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Abstract. The existence of a natural and projectively invariant quantization in the sense of
P. Lecomte [Progr. Theoret. Phys. Suppl. (2001), no. 144, 125–132] was proved by M. Bor-
demann [math.DG/0208171], using the framework of Thomas–Whitehead connections. We
extend the problem to the context of supermanifolds and adapt M. Bordemann’s method
in order to solve it. The obtained quantization appears as the natural globalization of the
pgl(n+ 1|m)-equivariant quantization on Rn|m constructed by P. Mathonet and F. Radoux
in [arXiv:1003.3320]. Our quantization is also a prolongation to arbitrary degree symbols
of the projectively invariant quantization constructed by J. George in [arXiv:0909.5419] for
symbols of degree two.
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1 Introduction

The quantization is a concept that comes from physics. The quantization of a classical system
whose phase space is a symplectic manifold (M, ω), consists in the construction of a Hilbert
space H and a correspondence between classical and quantum observables. Classical observables
are smooth functions on M while quantum observables are self-adjoint operators on H. The
concept of quantization has been formulated by P. Dirac [5], while trigged by the similarity
between the formalisms of classical and quantum mechanics. At the beginning, the problem
of the quantization consisted in finding a linear bijection Q between C∞(M) and a space
of operators on H verifying three properties: the bijection Q has to transform the constant
function 1 into the identity operator, the conjugation into the adjunction and the Poisson bracket
into the commutator.

Prequantization [7], which associates with a function on M a differential operator on the
Hilbert space of complex functions square-integrable on M, gives a positive answer to the
Dirac problem. However, even when the phase space M is the cotangent bundle of a certain
manifold M , it is not satisfactory because it gives us the Hilbert space L2(T ∗M) which is
too large for a physically reasonable quantum system (it contains wave functions depending
both on the position and the momentum coordinates, see [16, Chapter 5] for details). Geometric
quantization [16], however, fixes this issue by means of a polarization: ifM = T ∗M , the vertical
polarization allows of reducing the Hilbert space L2(T ∗M) to the space L2(M). Geometric
quantization is then applied only to a subset of observables, those preserving the chosen polari-
zation.

A priori, geometric quantization can be extended to the whole set of observables in many
different ways. One can ask whether such an extension is unique if one requires extra conditions
on the quantization map.
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The uniqueness of a quantization procedure is often linked to a symmetry group. A vector
field X on a manifold M can be lifted in a natural way to a vector field on T ∗M , thereby defining
an action of the algebra of vector fields on M , Vect(M), on the space of functions on T ∗M
polynomial in the fibers, called the space of symbols. It turns out that geometric quantization
is the unique Vect(M)-equivariant map from the space of symbols of degree less than or equal
to one to the space of differential operators on M , up to a normalization. However, geometric
quantization cannot be extended to the whole space of symbols if one requires equivariance with
respect to the Lie algebra Vect(M), due to cohomological reasons [11]. One can ask whether
there exists a Lie subalgebra g ⊂ Vect(M) for which the quantization map is g-equivariant.
This g is supposed to be “big enough” to attain the uniqueness, but “small enough” to acquire
the extension of the geometric quantization to the whole space of symbols.

When M = Rn with a PGL(n+ 1,R)-structure, the quantization map has been investigated
by P. Lecomte and V. Ovsienko in [10]. They showed that there exists a unique quantization
map that is pgl(n+ 1,R)-equivariant.

The concept of pgl(n+1,R)-equivariant quantization on Rn has a counterpart on an arbitrary
manifold M [12]. It aims at constructing a quantization map by means of a connection, depen-
ding only on its projective class (i.e. projectively invariant) and natural in all of its arguments.
This quantization coincides with the projectively equivariant quantization when M = Rn and
the connection is the projectively flat one.

The existence of such a quantization procedure was proved by M. Bordemann [1]. With each
class of torsion-free connections, he associated a unique linear connection, ∇̃, on a principal line
bundle M̃ → M . He managed to lift the space of symbols in a natural way to suitable tensors
on M̃ . He then applied the so-called standard ordering to construct the projectively invariant
quantization map.

