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Abstract. We find a two-component generalization of the integrable case of rdDym equa-
tion. The reductions of this system include the general rdDym equation, the Boyer—Finley
equation, and the deformed Boyer—Finley equation. Also we find a Bécklund transformation
between our generalization and Bodganov’s two-component generalization of the universal

hierarchy equation.
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1 Introduction
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Recent papers [3, 8, 16] provide two-component generalizations for the hyper-CR Einstein—Weil

structure equation [6, 22]

Syy = St + SySyx — SzSzy,

Plebanski’s second heavenly equation [25]

Szz = Sty T SzxSyy — siy
and the universal hierarchy equation [18, 19, 22]
Sxx = SxSty — StSzy-
Namely, equations (1.1)—(1.3) appear from systems
Syy = Stz + (Sy + 7)Sea — SzSay,
Tyy = Ttz + (Sy + Tl — SuTay + 725
Szz = Sty T SzxSyy — Sgy +r,
Toz = Tty + SyyTzx + SzaTyy — 251y"“mya
and
Sxx = er(sxsty - StSmy)7

(e77) 0 = 52Tty — StTay,

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

respectively, by substituting for » = 0. Other reductions for (1.4) are found in [7, 16]: when
u = 0, system (1.4) gives the Khokhlov—Zabolotskaya (or dispersionless Kadomtsev—Petviashvili)

equation

2
Vyy = Utz + VUzz + Uy,

*This paper is a contribution to the Special Issue “Geometrical Methods in Mathematical Physics”. The full

collection is available at http://www.emis.de/journals/SIGMA /GMMP2012.html


mailto:Oleg.Morozov@uit.no
http://dx.doi.org/10.3842/SIGMA.2012.051
http://www.emis.de/journals/SIGMA/GMMP2012.html

9 O.I. Morozov

while substituting for v = u, in (1.4) produces the normal form
Uyy = Uty + (ux + uy)uxac — Uz Uzy,

for the family of equations studied in [7]. Also, we note the reduction v = u,, for system (1.4).
This reduction yields equation

Uyy = Uty — UgUgy

studied in [9, 14, 17, 21].
As it was shown in [3], the reduction s = z for system (1.6) gives the Boyer—Finley equation

riy = (€7") - (17)

The purpose of the present paper is to introduce the two-component generalization for equa-
tion

Uty = UgUgy — UyUge, (18)
which is integrable in the following sense: it has the differential covering [2, 11, 12, 13]
pr= (g = Npe, Py = A" uyps (1.9)

containing the non-removable parameter A # 0 [20]. We show that reductions of the generaliza-
tion include the general r-th dispersionless Dym equation [1]

Uy = UpUagy + KlyUgg, (1.10)

the Boyer—Finley equation (1.7), and the deformed Boyer—Finley equation. Also we find a Béck-
lund transformation between our generalization and Bodganov’s two-component generaliza-
tion (1.6) of the universal hierarchy equation (1.3).

2 The two-component generalization
Along with the covering (1.9) equation (1.8) has the covering

@ = (uz — Qs @y =uyq 'qu, (2.1)

which can be obtained by the method of [20]. While the coverings (1.9) and (2.1) are not

equivalent w.r.t. the pseudo-group of contact transformations, (2.1) can be derived from (1.9)

by the following procedure, see, e.g., [24]. We consider the function p = p(t, z,y) from (1.9) to

be defined implicitly by the equation q(t,z,y, p(t, z,y)) = A with g, # 0. Then for (2!, 22, 2%) =

(t,z,y) we have g i + gpp,i = 0, S0 pgi = —qyi/qp. Substituting these into (1.9) yields (2.1).
Our main observation in this paper is that the covering (2.1) allows the generalization

qt = (Uz — ¢+ v)qz + v2q, qQy = uyq_lqgr + vy. (2.2)
This system is compatible whenever the two-component system

Uty = (uw + v)uxy — UyUgg, (2.3)

Uty = (Up + V)Vgy — UyVsy + VaUy (2.

holds. In other words, (2.2) is a covering for system (2.3), (2.4).
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3 Reductions

By the construction, we have the following reduction for system (2.2):

Reduction A. Substituting for v = 0 in equations (2.3), (2.2) gives equations (1.8) and (2.1),
while (2.4) becomes an identity.

Also, we have three other reductions.

Reduction B. If we put v = —(x~! 4+ 1)u,, then (2.3) gets the form

-1
Uty = =K Uglgpy — UylUgg, (3.1)

while (2.4) is its differential consequence. The transformation v — —ku maps (3.1) to (1.10).
The corresponding reduction of (2.2) produces the covering of (1.10) studied in [20, 23].
Reduction C. Taking v = —u, in (2.3), (2.4), we obtain

Uty = —UylUgy

and its differential consequence. Then we divide this equation by u,, differentiate w.r.t. y and
put u, = —e®. This gives the Boyer-Finley equation [4]

Wy = (€) 2z (3.2)

This equation is equation (1.7) in a different notation. Substituting for ¢ = e in the corre-
sponding reduction of (2.2), we have the covering [10, 15, 26] for equation (3.2):

Pt = Wy — eppxa Dy = ewip(wx - p:c)-
Reduction D. Finally, when we put v = u, — u, into (2.3) and (2.4), we get the equation
Uty = Uy (Uay — Uag)

and its differential consequence. Then for u, = e¢” we have the deformed Boyer-Finley equa-
tion [5]

wty = (ew)my - (ew)qm;7 (33)
and the corresponding reduction of equations (2.2) with ¢ = e® gives the covering
st = (e’ —e")sy —wy, sy = €Y(83 — wy + wy).

for (3.3). This covering in other notations was found in [5, 20].

4 Backlund transformations

The substitution

e " T3St e "

St
Uz:—?}—i-;, Uy = — o Vg = S, — T, Uy = — . (4.1)
maps system (2.2) to system
St syr e "
@ = ( - q> 4z + ( = - Tt) ¢  Gy=———(+729) (4.2)

found in [3]. This system is the two-component generalization of the covering

St qx
@ = (—q> Gy Gy =———:
Sz qSx
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of equation (1.3). The compatibility conditions for (4.2) coincide with (1.6). Solving (4.1) for
St, Sz, Tt, Ty yields

e’ Uy (ugy +v)vy

St:_(ul‘—i_v)i? Sy = —— re=—, Ty = — — Ug- (43)

Uy Uy Uy Uy
This system is compatible whenever equations (2.3), (2.4) are satisfied. Thus equations (4.1)
define a Bécklund transformation from (2.3), (2.4) to (1.6) with the inverse transformation (4.3).
In particular, when v = 0 and r = 0, we have a Bécklund transformation

St 1

Uy = ) Uy = ——,
Sy Y Sy

between (1.1) and (1.3) with the inverse transformation

Ug 1
St = ——, Sg = ——.
Uy Uy
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