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Abstract. We study 141 field-generalizations of the rational and elliptic Gaudin models.
For sl(INV) case we introduce equations of motion and L-A pair with spectral parameter on
the Riemann sphere and elliptic curve. In sl(2) case we study the equations in detail and find
the corresponding Hamiltonian densities. The n-site model describes n interacting Landau—
Lifshitz models of magnets. The interaction depends on position of the sites (marked points
on the curve). We also analyze the 2-site case in its own right and describe its relation to
the principal chiral model. We emphasize that 1+1 version impose a restriction on a choice
of flows on the level of the corresponding 0+1 classical mechanics.
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1 Introduction

Gaudin model (or Gaudin magnet) was introduced by M. Gaudin [1] as a quasiclassical limit
of spin-1/2 chain and was studied via the Bethe ansatz [2, 3]. Let us start with a general
rational model underlying Gaudin magnets. The classical rational Gaudin model is defined by
the following quadratic Hamiltonians:

1 (595°)
H,=—= E =1,... 1.1
a 2 Za_ZC7 a ) 7n7 ( )
c#a

where S € s1(2,C), {z1,...,2,} € CP! are marked points and ( ) denotes the trace.

From the point of view of the Lax pair the model is described by a general Lax matrix which
is a sl(N,C)-valued function L(z) on CP*\{z,...,z,} with simple poles at {z1,...,2,} and
some given residues Res,, L(z) = S* € sl(N, C):

L(z)=)_ i (1.2)

Z2— 2z

a=1
The generating function of the Hamiltonians is

n a\2 a gb
;<L2(2)>=12<(S)>+21<S 5 > (1.3)

Z — Zq Rqg — %
ab a “a b

The first sum in (1.3) shows that the eigenvalues A\, of S are the constant C-numbers. Thus,
the phase space is a direct product! of the coadjoint orbits by SL(N,C) action: M = O'x

'In fact, there is coadjoint action of SL(N,C) on M which provides the constraint >, S* = 0 with some
fixation of SL(N,C) action. Then one can make a reduction M — M//SL(N,C). But we do not go into details
of this reduction here. In [4, 5] the examples of the reduction for the Painlevé VI equation are discussed. The
r-matrix of the reduced models satisfies the reflection equations. Thus, the models live on the boundaries of the
finite lattices.
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-+ x O". This phase space is naturally equipped with a linear Poisson—Lie structure:

{Sa, S5} =06 €858, (1.4)
vy

where S¢ are coefficients in some basis {1, }: S =Y S2T, and C;ZB are the structure constants

(03
of sI(N, C) in this basis. The natural basis is described in the appendix. The Hamiltonians (1.1)
in sl(V, C) case are replaced by

1 a Q¢
H,=—— w, a=1,...,n. (1.5)
N Za — Ze
c#a
The dynamics with respect to the Hamiltonians (1.5) is given by the following equations?:
[5, 5]
0, S ={H,, S} = — ,
o { } C#Za —
ge, st
o, S’ ={H,, 5% = T #b.
Za — 2b

These equations of motion can be represented in the Lax form
O, L = [L, M,] (1.6)

with the Lax pair

L(z)=> il My(2) = 5

, .
Z— Zc Z— Zg

c=1

In such a generality the model was studied many times. For example, the non-autonomous
version corresponds to the Schlesinger system of the isomonodromic deformations on a sphere.
It was studied a hundred years ago [6].

In the elliptic case [7] the Lax matrix (1.2) is replaced by

n

L(Z) = ZZ Sgsoa(z - Za)Tay (17)

a=1 «o

where z € 3, is a coordinate on an elliptic curve ¥, with moduli 7. Basis {T,} and the
corresponding Poisson structure is defined in (B.4). Functions ¢, (z — 2z,) (B.10) form a basis
in I'(End V, ¥;) with a simple pole at z, for some fixed holomorphic vector bundle V' of degree
one. The Poisson structure (1.4) for the structure constants (B.7) is related to the existence of
the r-matrix of the Belavin—Drinfel’d type [8]. The quadratic Poisson structure can be defined
by the same r-matrix [9].

Most of problems natural for integrable systems have been studied for the Gaudin model
as well. Among them the separation of variables [10], relations to monodromy preserving and
Knizhnik—Zamolodchikov equations [11], quantum quadratic algebras and bihamiltonian struc-
tures [12], time-discrete versions [13], quantization [14] and Langlands duality [15]. It should be
mentioned that the elliptic Gaudin model was originally defined by B. Enriquez and V. Rub-
tsov [16] as an example of the Hitchin-type system [17]. “Dynamical” case was considered first
by A. Gorsky and N. Nekrasov [18]. That case corresponded to degree zero vector bundle V
(that is to nontrivial moduli space of bundles) or to the “spin” extensions of the Calogero model.

*Here we imply some choice of the normalization by the Killing form ( ), see also (B.6).
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In [19] it was shown that the top-like models and Calogero-type models are related by means of
the modification procedure (the later changes the degree of V). In this respect, the models are
equivalent.

Consideration of particular cases and different types of reductions leads to relations between
Gaudin model and a number of known integrable systems such as interacting tops [20], Painle-
vé VI equation and Zhukovsky—Volterra gyrostat [4], Neumann system [21].

With the advent of the inverse scattering method the Lax equations or the zero-curvature
equations [22] (with spectral parameter) became a main tool for investigation of nonlinear equa-
tions [23, 24]. Different applications and classifications can be found in [25]. In this paper we are
predominantly interested in the Landau-Lifshitz equation [26] (which describes the continuous
limit of the XYZ model [27, 28]) and the principal chiral model [29, 30].

In [19] a general scheme was suggested for constructing 1+ 1 (or field) generalizations of the
Gaudin-type models as typical examples of the Hitchin systems. As a by-product of this work
the field generalization of the elliptic Calogero model was obtained® and its equivalence to the
Landau—Lifshitz equation was shown in terms of the special singular gauge transformations.

The purpose of the paper is to present explicit L-A pairs for 1 + 1 Gaudin model, to pro-
pose corresponding Hamiltonian description and to find out relationships between the obtained
equations and some known models such as the Heisenberg Model, the Landau-Lifshitz equation
and the principal chiral model.