Recently, P. Mathonet and F. Radoux [15] constructed a super-version of the pgl(n + 1,R)-
equivariant quantization on Rn. This super-quantization is a quantization on the superspa-
ce Rn|m which is equivariant with respect to a Lie superalgebra of supervector fields on Rn|m,
this Lie superalgebra being isomorphic to pgl(n+ 1|m).

In the same way as in the classical case, one can wonder if this super-quantization can be
globalized. A partial positive answer to this question has been given in [6], where a projectively
invariant quantization on supermanifolds has been constructed for symbols of degree less than
or equal to two.

In this paper we prove the existence of a projectively invariant and natural quantization on
a supermanifold. In Section 2, we recall the fundamental tools which we will need in the sequel
(tensor densities, differential operators, connections) and we give the definition of a natural pro-
jectively invariant quantization. Next, we solve the problem of existence of such a quantization
by adapting Bordemann’s method. To do this, we use the “Thomas connection” constructed
by J. George [6], this connection being the super-version of the Thomas connection used by
M. Bordemann [1].

2 Problem setting

For the sake of completeness, we briefly recall in this section the definitions of tensor densities,
differential operators and symbols on supermanifolds. Then we set the problem of the existence
of natural and projectively invariant quantizations on supermanifolds. Throughout this paper,
we denote by M a smooth supermanifold of dimension (n|m). The symbol p(A) denotes the
parity of the object A: it is equal to 0 if A is even, it is equal to 1 if A is odd.

Here we consider supermanifolds in the sense of F. Berezin, B. Kostant and D. Leites (see
[13, 3, 14]).
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Definition 1. A supermanifold M of dimension (n|m) is a pair (M0,AM ), where M0 is a n-
dimensional smooth manifold and where AM is a sheaf of superfunctions, i.e., a sheaf of su-
peralgebras such that for all p ∈ M0, there is an open neighbourhood U 3 p together with an
isomorphism

ΦU : AM |U
∼−→ C∞Rn |U ′ ⊗R ΛRm,

where ΛRm denotes the exterior algebra of Rm and where C∞Rn |U ′ denotes the restriction to an
open subset U ′ of the sheaf of smooth functions on Rn.

The images by Φ−1
U of the canonical coordinates of Rn (resp. of the canonical generators of

ΛRm) give even superfunctions x1, . . . , xn (resp. odd superfunctions xn+1, . . . , xn+m). We call
(U,ΦU ) a local chart and (x1, . . . , xn, xn+1, . . . , xn+m) graded coordinates on M .

If (U,ΨU ) is another local chart and if (x̄1, . . . , x̄n, x̄n+1, . . . , x̄n+m) are corresponding graded
coordinates, then the functions ΦU (x̄j), which form the change of graded coordinates, will be
denoted by x̄j(xi).

Definition 2. A morphism of supermanifolds M → N is a pair φ = (φ0, φ
∗), where φ0 : M0 →

N0 is a smooth map and where φ∗ : AN → AM is a morphism of sheaves covering φ0, i.e., for
every open subset U ⊂ N0, φ∗ gives a superalgebra morphism

φ∗(U) : AN (U)→ AM
(
φ−1

0 (U)
)

in a way compatible with the restriction maps. A diffeomorphism is a morphism such that φ0

is a diffeomorphism and such that φ∗ is an isomorphism.

2.1 Tensor densities

The sheaf Fλ,M (or simply Fλ) of λ-densities on M is built from the Berezinian sheaf, whose
formal definition can be found in [9]. For our purposes, it suffices to recall that, over an open
set with graded coordinates (x1, . . . , xn, xn+1, . . . , xn+m), a section of this sheaf, which we call
a λ-density, is expressed formally as

φ|Dx|λ,

where φ is a local superfunction. Recall that, under a coordinate change x̄i = x̄i(xj), the element
|Dx|λ is multiplied by |BerA|λ, where Ber denotes the Berezinian and where A is the matrix
corresponding to the change of coordinates, i.e., the matrix defined by

Aij =
∂x̄j

∂xi
.

