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Abstract. The structure of orthogonal polynomials on R? with the weight function |23 —
22 |2k0 |z 9|2k e~ (@1 +73)/2 ig based on the Dunkl operators of type Bs. This refers to the full
symmetry group of the square, generated by reflections in the lines z; = 0 and z; — x5 = 0.
The weight function is integrable if kg, k1, ko + k1 > —%. Dunkl operators can be defined for
polynomials taking values in a module of the associated reflection group, that is, a vector
space on which the group has an irreducible representation. The unique 2-dimensional
representation of the group Bs is used here. The specific operators for this group and an
analysis of the inner products on the harmonic vector-valued polynomials are presented in
this paper. An orthogonal basis for the harmonic polynomials is constructed, and is used to
define an exponential-type kernel. In contrast to the ordinary scalar case the inner product
structure is positive only when (kg, k1) satisfy —% <kyxtk < % For vector polynomials
(fi)i1, (9s)i-; the inner product has the form [, f(x)K(x)g(a:)Te’(z%+‘”§)/2da:1dx2 where
the matrix function K (x) has to satisfy various transformation and boundary conditions.
The matrix K is expressed in terms of hypergeometric functions.
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1 Introduction

The algebra of operators on polynomials generated by multiplication and the Dunkl operators
associated with some reflection group is called the rational Cherednik algebra. It is parametrized
by a multiplicity function which is defined on the set of roots of the group and is invariant under
the group action. For scalar-valued polynomials there exists a Gaussian-type weight function
which demonstrates the positivity of a certain bilinear form on polynomials, for positive values
(and a small interval of negative values) of the multiplicity function. The algebra can also be
represented on polynomials with values in an irreducible module of the group. In this case
the problem of finding a Gaussian-type weight function and the multiplicity-function values for
which it is positive and integrable becomes much more complicated. Here we initiate the study
of this problem on the smallest two-parameter, two-dimensional example, namely, the group of
type Ba (the full symmetry group of the square).

Griffeth [7] defined and studied analogues of nonsymmetric Jack polynomials for arbitrary
irreducible representations of the complex reflection groups in the family G(r, 1,n). This paper
introduced many useful methods for dealing with vector-valued polynomials. In the present
paper we consider By, which is the member G(2,1,2) of the family, but we use harmonic poly-
nomials, rather than Griffeth’s Jack polynomials because the former play a crucial part in the
analysis of the Gaussian weight. There is a detailed study of the unitary representations of the
rational Cherednik algebra for the symmetric and dihedral groups in Etingof and Stoica [6].
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We begin with a brief discussion of vector-valued polynomials and the results which hold
for any real reflection group. This includes the definition of the Dunkl operators and the
basic bilinear form. The next section specializes to the group By and contains the construction
of an orthogonal basis of harmonic homogeneous polynomials, also a brief discussion of the
radical. Section 4 uses this explicit basis to construct the appropriate analogue of the exponential
function. Section 5 contains the derivation of the Gaussian-type weight function; it is a 2 x 2
matrix function whose entries involve hypergeometric functions. This is much more complicated
than the scalar case. The method of solution is to set up a system of differential equations, find
a fundamental solution and then impose several geometric conditions, involving behavior on the
mirrors (the walls of the fundamental region of the group) to construct the desired solution.

2 General results

Suppose R is a root system in RY and W = W(R) is the finite Coxeter group generated by

(v,v)
and v # 0). Let x be a multiplicity function on R (v = vw for some w € W and u,v € R
implies £(u) = k(v)). Suppose 7 is an irreducible representation of W on a (real) vector space V'
of polynomials in ¢ € RY of dimension n,. (There is a general result for these groups that
real representations suffice, see [1, Chapter 11].) Let Py be the space of polynomial functions
RN — V, that is, the generic f € Py can be expressed as f(z,t) where f is a polynomial in z, ¢
and f(z,t) € V for each fixed 2 € RY. There is an action of W on Py given by

wf(z,t) = f(zw,tw), we W.

Define Dunkl operators on Py, for 1 <i < N by

[z, t) + Z K(v)f(a:,tav) — f(a:av,tav)vi.

