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Abstract. We construct a Lax pair for the Eél) g-Painlevé system from first principles by

employing the general theory of semi-classical orthogonal polynomial systems characterised
by divided-difference operators on discrete, quadratic lattices [arXiv:1204.2328]. Our study
treats one special case of such lattices — the g-linear lattice — through a natural generalisation
of the big g-Jacobi weight. As a by-product of our construction we derive the coupled first-
order g-difference equations for the Eél) g-Painlevé system, thus verifying our identification.
Finally we establish the correspondences of our result with the Lax pairs given earlier and
separately by Sakai and Yamada, through explicit transformations.
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1 Background and motivation

Since the recent discoveries of g-analogues of the Painlevé equations, see for example [4] and [13]
which are of relevance to the present study, and their classification (of these and others) ac-
cording to the theory of rational surfaces by Sakai [16] interest has grown in finding Lax pairs
for these systems. This problem also has the independent interest as a search for discrete and
g-analogues to the isomonodromic systems of the continuous Painlevé equations, and an appro-
priate analogue to the concept of monodromy. Such interest, in fact, goes back to the period
when the discrete analogues of the Painlevé equations were first discussed, as one can see in [12].

In this work we illustrate a general method for constructing Lax pairs for all the systems in
the Sakai scheme, as given in the study [17], with the particular case of the Eél) system. In this
method all aspects of the Lax pairs are constructed, and in the end we verify the identification

with the Eél) system by deriving the appropriate coupled first-order g¢-difference equations.
We will utilise the form of the Eél) g-Painlevé system as given in [6] and [5] in terms of the
variables f, g under the mapping

(t, f.9) = (at, f(qt) = f,g(qt) = §),

and f(q~'t) = f, etc. In these variables the coupled first-order ¢-difference equations are

(b1g — 1)(b2g — 1)(b3g — 1)(bag — 1)
(g — bot)(g — bg 't)

(gf =D(gf =1) =+¢° ; (1.1)
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(f =b)(f = b2)(f — b3)(f — ba)
(f = bsqt)(f — b5 't)
with five independent parameters by, ..., bg subject to the constraint bybobsby = 1.
Our approach is to construct a sequence of 7-functions starting with a deformation of a specific
weight in the Askey table of hypergeometric orthogonal polynomial systems [7]. However for the
purposes of the present work we will not explicitly exhibit these 7-functions although one could

do so easily. The weight that we will take is the big g-Jacobi weight! given by equation (14.5.2)
of [7]

(fg—1)(fg—1) = gt? : (1.2)

(a_lx,c_lx;q)oo

(;1:, bela; q)OO

w(z) = (1.3)

The essential property of this weight, and the others in the Askey table, that we will utilise is
that they possess the g-analogue of the semi-classical property with respect to z, namely that
it satisfies the linear, first-order homogeneous ¢-difference equation
w(qr)  a(l —z)(c— br)
w(z)  (a—z)(c—2)

)

where the right-hand side is manifestly rational in z. Another feature of this weight is that the
discrete lattice forming the support for the orthogonal polynomial system is the g-linear lattice,
one of four discrete quadratic lattices. Consequently the perspective provided by our theoretical
approach, then indicates that this case is the master case for the g-linear lattices (as opposed to

the Dél) system, for example) and all systems with such support will be degenerations of it. The
weight (1.3) has to be generalised, or deformed, in order to become relevant to g-Painlevé systems,
and such a generalisation turns out to introduce a new variable £ and associated parameter so
that it retains the semi-classical character with respect to this variable. Using such a sequence
of r-functions one employs arguments to construct three systems of linear divided-difference
equations which in turn characterise these. One of these is the three-term recurrence relation of
the polynomials orthogonal with respect to the deformed weight, which in the Painlevé theory
context is a distinguished Schlesinger transformation, while the two others are our Lax pairs
with respect to the spectral variable  and the deformation variable ¢t. Our method constructs
a specific sequence of classical solutions to the Eél) system and thus is technically valid for integer
values of a particular parameter, however we can simply analytically continue our results to the
general case.

Lax pairs have been found for the Eél) system system using completely different techniques.
In [15] Sakai used a particular degeneration of a two-variable Garnier extension to the Lax

pairs for the Dél) g-Painlevé system? (see [14] for details on the multi-variable Garnier exten-

sion). More recently Yamada [18] has reported Lax pairs for the Eél) system by employing a

degeneration starting from a Lax pair for the Eél) g-Painlevé equation through a sequence of

limits B — B — B,

The plan of our study is as follows. In Section 2 we recount the notations, definitions and
basic facts of the general theory [17] in a self-contained manner omitting proofs. We draw heavily
upon this theory in Section 3 where we apply it to the g-linear lattice and a natural extension or
deformation of the big ¢g-Jacobi weight. Again, using techniques first expounded in [17], we find
explicit forms for the Lax pairs and verify the identification with the Eél) g-Painlevé system.
At the conclusion of our study, in Section 4, we relate our Lax pairs with those of both Sakai
and Yamada.

"However we will employ a different parameterisation of the big g-Jacobi weight from that of the conventional
form (1.3) in order that our results conform to the the Eél) g-Painlevé system as given by (1.1), (1.2); see (3.1).
2This later system is also known as the ¢g-Pvr system and its Lax pairs were constructed in [4].
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2 Deformed semi-classical OPS on quadratic lattices

We begin by summarising the key results of [17], in particular Sections 2, 3, 4 and 6 of that
work, which relate to semi-classical orthogonal polynomial systems with support on discrete,
quadratic lattices.

Let II,,[x] denote the linear space of polynomials in z over C with degree at most n € Zx>q.
We define the divided-difference operator (DDO) D, by

flep(x) = f—(2))

v (2) — ()

Do f(z) := ; (2.1)
and impose the condition that D, : IT,[z] — II,_1[z] for all n € N. In consequence we deduce
that ¢4 (z) are the two y-roots of the quadratic equation

Ay? 4 2Bxy + Cx? + 2Dy + 28x + F = 0. (2.2)
Assuming A # 0 the two y-roots y4 := 14 (z) for a given x-value satisfy

2
@) @) = 2Py @y = T

and their inverse functions (3" are defined by 13! (14 (z)) = 2. For a given y-value the quadra-
tic (2.2) also defines two z-roots, if C # 0, which are consecutive points on the x-lattice, x5, x541
parameterised by the variable s € Z and therefore defines a map x5 — x541. Thus we have
the sequence of x-values ...,x_9,x_1, 20,21, T2,... given by ..., t_(zg) = t4(z_1), t_(x1) =
t+(xo), ... which we denote as the lattice or the direct lattice G, and the sequence of y-values

s Y=2,Y-1,Y0,Y1, Y2, - .. given by ..., yo = t—(z0), y1 = t—(21), Y2 = t—(22), ... as the dual
lattice G (and distinct from the former in general). A companion operator to the divided-
difference operator D, is the mean or average operator M, defined by

Mz f(z) = 5 [f(e+(2)) + f(-(2))],

so that the property M, : II,,[z] — II,[z] is ensured by the condition we imposed upon D,.
The difference between consecutive points on the dual lattice is given a distinguished notation
through the definition Ay(x) 1= 14 (x) — ().

We will also employ an operator notation for the mappings from points on the direct lattice
to the dual lattice Ef f(z) := f(1+(x)) so that (2.1) can be written

Eff-E f

D, f(z) = =2 e

2f(2) Fio_E.r
for arbitrary functions f(z). The inverse functions (5 '(x) define operators (EF)~" which map
points on the dual lattice to the direct lattice and also an adjoint to the divided-difference

operator D,

Dt (o) o= LU @) = F(2@) (B~ (Be) '
T : L_T_l(l') N L:l(x) (Eg-cl-)—lx _ (E:c_)_lx'
The composite operators E, := (E; ) 'E}f and E;! = (E})"'E, map between consecutive

points on the direct lattice?.