2.2 Differential operators and symbols

We denote by Dλ,µ,M (or simply Dλ,µ) the sheaf of (finite-order) differential operators from
λ-densities to µ-densities. For an open subset U of M0, elements D ∈ Dλ,µ(U) are local R-linear
maps Fλ(U) → Fµ(U) for which there is an integer k ∈ N such that in any system of local
graded coordinates (x1, . . . , xn+m), the restriction of D reads∑

|α|6k

Dα

(
∂

∂x1

)α1

· · ·
(

∂

∂xn+m

)αn+m
, (1)

where α is a multi-index, |α| =
n+m∑
i=1

αi, αn+1, . . . , αn+m are in {0, 1} and Dα are local δ-densities

(δ = µ − λ). The space Dλ,µ(U) is thus filtered by the order of differential operators and we
denote by Dkλ,µ(U) the space of differential operators of order at most k.
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As in the classical case, the highest order term of a differential operator behaves, under
a change of graded coordinates, as a section of the sheaf of symbols, Skδ = Fδ ⊗ ∨kTM , where
TM denotes the tangent sheaf of M and where ∨ denotes the supersymmetric product. This fact
allows one to define the principal symbol operator σk : Dkλ,µ → Skδ . In graded coordinates,

σk(D) =
∑
|α|=k

Dα(∂1)α1 ∨ · · · ∨ (∂n+m)αn+m

if D is given by (1) and if ∂1, . . . , ∂n+m denotes the canonical basis of local supervector fields
associated with the coordinate system (x1, . . . , xn+m). Moreover, we set Sδ = ⊕k>0Skδ .

2.3 Superconnections and associated tensors

A superconnection on M is a morphism of sheaves of super vector spaces ∇ : TM ⊗R TM → TM
such that for any open subset U in M0, for any X,Y ∈ TM (U) and any f ∈ AM (U),

∇fXY = f∇XY while ∇XfY = X(f)Y + (−1)p(X)p(f)f∇XY,

where ∇XY stands for ∇(X ⊗R Y ). Given graded coordinates (x1, . . . , xn+m) on M , a connec-
tion ∇ reads

∇XY =
(
Xi∂iY

k + (−1)p(i)(p(Y )+p(j))XiY jΓkij
)
∂k,

where the so-called Christoffel symbols Γkij of ∇ are superfunctions with parity p(i)+p(j)+p(k).

From a superconnection ∇ on M , one defines its torsion tensor T∇ by

T∇(X,Y ) = ∇XY − (−1)p(X)p(Y )∇YX − [X,Y ].

In graded coordinates, the vanishing of the torsion tensor of∇ translates into the supersymmetry
of the Christoffel symbols in their low indices:

Γkij = (−1)p(i)p(j)Γkji.

We denote by CM (or simply C) the sheaf of torsion-free superconnections on M .
Remember also that from the curvature tensor R of ∇, i.e.,

R(X,Y )Z = ∇X∇Y Z − (−1)p(X)p(Y )∇Y∇XZ −∇[X,Y ]Z,

the super-Ricci tensor Ric and the tensor strR are defined as supertraces,

Ric(Z, Y ) = str(X 7→ (−1)p(X)(p(Y )+p(Z))R(X,Y )Z),

strR(X,Y ) = str(Z 7→ R(X,Y )Z).

The super-Ricci tensor Ric and the tensor strR are then given in coordinates by the following
formulas:

Ric(Z, Y ) = (−1)p(i)(p(i)+p(Y )+p(Z))(R(∂i, Y )Z)i,

strR(X,Y ) = (−1)p(i)(R(X,Y )∂i)
i,

if R(∂i, Y )Z = (R(∂i, Y )Z)j∂j and R(X,Y )∂i = (R(X,Y )∂i)
j∂j .

Remark 1. Our tensor strR, the supertrace of the curvature, appears for instance in [9, Propo-
sition 3.4].
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2.4 Projective equivalence of superconnections

Definition 3. Two torsion-free superconnections ∇, ∇′ are projectively equivalent if there is
a super 1-form α on M such that

∇′XY = ∇XY + α(X)Y + (−1)p(X)p(Y )α(Y )X.

An equivalence class for this relation is called a projective class.