{z,0)

N
{0, : v € Ry} (where (z,5) == 3z, |z| == (x,2)V?, zo, == x — 24TV 4, for z,y,v € RN
i=1

]

D;if(x,t) == 88

vER,

There is an equivariance relation, for u € RN, w € W

N N
Z u;Diw = w Z(uw)ﬂ?l (1)
i=1 i=1

Ordinary (scalar) polynomials act by multiplication on Py. For 1 <i,j < N and f € Py the
basic commutation rule is

Dia;j f(a,t) — 2;Dif (x,t) = Sisf(x,0) +2 /{(U)T;Tgf(xav,tav). (2)

vERL

The abstract algebra generated by {x;, D; : 1 <i < N}URW with the commutation relations
zix; = x5, DiDj = DyD;, (2) and equivariance relations like (1) is called the rational Cherednik
algebra of W parametrized by k; henceforth denoted by A,. Then Py is called the standard
module of A, determined by the W-module V.

We introduce symmetric bilinear W-invariant forms on Py. There is a W-invariant form
(-,-)r on V; it is unique up to multiplication by a constant because 7 is irreducible. The
form is extended to Py subject to (z;f(x,t),g(x,t)); = (f(x,t), Dig(z,t)), for f,g € Py and
1 <4 < N. To be more specific: let {&(t) : 1 < i < n;} be a basis for V. Any f € Py has
a unique expression f(x,t) =Y, fi(x)&(t) where each fij(x) is a polynomial, and then

(f,9), =Y (&), (fi(D1,....DN) g(x,1)) la=0),, g € Py.

)

The form satisfies (f, g). = (wf,wg)r = (g, f)r, w € W.
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This is a general result for standard modules of the rational Cherednik algebra, see [4]. The
proof is based on induction on the degree and the eigenfunction decomposition of the operator

N
> x;D;. Indeed
i=1

N
ZmZD’Lf(m7t) = <x7v>f($7t) + Z K}(’U) (f(x,tO'U> - f(xavytav))a (3>
i=1

vER,

N
where V denotes the gradient (so that (z,V) = > zlﬁ) Because 7 is irreducible there are
_1 k2

1=
integers ¢, (v), constant on conjugacy classes of reflections (namely, the values of the character
of 7) such that

Z "i(v)f(xatav) = '7('“5; T)f(x,t), ’Y(K; T) = Z CT(U)K/(U)7

vER YL veERL

for each f € Py. The Laplacian is

Ay f(x,t): ZD2 f(x,t)

= afn) + 3w (ol p fnted —aentn) )

(x,v) (x,v)?

vERL

where A and V denote the ordinary Laplacian and gradient, respectively. Motivated by the
Gaussian inner product for scalar polynomials (case 7 = 1) which is defined by

f0)e = cx / F@)g(@) T lo)Pe o2z,

vERL

where ¢, is a normalizing (Macdonald-Mehta) constant, and satisfies

<f7 g>7‘ = <67AK/2f7 67AH/29>G7

we define a bilinear Gaussian form on Py by

(F,9)c = (e f,e% )
0 n
Note e=2+/2 .= S %AQ is defined for all polynomials since A, is nilpotent. From the
n=0
relations

Ap(zif(z,1)) = 2 A f(2,1) 4 2D, f (2,1), e 2 (g f (1) = (z — Dy)e 22 f(a, 1),

we find that ((z; — D;)f,9)¢ = (f,Dig)c, for 1 < i < N and f,g € Py. Thus the multiplier
operator z; is self-adjoint for this form (since z; = D; + D}). This suggests that the form
may have an expression as an actual integral over R, at least for some restricted set of the
parameter values k(v). As in the scalar case harmonic polynomials are involved in the analysis
of the Gaussian form. The equation

N
> (@D + Dizi) = N +2(2, V) + 2y(s; 7)
=1
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shows that
Az f = 2mla 2D (2m — 24 N + 29(5; 7) + 202, V) f + [ A S,

for f € Py. For n = 0,1,2,... let Py,, = {f € Py : f(ra,t) = r"f(x,t),Vr € R}, the
polynomials homogeneous of degree n, and let Hy ., := {f € Py, : Axf = 0}, the harmonic
homogeneous polynomials. As a consequence of the previous formula, for m = 1,2,3,... and
f € Hv,k,n one obtains