3However in the situation of a symmetric quadratic A = C and D = £, which entails no loss of generality, then
we have (E )™ = E; and (E, )~ = E; and consequently there is no distinction between the divided-difference
operator and its adjoint.
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Assuming AC # 0 one can classify these non-uniform quadratic lattices (or SNUL, special
non-uniform lattices) according to two parameters — the discriminant B2 — AC and

A B D
o=det|B ¢ €],
D & F

or AO = (B? — AC)(D? — AF) — (BD — AE)?. The quadratic lattices are classified into four
sub-cases [9, 10]: g-quadratic (B> — AC # 0 and © < 0), quadratic (B?> — AC = 0 and © < 0),
g-linear (B> — AC # 0 and © = 0) and linear (B2 — AC = 0 and © = 0), as the conic sections are
divided into the elliptic/hyperbolic, parabolic, intersecting straight lines and parallel straight
lines respectively. The g-quadratic lattice, in its general non-symmetrical form, is the most
general case and the other lattices can be found from this by limiting processes. For the quadratic
class of lattices the parameterisation on s can be made explicit using trigonometric/hyperbolic
functions or their degenerations so we can employ a parameterisation such that ys = ¢_(z5) =
Ty_1/2 and ysi1 = 14 (Ts) = T441/2. We denote the totality of lattice points by Glzo] := {z; :
s € Z} with the point z¢ as the basal point, and of the dual lattice by G[zo] := {z, : s € Z+1}.

We define the D-integral of a function defined on the z-lattice f : Gz] — C with basal
point zg by the Riemann sum over the lattice points

1) (o) = /G Do f(z) = 3 Ay(zs)f(zs),

SEZL

where the sum is either a finite subset of Z, namely {0,...,0M}, Z>o, or Z. This definition
reduces to the usual definition of the difference integral and the Thomae—Jackson g¢-integrals
in the canonical forms of the linear and ¢-linear lattices respectively. Amongst a number of
properties that flow from this definition we have an analog of the fundamental theorem of
calculus

/ __ DaDuf(a) = f(Efaw) = f(E; o) (2.3)

Central to our study are orthogonal polynomial systems (OPS) defined on G, and a general
reference for a background on these and other considerations is the monograph by Ismail [3].
Our OPS is defined via orthogonality relations with support on G

n >0, hn # 0,

/ Dx w(z)pn(z) lm(x) = {0’ Osm<n,
G

hn, m=n,

where {l,,,(x)}7°_, is any system of polynomial bases with exact deg,(l,,) = m. Such relations
define a sequence of orthogonal polynomials {p,(x)}>°, under suitable conditions (see [3]). An
immediate consequence of orthogonality is that the orthogonal polynomials satisfy a three term
recurrence relation of the form

an+1pn+1($) = (l‘ - bn)pn(x) - anpn—l(fz)u n > 0,
An 3& 07 P-1= 07 Po = "o- (24)
However we require non-polynomial solutions to this linear second-order difference equation,

which are linearly independent of the polynomial solutions. To this end we define the Stieltjes
function

f(x)E/GDy ;U(_yz)/, x ¢ G.
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A set of non-polynomial solutions to (2.4), termed associated functions or functions of the second
kind, and which generalise the Stieltjes function, are given by

an(z) = / Dyw(y)pn(y), n >0, x¢G.
G =Yy

The associated function solutions differ from the orthogonal polynomial solutions in that they
have the initial conditions ¢—; = 1/apv0, g0 = Yof. The utility and importance of the Stieltjes
function lies in the fact that that it connects p,, and g, whereby the difference fp, —q, is exactly
a polynomial of degree n — 1 which itself satisfies (2.4) in place of p,. This relation is crucial
for the arguments adopted in [17]. With the polynomial and non-polynomial solutions we form
the 2 x 2 matrix variable, which occupies a primary position in our theory:

qn(T)
Yo(z) = (1 (26)

w(ﬂf)

In this matrix variable the three-term recurrence relation takes the form

1 r—0b, —a an,
Yoo = K,Y,,  Kn(z)= no ) et K, = 2.5
" @ = (5 ) o 2.5)

A key result required in the analysis of OPS are the expansions of polynomial solutions about
the fixed singularity at = oo

n—1
Prn(x) =yp (2" — (Z bi> "4 Z bibj — Z a; - (a:”_3) , (2.6)
i=0

0<i<j<n
valid for n > 1, while for the associated functions the expansions read

n+1

g(z) =y, |27 + <Zb> x4 Z bib; —i—Za 0|, (27)

0<i<j<n

valid for n > 0.

In order to proceed any further we need to impose some structure on the weight characterising
our OPS — in particular its spectral characteristics — and this takes the form of the definition of
a D-semi-classical weight [9]. Such a weight satisfies a first-order homogeneous divided-difference
equation

wyy) W+ AyV
wly-) W —AyV

(), (2.8)

where W (x), V(z) are irreducible polynomials in the spectral variable z, which we call spectral
polynomials. As a consequence of this, under reasonable assumptions on the parameters of the
weight, the Stieltjes function satisfies an inhomogeneous form of (2.8)

WD, f = 2VM, f + U, (2.9)

where in addition U(x) is a polynomial of z. A generic or regular D-semi-classical weight has
two properties:

(i) strict inequalities in the degrees of the spectral data polynomials, i.e., deg, W = M,
deg, V=M —1 and deg, U = M — 2, and
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(ii) the lattice generated by any zero of (W2 — Ay?V?)(x), say i1, does not coincide with
another zero, g, i.e. if (W? — Ay?V?)(Z3) = 0 then Z5 ¢ 1327,

Further consequences of semi-classical assumptions are a system of spectral divided-difference
equations for the matrix variable Y,,, i.e., the spectral divided-difference equation

D,Y,(z) := A,M,Y,(z)

1 Q(x) —anOp () >
= M, Y, (x), n >0, 2.10

Wh(x) <an®n1(x) —Qp(z) — 2V () 200 (2.10)
with A,, termed the spectral matriz. For the D-semi-classical class of weights the coefficients
appearing in the spectral matrix, W,, ,, ©,, are polynomials in x, with fixed degrees inde-
pendent of the index n. These spectral coefficients have terminating expansions about x = oo
with the leading order terms

Wa(z) = 2W + LW + AyV] <y+>n

W = Ay <§;>n+o(mM—1), n>0, (2.11)
Oulz) = y_lAy[W + AyV] (%)n
A (i)n +0(«M%), >0, (2.12)
O (z) + V(z) = mly[w + AyV] (Z*)n
- 2A1y[W — AyV] (Z;)n +0(=M%), x>0, (2.13)

where M = deg, (W,).
Compatibility of the spectral divided-difference equations (2.10) and recurrence relations (2.5)
imply that the spectral matrix and the recurrence matrix satisfy

Kn(y1) (1 - 3AyA,) " (14 3Ay4,)
— (1-1AyA, ) (1+ 1AyA,40) Ku(y-),  n>0. (2.14)

These relations can be rewritten in terms of the spectral coefficients arising in (2.10) as recur-
rence relations in n,

W1 = W, + 1A4%0,, n>0, (2.15)
Qi1+ Qp + 2V = (Myz — b,)0,, n >0, (2.16)
(W1 — W1 (M — by,)

= — AP0 11Qn + W Wit + a2 WiOpi1 — aZWn41©n-1,  n > 0. (2.17)

Another important deduction from these relations is that the spectral coefficients satisfy a bi-
linear relation

Q —a,0
— — _1 2 n nYn >
Wn (W, — W) 1Ay~ det (an@n_l Q- 2V> , n > 0. (2.18)

The matrix product appearing in (2.14), and recurring subsequently, is called the Cayley trans-
form of A, and it has the evaluation

(1 B %AyAn)_l (1 + %AyAn) (2.19)
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B 1 2W, — W + Ay(Q, + V) —Aya, O, 0> 0
W+ AyV Aya,©,_1 2W,, = W — Ay(Q, + V) -
This result motivates the following definitions
W, :=2W,, — W + Ay(Q, + V), Ty = Aya, 0y,
T = Aya,O,_1, n>1, (2.20)

whilst for n = 0 we have W4 (n = 0) := W+AyV, T, (n = 0) := —AyapydU, and T_(n = 0) := 0.
Thus we define

o (W %4
Af = (z_ 917_) . (2.21)

In a scalar formulation of the matrix linear divided-difference equation (2.10) one of the com-
ponents, p, say, satisfies a linear second-order divided-difference equation of the form

W + AyV _ (W - AyV _
EF (Ay@> (ES)pn + E, <Ay@> (B, )pn

- {E; <§§5 ) +E; (Agf@ >}E+E pn = 0. (2.22)