Locally, the condition for two torsion-free superconnections ∇ and ∇′ to be projectively
equivalent is expressed as Πk

ij = Π′kij , where

Πk
ij = Γkij −

1

n−m+ 1

(
Γsisδ

k
j (−1)p(s) + Γsjsδ

k
i (−1)p(i)p(j)+p(s)

)
. (2)

Obviously, this characterization fails when the superdimension n − m is equal to −1 (in this
case, the quantities Πk

ij cannot be defined). We believe that a detailed study of projective
superconnections could provide a geometric meaning for this singular situation, but this is yet
to be done.

2.5 Problem setting

A quantization on M is an isomorphism QM of sheaves of vector spaces, from the sheaf of
symbols Sδ,M to the sheaf of differential operators Dλ,µ,M such that for any k ∈ N and any
section S of Skδ,M ,

σk(QM (S)) = S.

Roughly speaking, a natural quantization is a quantization which depends on a torsion-free su-
perconnection and commutes with the action of superdiffeomorphisms. More precisely, a natural
quantization is a collection of morphisms (defined for every supermanifold M)

QM : CM × Sδ,M → Dλ,µ,M

such that

• for any section ∇ of CM , QM (∇) is a quantization;

• if φ : M → N is a local diffeomorphism of supermanifolds, then, for any section ∇ of CN
and any section S of Sδ,N ,

QM (φ∗∇)(φ∗S) = φ∗(QN (∇)(S)).

A quantization QM is projectively invariant if one has QM (∇) = QM (∇′) whenever ∇ and ∇′
are projectively equivalent torsion-free superconnections.

The existence of natural and projectively invariant quantization is related to the existence of
a pgl(n+ 1|m)-equivariant quantization in the sense of [15] in the flat situation.

Definition 4. When n−m 6= −1, we define the numbers

γ2k−l =
(n−m+ 2k − l − (n−m+ 1)δ)

n−m+ 1
.

In this case, a value of δ is said to be critical if there is k, l ∈ N such that 1 ≤ l ≤ k and
γ2k−l = 0. Notice that, in opposition to the classical situation, the value δ = 0 can be critical
since n−m can be negative.
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One of the results of [15] is then the following.

Theorem 1. If n−m 6= −1 and δ is not critical, there exists a unique pgl(n+ 1|m)-equivariant
quantization. If n −m = −1, there exists a one-parameter family of pgl(n + 1|m)-equivariant
quantizations.

As in the classical context, the projective class of the canonical flat superconnection is pre-
served by the vector fields of pgl(n+ 1|m). Therefore, if we can construct a natural projectively
invariant quantization for supermanifolds of dimension (n|m), it will necessarily coincide with
the projectively equivariant quantization constructed in [15] when M = Rn|m and ∇ is the
projectively flat superconnection.

3 Thomas fiber bundle and connection

As in the classical case, a projective class of torsion-free superconnections on a supermanifold
defines a superconnection on the associated “Thomas bundle”. This fact was pointed out in [6]
and is briefly recalled here.

3.1 Thomas fiber bundle

From a supermanifold M of dimension (n|m), the associated supermanifold M̃ is constructed
by adding an even coordinate x0 to each coordinate system (x1, . . . , xn+m). Under a change
of coordinates x̄i = x̄i(xj) on M , this extra coordinate transforms according to the rule x̄0 =
x0 + log |BerA| where A is the matrix corresponding to the change of coordinates.

By analogy with the classical situation, we set E = ∂0 and call it the Euler supervector
field of M̃ . The fact that E is well-defined is easily seen from the transformation law of the
components of a supervector field X under a change of coordinates x̄i = x̄i(xj), namely

Xi∂xi = Xi∂x̄
j

∂xi
∂x̄j .

Densities on M identify with some superfunctions on M̃ . More precisely, we can associate
with a λ-density expressed locally as f = φ|Dx|λ the superfunction f̃ given by

f̃
(
x0, x1, . . . , xn+m

)
= φ

(
x1, . . . , xn+m

)
exp

(
λx0

)
. (3)

It follows directly from the transformation law of densities that f̃ is well-defined. Moreover, it
is λ-equivariant in the sense that

LE f̃ = λf̃ .