In 1+1 models the Lax equations (1.6) are replaced by the zero-curvature (or Zakharov—
Shabat) equations:

O, L — 0x M, = [L, M,],

where L and M, do not coincide (in general) with those from (1.6). It was shown in [19] how to
construct 141 version of L-operator. In particular, L keeps the same form as in (0+1) version
of the Hitchin systems corresponding to holomorphic vector bundles of degree 1. This class
of systems is under our consideration in this paper. A general scheme [32] allows to obtain
densities of the conserved quantities (Hamiltonians). However, there is a technical problem
of finding corresponding M-operators. Unfortunately, there is no practical way to get them
explicitly. For example, in [19] the nontrivial M-operator for the field version of Calogero model
was obtained by some ansatz. In the same manner M-operators were obtained in [27, 30] for
the Landau-Lifshitz and the Principal Chiral Models correspondingly. The inverse problem (to
find mechanical L and M from known field versions) is an easy task — one should put to zero all
derivatives with respect to the loop variable x. In this respect, there is a correspondence between
field flows and some choice of flows (M-operators) on the level of classical mechanics. It will be
shown that the first flows of 141 Gaudin hierarchy correspond to “conventional” description of
flows in the Gaudin mechanics while the second flows arise naturally from some “reformulated”
version. The later appears as some linear combination of the “conventional” Gaudin flows.

The paper is organized as follows: in Section 2 we give a standard description of the Gaudin
model and its flows M, (Proposition 2.1). Then the “reformulated” version is suggested in
the form of linear combinations of {M,} (Proposition 2.2). In Section 3 we discuss the field
generalization and find the first (Proposition 3.1) and the second (Proposition 3.2) flows of
the 1+1 Gaudin hierarchy. Among other things, we consider a special case of the first flows
corresponding to the principal chiral model in detail. In Section 4 sl(2,C) case is considered
(rational — Subsection 4.1 and elliptic — Subsection 4.2) and the Hamiltonian description is
obtained. First, we get general formulae for the densities of Hamiltonians via local decomposition
for the first (Lemma 4.1) and the second (Lemma 4.2) flows. Secondly, we evaluate these
densities for 141 rational and elliptic sl(2, C) Gaudin model and reproduce previously obtained
equations of motion (Theorem 4.1).

3This result was first obtained by I. Krichever in [31].
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The results of the paper can be briefly summarized as follows:

(041) mechanics: (141) field version: type of models:

Gaudin flows {H,} 15 flows {Ha1} n-site generalization of
principal chiral model

Gaudin flows {H,} 274 flows {Hao} interacting models of
(“reformulated version”) Landau-Lifshitz type

The first flows are described by the following equations:

01, 8% = kS = =Y [S*, @ac(5°)],
c#a
005" = [S°, Ppa(5%)].

In “2-site” case and rational limit these are the equations of the principal chiral model:

Ol — kOgly +

[l1,l0] = 0,
Z1 — %9

Ol — kOzli =0

with lp = S' 4+ 5% and [; = S — 52
The equations for the second flows are of the form (here we put sl(2,C) case and sl(N,C) is
considered below):

8t~asa - kjamna = [Sa’ @(Sa)] + Z[na7 @CG(SC)] - [FCQ(SC), Sa:l,
c#a
9;,5" = [@ab(n), "] + [S”, Foa(S%)], (L.8)
where 7% = — 5[5 S + 37 @ac(S€). Note that in “I-site” case n = 1 the first one equation

c#a
in (1.8) is the Landau-Lifshitz equation (for t; = t):

k2

0rS + R[S, Sm:] = [Sv @A(S”

2 sl(IV, C) elliptic Gaudin model

2.1 Standard description

The phase space of the Gaudin model is a direct product of orbits O x - - - x O, by the coadjoint
action of SL(N,C)). The coordinates {SS} on each orbit S¢ € O, are chosen to be dual to the
basis {T,} of the Lie algebra sl(N,C). The later basis {T},} is built as the projective representa-
tion of (Z/NZ ® Z/NZ) in GL(N,C) (see (B.4)). The corresponding structure constants (B.7)
provides the Poisson—Lie brackets:

{S%, 85} = 6"’ 301 5- (2.1)

Let us introduce now the Lax matrix defined on the elliptic curve ¥, = C/(Z + 7Z) with
modular parameter 7 (Im(7) > 0):

L(z) =YY SiTupalz — z), (2.2)

c=1 ael”
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where Iy, = ZE\?) (see (B.3)) and functions {¢q(z — z.)} form the basis in the space of sections
['(End V,%;) with simple poles at {z.}, ¢ = 1,...,n for the holomorphic vector bundle V' of
degree one associated with the principle GL(N, C)-bundle over ;. In fact the Lax matrix is
fixed by the quasiperiodic properties with (B.1), (B.2):

L(z+1)=QL(2)Q7}, L(z+7)=AL(z)A™!

and residues Res,, L(z) = S°.

The invariants of the Lax matrix generate commuting Hamiltonians®
1 n
AL = 3 (Haep(z — 20) — HioBr(= = =) — Ho,

c=1

where Hp . = ﬁ((SC)% =3 > S55¢, are the Casimir functions corresponding to the or-
a€el’y
bits O, and the Hamiltonians are:

Hig =~ 3 (805 = =3 3 8%, 85 0alza — 20), (2.3)

N c#a c#a ael’y
— 1 Cc ~ c 1 b c
Ho =55 ;<S () — 5 ;s Joe(5%)
:éz Z Si pw“ _72 Z S—a afoz Zb_zc) (2.4)
¢ a€l’y b#c aely

where we use the following notations: p(w,) is defined in (B.8), functions ¢,(z) and f,(2)
n (B.10), (B.11). We also define the linear operators:

61 Sa = Sap(Wa),  Pab: Sa = Saal?a—2),  fab: Sa = Safalza = 2)-
In the following we also use Er: So — SoE; (wq). Note that

Pab = —Pba (25)
in the sense that (S%ap(S?)) = —(S°¢pq(S)) due to (A.6). Similarly, f;b = fpa, §* = 9 and
B = —Fy.

The commutativity of the Hamiltonians with respect to (2.1) follows from the underlying

linear 7-matrix structure of the Belavin—Drinfel’d type: 2P (z,w) = > a2z —w)To @ T4 [8].
agl”
Note also that the Hamiltonians H; , are not independent:

S ey
a=1

a=1 c#a

The appropriate number of independent Hamiltonians is achieved by taking into account Hy
and all higher Hamiltonians.
Let us write down equations of motion with respect to the Hamiltonians (2.3), (2.4):

0, 8% = {Hy,a, 5"} = = > _[S*, Gac(S)], (2.6)
c#a
ataSb = {Hl,m Sb} = [Sba @ba(‘sa)]a (27)
O S = {Ho, S} = [, 9(5)] — Z[Sa7 faC(SC)}' (2.8)
c#a

“Note that we use both the Eisenstein and the Weierstrass functions. They are simply related (A.3), (A.4).
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Proposition 2.1. The equations of motion (2.6)—(2.8) can be presented in the Lax form (1.6)
with the Lax matriz L(z) defined in (2.2) and M-matrices given as follows:

My= )" SiTupa(z — 2a), (2.9)
acly
=D ST (- z). (2.10)
b=1 'YEFEV

Proof. The proof is direct. It is based on the usage of (B.16)-(B.20).
Let us prove identity (B.20) which is the most nontrivial here. For a generic point w € 3,
consider mS (2, w) = (2 — w)py (W — 24):
o (B.19)
my =" (2 = za)(B1(2 —w) + E1(w — z4) + E1(wy) — E1(wy + 2 — 24))

= SO'V(Z — za)(E1(2 —w) + E1(w — 24)) — f'y('z — Za)-

Combining (B.16) and (B.19) which are implied to be known we have:

pp(z — Zc)m = (pp(z — 2c)py (2 — W)y (w — 2a)

(B.:16) gpﬁ(w — zc)((pﬁ+,y(z — w)¢7(w — Za)) + <,0,3+'y(2 - Zc)(@’y(zc - w>907(w - Za))

(B.16),(B.19
:( ) ‘Pﬁ(w - Zc)@ﬁ+’y(z - za)SOfﬁ(w - Za) + ‘Pﬂ(w - ZC)SD"/(Z - za)‘pﬁ('z - w)

+ @142 = 26)py (2e — 20) (B1(2e — ) + E1(w — 24) + E1(wy) — E1(wy + 2 — 24))

(B.19) .
= 807(2 - Za>mﬁ - SOBJW(Z - Za)Soﬂ(za — z¢)(E1(w — 2¢) + E1 (20 — w) + El(wﬁ)

— E1(wp + 2a = 2¢)) + 0p4~(2 = 2e) Py (2e — 2a) (B1(2e — w) + Er(w — 24) + E1(wy)
— Ei(wy + 2¢ — 24))
= 907(2 - za)mcﬁ - SOBJr'y(Z - ZC)fw(Zc — 24) + ‘P,B+'y(z - za)fﬁ(za — Zzc)

=+ (El (ZC - ’IU) + Fy (’U} - Z&))((pﬁJr’Y(Z - zC)QP’Y(Zc - Za) + 90,3+'y(z - Za)(PB(Za - Zc))

(B.16) .
=" Pz — Za>mﬁ — a4~y (2 = 20) fy(2e — 2a) + g~y (2 — 2a) f5(2a — 2¢)

+ (E1(2e —w) + Er(w — 24))p4 (2 — 20) (2 — 2c)-

This ends the proof of (B.20). |

2.2 Useful reformulation

In this subsection we rewrite the equations of motion in a form which will be convenient for 1+1

generalization. First, consider the following expressions for a = 1,...,n:
Z T’YSO'Y(Z — Zq) Z Sﬁ%(za
'yEF’ c#a

(B. 19
Z Z Sy (2 = 2¢)(B1(2 = 2a) + B1(20 — 2¢) + E1(wy) — E1(2 — 2z + wy))
761’" c#a

=Fi(z — 2a)(L — Ma) + > McE1(za — %) + Mo+ Y Ty89f,(2 — za)

c#a 76F’N
=Ei(z—2a)L+ Y MEy(2a — 2e) + Mo — Y T)S9F, (2 — 2). (2.11)

cta ~vely
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Then let us define new M-matrices in the following way:

M, = Z TS5 Fy (2 — Z T’y% o~ (2 — 2a), a=1,....,n,
yel'y ~ely
where
1
= T,850y(2a — 2¢) = > M(2a) = Res.—s, <Z — L(z)) . (2.12)
c#a c#a a

From (2.11) we can see that the new M-matrices are the linear combinations of (2.9), (2.10):

Ma = El(z - ZQ)L + Z McEl(Za - Zc) + MO'
c#a

Then the Lax equations yield

L,y McEi(z0 = 2) + Mo | = Ei(z — )0 L + 4 L
c#a c#a

and the equations of motion are:

Z E1(zq — 20)0, S + 0y, S®
c#a
PO S5, B (20 — 2)@ae(S%) = fuelS4)] + S, 9(5%)]
c#a

while for b # a:

0, 8" = 0,S"E1(z0 — ) + Y 018" E1(2a — 2¢) + 018" = [, 65"
c#a,b

- El(za - Zb) Z[ 780bc Sc Z El - Zc 79271)0(50)] - Z[Sba fbc(sc)}
cF#b c#a,b c#b

= [Sba @(Sb) + El(zb - Za)@ba(sa) - fba(sa)]

+ Z [S%, (E1(2p — 2a) + E1(2a — 2¢))0e(S¢) — foe(S°)].
c#a,b

Finally, we have

0, 5" =[5 S + > _[5% Fac(S),

c#a
0;,8" = [S", 68" + [S”, Fya(SD)] + Y [S”, @ba(@ac(5°))]
c#a,b
= 15" @ral(@ac(SN] + [S”, Fua(S9)] = [S°, pa(n'®)] + [S°, Fha(5*)]-

c#a

The corresponding Hamiltonians are obtained in the same way:

1 ¢ Qe 1 cf
Ho+ ) Br(za = 2e)He = 5 _(5°05°) - o DA T ()
c#a b#c
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1

[ b c ~ c cf b
ZEl a — Zc Z<S Socb S 2N Z - ﬁ Z <S fcb(s )>
c;ﬁa b#c b,c#a, b#c
1 1 .
N <Safa0<sc)> IN Z (E1(za — 2¢) — E1(2a — Zb>)<SC‘Pcb<Sb)>
c#a b,c#a, b#c
- = ZE1 — 2¢)(S°Peal(SY))
c;éa
1
C C a, C o C ~ ~ b
— o 250+ S ESN g Y (SPa@a(S): (213)
c;éa b,c#a, b#c
The last one term equals:
1 c A b _ L [P A b . L [N A c
ON Z (S°@ea(Pab(S”))) = ON (S°@eal(Pab(S7))) ON Z<S ca(Pac(59)))
b,c#a, b#c b,c#a c#a
. 1 c A N b 1 c C L cqQc _
= g% 2 (S PulGulS) 57 S + 5y TS Solea =) (214

From (2.13), (2.14) we conclude that the Hamiltonians for the reformulated version of the Gaudin
model are of the form:

7 a - Qa a c 1 c A ~ b _

Ha_2N<S $S%) NZSFMS)H (S°Pea(@ab(S7)),  a=1,...,n
c#a b,c#a

or

Cc ~QcC a c 1 c A ~ b _
H, = QNZS ) N;SFMS)>+2NM¢G<S ca(@a(S®)),  a=1,...,n.