Thus far our theoretical construction can only account for the OPS occurring in the Askey
table — the hypergeometric and basic hypergeometric orthogonal polynomial systems [7]. To step
beyond these, and in particular to make contact with the discrete Painlevé systems, one has to
introduce pairs of deformation variables and parameters into the OPS. We denote such a single
deformation variable by ¢, defined on a quadratic lattice (and possibly distinct from that of the
spectral variable), with advanced and retarded nodes at ¢4 () = us, Au = 14(t) —v—(t). We
introduce such deformations with imposed structures that are analogous to those of the spectral
variable. Thus, corresponding to the definition (2.8), we deem that a deformed D-semi-classical
weight w(x;t) satisfies the additional first-order homogeneous divided-difference equation

w(z;ug) R—l—AuS( ),
w(z;u—) R—AuS

(2.23)

where the deformation data polynomials, R(x;t), S(x;t), are irreducible polynomials in x. The
spectral data polynomials, W(xz;t), V(z;t), and the deformation data polynomials, R(x;t),
S(x;t), now must satisfy the compatibility relation

W+ AyV R+AuS, = W+AyV R+ AuS

W( U+) p AagW-it) = m(mvu—)m(y%ﬂ- (2.24)

The deformed D-semi-classical deformation condition that corresponds to (2.9) is that the Stielt-
jes transform satisfies an inhomogeneous version of (2.23)

RDyf = 25Myf + T,

with T'(z;t) being an irreducible polynomial in & with respect to R and S. Compatibility of
spectral and deformation divided-difference equations for f implies the following identity on U
and T

[(W + AyV) (25 uy)

(W + AyV)($;u_)(R+ AuS)(y—; ) U(z;u_) — (R — AuS) (y—; ) U (x; uy ]

B | | RSyt
~ Au [(W APV T(0m0) — (OF = Ay i) o= o )T<y+, t)} .



8 N.S. Witte and C.M. Ormerod

Corresponding to the (2.10) the deformed D-semi-classical OPS satisfies the deformation divided-
difference equation

1
R, \¥, E,

The deformation coefficients appearing in matrix B,, above satisfy a linear identity

Qn

Uy =——2®,_, n>1, (2.26)

an—1
and a trace identity

R—l—AuS’_R—AuS

Au(T, +=,) =2H,
( ) ala) " an(ay)

; n =0,

which means that only three of these are independent. Here H,, is a constant with respect to =
and arises as a decoupling constant which will be set subsequently in applications to a convenient
value. The deformation coefficients are all polynomials in x, with fixed degrees independent of
the index n but with non-trivial ¢ dependence. Let L = max(deg, R,deg, S). As x — oo we
have the leading orders of the terminating expansions of the following deformation coefficients

2
Hy

R—AuS R+ AuS
_l’_
Yo—1(u+)  Yn—1(u-)

Ry, = —(n(us) + yn(u_)) [ ] + O(a:Lil) n >0, (2.27)

Au o w ’Yn(u+)_ — Au Yn(u—) . 22 n
ancbn_ (R+A S)%(u_) (R AS)%(u+)] +O(z"7%), >0, (2.28)

and

Bu
H,

R+ AuS R-— AuS
_|_
Ya—1(u—)  Yn—1(uy)

Tp = (m(us) — yn(ug)) [ ] +0(2z"1), n > 0. (2.29)

Compatibility of the deformation divided-difference equation (2.25) and the recurrence rela-
tion (2.5) implies the relation

K,(ug) (1 — %AuBn)fl (1 + %AuBn)
= (1 - 3AuBu1) " (14 3AuBai1) KuGGus),  n>0. (2.30)

From this we can deduce that the deformation coefficients, R,, I',,, ®,, satisfy recurrence
relations in n in parallel to those of (2.15), (2.16)

M(_2Rn+l + Aulpyq) + M@Rn + Aul'y)
1¥n+1 l?n
Au R+ AuS R- AuS
=~z —bp(u_)|Ppn + 2a,(u_ - ’ > 07
ot +200tun) (27 - SE0)
M@Rm—l + Aulpy1) + M(_QRTL + Aul'y)
}{n+1 }{n
Au R+ AuS R-— AuS
o= ) G+ 2aafu) (S EE ) g
The deformation coefficients satisfy the bilinear or determinantal identity
A - A
R+ 1AW [1,5, — ®,0,] = —H,R, {RJF wb [ B “S} . n>0,
an(u-) an(u+)
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which is the analogue of (2.18). The matrix product given in (2.30) has the evaluation

1= 1AuB) " (1 4+ LAuB,) = — 4
(L= 28uBa) (14 38uBn) = S Aug)
- A
2R, + 2HnR(“)S + Aul,, Aud,,
Ap U4
X n > 0.
A ’ =
Aut, oR, + 2, TR Aur,.
an(u_)
This again motivates the definitions
A
R = 2R, + 2H, T AU 4 AT,
an(ut)
P = —Aud,, P_ = Aul, n>1, (2.31)

together with

* ERJF 7m+
me (3.
Our final relation expresses the compatibility of the spectral and deformation divided-diffe-

rence equations. The spectral matrix A, (x;t) and the deformation matrix B, (x;t) satisfy the
D-Schlesinger equation

(1 - 1AgAGu)) ™ (14 3AyALGuy)) (1 - SAuBL(y-;)) ™ (14 $AuB,(y-;)) (2.32)
= (1= 3AuB,(y13)) " (14 3AuBu(y+3)) (1 - 3AyAnGu)) " (14 3AyAuGu)).
Let us define the quotient

(W AyV)(iuy) (R + AuS)(y—st) _ (W — AyV)(wiuy) (R — AuS)(y—:1)
= W+ AgV)(wius) (R+ BuS)(ysit) (W — AyV)(wiu) (R — AuS)(yr:1)

The compatibility relation (2.32) can be rewritten as the matrix equation
XBy (g5 1) A (w5 u-) = A (5 uq ) By (y-; 1), (2.33)
or component-wise with the new variables in the more practical form as

X (W (z3u— )Ry (y+51) — T (50— )Py (y451)]

=W, (23 u4 )Ry (y—3 t) — Ty (@5 u )P (y—3 1), (2.34)
X [T (25w )R (Y5 )+QU (5 u— )B4 (y+;1)]

= Ty (@3 ug)R-(y—3t) + Wy (25 uy )P4 (y—3 1), (2.35)
X [T (@5 u )R- (y4358) + Wy (w5 u—)B—(y+;1)]

=T (z3u4) R4 (y—3t) + W (25 uy )P (y—; 1), (2.36)
X [ (5 u— )R- (y4; )—T+($’U )P (y+31)]

= W_ (w5 uy )R- (y—; ) — T (@5 u4 )P4 (y—3 7). (2.37)

For a general quadratic lattice there exists two fixed points defined by ¢4 (z) = —(x), and
let us denote these two points of the z-lattice by x; and xr. By analogy with the linear lattices
we conjecture the existence of fundamental solutions to the spectral divided-difference equation
about * = xr,rr which we denote by Y7, Yr respectively. Furthermore let us define the
connection matriz

P(x;t) == Yr(z;t) 1Y (2:t).
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From the spectral divided-difference equation (2.10) it is clear that P is a D-constant function
with respect to x, that is to say

P(y4;t) = P(y—;t).

In addition it is clear from the deformation divided-difference equation (2.25) that this type of
deformation is also a connection preserving deformation in the sense that

P(z;uy) = P(z;u_).

This is our analogue of the monodromy matrix and generalises the connection matrix of Birkhoff
and his school [1, 2], although we emphasise that we have made an empirical observation of this
fact and not provided any rigorous statement of it.

3 Big g-Jacobi OPS

As our central reference on the Askey table of basic hypergeometric orthogonal polynomial
systems we employ [8], or its modern version [7]. We consider a sub-case of the quadratic
lattices, in particular the g-linear lattice in both the spectral and deformation variables x and ¢
in its standardised form, so that (4 (x) = gz, t—(z) = z, Ay(x) = (¢ — 1)z and 14 (t) = qt,
t—(t) =t, Au(t) = (¢ — 1)t. In [7] the big g-Jacobi weight given by equation (14.5.2) is

(a 'z, el g)o

w(z) = (x,bc 123 q) o0

)

subject to 0 < ag,bg < 1, ¢ < 0 with respect to the Thomae—Jackson g-integral

/b :q dyz f(2).