Conversely, from a λ-equivariant superfunction ϕ on M̃ , one defines a λ-density ϕ0|Dx|λ on M
by setting

ϕ0

(
x1, . . . , xn

)
= ϕ

(
x0, x1, . . . , xn

)
exp

(
− λx0

)
(4)

for an arbitrary x0. Because of the equivariance property of ϕ, the derivative of ϕ0 with respect
to x0 is zero and the density is well-defined. This way, we establish a one-to-one correspondence
between λ-densities on M and λ-equivariant superfunctions on M̃ .
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3.2 Thomas connection

The quantities Πk
ij given by (2) define the so-called fundamental descriptive invariant of the

projective class of ∇. They can be used to construct the projectively invariant lift ∇̃ of ∇ to
the supermanifold M̃ . More precisely, ∇̃ is defined as the torsion-free superconnection on M̃
with Christoffel symbols

Γ̃kij = Πk
ij , Γ̃c

0a = Γ̃c
a0 =

−δca
n−m+ 1

,

Γ̃0
ij =

n−m+ 1

n−m− 1

(
∂qΠ

q
ij −Πp

qiΠ
q
pj

)
(−1)p(q)(p(q)+p(i)+p(j)),

where i, j, k ranges from 1 to n+m while a, c ranges from 0 to n+m. Besides the singular case
n−m = −1 (in which the quantities Πk

ij themselves cannot be defined), one must also assume
here that n −m 6= 1 in order to give sense to the above formulas. The latter hypothesis is the
super analogue of the fact that M. Bordemann’s construction fails for a 1-dimensional smooth
manifold.

We shall now give a useful coordinate-free description of the lifted superconnection ∇̃ in
terms of the Euler supervector field of M̃ and horizontal lifts of supervector fields on M . Using
our coordinate system (x0, x1, . . . , xn+m) (cf. Section 3.1), we introduce the so-called horizontal
lift to M̃ of a supervector field X = Xi∂i on M by setting

Xh = −(−1)p(s)XiΓsis∂0 +Xi∂i. (5)

The vector field Xh is well-defined. Indeed, the derivative of the Berezinian of the matrix A
representing the change of coordinates can be computed in the following way [13]:

∂xi(Ber A) = (Ber A)str
(
(∂xiA)A−1

)
,

where (∂xiA)kl = (−1)p(i)p(k)∂xiA
k
l and where

str(B) =

p+q∑
i=1

(−1)p(i)(p(B)+p(i))Bi
i

if B ∈ gl(n|m). We can then easily conclude using the transformation law of the Christoffel
symbols:

Γ̄kij = (−1)p(t)(p(l)+p(j))
(
−∂x

t

∂x̄i
∂xl

∂x̄j
∂2x̄k

∂xt∂xl
+
∂xt

∂x̄i
∂xl

∂x̄j
Γrtl
∂x̄k

∂xr

)
.

Definition 5. We denote by r the following multiple of a supersymmetric part of the Ricci
tensor of ∇:

r(X,Y ) =
1

2(n−m− 1)

(
Ric(Y,X) + (−1)p(X)p(Y )Ric(X,Y )

)
.

Finally, we are in position to give the coordinate-free description of the lifted superconnec-
tion ∇̃. This description is useful in order to simplify computations in the sequel.

Proposition 1. With notations of (3), we have for any supervector fields X, Y on M ,

∇̃XhY h = (∇XY )h − 1

2
˜strR(X,Y )E + (n−m+ 1) ˜r(X,Y )E ,

∇̃XhE = ∇̃EXh =
−1

n−m+ 1
Xh, ∇̃EE =

−1

n−m+ 1
E .

Proof. The result is obtained after long but straightforward computations. �

The lifted connection ∇̃ is associated in a natural way with the connection∇ on M . Moreover,
∇̃ is such that LE∇̃ = 0, where

LE∇̃(X,Y ) = [E , ∇̃XY ]− ∇̃[E,X]Y − ∇̃X [E , Y ].
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This invariance is due to the invariance of E , of the horizontal lifts and of the functions ˜strR(X,Y )

and ˜r(X,Y ).

4 Lift of symbols

Our goal in this section is to lift in a natural and projectively invariant way a symbol S on M to
a tensor S̃ on M̃ . To this aim, we define in a first step a horizontal lift of S via the horizontal
lift of supervector fields (5). In a second step, we define a map which transforms equivariant
tensors on M̃ into symbols on M . We prove that the restriction of this map to the divergence-
free tensors (with respect to ∇̃) is a bijection. The natural and projectively invariant lift is then
the inverse map of this “descent” application.

