
Lin—-Tolman’s twisted generalized reduction, Theorem 4.8 above, and obtain a GC structure on
the quotient space

(1)~H0)/(N/K) = (1/)~1(0)/N = (Z§ 0 = 1(0)) /N.

Recall that this structure is only natural up to B-transform. It follows that each component of
(Z§ np=1(0)) /N is a twisted GC manifold.

By varying the point x € M, and thus varying the manifold Z%., we can conclude that every
component (Mg Np~1(0)) /N is a twisted GC manifold.

By parts (d) and (f) of Proposition 3.6, we know that G- My = M k) and that the inclusion
Mpg — M induces a homeomorphism My /N ~ Mx)/G. Together with the fact that p~(0)
is G-stable, this first fact implies that G - (Mg N p~1(0)) = Mgy N p~*(0). Together with the
second fact, this implies that

(Mo) gy == (M) "= 1(0)) /G = (Mg 0 pp=1(0)) /N,

and so each component of (Mo) k) inherits a twisted GC structure, natural up to B-transform.

The general case, where the reduction is taken at an arbitrary level a € g* now follows from
the shifting trick, as explained following Example 4.12 above.

Now we consider the untwisted case. Since an untwisted Hamiltonian GC manifold is simply
a twisted Hamiltonian GC manifold with H = 0 and o = 0, the only real difference between
parts (a) and (b) of this theorem is that in part (a) we do not assume that M is compact. Note
that the only time above where we used the fact that M is compact was when showing that ¢
and af both vanish on Z% for all £ € €, and hence that p(Z%) and o(TZ%) lie in Anng-(€). For
this non-compact case, note that since Z% contains only K-fixed points, we have £ zz =0 for
all £ € & so

dut =J'(z2) = J'(0) =0

and hence p¢ is locally constant on Z% for all £ € £ Because each component of Z7- has
nonempty intersection with p=1(0), it follows that u& = 0 for all £ € &, so u(Z%) C Anng ().
This completes the proof of (a). [

Corollary 5.4 (Singular generalized Kéahler reduction). The results of Theorem 5.3 hold
if all GC and twisted GC structures are replaced by GK and twisted GK structures, respectively.

Proof. Suppose (M, J1,J2) is a GK manifold, twisted or untwisted. Because a generalized
Hamiltonian action on the GK manifold (M, J1, J2) is simply a generalized Hamiltonian action
on the GC manifold (M, J;) which also preserves the structure Ja, it is easy to check that
the proof of Theorem 5.3 holds in precisely the same way for our present situation. We will
simply note that, for any Lie subgroup K of G, because both [J; and J» are preserved by K, by
Proposition 2.19 we know that each component of MX is a split submanifold of M with respect
to both GC structures, so it is a GK manifold. Everything else is entirely straightforward to
check. |
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