The g-shifted factorials have the standard definition
s .
(@) = (1 —ag®), o<1, (a1, 00@)00 = (1; @)oo (@n; @)oo
j=0

We deform this weight by introducing an extra g-shifted factorial into the numerator and de-
nominator containing the deformation variable and parameter, and relabeling the big ¢-Jacobi
parameters. We propose the following weight

box, bsx, bz Lot
w(x,t) _ ( 2 3 6 q)oo

. Nl
(bll‘,b4$,b6xt*1;q)oo (3.1)

A condition b1bobsby = 1 will apply, so we have four free parameters. We do not need to specify
the support for this weight for the purposes of our work, but suffice it to say that any Thomae—
Jackson g¢-integral with terminals coinciding with any pair of zeros and poles of the weight would
be suitable.

The spectral data polynomials are computed to be

W+ AyV =bs (1 —biz) (1 — bax) (t — bex) ,
W — AyV = (1 — baz) (1 — bsz) (bst — ) . (3.2)

Clearly the regular M = 3 case is applicable and we seek solutions to the spectral coefficients
with deg, W, = 3, deg, ), = 2, deg,©, = 1. Our procedure is to employ the following
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algorithm, as detailed in [17]. Firstly we parameterise the spectral matrix in a minimal way;
secondly we relate the parameterisation of the deformation matrix to that of the spectral matrix
and thus close the system of unknowns; and finally utilise these parameterisations in the system
of over-determined equations to derive evolution equations for our primary variables. What
constitutes the primary variables will emerge from the calculations themselves.

Proposition 1. Let us define a new parameter bs replacing q" by

~ bibabg’

n

nec ZZO'

Let the parameters satisfy the conditions q # 1, bs # ¢~ Y/2,+1,¢"/2, biby # 0,00 and bybs #
0,00. Given the degrees of the spectral coefficients we parameterise these by

2Wn —-W = w3x3 + ’LUQ.’L‘2 + w1 + Wy,
Qn +V = U23)2 + vix + vg,
O, =ui(x — Ap).

Let X\, be the unique zero of the (1,2) component of A}, i.e., O,(x) and define the further
variables v, = (2W,, — W)(Ay,t) and pn, = (Q + V) (An,t). Then the spectral coefficients are
given by

Un

)\2

n

2W, =W =222 + L(x — \n)

14+ (b1 +b2+0 +b4 bﬁt—i—b% +)\n
( ! 2 )\3 ) ZE—th(gx )\2 :| s (33)
b6

_ (1 12\242
+ o e @) {~0-1)"2%
— 202 [yt + byt byt by (b + b )t — 20 A2

x | —bg(bs + b5 )z* +

Qn+V:,Un

+ bsbg ' (1+02) [(1+ (b1 + ba + bs + ba)bst + b§) Ay + 20, — 2tbg) } (3.4)
and
bs (1 — gb3)
Op = —— 25— A, 3.5
a1~ )by “ M) (3.5)

We note that Ay, pn, vn satisfy the quadratic relation
v = (1= a)* Xy + b1 — 1) (b2An — 1) (bsAn — 1) (badn — 1)(An — tb6) (bsAn — 1). (3.6)

Proof. Consistent with the known data, i.e., the degrees, from (2.11), (2.12), (2.13) we compute
the leading coefficients to be

w(-a) o w-B) k()
25

U= ——77"""~73 > ’
! (1 — q)bs 2T 21— q)bs

confirming the relation given by the coefficient of (9] in (2.18), w2 = (¢—1)%v3 +b2. In addition
we identify the diagonal elements of the [x3] coefficient of A7

Kkt =ws + (¢ — 1)vy = —bsbg, ke =wg— (¢ —1)vg=——.
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From the coefficient of [z°] in (2.18) we deduce (modulo a sign ambiguity)
wy = bgt,

and from the coefficient of [z!] in (2.18) we similarly find
wy = —3[L+ t(by + by + b3 + ba)bg + b -

Now utilising the condition v, = (2W,, — W)(A,,t) we invert this to compute

1 4t(by +b2+b3+b4)b6+b%
N 2\,

v, — tbg

+ 2b (b5 + b5 1) Ay + -

w2

Proceeding further we infer from the coefficient of [2°] in (2.18) that
(L4 b2)wy — (b ' + byt + b5 ' + by )bsbs — bs (1 + b3)¢
(1—q)(1—b2) ’

and employing the previous result for we we derive

v =

(- )(1 — b2) o Cbsbe[by ' by b b+ (b + b )]
Tare) T 1+ 02
1+ t(by + by + bg + by)bg + b2 be(1 + b2  — th
N (b1 + b2 + b3 + ba)bs 6, 6 ( QAn+V ths.
2\ 2b5 A2

This leaves vy to be determined. Imposing the relation p, = (Q, + V)(An,t) we can invert this
and find

(1—q)(1 = b)vg = (1 — q) (1 — b) pn + bsbe [by " + byt + b3t 4+ b5 + (be + b5 )t M

1402
— 2b5bg A5 — 5 (14 b2) [1+ (b + ba + by + ba)bs + bF] + (/\‘r’)(bgt — V).

n

This concludes our proof. |

Remark 1. We observe that the appearance of the quantity ¢"b1bsbg with n € Z>o and its
replacement by the new parameter b; constitutes a special condition. This condition is one of
the necessary conditions for a member of our particular sequence of classical solutions to the Eél)
g-Painlevé equations, and is built-in by our construction. The other condition derives from the
initial conditions n = 0 in our construction, see (2.4) and following (2.20).

From our deformed weight (3.1) we compute the deformation data polynomials to be
1
R+ AuS = b—(bgqt —x), R — AuS = (qt — bsx). (3.7)
6

We can verify that the compatibility relation (2.24) is identically satisfied by our spectral and
deformation data polynomials. We see that this places us in the class L = 1. We will employ
an abbreviation for the dependent variables evaluated at advanced or retarded times, e.g.,

An(t) = An, Alat) =Ans Aalg7't) = A

In the second stage of our algorithm we parameterise the Cayley transform of the deformation
matrix

* Ry Py
= >
B (m R ) , n >0,

consistent with known degrees, i.e., deg, R+ = 1, deg, B+ = 0, so that

Ry =7r1+2+ 70+, P+ = p+.
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Lemma 1. Let us assume bg # 0 and bs # ¢~ Y2, ¢"/2. Then the off-diagonal components of the
deformation matriz are given by
Py = —QnpT1,— + anri 4, (3.8)
p— = —an’/“Lf —+ CALn’I"l’+. (39

Proof. We resolve the A-B compatibility relation (2.33) into monomials of x. Examining the 7
coefficient of the (1,2) and (2,1) components yields (3.8) and (3.9) respectively. [

Lemma 2. Let us assume bs # ¢'/2, an,in # 0 and \, # b6t,bg1t. Then the spectral and
deformation matrices satisfy the following residue formulae

W, (beqt, qt)
2 beqt,t) =0, 3.10
g+(b6qt,qt) s"B‘F( i ) ( )

W (bg *qt, qt)

9%*(bﬁqta t) +

R (bg Lqt,t) + 6 B (b Lqt, t) =0, (3.11)
0 T4 (bg 'qt, qt) (b at.1)
and
W_ (bgt, t) B
Ry (begt, t) + m‘lﬁ(bﬁqta t) =0, (3.12)
-1
Ry (bglqt,t) + wm+(bglqt, t) =0. (3.13)

T (bg't,t)

Proof. In this step we compute the residues of the A-B compatibility relation, with respect
to x, at the zeros and poles of

(x — gbgt) (bgx — qt)
q(x —bgt) (bgx —t)

x(@,t) = (3.14)

From the residue of (2.34) at the zero x = bggt we deduce (3.10), and from the same equation
at the zero x = b;'qt we deduce (3.11). From the residue of (2.37) at the pole x = bgt we
deduce (3.12), and from the same equation at the pole x = bglt we deduce (3.13). |