4.1 Horizontal lift of symbols

Since a symbol S of degree k on M is locally a sum of terms of the form φ|Dx|δ ⊗ ∂i1 ∨ · · · ∨ ∂ik ,
it suffices to define the horizontal lift on symbols of this form and to extend it by linearity.

Definition 6. The horizontal lift of a symbol φ|Dx|δ⊗∂i1 ∨· · ·∨∂ik , denoted by (φ|Dx|δ⊗∂i1 ∨
· · ·∨∂ik)h, is given in our coordinate system on M̃ by the tensor f̃ ⊗∂hi1 ∨· · ·∨∂

h
ik

if f = φ|Dx|δ.

We can easily observe that the horizontal lift of a symbol S is δ-equivariant, i.e. that
LES

h = δSh. In particular, the horizontal lift of a δ-density on M to a superfunction on M̃
coincides with the correspondence given in (3).

4.2 Descent map

Using the fact that a tensor of degree k on M̃ can be locally decomposed in the basis ∂h1 , . . ., ∂
h
n+m,

E , it is enough to define the descent map on a tensor of the form

S =

k∑
l=0

∑
i1,...,ik−l

ϕi1,...,ik−l,0,...,0 ⊗ ∂hi1 ∨ · · · ∨ ∂
h
ik−l
∨ E l. (6)

In the sequel, we denote by Sk,δ
M̃

the sheaf of δ-equivariant tensors of degree k on M̃ .

Proposition 2. The map Ψ whose value on a section S of Sk,δ
M̃

expressed as in (6) is given by

Ψ(S) =
∑
i1,...,ik

ϕi1,...,ik0 |Dx|δ ⊗ ∂i1 ∨ · · · ∨ ∂ik ,

where the coefficient ϕi1,...,ik0 is given by (4), is well-defined.

Proof. We can easily see that the form of Ψ is preserved under a change of coordinates x̄i =
x̄i(xj) on M . It is among other things due to the fact that

ϕi1,...,ik
(
x̄0, x̄1, . . . , x̄n

)
exp

(
− δx̄0

)
= ϕi1,...,ik0

(
x1, . . . , xn

)
|BerA|−δ = ϕ̄i1,...,ik0

(
x̄1, . . . , x̄n

)
,

where A stands for the matrix of the change of graded coordinates on M . �

It is possible to show that the map Ψ is surjective exactly in the same way as in [1]. If Ak
is a symbol of degree k on M , then the sections of Sk,δ

M̃
whose images by Ψ are equal to Ak are

those of the form

Ahk +Ahk−1 ∨ E + · · ·+Ah0 ∨ Ek, (7)

for some sections Ak−j of Sk−jδ for j = 1, . . . , k.
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4.3 Projectively invariant lift of symbols

In the sequel, we denote by dx1, . . . , dxn+m the dual basis of the canonical basis of local super-
vector fields ∂1, . . . , ∂n+m on M . It means that dxi(∂j) = δij for all i, j.

The covariant derivative with respect to ∇ of a δ-density φ|Dx|δ in the direction of a super-
vector field X is given in coordinates by

∇X
(
φ|Dx|δ

)
=
(
X.φ− (−1)p(s)δXiΓsisφ

)
|Dx|δ.

We can easily show that this formula is preserved under a change of coordinates and that it
defines a covariant derivative such that

˜∇∂iφ|Dx|δ = ∂hi .
˜(φ|Dx|δ).

Definition 7. The interior product of a symbol S = φ|Dx|δ ⊗ ∂i1 ∨ · · · ∨ ∂ik by a super 1-form
α = αidx

i is defined by

i(α)(S) =
k∑
j=1

(−1)p(α)(p(φ)+p(i1)+···+p(ij−1))φ|Dx|δ ⊗ ∂i1 ∨ · · · ∨
(j)
αij ∨ · · · ∨ ∂ik ,

where αij replaces ∂ij .