Two last forms of the Hamiltonians are differ by the constant 5% > (S°S¢)p(zq — zc). Let us
c#a
summarize the obtained in results in
Proposition 2.2. The dynamics of the Gaudin model produced by Hamiltonians
7 arQa 1 a1, c 1 [P -
, = (868 + 0 S S Fucl59) + o 3 (5 Gen(Bun(57) (2.15)
2N N 2N
c#a b,c#a
s given by equations
0, 5" =[5% S + > 5% Fue(S)),
c#a
05,5 = [5°, Pra (11 )] + [S”, Foa(5°)], =D Pac
cta

and can be presented in the Lax form with L(z) from (2.2) and

M, = Z T\STFy (2 — za) + Z Tyny oy (2 = 2a), a=1,...,n.

yel'y ~el'y

The Gaudin Hamiltonians (2.3) and (2.15) are simplified when written in terms of n* (2.12):

Hy= (8%, Ho= 5o (8°05%) — S (()) + 5 DS Fue(5))
c#a
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In the end of the section let us also give the rational “reformulated” version since it is more
illuminating:

M, Z P VA
o= Zo — Z¢ 2 N ’

— J— a J—
v Za Z— Zg Z— Zg
where
SC
n'® = . (2.16)
c#a Za ~ %e
Hamiltonians:
2
. 1 s 1 (5%5°)
H,=—— — —_—
“ 2N< Zza—zc >+Nz(za—zc)2
c#a c#a

The later follows from simple evaluation:

1 SCSb SaSc
Zza—zc ZZ%_ZCZC_% Nz—izc (2.17)

c#a c#a b#c c#a
: (58" 1 ez, 1 (5259 1 (5°)?)
+Nbc§bic(zcza)(zczb) __ﬁ<(77 ) >+N§£(zazc)2+2]\fc¢za(zazc)2

The last one term is the analogue of the constant 5k > (S°S¢)p(zq — z¢) in (2.14). The corre-
c#a
sponding equations of motion are:

a [5%, 5]
afaS N Z (Za - 20)27
c#a
Sb Sa 1 Se Sb Sb ga la Sb

(Za - Zb)2 Za — 2b '

9; Sb =
ta (2a — 2)2  Za — 2 pr

3 Field version

3.1 141 sl(INV,C) Gaudin model

The general construction of the field version for the Hitchin systems was described in [19].
For our current purposes we only need to define the phase space. By analogy with mechanics
let us consider a collection (direct product) of n orbits assigned to the marked points, i.e. let
Res;—,, L(z) = S%(z) be elements of the loop coalgebras él*(N, C) and z be a loop variable. We
imply that the values of the invariants under the coadjoint action (or the eigenvalues of S%) are
fixed. More over we assume for simplicity that the eigenvalues are C-numbers (independent of x).
From the physical point of view it means that the magnetic momentum vector is normalized (as
it is assumed in the Landau-Lifshitz model). The boundary conditions are chosen to be periodic.
In summary, $%(z) are sl (N, C)-valued periodic functions on a unit circle S': $%(z+27) = S9(x)
with eigenvalues {\z ., k=1,...,N, a=1,...,n} fixed to be C-numbers: d;\, = 0.
In the field case the Lax equations (1.6) a replaced by the zero-curvature equations:

0y, L — kOy M, = [L, M,). (3.1)
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In fact, the numeration of M, should include two type of indices as in (2.3): the first one type
describes the number of the flow in the hierarchy and runs over 1,..., N in 0+1 mechanics or
1,...,00 in 141 field theory while the second one runs over 1,...,n in both cases and describes
the assignment of the Hamiltonians to the marked points. In this paper we are not going to
concern the whole hierarchy but only two first flows (as we did in 0+1 case).

We will see that the first n flows of the hierarchy corresponds to the Gaudin Hamiltonians
in the standard description (2.3) supplemented by the momenta P, along x while the second n
flows naturally related to reformulated version (2.15)

Standard description Ha‘ —
Reformulated version ﬁa —

—

Thus we do not use multi-index for times. It is sufficient to use t, and %, for our purposes
and we keep these notations for the field version.

It should be mentioned that the field generalization of the Lax pair into “L-A” pair satis-
fying (3.1) is nontrivial. The fact that the L-matrix (2.2) is unchanged in the field version
follows from the triviality of the moduli space of bundles of degree one. It is explained in [19]
in detail. As a result we deal with the following Lax matrix:

L= TS0, (z— 2). (3.2)

c=1 761"9\]
The M, -matrices for the first flow coincide with the mechanical versions either:
M, = Z T, S504(2 = za). (3.3)
yel'y

Proposition 3.1. The zero-curvature equations (3.1) with L from (3.2) and M, from (3.3) are
equivalent to the following equations:

01, 5" — k0,5 = =Y [5% Gac(S°)],
cta
01, 8% =[S, Ppa(S%)]. (3.4)

The proof is the same as in the 041 case. As we will see below the Hamiltonian corresponding
to M, has the form

He = 721 dx (Pa + Ha(S(aj)))v

where ¢ daz P, is the shift operator in the loop algebra sI(N, C): {$s1 dz Po(2), S°(y)} =
5av0yS°(y) and H, is defined as in (1.5) or (2.3). Thus the Hamiltonian describing equations
(3.4) has the form:

1 a . C
Ha—jéldx paN;<s 2e(5%))

The phase space is a direct product of the symplectic orbits of the loop group SL(N ,C) with
linear Poisson structure:

{Sg(l’), Sg(y)} = 5ab5(x - y)ca,ﬁsg—&-ﬁ(x)a a,b=1,...,n.

The second flows are of our main interest.
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Proposition 3.2. The zero-curvature equations
05, L — koM, = L, M,]
with L from (3.2) and

M, = Z T,S5Fy (2 — 24) + Z Tn5oqy (2 = 2a), a=1,...,n, (3.5)
~vely ~EDYy

where N = n'* + An®, 0'* = > $qc(S°) are equivalent to the following equations:
c#a

0;,5% = ko™ =[S, (S + Y [ Fuc(S)] + D _[ac(5), 0]
cta c#a
+ [En(8%), An"] + [S, Ey(An®)] — By [S°, A,
0;,8" =[S, &ra ()] + [S®, Fya(S™)],
— k8,8 =[S, An“]. (3.6)

The proof is also similar to the one given for the 0+1 case. Functions n® are not uniquely
defined by equations —kd,S* = [S% An®]. We fix this ambiguity by requiring n* — n'* =
> @ac(S¢) or An® — 0 in 0+ 1 limit. As for the equation —kd,S% = [S?, An?] itself only
c#a
some special cases were studied such as “vector” case [33, 34] and “Grassmannian” case (special
coadjoint orbits) [35]. For sl(2,C) case the answer is well known: An® = —&[S“, Sa.