Remark 2. Although the above proof appealed to the vanishing of the right-hand side of one
of the compatibility conditions, namely (2.34), at either of the two zeros of x, in fact under
these conditions the right-hand sides of all the other compatibility conditions, i.e. (2.35), (2.36),
and (2.37), also vanish. This is because y = 0 implies (R2 — AuQSQ) (béﬂqt; t) = 0 and
(W2 — AyQVQ) (bgﬂqt; qt) = 0, and furthermore the spectral and deformation matrices satisfy
the determinantal identities

det A =W, W_ 4+, T =W? - Ay*V?,
det Bf = R, R + PP = Z—”(R2 — Au?S?).

n

Therefore under the specialisations = = bz gt the right-hand sides of (2.35), (2.36), and (2.37)
are proportional to the right-hand side of (2.34), and the vanishing of the latter implies the
vanishing of the former. In this way we ensure that all components of the A-B compatibility
vanish under the single condition. A similar observation applies to the left-hand sides of the
compatibility relations at the zeros of ™1, i.e. z = bgﬂt.
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We introduce our first change of variables, u,, v, +— 24+, via the relations

1
Up = 5)\”[%+z+ +Kr_z], (3.15)
1
2(q—1)

The new variables satisfy an identity corresponding to (3.6) which reads

[fyzy — K_z_]. (3.16)

RpR-zp2- = 35 [W2 - Ay2V2] (An, t).

n

Next we subtract (3.11) from (3.10), in order to eliminate both z_ and ro —. This yields

bs (bsqth, — 1 b2t 1
QP+2 |- 5 (bsg n ) _ 4O5¢ 2| +qt—ri— =0. (3.17)
(1 — gb?)ay, be\n (A — beqt) (bshn — qt) be
This result motivates the definition of the new variable Z
b5b6qt " b5qt5\n -1
= —— = Zy =
()\n - bﬁqt)(bfi/\n - qt) )\n t—q—1t
Definition 1. In terms of this new variable Z we have
1 ()‘n - tbﬁ)(bﬁ)\n — t)[(bBt — Z))‘n - ”
_ 3.18
2t b5b6t )\n ) ( )
(b1 A, — 1)(bo A, — 1) (b3, — 1) (bgA, — 1)
_ = bst . 3.19
=T Ma[(b5t — Z)An — 1] (3.19)
Our final rewrite of the dependent variables is
An(t) = g(t), (3.20)
Z(t) — bst — f(q™'t). (3.21)

We are now in a position to undertake the third stage of our derivation. The first of the
evolution equations is given in the following result.

Proposition 2. Let us assume that ¢ # 0, bs # ¢/, t #£ 0, g # 0, bt, bﬁ_lt and a, # 0. The
variables f, g satisfy the first-order q-difference equation

_ gt (g =t ") (9 —b5") (9= by ) (3.22)
- (9= bet) (g — b ') ' '

This evolution equation is identical to the second equation of equation (4.15) of Kajiwara et
al. [6] and to the second equation of equation (3.23) of Kajiwara et al. [5].

(9f —1)(gf —1)

Proof. Subtract (3.13) from (3.12) in order to eliminate both z; and 7. This yields the
relation

qp+ t (bs — tA\n) 1
_ - + qt— =0. 3.23
(“1+ gb2)an | (bt — M) (—t + bohn) b6 Tyt (3:23)

Thus we have two different ways of computing the ratio of r1 1 to 1 _; on the one hand we have
from (3.17)

[b5(qbst — Z) — t]ay,
bs Zay,,

T4 = — T1,— (3.24)
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whereas using (3.23) we have

bsan,
ot = [b5b6t2 (b1An = 1) (b2An — 1) (b3An — 1) (badn — 1)

ap T1,—
+ (b5 — tAn) (A — th6) (bsAn — £) [An (bst — 2) — 1]}
- [t2b6 (bidn — 1) (ban — 1) (bshn — 1) (badn — 1)
= (gbsthn = 1) (An — th) (bsAn — £) [ (b5t — 2) = 1] .
Equating these two forms gives (3.22). [
The second evolution equation, to be paired with the first (3.22) as a coupled system, is given

next.

Proposition 3. Let us make the following assumptions: t # 0, bs # 1,¢"Y2,¢71, f # 0,
bsf#t,9g#0,5#0 and a, # 0. In addition let us assume that the condition

1 —qbstg — qb? + qb?
g4 LT abslg —abs +a 5fg7
[ —bsqt
holds. The variables f, g satisfy the first-order q-difference equation
=0 =)~ b)(f ~ ) -
(f = bsat)(f — b5 ')

This evolution equation is the same as the first equation of equation (4.15) in Kajiwara et al. [6]
and the first equation of equation (3.23) in Kajiwara et al. [5], both subject to typographical
corrections.

Proof. Cross multiplying the relations (3.10), (3.11), (3.12), (3.13) we can eliminate all refe-
rence to the deformation matrix and deduce the identity

W (beqt, qt) W (bet,t) Wy (qbg 't, qt) W_ (bg 't, ¢)
Ty (boqt,qt) T4(bst,t) Ty (qbg't,qt) Ty(bg't,t)

Into this identity we employ the following evaluations for the advanced and retarded values of 2t

s gt (fg—1)(9 — beqt)(gbs — qt)

(fg—1)(fg—1) = qt?

(3.26)

T bsbet g ’
5 = byt 90— Db — 1)(§s — 1)(gbs — 1)
9(fg—1) ’
L. _ b (gbr —1)(gb2 —1)(gb3 — 1)(gbs — 1)
T b 9(fg—1) ’
_ b5 (fg—1)(g — bet)(gbs — 1)
- bet g )

We find that this relation factorises into two non-trivial factors, the first of which is proportional
to

5 Lo abstg — a3+ abifg
J —gbst
Assuming this is non-zero our evolution equation is then the remaining factor of (3.26)
(f =b1)(f = b2)(f —b3)(f — ba)
(f — abst)(bsf — 1) ’
or alternatively (3.25). [

(fg—1)(fg—1) = qbst?
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Lastly we have an auxiliary evolution equation which controls the normalisation of the or-
thogonal polynomial system.

Proposition 4. Let us assume bg # 0, by # ¢ Y2, f +# bg,qt,bglt and v, # 0 for n > 0.
The leading coefficient of the polynomials or second-kind solutions (see (2.6), (2.7)) satisfy the
first-order q-difference equation

N —1

< Tn > — m (3.27)
beVn J —bsqt

Proof. Using the leading order, i.e., the [z] terms, in the expansions (2.27), (2.29) with

definitions (2.31) we can compute 1 . However by using these same expansions to compute r _

and the equation (3.24), which relates these two quantities, we have an alternative expression
for r1+. Equating these expressions then gives (3.27). |

We conclude our discussion by summarising our results for the spectral and deformation
matrices in terms of the f,, g, variables. Henceforth we will restore the index n on all our
variables. The form of the spectral matrix is given in the following proposition.

Proposition 5. Assume that |q| # 1, bg # 0, b2 # ¢ %, 1,q and a, # 0. The spectral matriz
elements (2.19), (2.20), (2.21) are given by

b b
Ty = i(qfl —0)anz(z — gn),  Tn- = bg (1= ¢ ') anz(z — gu1),
and
W+ be b2 11 1 1
733(1:_9”) = —(L’b5b6+ (1 —b%) |:_t +b5 <b1 + E + g + b4>:|
_ bolbsf =) | galt = fubs) . tbs(1+bF)
(1 - bg)t fn b6
bet [0 1-—b2 ol ofn  gn
T [ T i -
(]- - gnbl)(]- - gan)(l - gnb?))(l - gnb4)(gn - xbg)
3.28
* (1 - fngn)gq%(x - gn) ’ ( )
or
anﬂr _ bﬁt (fn_bl)(f’fl_b2)(fn_b3)(fn_b4)(1_bgfnx)
z(x — gn) (1_[?%) f2 = fogn)(1 = frz)
+ bﬁt(l — :Bbl)(l — l'bg)(l — xbg)(l — l’b4) _ bﬁ(b5fn — t)l‘
r(1—zfn)(x — gn) In
bo(bsfo —t) JOS(L+BE)L  bsgn .,
bs(1— 120 { b g, T
bs 1 1 1 1
+ 5 [t+b5fn—tfn (b1+b2+ . +b4)]},
and
120, — _ (1 —xfn)(x — bet)(xbg — t) bg  (t — bibs)(t — babs)(t — bsbs)(t — babs)

x(z — gn) z(x — gn) 1 b2 bs(tgn — bs)
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bs (1 — 02) g 9T T

. b5t2(1 - gnbl)( - gan)(l - gan)(l - gnb4)
gn(l - fngn)(tgn - b5) ’ (329)
1, (1 —zfn)(x —bt)(bsz —t) bt®  (fn = b1)(fn = b2) (f — b3)(frn — Da)
z(T — gn) z(T — gn) (1_17%) fA(1 = fugn)
be(bs fr —t (1402t bsg,
e (R

bs 1 1 1 1
-2 = tfa | —+—+—+— || .
+f3 [t+b5f f, <b1+b2+bg+b4)]}

Proof. This follows from applying the transformations (3.15), (3.16), (3.18), (3.19) and (3.20),
(3.21) successively to (3.5), (3.3) and (3.4). The alternative forms arise from applying partial
fraction expansions with respect to either of f,, or g,. |

The deformation matrix is summarised in the next result.