The interior product by a covariant tensor of degree l, α1 ∨ · · · ∨ αl, is then equal to i(α1) ◦
· · · ◦ i(αl).

Definition 8. The covariant derivative with respect to ∇ of a symbol S = φ|Dx|δ⊗∂i1∨· · ·∨∂ik
in the direction of a supervector field X is defined by

∇X(S) = ∇X(φ|Dx|δ)⊗ ∂i1 ∨ · · · ∨ ∂ik

+
k∑
j=1

(−1)p(X)(p(φ)+p(i1)+···+p(ij−1))φ|Dx|δ ⊗ ∂i1 ∨ · · · ∨
(j)

∇X∂ij ∨ · · · ∨ ∂ik .

Definition 9. The operator of divergence with respect to ∇ is the map

Div : Sδ → Sδ : S 7→
n+m∑
j=1

(−1)p(j)i(dxj)∇∂jS.

We can easily check that this definition does not depend on the chosen coordinate system.

Proposition 3. If j ∈ N, l ∈ N and if A ∈ Sjδ (M), then we have

D̃iv
(
Ah ∨ E l

)
= (DivA)h ∨ E l + 2(n−m+ 1)(i(r)A)h ∨ E l+1 − lγ2j+lA

h ∨ E l−1,

where D̃iv stands for the divergence operator with respect to the lifted superconnection ∇̃ on M̃
and r is the tensor introduced in Definition 5.

Proof. The proof is exactly the same as in [1]. �

If δ is not critical, the restriction of Ψ to the divergence-free tensors with respect to ∇̃ is
thus a bijection. Indeed, the condition of zero divergence allows to fix the symbols Ak−j in (7).
These symbols are given by the following equations (for 0 < l < k):

Ak−1 =
1

γ2k−1
DivAk,

Ak−(l+1) =
1

(l + 1)(γ2k−(l+1))

(
DivAk−l + 2(n−m+ 1)i(r)Ak−(l−1)

)
.
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Finally, the lift of a symbol S, denoted by S̃, is obtained by applying to S the inverse of this
bijection. This lift is natural thanks to the naturality of the condition linked to the divergence
operator. The lift is also projectively invariant thanks to the fact that this condition depends
only on ∇̃.

5 Construction of the projectively invariant quantization

Definition 10. If T is a supersymmetric covariant tensor of degree l with values in λ-densities,
∇sT is the supersymmetric covariant tensor of degree l+1 with values in the λ-densities defined
in the following way:

(∇sT )(X1, . . . , Xl+1) =
∑

σ∈Sl+1

(−1)εl+1+p(T )p(Xσ(1))(∇Xσ(1)(T (Xσ(2), . . . , Xσ(l+1)))

−
l+1∑
j=2

(−1)p(Xσ(1))(p(Xσ(2))+···+p(Xσ(j−1)))T (Xσ(2), . . . ,∇Xσ(1)Xσ(j), . . . , Xσ(l+1))),

where X1, . . . , Xl+1 are supervector fields and where εl+1 is the sign of the permutation σ′

induced by σ on the ordered subset of all odd elements among X1, . . . , Xl+1.

Definition 11. If ϕX1 ∨ · · · ∨Xk is a supersymmetric contravariant tensor of degree k and if
ψα1 ∨ · · · ∨ αk is a supersymmetric covariant tensor of degree k, then we set

〈ϕX1 ∨ · · · ∨Xk, ψα1 ∨ · · · ∨ αk〉
= ϕψ(−1)p(ψ)(p(X1)+···+p(Xk))i(X1) · · · i(Xk)(α1 ∨ · · · ∨ αk),

where the interior product i is defined in the same way as in Definition 7. One extends this
operation by bilinearity to arbitrary supersymmetric tensors of degree k.

5.1 The main result

In this section, we give an explicit formula for the natural and projectively invariant quantization.

Theorem 2. If n − m 6= ±1 and δ is not a critical value, then the collection of maps QM :
C × Sδ → Dλ,µ given by

(QM (∇, S)(f))∼ = 〈S̃, ∇̃ks f̃〉, (8)

defines a projectively invariant natural quantization for supermanifolds of dimension (n|m).