3.2 2-site case and principal chiral model

L-A pair for the principal chiral model was suggested in [29] (see also [23, 30, 36, 37]). Consider
the first flows of the Gaudin model (3.4) with 2 sites or marked points (n = 2). It is convenient
to start from the rational version:
St S?
L= + = M1 —+ Mg.
z—z1 zZ — Z9

The corresponding M-matrix is known to be

St S?
M =M, — My = — :
z— 21 zZ — Z9

Therefore the equations of motion are

98! — k9, St = —i[sl,sﬂ,
Z1 — %9
2
0S?% + k0, 8% = ———[51, 57 (3.7)
Z1 — %9

Then the Hamiltonian describing equations (3.7) has a form®:

Sts2
HzHl—ngfdx<P1—P2—< >>
1

S 21— R2

and the phase space is a direct product of two symplectic orbits of the loop group SI(N , C) with
the linear Poisson structure:

{Sg(fﬂ), Sg(y)} = 5ab5(x - y)ca,ﬁsg+ﬂ(x)a a, b= 17 2.

®See Section 4.3 and (4.24).
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Remark 3.1. One can make a substitution S* = (lp + 1) and S? = $(lp — l;) to represent
equations (3.7) in its traditional form

Al — kdgly + [l1,lo] = 0,
Z1 — %9

Otlp — kOzl1 =0

or change the coordinates (x,t) to “light-cone” coordinates & = t““;lx, n = tfk;x:
9,8t = —L[sl S2]
K 21 — %9 ’ ’
2
0:S% = o [St, 52 (3.8)

Elliptic case. For L-A pair L = M+ My and M = M;— M, with M, = Y. ToS%pa(z—24),
aely
a = 1,2 the equations (3.4) yields (0; = 0, — O, ):
St — k9, St = —2[S, p12(5?)],
0S? + k0,S? = 2[S%, ¢21(SY)).

or by analogy with (3.8)

08" = —2[8", $12(5%)],
9e5% = 2[5%, o1 (S1)).

In sl(2, C) case this result was obtained by I. Cherednik [30]. Here we see that the principal
chiral model corresponds to the special (2-site) case of the first flows of 1 + 1 Gaudin model.
It should be also mentioned that in [30] the equations for sl(2,C) case were obtained as a field
version of XYZ model, i.e. from the second flow of 1-site Gaudin model (or sl(2, C) elliptic top).
It may be explained as follows: consider stationary solutions S = S%(n) (or 0:5* = 0). Then
fixing the ambiguity in solutions of the equation [S?, $o1(S1)] = 0 as S? = —391(S') we have

9,S' = [S", Pr12@an (S1)] =[S, 6(S1)),

which is the equation of sl(IV, C) elliptic top (or 1-site elliptic Gaudin model) corresponding to
the second flow H = 55(S16(S1)).

4 sl(2,C) 141 Gaudin models

4.1 141 XXX Gaudin magnet: interacting Heisenberg models

Let us consider the case Res,, L(z) = S* € sl(2,C) in detail. The linear Poisson-Lie structure
in this case:

{85, Sh} = 2v/ =16 04,5,

3
where S& are coefficients in the basis of Pauli matrices: S* = ) S%0,.
=1
The Gaudin Hamiltonians are:
Z S{ST + 5555 + 5555

Za — Zc

H, = — (4.1)

c#a
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while the Hamiltonians of the reformulated version are

2
(5*5°€) 1 S¢ H?
- - = a. 4.2
C#Za a— Zc)? 4< C#Zaza—zc >+2)\3 (4.2)
Since
H. H? 1 (SeS®  H?
- I -
s Za — Zc  2M4 ey Zg — Zc e — Zp  2M4
1 (825¢) 1 (5¢SP) H?
T2 #Za (zq — 2¢)? + 2 b,#%:b# (ze — 24)(2c — 2) + 27)\(21
B lz (S*S°) B 1 Z <SCSb> n H?
2 o (za — 2c)> 4 betarhie (za — 2e)(2a — 20) 22
2
(se5¢y 1 (S92 1 Se H?2
— —_ 2 4.3
#Zaz—z 4;(%—%)2 4< #Zaza—zc >+2)\3’ (4.3)

then the corresponding equations of motion are:

a C a C
a{asazz [S,S] _& [575]

_ 2 2 _ )
c;ﬁa (Za ZC) )‘a c;ﬁ(z Za Zc
b [Sb,Sa] 1 [SC,Sb] & [Sa,Sb] B [Sb,Sa] [n/a75b]
ataS B (Za_zb)2 +za_zbc7ézaza_zc + )\Z Za — %b B (Za—Zb)2 + za—zb’
where
N ;;L Za — Zc + ﬁs (44)

Remark 4.1. (4 4) differs from (2.16) by ¥ Hy Sa and the corresponding Hamiltonian (4.3) differs

from (2.17) by W' This difference does not follow from ansatz (3.5) but appears from the

Hamiltonian description (see Section 4.3). The corresponding Lax pair is given by L from (1.2)
and

1 H, 1 n'e
M, = L —2M,=—M, .
“ #Za A2 Z— 2q a+z—za

1+1 version. Let S*(z) € ;1(2,@) be periodic sl(2,C)-valued functions on a circle S':
Sz + 2m) = S%x) with eigenvalues {\,} fixed to be C-numbers: d;\, = 0. The Poisson
structure now is

{S5(x), Sh(y)} = 2V —16"e03,S%(x)6(x — y). (4.5)
Consider
Y n

a a Qa S a_ k
0= eSSl +Z a—zﬁﬁs gy

1S, 8% + /%, S9=0,5°  (4.6)
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Let us remark here that in (0+1) limit n* = n* (4.4). Then the zero-curvature equation
0; L — k0, M, = L, M,] (4.7)

reads as follows

a a __ S¢ a [Sa? SC}
ataS - ]{:affn - Z 2 — Zc’” + Z (Za, _ ZC)Q? (48)
cta c#a
b Qa a gb
a{asb — [S )S ] + [77 ) S ] (49)

(Za - Zb)2 Za — b )

These equation generalize the Heisenberg model which appears from (4.8) in n = 1 (1-site)
case:

k2

oS + 4A2[

S, Sez] =0

and described by the Hamiltonian

kQ

=16z

o ((05)2).