AR (|2 f(,)) = 45 (=m)k(1 — m — N/2 —5(r;7) = n)gla "2 f(x,1). (4)

k
(The Pochhammer symbol (a)y is defined by (a)o= 1, (a)k+1= (a)x(a+k) or (a)r :==]] (a+i—1).
i=1
In particular (}) = (—1)“7{3%)’“ and (—n)p =0 for n=0,...,k —1.) Thus A*(|z|>"f(z,t)) =0
for & > m. With the same proofs as for the scalar case [5, Theorem 5.1.15] one can show
(provided v(k;7) + % #0,—1,-2,...): if f € Py,, then

[n/2]
_ 1 N
ﬂ-mnf L JZO 4‘7]'(_’}/(5, 7_) —TL+2 _ N/2)]|x’ Anf € HV,K,TLJ (5)
[n/2]

1
F= ;::0 W\ (y(r; T) + N/2 + 1 — 2j);

|2 ¥ 7 i (ALS).

From the definition of (-, ), it follows that f € Py, g € Pv,, and m # n implies (f, g)> = 0.
Also if f € Hvem, 9 € Hv e, m # n then <|:L‘|2“f, |$|2bg>T =0 for any a,b =0,1,2,.... This
follows from the previous statement when 2a + m # 2b + n, otherwise n = m + 2a — 2b and
assume m < n (by symmetry of the form), thus <]:U|2“f, |x|2bg>T = <f, Az|m|2bg>7 = 0 because
a > b. This shows that for generic x there is an orthogonal decomposition of Py as a sum of
|Z|>Hy n over myn =0,1,2,.... If f,g € Hy,xn then

(a>™f, 2P g)_ = (f, Ap|x[*™g)_ = 4™m] (27 +y(kT) + n) (f.9)r (6)

so to find an orthogonal basis for Py, it suffices to find an orthogonal basis for each Hy . .

The decomposition formula (5) implies the dimensionality result for Hy . (when v(x;7) +
& ¢ —Np). It is clear that dim Py, = dim Pr,, dimV = (V") dim V', and by induction (for
n>1)

. ) ) N+n—-2\N+2n—-2
dim HV,H,TL = dim P\/’n — dim Pvm/_z = ( N —29 ) m dim V. (7)
We will need a lemma about integrating closed 1-forms. Consider an N-tuple f = (f1,..., fn)

€ P{/V as a vector on which W can act on the right. Say f is a closed 1-form if D;f; — D;jf; =0
for all 4, j.

Lemma 1. Suppose f is a closed 1-form and 1 < j < N then

N
D; infi(:v,t) = (2, V) + 1+ y(r:7) fi,t) = Y K(v)(f(2oy, toy)0y);.

vERL
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Proof. By the commutation relations (2)

N
Zl‘zfz x,t) :Z x;Djfi + 05 fi +2 Z k(v) ’ |2 fz(l'av,tav)
i=1 vER,
N N
=> aDifi+fi+2 Y Kl v); TQ > filzon, toy)u;.
i=1 vERS i=1
The calculation is finished with the use of (3). [ |

Corollary 1. Suppose f is a closed 1-form, homogeneous of degree n and

Z k() (zoy, toy)o, = Af(x,t)

vER

for some constant A, then

N
D; Z:rif,-(:r,t) =n+1+v(k;7) = Xe)fi(z,t)
i=1
for1<j<N.

3 The group B»

The rest of the paper concerns this group. The group W (Bz) is the reflection group with positive
root system Ry = {(1,—1),(1,1),(1,0),(0,1)}. The corresponding reflections are

+ 01 . 0 -1 -1 0 1 0
9127 |1 ol 912711 o | T=0 0 1) 2= 1y _q|-

The values of % on the conjugacy classes {05,015} and {71, 02} will be denoted by ko and k1,
respectively. We consider the unique 2-dimensional representation 7 and set V' := span{t1,t2}.
The generic element of Py is f(z,t) = fi(z)t1 + f2(z)t2. The reflections act on this polynomial
as follows

olxf(z,t) = foza, z1)t1 + fi(me, z1)ts,

o f(x,t) = —fa(—x2, —1)t1 — f1(—x2, —21)t2,
o1 f(x,t) = = fi(=w1, 22)t1 + fo(—x1, 22)t2,

oo f(x,t) = fi(wr, —w2)ts — fo(x1, —x2)ta.