Proposition 6. Assume that |q| # 1, bg # 0, b2 # ¢~ 1,1,q. The deformation matriz elements
are given by

Y 1 t2bg + g2b2bg — tgnb? (1 + b2
%n,+:7 T4 2_(1( 6 + gab3be — tgnb ( 6)
b6 Vn 1- b5 gnbs
thbS(l - blgn)(l - b2gn)(1 - b3gn)(1 - b4gn)
gn(fngn - 1)(tgn - b5)
gt = bibs)(t — babs)(t — bsbs)(t — b4b5)} } (3.30)
(tgn - b5)(fnb5 - t) ’ '
and
— 1 t2b 2b2bg — tgn (1 + b2
SR L PR L T
Tn—1 1- b5 gnbe
_ qt*b5(1 = b1gn) (1 = b2gn) (1 — b3gs) (1 — bagn)
gn(fngn - 1)(tgn - b5)
+ q(t — blb5>(t — 5255)(15 — bgb5)(t — b4b5):| }
(tgn - b5)(fnb5 - t) ‘
Furthermore
An b n Anf b n—
%n,-{—:an[’y _éﬁ} ‘Bn,—:an|:,y L bey 1]
bevn beTn-1  n-1

Proof. Using the leading orders in the expansions (2.27), (2.29), i.e., the [z] terms, with
definitions (2.31) we deduce

A~

Tn . b6 Vn—1
) r,— = —=%
b6 Vn Yn—1

"4+ =
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Using the leading orders in the expansions (2.28), i.e., the [#°] terms, with definition (2.31)
and (2.26) we deduce

In b67n:| o |: Yn—1 b67n—1:|
- ’ b— =an - .

P+ =a < N
" " [56% In b6Vn—1 An—1

Using the coefficient of the [z7] term in the (1,1) element of the A-B compatibility rela-
tions (2.32), along with the solution of (3.22) for f,(¢~'t) and (3.25) for g, (qt) we deduce

bsqt
120+ _ <t_b) n+<5q_1) in
( 5)7‘17+ s fn °)9 In g
1 (1+03)

+ [1+qb3 — b5 (b7 + b3 + b3 + b, 1) gt] 7 + »

whereas if we examine the [27] term in the (2,2) element of the A-B compatibility relations in
the same way then we find

T0.— t bsgt\ .
(1—b§)r(1)7’_=qb5 (65—ﬁ1>9n+<1—;z>gn

+ [bs (bt by b3+ b )t — b — 1]

biqt,

1 1+ b3

= Mqt

f n b6

Into both of these expressions we can employ (3.25) for g, and make a partial fraction expansion
with respect to f,. |

4 Reconciliation with the Lax pairs of Sakai and Yamada

4.1 Sakai Lax Pair

In [15] Sakai constructed a Lax pair for the Eél) g-Painlevé equations using a degeneration
of a two-variable case of the Garnier system based upon the Lax pairs for the Dél) g-Painlevé
system [14]. Subsequently Murata [11] gave more details for this Lax pair. We intend to establish
a correspondence between our Lax pair and that of Sakai. We will carry this out in a sequence
of simple steps rather than as a single step as this will reveal how similar they are.

Our first step is to give a variation on the parameterisation of the spectral and deformation
matrices to that given in Section 3. In this alternative formulation, we seek a spectral matrix

A(z;t) (actually identical to the Cayley transform A}) with the specifications

A(z;t) = Ag + Az + Agx? + Aga®, (4.1)
and

(i) the determinant is

bﬁ (blx — 1) (ng — 1) (bg:E — 1) (b4.%' — 1) (x — bﬁt) (b(j.’B — t) s

(ii) As is diagonal with entries k; = —bsbg and ko = —bg/bs,

(ifi) Ao = bgt1,

(iv) the root of the (1,2) entry of A(x;t) with respect to z is A\,

(v) A(\;t) is lower triangular with diagonal entries —bsbgAzy and —bGQ:* where bZz_2,\? =

det A(\;t).
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Any such matrix is in the general form

b - A
) bsbez|z1 + (z — @) (z — M)] G“’xé“")
1) — _ 5
Alz;t) = thel bsbea(y + ) bo|zs + (2~ B)(z — )] |
w bs
where the properties specify the variables
1 1 1 1 1
1-b)a=— 4+ —+ — +— — +bg |t
(1-08)c b1+b2+b3+b4+<b6+ 6>
t 1 1 bgzl 29
- — by [ — B2 g 4.2
(b1+bz+b3+b4)b5)\ b5(b6+b6>)\+ Tt A, (4.2)
1 1 1 1 1
1-b)B=—(—+—+—+— b2~ — +bg ) b2t
( 5)’8 <b1+b2+b3+b4>5 <6+6)5
t 1 1 b3z 2z 2
- — 3249 4,
+(b1+b2+b3+b4)b5)\+b5<b6+bﬁ>)\ o H2EA (4.3)
1 1 1 1 1
v = —(bgbs + babs + baby + b1ba + b1b3 + bibs) — | — + — + — + — — +bg |t
bl b2 b3 b4 bﬁ
— 2+ af 4 21+ 20+ 2(a+ BN+ N2, (4.4)
1 1
0 =b1 +ba + b3 + by + [(531?4 + babs + baby + b1ba + b1b3 + b1by) (b + b6> - <b + 55)} t
6 5

N (; 4 bi + bl + ;) £ = 21(B+ ) — z2(a+ A) + (=208 + 1)\ — (a+ B)A\% (4.5)
1 2 3 4

The z; and zo are related to z4 by

t tb
21 =24 + Bon and 29 = 2_ + 75 (4.6)

In addition
1 — qb?
w = 2T 9%
q

n-.

We seek a deformation matrix B(z;t) of the form

- T 11 T1,2
B(z;t) = x1 + By), here By=1|" “l. 4.7
O e et ’ [m m] o
This leads to the compatibility relation
B(gw; t)A(w;t) = A(w; qt) B(w; 1), (4.8)

This relation is just a rewriting of (2.32) whereby all the factors of x are placed into the
denominator of B by the above definition.

Lemma 3. The overdetermined system (4.8), with (4.1) and (4.7) is satisfied if the coupled Eél)
q-Painlevé equations (3.22) and (3.25) are satisfied.