4.2 141 XYZ Gaudin magnet: interacting Landau—Lifshitz models
By analogy with the previous section the Hamiltonians in 0+1 sl(2,C) case:

2

i 1 H;
i, <sa (5) + 5 D USES)) = (| Y ac(S%) | )+ SV (4.10)
c#a c#a a

Consider now the following L-A pair:

n

3
L(x) =3 Siapalz — 2.

c=1a=1

= a0aalz = 2a) + S50aps(z = 2a)py(2 = za),

where «, (3, v are different indices equivalent to 1, 2, 3 up to a cyclic permutation and (compare
with (4.6))°

a _ k a a c aga

The zero curvature equation (4.7) leads to equations of motion:

afa‘sa - ]{38:1077(1 = [Saa @(Sa)] + Z[Ua7 @ca(sc)] - @ca([sca Saca(sa)])a
c#a
afaSb = [@ab(na)7 Sb] + @ba([@ba(sb)a Sa]) (4.12)

5The remark about the term %S“ in the previous section is reasonable here as well.
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and n® (4.11) is a particular solution of the equation

—kSg = | S%0" = Gac(S)
c#a

It is fixed if we require n* — 7% = > Pac(5¢) + %S“ in (04+1) limit. The proof follows
c#a @

from (C.1)~(C.7). In particular, from (C.5) it follows that Peq([S, Bea(S?)]) = [Fra(S9), 5]

Then (4.2) is written in the form close to (3.6):

0;, 8" = kdun® = [S* (S + D _[1% Pea(S)] = [Fua(5€), 5%,
c#a
05, 5" = [2ab(n™), 8] + [S”, Fra(S™)]. (4.13)

The last three terms in the first equation of (3.6) vanish. It is due to (C.3) that VA, B €
s1(2,C):

E\([A, B)) = [E1(A), B] + [A, Ev(B)].
Note that in case n = 1 the first one equation in (4.13) is the Landau-Lifshitz equation:

k2 .

described by the Hamiltonian
w= o do(Sisoes) + 0.9
~ L \avP 1622 " '
4.3 Hamiltonian description

The explicit form of the conserved quantities in terms of the fields are obtained by solving the
Riccati equation. First, we make the gauge transformation (see for example [19, 32]):

(o (2 5 ) () =0 (e (2 ) (12) =0

with
9 Lo k202L15 3k [9,L12\>
T = LiaLoy + L3 + kL1 ———= — kdyL13 — — 2 — (= 4.14
12Lo1 + L7y + kL1y Lo el =5 + oo (4.14)
which leads to the Schrédinger equation:
(—K?0% + 1)t = 0.
1 xT
Taking wave function in the form 1 = e* S 49 x®) we come to the Riccati equation:
kOyx +x* — T =0. (4.15)
The solution is obtained via local decompositions:
Xa = Xa,—1 + Xa,0 + (Z - Za)Xa,l 4+ (4-16>

Z— 24
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1 1
T:mTa—2+z_ZTa—1+Tao+“', (4.17)
a

1
Lo 4 L9 4 (2 — 2g) L& + - (4.18)
Z— 2g

L=

Then (4.15) gives:

1
Xa,0 = 2 1 (Ta -1 k;axXa 71)
a,—
-t (7 Li (4.19)
Xl = 2Xa7—1 @0 4Ta,—2 ' )

As it was shown in [32] x,% (4.19) are the densities of the conservation laws. We will use
notation

ha,k(x) = _)\aXa,k—l
for the densities and

Ho = 75 Ao ho i (2)
Sl

for the Hamiltonians. The coefficients (4.18) of the decomposition of L-matrices in rational and
elliptic cases:

La,fl — Sa? L% —1 Sa
Se

La,(] _ a0 _ ~ c

E e — ch L § @ac(S )7

c#a c#a

S¢ 1 .
La,lz_z Lol — _~ 599 _E E,.(S¢ 4.2
C?éa (Za _ ZC)2’ 2@(‘5’ ) C#a (S )7 ( 0)

In what follows we sometimes omit for the simplicity the index a for L-matrix and its elements
assuming decompositions (4.16)—(4.18). Substituting (4.18) into (4.14) we get:

To,—2 = 111_21[/2_11 + L1_11L1_117

1 1 L 3 L1
Tp—1 =Ly LYy + LY Lot + 208 L + k=1 7512 kg, L),
12
Too = L, Lyt + Lt Ly, + 20 Lt + L9519, + L9, LY,
k _ _ LO LT 0, LTt
to <L?13IL121 + L' 0, LYy — 1215_1‘”12) — k0, LY,
12 12
k2920 3k <8xL1_21>
2 Ly 4\ Ly /)

Let us summarize the obtained results.
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Lemma 4.1. The density of the Hamiltonian xq0 has the following form in terms of the de-
composition of the L-matriz (4.18):

2XaXa0 = Tu—1 = (L7'LY) — 2P, = —2(H, + P,),

where P, is the density of the Hamiltonian of the shift operator along x corresponding to the a™
site (marked point):

k a,—1

Sl

. 4.21
Ly ' (x) 20

Proof. The nontrivial part of the proof is related to the shift operators P,. Brackets (4.5) have
the following form in standard basis (here we omit index a as above):

{Li(2), L ()} = 2Ly (@)8(x —y),  {Ly' (2), Ly (9)} = —2L (2)8(x — ),
{L1 (2), Lyt ()} = —4Ly; (2)d(z — y).

. 1 8wL_1(x) -1 -1
For example, let us verify that §; dz {Ln (x) ===, Ly (y)} = —20yL5; (y):

Ll_21(x)
LBl (2)
d L 1 12 L 1 }
fél 37{ 11 (35)7111721(90) Loy (y)

_ _ . L7 () _ _ _
:j{ dzx {Lnl(:c),Lml(y)}# —f dx axLHl(x){ln L121(93),L211(y)}
St Ly, (2) st
1, 9L () 1, 9L () 1
= 205 (y) 2= + 4Ly (y) 2= = —20,Ly, ().
L121 (y) ' L121 (y) o
The later follows from the condition 9,A2 = 0 = 9,((L1'(¥))? + Lin (¥) Ly (y)). The
verification of (4.21) for other components can be performed in the same way. [

Lemma 4.2. The density of the Hamiltonian xq,1 has the following form in terms of the de-
composition of the L-matriz (4.18):

8A3Xa1 = ANTo0 — T )
1
— 2<La,—1La,—1> <2<La,0La,0> + <La,1La,—1>) _ ((La,—lLa,0>)2

2
+ 2k(L09, L L%y — %<(8$Lav*1)2>. (4.22)

Proof. Our purpose is to show that ¢, dz Lh.s. (4.22) = ¢, dz rhs. (4.22). The proof is
direct. It is based on the integration by parts. For example,

k2 02L7  3k% (0,7 L7, L7 2

2 12 12 2 11 Yx~12 —1

7{ dl’4)\a <—2L_1+4 < L_l >) —k (L_I—aan>
St 12 12 12

k‘2
= —f de — (L' L)
st 2

and
k L0 L7 o, L7t
f dz 4\2— (L?lafozl + L0, LY, — 1211_1”012>
st Ly, Ly,

-1

L'0,L7)
— 2k <M - (‘9le‘11> (L LYy + LY Lot + 208 L) = 2k 72 o (L°r;'r=h. m
12
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Finally, we have the following densities of the Hamiltonians describing the first and the second
flows:

1 1
haJ = _)\aXa,O = —5 01 = P, — §<La7 lLa’0>,
1 1 1
ha,2 = _AaXa,l = _5 <Ta,0 - 4)\(21T3,_1> = —1<La’0La’O>
_ 1<La71La’_1> 1 <La —1La O> k <La’08 La’_lLa’_1> + k‘2 <(a La7_1)2> (4 23)
2 82 402 m 1602 7" : .