Proof. The proof goes exactly in the same way as in [1]. First, formula (8) is well-defined:
indeed, the right-hand side is µ-equivariant because of the invariance of ∇̃, of the δ-equivariance
of S̃ and the λ-equivariance of f̃ .

Next, (8) defines obviously a natural and projectively invariant quantization: this fact is
mainly due to the naturality and the projective invariance of the lift S̃. The quantization
preserves the principal symbol for the same reasons as in [1]. �

Remark 2. When n − m 6= ±1, M = Rn|m and ∇ = ∇0, formula (8) recovers the unique
pgl(n+ 1|m)-equivariant quantization found in [15]. It is interesting to notice the problem there
was solved without any hypothesis on the superdimension.
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Remark 3. When n −m 6= −1, 1,−2,−4 and δ = 0, formula (8) coincides with the canonical
differential operator associated by J. George [6, Theorem 3.6] with a symbol of degree two and
a projective class of superconnections. In particular, when λ = µ = 0, our formula recovers the
projective Laplacian of [6, Theorem 3.2]. Notice that J. George does not have any formula for
n−m ∈ {−2,−4} while we do in general (those additional conditions appear only for particular
values of the shift δ). Actually, the methods used are different. The conditions n−m 6= −1, 1,−2
in his work come from the construction, given a projective class on M , of the quantities Π̃a

bc

associated with the corresponding Thomas connection while the condition n−m 6= −4 is due to
the use of the projective Laplacian on M̃ (see [6, Theorem 3.2] for details). This being said, the
relation between projectively invariant quantization and J. George’s work is still unclear: one
can wonder how the procedures are linked in the general case δ 6= 0.

6 The case n − m = 1

As it was already noticed in Section 3.2, the hypothesis n−m 6= 1 is the analogue in the super
context of the fact that M. Bordemann’s method [1] does not apply for 1-dimensional smooth
manifolds.

Actually, the problem of natural and projectively invariant quantization on 1-dimensional
smooth manifolds turns out to be very peculiar. In this case, it is easily shown that the difference
between any two torsion-free linear connections can be expressed as α ∨ id for some 1-form α.
Consequently, all torsion-free linear connections are projectively equivalent, and the quest for
a natural projectively invariant quantization amounts to the quest for a natural bijection from
symbols to differential operators. As it is well-known (it is for instance a consequence of [4,
Theorem 3]), such a natural bijection does not exist. Notice that for symbols of order two, the
theory of natural operators [8] imposes for a natural projectively invariant quantization to be of
the form

Q(∇, S)(f) = 〈S,∇2f〉+ a〈DivS,∇f〉+ b〈Div2S, f〉+ c〈i(Ric)S, f〉, (9)

where a, b, c ∈ R. The condition of projective invariance yields a system of equations for a, b, c
which admits no solution in dimension n = 1 (cf. [2]).

If we make the assumption that a natural projectively invariant quantization must write
under the form (9), with all objects being replaced by their super analogues, then the system of
equations provided by the condition of projective invariance has no solutions when n−m = 1.
Therefore, unless there are more natural operators for supermanifolds than the superizations of
the classical ones, a natural projectively invariant quantization does not exist in this case.

7 The case n − m = −1

In [15], P. Mathonet and F. Radoux were able to build a pgl(n+ 1|m)-equivariant quantization
without any hypothesis on the superdimension. Nevertheless, the case n−m = −1 required an
ad-hoc construction because of the peculiarities of the Lie superalgebra pgl(n+ 1|n+ 1).

In our case, the problem lies in the very definition of the quantities Πi
jk used in the construc-

tion of the connection ∇̃ on M̃ associated with a projective class of connections on M . The
manifold M̃ is thus unhelpful here.

This being said, it can be checked by hand that the formula

Q(∇, S)(f) = 〈S,∇f〉+ t〈DivS, f〉

defines a 1-parameter family of natural projectively invariant quantization for symbols of order
one. This result agrees with the phenomenon observed in [15]. Also, for symbols of order two,
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the formula

Q(∇, S)(f) = 〈S,∇2f〉+ 〈DivS,∇f〉

turns out to be projectively invariant. We conjecture that similar formulas can be obtained
for higher order symbols and that a natural projectively invariant quantization exists when
n−m = −1.
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