Here is the formula for D; (D is similar)

Dy f(x,t) = <9a:mf(x’t) Tk f(x1, 22, —t1,12) ;lf(—xl,xg, —t1, 1)

f($17 $2,t2, tl) - f(x27xla t27t1)

+ ko
Tr1 — X2
f(xlv x2, _t27 _tl) - f(—l'Q, —T, _t27 _tl)
+ k‘o .
T+ X2

Since the matrices for the reflections all have trace zero we find that v(x;7) = 0. We investigate
the properties of (-,-); by constructing bases for each Hy  ,; note dimHy,,, = 4 for n > 1.
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The form on V is given by (t;,t;)> = di;. A convenient orthogonal decomposition is based on
types defined by the action of (01, 09): suppose f satisfies o1f = e1f, oof = e2f, then f is of
type EE, EO, OE, OO if (e1,e2) = (1,1),(1,—-1),(—1,1),(—1,—1) respectively (E is for even,
O is for odd). Because the reflections are self-adjoint for the form (-, -), it follows immediately
that polynomials of different types are mutually orthogonal. By formula (7) dim Hy,,, = 4 for
n > 1. The construction of the harmonic basis {p,; : n >0, 1 <14 < 4} is by a recurrence; the
process starts at degree 1. Set

P11 = T1t1 + T2to, P12 = —xat1 + x1t2,

P13 := T1t1 — xals, P14 := —xot1 — T1to.

Thus p1,1, p1,3 are of type EE and p1 2, p1,4 are of type OO. Also (p1.1,p13) =0 = (p1,2,P1,4)~

because 015p1.1 = P11, 01aP1,3 = —P1,3, O1aP12 = —P1,2, O13P14 = P1.4. The same decomposi-
tions work in Hy ., for each odd n. By direct computation we obtain

(P1,1,p1,1)r = 2(1 — 2ko — 2ky), (p1,2,p1,.2)r = 2(1 + 2ko + 2k1),

(P1,3,01,3)r = 2(1 + 2ko — 2k1), (P14, p1,4)7 = 2(1 — 2ko + 2k1).

These values show that a necessary condition for the existence of a positive-definite inner product
on Py is —% < xko Ltk < % Note this is significantly different from the analogous condition
for scalar polynomials (that is, 7 = 1), namely ko, k1, ko + k1 > —%. The formulae become more
readable by the use of

ky = ko + k1, k_ =k —ko.

The recurrence starts at degree 0 by setting pp1 = pos = t1 and pgp2 = —poa = t2 (in the
exceptional case n = 0 there are only two linearly independent polynomials).

Definition 1. The polynomials p,; € Py, for n > 1 and 1 <14 < 4 are given by

_P2m+1,1 P2m+1,3} — [331 xz] [me,l sz,:s] m>0
|1 P2m+1,2  P2m+1,4 —22 1| |P2m2 DPomal’ -
and
'pzm,l] _ 1 [ 71 xQ] [(2771 —1+ 2k_)p2m_173]
Pom2| " 2m—1 |—x2 xi] [(2m—1—2k_)pom—14]’
_p2m,3 — 1 x1  wo| [(2m—1+ 2k+)p2m_171
| P2m,4 T o2m—1 —x2 I (2m —1- 2k+)p2m—1,2 ’
for m > 1.

The construction consists of two disjoint sequences

142k 3+2k_ 542k
[pm} F2+ [pz,z] N [p3,3] pt [p4,1} _ {p5,1] _>+,

P12 D24 P34 D42 P52

142k 3+2k 542k
[pm} 2 [p2,1] N [P3,1] 2 [p4,3} N [ps,z&] sl
P14 Db2.2 b3 2 yZw! D54

The typical steps are [pom+1.4] = X [Pam,«] and [pam+2.+] = XComi1[P2m+1,0) (* and o denote
a 2-vector with labels 1, 2 or 3, 4 as in the diagram) where

2 142\
X — T i) C - 773;;le 0
=|_ 5 2m—+1 — 0 2m—+1-2X\ | »
T2 Il 2m+1

where A\ = k4 or k_ (indicated by the labels on the arrows). Each polynomial is nonzero,
regardless of the parameter values. This follows from evaluation at x = (1,1). Let z := 1 + ito.
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Proposition 1. If n =4m + 1 or 4m with m > 1 then

o1 (1,1) ,pn2 (1,1) s o3 (1,1)  pra (1,1)] = 277 [z, —iz, 7, —i2];
if n=4m+ 2 or 4m + 3 with m > 0 then

a1 (1,1) 202 (1,1) a3 (1,1) s oo (1,1)] = 271 [2, =iz, 2, —i2].