These equalities are understood in a sense that ¢, dz Lh.s. (4.23) = §; dz r.hus. (4.23).

Theorem 4.1. The Hamiltonian densities (4.23) and the Poisson structure (4.5) provides equa-
tions (4.8) and (4.13).

Proof. Substituting (4.20) into (4.23) we obtain explicit expressions for the Hamiltonians. In
rational case:

(55 j{

a,l — a = P, — = = P,+H, s 4.24
Has }éldxh,l(x) féldx 2;%—% ) da P+ 1) (4.24)
Hao = 7{ dz hgo(x)

Sl
2 2
1 (ge5¢) 1 se 1 (5%5¢)
S e L D R PO
st 2 — (za — 2c) 4 S Fa T e 82 o Fa e
k (§°0,575%) k2 o
Y] 24 — Zc + 16)\(21«8365 V)
c#a
= a0 (A B K s
s “o4n2 Za — Zc 16X2

@ cta

and in the elliptic case:

Mot = § dohos(o) = § do | Pu= 5 3 (5%0ul5) =7ildx<Pa+Ha>,

c#a
2
~ a 1 a C
Hap :7{ dz hep(z) = f dz <S“ (5%)) + 22<5 F(5°) ([ D GaclS9) | )
st c#a c#a
b > (8% D (Pac(S)0.5°5) + ke ((0,5%)%)
82 4>\2 Pac 1672
C#u @ c#ta
k2
dz | Hq AZZ o(59)0,55%) + 16A2<(05)> ,

st @ cta

where in H,, H, from (4.1), (4.2) and (4.10) S* = S%(z) is assumed. The rest of the proof
is simple. One should write equations of motion generated by the obtained Hamiltonians and
the Poisson structure (4.5) and verify that they coincide with equations (4.8) and (4.13). This
evaluation is direct. |
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A Elliptic functions

A.1 Basic definitions and properties

Most of definitions are borrowed from [38, 39]. We assume that ¢ = exp(2miT), where 7 is the
modular parameter of the elliptic curve ¥, which is realized as C/T';, I'; = Z @ Zr.
The basic element is the theta function (e = exp 2m1):

(elr) = gf S (=1)re <;n(n ST nz)

nez
1 i . . > . .
_ qge—%@mz - e—mz) H(l - qn)(l o qne2z7rz)(1 - qne—sz)_ (A1>
n=1

The FEisenstein functions
1
Eq(z|T) = 0, log9(z|T), Eqi(z|T) ~ o 2m 2,
where

3 & & 1 24 1 (1
mr=— > > (m7+n)2:2m77((7))

m=—0o0 N=—00

and n(7) = g2 [1,50(1 —¢") is the Dedekind function

1
Ey(z|T) = =0, E1(2|T) = 83 log 9(z|T), Es(z|T) ~ o) + 2n1.

The higher Eisenstein functions

Ej(z) = (;il)lj)!a(j_Q)Eg(z), j>2.

It is easy to see that the even-numbered functions are even and the odd-numbered ones are

odd:

Eop(—2) = Eax(2),  Bagy1(—2) = —Eopq1(2). (A.2)
Relation to the Weierstrass functions

C(z,7) = E1(z,7) + 2n1(7)z, (A.3)
p(z,7) = Ea(z,7) — 2n1(7). (A4)

The next important function is

b(u, z) = W, (A.5)
(ZS(U, Z) = ¢(27 u)v (b(_u? _Z) = _¢(uvz)‘ (AG)

It has a pole at z = 0 and

6(u.2) = -+ Biu) + 2 (B ) — olu)) + -
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Let f(u,z) = 0y¢(u, z). Then
f(u,2) = ¢(u, 2)(E1(u+ 2) — E1(u)). (A7)

Heat equation
1
O-p(u,w) — %8u8w¢(u, w) = 0.
Quasi-periodicity

9(z+1) = —9(2), 9z +7) = —q 26 2MEY(2),

Ei(z+1) = Eq(2), Ei(z+71) = E1(2) — 27, (A.8)
Es(z+1) = Eq(2), Eo(z+ 1) = Es(2),

$(u,z+1) = d(u,2),  dlu,z+7) = ™ p(u,2),

flu,z+1) = f(u,2), flu,z +7) = e 2™ f(u, 2) — 2me(u, 2).

Eq
E5(z

The Fay three-section formula:

B(u1, 21)P(u2, 22) — P(uy + ug, 21)P(u2, 22 — 21) — O(u1 + u2, 22)P(u1, 21 — 22) = 0. (A.9)

Particular case of this formula is the Calogero functional equation

¢(u7 Z)@m]ﬁ(’l), Z) - (b(U? Z)au¢<uv Z) = (EQ(u) - EQ(U))¢(U + v, Z)? (A10>
d(u, 2)¢(—u, z) = Ez(z) — Es(u), (A.11)
d(z,u1)P(z,u2) = ¢(z,u1 + u2)(E1(z) + E1(u1) + E1(u2) — E1(z + u1 + uz)). (A.12)

Another important relation is

d(v, 2 —w)Pp(ur — v, 2)p(u2 + v, w) — d(u1 —uz — v,z — w)P(uz + v, 2)p(u1 — v, w)
= ¢(u1, 2)p(uz, w) f(u1, ug, v), (A.13)

where
flug,uz,v) = B1(v) — E1(ug —ug —v) + E1(u; —v) — E1(u2 +v).
Taking limit ug — 0 in (A.13) we obtain:

d’(v’ z— w)¢(u1 - Z)¢<U7 w) - ¢(u1 -V, z- w)qb(v, Z)(;S(ul -, ’UJ)
= ¢(u1, 2)(Ea(v) — Ez(ur - v)),

which is equivalent to (A.10) due to (A.7).
Theta functions with characteristics. For a,b € Q by definition:

9{ ’ }(m):%e((ﬁa)?;ﬂjmwa)).