Proof. Examining the coefficient of 2% in the numerator of the (1,2) entry of (4.8) we find

q A
r1o = 1_7(11%(10 —w). (4.9)
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Now we seek two alternative expressions for r1 2 — one involving quantities at the advanced time
gt and another involving those at the unshifted time ¢. The first of these is found from solving
for the (1,2) entry of the residue of (4.8) at x = bggt simultaneously with the (1,2) entry of the
residue of (4.8) at = = by 'qt. This yields

—qtw (qtb6 — 5\) (qt — b65\)
ri2 = —~ —.
bs {gt (1~ bsbo21) + (atbs — A) [be + qtbs (at — beN)] |

(4.10)

The second expression for r; o is found from solving for the (1,2) entry of the residue of (4.8) at
x = bgt simultaneously with the (1,2) entry of the residue of (4.8) at 2 = by 't. This gives

B —qtw(bgt — A)(t — bgA)
 thy — thgzo + bsbg (bt — \) + t(bgt — ) (t — bg)

Combining (4.9) and (4.10) or (4.9) and (4.11), and employing the change of variables (3.18)
and (3.19) with (3.20) and (3.21), we can solve for @ in two ways. Assuming w is non-zero it

)

1,2 (4.11)

cancels out, leaving an expression for Z in terms of Z and . This is equivalent to the first Eél
g-Painlevé equation (3.22).
To find the second equation we solve (4.8) for A(x;t)

A(x;t) = Blgz; t) " A(w; qt) B(w; 1),

and use this to find the zero of fl(m; t)12, i.e., g(t). In addition to 71 2 we now require 22 (even
though the denominator of fl(ac; t)12 depends on 711, 712, r2.1, 2,2 identities resulting from the
compatibility conditions imply that this will trivialise — see the subsequent observation). The
entry rg 2 has already been found, along with ry o, from the arguments given earlier and this is

< qt(1+b2 . .
py q(b66) — (bogt — A) (gt — bsA)
b6 + ¢*t%b5 (1 + b2) — bsbeqt (& + A)

X z = -
b% ()\ — bﬁqt) — b6qt + b5b§qt£1 — b5b6qt(b6qt — )\) (qt — b6>\)

22 =

(4.12)

The numerator of fl(a:; t)12 appears to be a polynomial of degree 6 in z, however it has trivial
zeros matching those of the denominator

¢*bs R

g(x — bgt)(x — beqt)(bex — t)(bex — qt)w,
so that their ratio is in fact polynomial of degree 2. Into fi(a:; t)12 we first substitute for rq o
using (4.9), then for 799 using (4.12), and thirdly for &, B, 4, 6 using (4.2), (4.3), (4.4), (4.5)
at up-shifted times, respectively. Into the resulting expression we employ (4.6) for 21, Zo along
with (3.18), (3.19) at the up-shifted time to bring the whole expression in terms of A and Z.
The relevant zero of the ensuing expression (the other zero is = 0) then gives A = ¢ in terms
of A = § and f, or equivalently by (3.25). |

Now we recount the formulation given by Sakai [15] and Murata [11]. Their Lax pairs are
Y(grit) = Ale, Y (1), Y(asqt) = Ble, Y (a:1),
satisfying the compatibility condition A(x,qt)B(x,t) = B(qx,t)A(z,t). The spectral matrix is
parameterised in the following way

riW (z,t)  kowL(x,t)

_ _ 2 3
Az, t) = </<;1w_1X(x,t) ko Z (. 1) ) = Ag + A1z + Asx” + Azx®,

subject to the key properties



Construction of a Lax Pair for the Eél) g-Painlevé System 21

(i) the determinant of A(z,t) is
kike(x — a1)(z — az)(x — a3)(x — aq)(z — ast)(x — agt),

(ii) As is diagonal with entries k1 and ko = gr1,

)
(iii) Ap has eigenvalues 61t and 6t
)
)

(iv) the single root of the (1,2) entry of A(z,t) in z is A,

(v

Given these requirements, the entries of A(x,t) are specified by

A(A,t) is lower triangular with diagonal entries r1p; and Kous.

=~

(l’, )—.7}—

Z(z,t) = po+ (x — AN [0 + 2® + 2(y + V)],

W(x,t) = ,u1+(a:—)\)[51+a:2+:v(—fy—el+)\)],

X(x,t) = [WZ —(z—a1)(x —a2)(z — a3)(z — as)(x — ast)(z — aﬁt)]L_l,

where

(K1 — K2)01 = Afl[fqul + Kopg — 01t — Oat] — Ko [fy(’y +e1)+ 2% — ey + 62],
(K1 — K2)02 = =N [Kipu1 + Koo — 01t — Oot] + K1 [y(y + 1) + 202 — ey + es],
papz = (A —a1)(A —a2)(A — az)(A — as)(A — ast)(A — agt),

2
01602 = ajazazaqsasasqry.

Here e; is the j™ elementary symmetric function of the indeterminates {a1, as, as, a4, ast, agt}.
Despite the expression for X (x,t), it is a quadratic polynomial in z. In Murata’s notation we
have fi = p1, b = po, 6 = 81 and § = 5. The deformation matrix B(x,t) is a rational function
in z of the form

z(zl + By)

B(z,1) = (x — asqt)(z — agqt)”

Next we consider the first transformation of the Sakai linear problem with the following
definition:

9/(x,t) = 5($,t)71Y(x,t)’

s 10
T \sy+soz z/°

The transformed spectral linear problem is

and

¥ (qz,t) = Az, )Y (z, 1),
with a transformed spectral matrix
A(z,t) = S(qx, t) LAz, 1) S(z, 1).

We fix the parameters of the transformation by the requirement that the coefficient of z=! in
the (2,1) entry of S is zero (only the (2,1) entry is non-zero) and also that the coefficient of x°
in the (2,1) entry of § is zero. Thus we find

B 1
© 2gk1wA

(B2 — 01)t + k1 (p1 — quz + (g02 — 61)N)],
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200
q(gb1 — O2)wse = ( ,{1 2

—e102 + (g1 — 02)y + (gb1 + O2) .

1 41
t—qbipo — 92M1> SV qr1est IX

The new spectral matrix can be parameterised by the polynomial
A(z,t) = A + Ax + Apa? + Aza,
and possesses the following properties

(i) the determinant of A(x,t) is
ki (z —a1)(z — ag)(z — a3)(z — ay)(z — ast)(x — agt),

(i) 43 = k11,

)
(iii) 4o is diagonal with entries ;¢ and ¢~ '6at,
(iv) the roots of the (1,2) entry of 4 in = are 0 and A,
)

(v) A4(A,t) is lower triangular with diagonal entries k11 and Kaps.

Any such matrix admits the general form

(Ot + kiz[(x — N)(z — a) + 1] griwz(z — N)
Alw,) = ( k1w tx(ze + d) q 0ot + kyz[(z — M) (2 — 6) + 1/2]) ’

where the properties given above fix the introduced parameters as

(g61 — 02)a = [B211 + qB1va + qrrest | A1 + gbrer — 2q01 A,
(g0 — 02)6 = —[Oor1 + qb1v2 + griest AT — baeq + 205,
ge=ab+2(a+ 6))\+)\2—eg+y1+1/2,

qth + 02 .

qd = —(a+ 6)A% — 2abX\ — avy — bvy + (qc — v1 — o)\ + €3 + p”
1

The variables, v; and o are defined by

p o= =0t g,
Hl)\

_ QR1p2 — Ot
griN

The transformed deformation matrix B is computed using
B(w,t) = Sz, qt) "' B(x,1)$(x, 1),
and has the form

z(xBy + 1)
(z — asqt)(z — asqt)

B =

We define a new variable v using

()\ — (11)()\ — CLQ)()\ — ag)()\ — a4)
2 - :

and by implication

= (A —ast) (A — agt) (A — ).
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Using identical techniques to those employed in the proof of Lemma 3, we can show that the
compatibility relation leads to the evolution equations

(A —a1))(A—a2)(A—a3)(A — aq)
(A — ast)(\ — agt) ’

v v\ _asag (v —a1)(v—a)(v—a3z)(v—as)
<1 B §\> (1 B 7) g (asagtv + 61/qr1)(asasty + 02 /qr1)

A=2)(A—v) =

A

To make the full correspondence between our system and this one we must consider a further
transformation, given by the linear solution

_ 3
[Vq(q""7)]
eqt(2)
The prefactors are elliptic functions defined in terms of the ¢-factorial by

Vq(2)Vq (fl)
Og(2t1)

D(x,t) = y(xfl,tfl).

19(1(2) = (q’ —qz, 7'2_1; q)oo’ eq,t(z) =
with properties

Ug(a2) = q204(2),  equlqz) = teq(2),  eqqu(2) = zequ(2).

This is the solution satisfying the linear equations

@(qilx, t) = Az, t)Y(z,1), 2)(&:, qilt) = B(z,t)Y(x,t).
The transformed spectral matrix 21 is given by
Az, t) =t Az~ t71) = Az + Aoz + Ay + Ao, (4.13)
which swaps the roles of the leading matrices around x = 0 and x = oo. This spectral matrix
has the properties
(i) the determinant of 2(x,t) is

k31— a12)(1 — agx)(1 — azz)(1 — agz)(t — asz)(t — apx),

(i) A3z = k1tl,

(iii) 2Ap is diagonal with entries ; and g~ '6s,

(iv) the roots of the (1,2) entry of A(z,t) in x are 0 and A~ !,

(v) 2(\,t) is lower triangular with diagonal entries 1u1tA™3 and rquatA 3.
The transformed deformation matrix has the form

X

Bla,t) = (t — asqz)(t — agqz)

(x1 + By). (4.14)

Since the compatibility relation between (4.13) and (4.14) is rationally equivalent to that for 9,
the evolution equations are the same.