In particular, the function ¢ (A.1) is a theta function with characteristics:

I(z,7) = 6 [ %g } (2, 7).
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Properties:

(z+1,7) = e(a)G[ \ ](z,f),

a+a

'
ol “ }(z—l—a'T,T):e(—aﬂ;—a/(z+b)>9[ b ](Z,T>7
"

J }(z,f)ze[ : ](Z,T), jel.

a/2

The following notations are used: 6 [ b2

} (2) = Oap(2). Then 611(z) = J(z) from (A.1).

B Lie algebra sl(/NV,C) and elliptic functions

Introduce the notation

en(z) = exp (2N7”z>

and two matrices

Q:diag(eN(1)7"'7eN(m)7'"71)7 (B]')
01 0 -+ 0
00 1 - 0

A= : (B2)
00 0 1
10 0 0

Let
Ty =2 = (Z/NZoz/Nz), Th =2 =2\ (0,0) (B.3)

be the two-dimensional lattices of orders N? and N2 — 1 correspondingly. The generators of the

lattice I'y corresponding to the elliptic curve ¥, (generated by the lattice I';) are % and %

The matrices Q' A%, a = (a1, a2) € ZS?,) generate a basis in the group GL(V, C), while Q“1 A2,
a = (a,a2) € ZS\?) generate a basis in the Lie algebra sl(/V,C). Consider the projective
representation of Zg\?) in GL(N,C)

a—T,=ey (“1;2) QU A%, (B.4)
axb
TaTb =eyn <— 5 ) Ta+b, (CL X b= a1b2 — azbl). (B.5)

The natural Killing form is

def
(ToTp) = Tr(TaTp) = Nby o5 mod ry- (B.6)

It follows from (B.5) that

To, 18] = capTa+s, (B.7)
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where
Cap = 2v/—1sin %(a x )

are the structure constants of sl(NV,C). They obey the following properties:
Ca,f = Ca,f+as Ca,8 = —CBa = CB,—a

Introduce the following constants on Z2):

M1+ 2T
ﬁ(wv) =1 <N> s

B =8 (), Eae) =B (TT) et =0 (T @)

and the quasi-periodic functions on ¥,

0n(2) = (B2 2), (B.9)
py(2) = en(122)94(2), (B.10)
fr(2) = en(722)0ud(u, 2)|, —nter = = 01(2)(Er(wy + 2) — E1(wy)), (B.11)
Fy(2) = 01 (2) E1(2) = [3(2) = 94(2)(En(2) + Er(wy) = Er(wy + 2)). (B.12)

Function ¢, (%) is an element of the basis in the space of sections with a simple pole at z = 0 of
the bundle End (V') for the holomorphic vector bundle V' of degree 1. It follows from (A.5) that

ey(z+1) =en(12)py(2),  y(z+7) =en(=7)p(2), (B.13)
fy(z+1) = en(12)fy(2), [z +7) =en(—m)fy(2) — 2mup,(2), (B.14)
Fy(z+1) = en(y2)Fy(2), Fy(z+ 1) =en(—m)Fy(2). (B.15)

Function F,(z) is the quasi-periodic and has the second order pole at z = 0.
Let us write down the Fay-type formulae. It follows from (A.9)—(A.12) that

or(z = 2a)ea(z = 2) 2 0p1 (2 — 2)08(2a — ) + P (2 — 2)r (2 — ), (B.16)
5(2) 1 (2) — 1 () 5(2) 2 0 (2)(pl(ws) — p(wn)), (B.17)
pal2)o-alz) P2V 0(2) - plwa), (B.18)
05(2)pr(2) ZY 0pun(2)(EL(2) + Br(ws) + Ei(wy) — Ei(z +wg +wy)),

or(2)ey(z2) 27 oy (a 4 2)(Ei(21) + Bi(z2) + Er(wy) — Ei(z1 + 22 +wy)). (B.19)

The last one identity can be also rewritten (using (A.6) which is ¢, (—2) = —¢p_(z) and
(A.2)) as follows:

Py(21)p—y(22) = —py(21 — 22)(E1(21) — E1(22) + Er(wy) — E1(21 — 22 + wy)).
We also need the following relation:

—pa(z = 2e) (2 = 2a) + (2 = 20) f5 (2 — )
= —pp4y(2 = 2e) [y (2c = Za) + p1~(2 — 24) f3(2a — 2c)- (B.20)
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C Lie algebra sl(2,C) and elliptic functions

For SL(2,C) instead of T,, we use the basis of sigma-matrices

og = :[d7 o1 = T07]_, o9 = T171’ o3 = _T170’
{oa} ={00,00}, a=0,0, =123,

g1 — 102 o1 + 102
o4 = T, o_ = T

The standard theta-functions with the characteristics are
00,0 = 03, 01,0 = 02, bo,1 = 04, b1 =061
For a« =1,2,3 and {w,} = {3 T+1 1

2072 02
Y (0)Hz + wa
Yalz) = e(z@Twa)W.
Table 1
o (1,0) (0,1) (1,1)
Oq o3 o1 02
half-periods || w1 = % wy =73 | w3g= HTT
(2) 02(2)01(0) | 04(2)07(0) | 65(2)01(0)
Pa 5:(0001(2) | Ba0)0(z) | 850001(2)

In sl(2,C) case some more properties appear in addition to the previously listed. In what
follows «, (8, v are different indices equivalent to 1, 2, 3 up to a cyclic permutation. Then

Wo +wg =wy mod I'y and pa45(2) = vy (2),
©—alz) = pal2), Ya(—2) = —pal2),
Ei(wg) = 271V —10rwq.
Indeed, from (A.2) and (A.8) we have —E1(5) = E1(5 — 7) = E1(5) + 27/ —1. Then
E1(wa) + E1(wg) = E1(wa + wp),
(va(2))? = p(z) — p(wa)-
For small z:
1 =
z 2

From (C.3) we also have

valz) = p(wa) + -+
Fa(z) = SOB(Z)SO'Y(Z) = - z@a(z)'
The Fay identity (A.9) reads:
907(2 - Za)SO,B(Z - zc) = (Pa(z - ZQ)QOg(Za - Zc) - 9001(2 - Zc)SOW(za - zc)'
Combining (C.6) we may get:
(2 = 20)pp(2 = 2a)Palz — 2a) = pp(z — 2a) Py (2 — 2a)Pp(2a — 2¢)
+ (Poz(z - Zc)@a(zc - Za)(PB(ZC - Za) - (Poz(z - Za)@a(zc - Za)@w(zc - za)
or

907(2 — ze)palz — Za)SO'y(Z —Za) = ‘PB(Z - Za)@'y(z - Za)@'y(za — 2c)
+ 0oz = 24)Palzc — Za)SO,B(Za — 2c) — Pa(z — ze)alze — Za)SO'y(Za — Zc).

(C.5)

(C.6)
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