It is clear that 2) and Y,, satisfy equivalent linear problems and that the following correspon-
dences hold:

1
g gttt M) e s, () f(ET),
gt
1 b
K1 +— bg, a;—b 1=1,2,3,4, as — b 01 — —bsbg, q7192 — —bj.
6 5
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4.2 Reconciliation with the Lax pair of Yamada [18]

In his derivation of a Lax pair for the Eél) g-Painlevé system Yamada employed the degeneration

limits of Eél) g-Painlevé — Eél) g-Painlevé — Eél) g-Painlevé. In doing so he retained eight

parameters by, ..., bg constrained by qb1babsbs = b5bgb7bg, and his Eél) g-Painlevé equation was

given by the mapping of the variables

t—q't,  fig— 1,3,

subject to the coupled first-order system (see his (36))

(fg-D(fg—-1) _ o019 = 1)(b2g = 1)(bsg — D)(bag — 1) (4.15)
ff bsbe(brg — t)(bsg — t) ’ '

(fg—D(fg—=1) _ (b1 — f)(b2— f)(b3 — f)(ba — [) (4.16)
99 (f = bst)(f — bet) ' '

The Lax pairs constructed by the degeneration limits were given as a coupled second-order
g-difference equation in a scalar variable Y (z,t) (see his (37))

(brg — 2)(bag — 2)(bsq — 2)(bag — ) [, 1 | g2 .
daf - 7 W=l
q(brg — 1)(bag — 1)(bsg — 1)(bag — 1)  bsbg(brg —t)(bsg — t)] ¥ (2)
9(fg—1)z*(gz — q) fgz3
—Z -z 2(gz —
(653222();1)_62) ) [Y(qz) Sl (ggz DY(*’«’)} =0, (4.17)
and a second-order, mixed g¢-difference equation,
LY (2) +(q-92)Y (q72) —q 2g2(af — 2)¥ (¢ '2) = 0. (4.18)

t2

In order to bring (4.15) and (4.16) into correspondence with our form of the Eél) g-Painlevé
system (see (1.1) and (1.2)) we will employ the following transformation of Yamada’s variables

t=t ze2 fgegL T Y()=Y(TY),
and the specialisations of the parameters
bs —>bg',  be>bs,  br>gbs,  bs> byl

so that bsbg = 1 and bybg = ¢q. Under these transformations we deduce that (4.15) becomes (1.2)
and (4.16) becomes (1.1). Furthermore the pure second-order divided-difference equation (4.17)
becomes

4 4 4
1-— bjz 1-— ij z bj —
jl;ll( )};(z) Ll jl;ll( ) N jzl( ! _2(f = bsgt) (b5 f — 1)
?2(z — g) 2z—g)(1=Ffz)  f(1—=Ffg9)(1-f2) bsqt? f

(= — beqt)(bsz — qt)
bez(z — q9)

_ (2= beqt)(bsz — qt)(q — f2) V(') +

Y (¢722) =0, (4.19
beqt?z(z — qg) (a72) (4.19)
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and the mixed divided-difference equation (4.18) becomes

at’ o 4 (1-r2)5 (z—9)5

—Y it) —q———=Y (2;t) — Y(z;qt) = 0. 4.20

= (g '25t) — ¢ = (2;t) 7= (z:qt) (4.20)
Having put Yamada’s Lax pairs into a suitable form we now seek to make a correspondence

with our own theory and results. A single mixed divided-difference equation can be constructed

from the matrix Lax pairs ((2.10) and (2.25)). For generic semi-classical systems on a g-lattice

grid we can deduce either

1 1 1 W, N
WAy g, T G A (R T Aug) [_ Tt qu Pa(ast)
11
+ mﬁpn(qﬂﬁ;ﬂ =0,
or an alternative,
. (Z+ (.%‘) - 1
W = Ay @)™ 97 1) G = Ay @) (R + Aud)(a)
X (T4 (2)R4(q2) + P (g2)W-(2) | pnlgz;t) — & FZiqg))(qx)pn(x;t) =0, (421)

which we will work with. Using the spectral and deformation data (3.2), (3.7) and the ex-
plicit evaluations of the deformation matrix (3.30) and spectral matrix (3.29), we compute the
coefficients of the above equation

_ 2
(R + MuS)(q2) T () = an LB (x — bst) (@ — ),

bs
@Y b6 (1 — gb2) (1 — box) (1 — by (2 — bet)
—(W = AyV)(@)B+(qz) = o, b T ;
anyn b6 (1 — qb3) (& — bet) (bsz — 1) (1 — fx)

T ()R (gz) + P4 (q2)W-(2) = A bs bsqt — f

Now we set p,, = FU where F is a gauge factor and U is the new independent variable, into (4.21)
and make a direct comparison with (4.20). Comparing the coefficients of U(z;t) and U(gx;t)
in this later equation we deduce that

F(gr,t) 1 (1—box)(1 — b3x)
F(z,t) t2  1—bgat~!1

A solution is given by

b tfl.
(et 50)os ),

F(x,t) = eq,t*(ﬂ?)m
) ) o0

where C'is a g-constant function, C(qz,t) = C(x,t). Now comparing the coefficients of U(qx; qt)
and U(gx;t) in the previous equation we find that

F(qz,qt) _ m_ be(ber — 1)
Fqz,t)  Anag(bsqt — f)a?

Substituting our solution into this equation we find a complete cancellation of all the  dependent
factors resulting in a pure g-difference equation in ¢

'%LCA’ . bﬁqt

WC  g(f —bsqt)’
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Thus we just need a solution C(t) independent of z, however we only require the existence of
a non-zero, bounded solution rather than knowledge of a specific solution. In conclusion we find
that our new mixed, divided-difference equation is now

207 (e ) — (1 — n_*—9 caf) —

which is clearly proportional to (4.20) with the identification U(z;t) = Y (¢~ a;t).
A second-order g-difference equation in the spectral variable x for one of the components,
say pn, was given in (2.22), and for ¢-linear grids can be simplified as

P @lan) - | T @)+ T (071) | pala)
N %% ‘IAyV (qilx)pn (qilx) —0. (4.22)
+

From the explicit solution of the gauge factor we note

F(qz,t) (1 —boz)(1l — bsgx) F(q 'zt t(t — beq ')

F(z,t) t(t — bgx) ’ F(z,t) (1 —bag~ ) (1 —bsg ')

Substituting the change of variables into (4.22) we compute that

4
1—-bz
W + AyV (x)F(qw,t) B 1 bjjl;ll( i)
Ty F(z,t)  (¢g—Dua, t 2z(x—g)
W — AyV F(q 'a,t) 1 t(z — beqt)(bsz — qt)

—1 _
T, (472) F(z,1) (¢ — Duyay z(z — qg)

In addition, using the explicit representations of the diagonal elements of A%, i.e., W (see
(3.28), (3.29)) we compute that

4 4
i fw W o jl;Il(l —bjx) X ﬁjl;ll(f —bj)
bt |x(x—g)  x(z—g)|,1, w(r—g)(1—fx)  f(1-fg)(l— fax)

_a(f —bsqt)(bsf —t) (2 — beqt)(bex — qt)(q — fx)

bsqt? f beqt?x(x — qg)

In summary we find

4 4 4
1-— bjl' 1-— bjl‘ X — bj
jl;ll( )U(q$) Ll jl;ll( ) N jl;[l(f ) _x(f = bsgt)(bs f — 1)
t*x(z — g) z(x—g)(1— fx)  f(1-fg)(1 - fa) bsqt? f

(z — begt) (bez — qt)
bez (T — q9)

(= —begt)(ber — qt)(q — f2)

—1 o
TR p— U(g'z) =0. (4.23)

U(zx) +

Thus we can see that (4.23) agrees exactly with (4.19) and the identification noted above.
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