Proof. The formula is clearly valid for n = 1. The typical step in the inductive proof is

[pn+1,1} _ [1 i] [ C1Pn ¢ ] ) [ DPn,e ]
Pn+1,2 —i 1] |—icapnye —ipne]|’
because ¢1 + co = 2. If n is odd then ¢ = 3, otherwise £ = 1. The same argument works for

Pnt1,3y Pntld- u

The types of pam+1,15 Pam+1,2, P2m+1,3; P2m+1,4 are EE, OO, EE, OO respectively and the
types of pom.1, P2m.2, P2m,3, P2m,a are OE, EO, OE, EO respectively.

Proposition 2. Form >0

P2m+1,1 DP2m+1,1 DP2m,1 DP2m,2
+ [P2m+12| | —P2m41,2 + | P2m,2| _ | P2m,1
012 = ) 012 =
P2m+1,3 —P2m+1,3 P2m,3 —P2m 4
Pom+1,4 P2m+1.4 P2m,4 —P2m,3

Proof. Using induction one needs to show that the validity of the statements for 2m —1 implies
the validity for 2m, and the validity for 2m implies the validity for 2m + 1, for each m > 1.
Suppose the statements hold for some 2m. The types of pa,, 11, are easy to verify (1 <i < 4).
Next

+ _ _+ _ + +
O19P2m+1,1 = 012($1P2m,1 + x2P2m,2) = X2019P2m,1 + T1019P2m,2
= T2P2m,2 + T1P2m,1 = D2m+1,1,
O.-i— _ +( — ) — + —r + _
19P2m+1,2 = O19(L1P2m 2 2P2m,1) = T2019P2m 2 1012P2m,1 = —P2m+1,2,

and by similar calculations 0{3p2m+173 = —pam+1,3 and Uﬁp2m+174 = —Pom+1,4. Now suppose
the statements hold for some 2m — 1. As before the types of pa,,; are easy to verify. Consider

n v (2m—1+2k_ 2m —1— 2k_
T19P2m1 = 01y | — 5 7 1P2m-13 + o1 Y2Pam-14
2m — 1+ 2k_ 2m — 1 — 2k_
=0 T2P2m-13+ — - T1P2m—1,4 = P2m,2,
2m —1 2m —1
2m — 14 2k 2m —1— 2k
1 _ + +
O19P2m,3 = 019 ( om — 1 T1P2m—1,1 + o — 1 332p2m1,2>
2m — 1+ 2k, 2m — 1 — 2k,
=5 - X2P2m-11— — 5 5 TiP2m—12 = —P2m4-
2m —1 2m —1
Since (075)? = 1 this finishes the inductive proof. [

Corollary 2. The polynomials {pam+1,: 1 < i <4} are mutually orthogonal.

Proof. These polynomials are eigenfunctions of the (self-adjoint) reflections o1, o, with diffe-
rent pairs of eigenvalues. |
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We will use Corollary 1 to evaluate D;p,, ; (with i =1,2 and 1 < j < 4). We intend to show
that the expressions appearing in Definition 1 can be interpreted as closed 1-forms f which are

eigenfunctions of f — > k(v)f(xoy,to,)o,. In the present context this is the operator
vERL

p(fi(x,1), fa(x,1)) := k1 (=01 + 02) f1, (01 — 02) f2) + ko (015 — 013) f2, (075 — 013) f1).-

It is easy to check that (o1 —02) f(z,t) = 0 = (075 —015) f(z,t) whenever f € Py for m > 0.
For the even degree polynomials f(x,t) one finds (07, — op,)f = 205 f , (01 — 02)f = =2f if f
is of type OF and (01 — o2)f = 2f if f is of type EO.

Theorem 1. For m > 1

2m — 1+ 2k_ 2m — 1 — 2k_
Dipom,1 = 2m—————DP2m—1,3, Dopom,1 = 2m—————P2m—14,
2m —1 2m —1
2m — 1 — 2k_ 2m — 1+ 2k_
Dipom2 = 2m——————Pom—14, Dopom2 = —2m——(————pP2m—1,3,
2m —1 2m —1
2m — 1+ 2k 2m — 1 — 2k
Dipom,3z = 2m—+p2m—171, Daopom,z = 2m—+P2m—1,27
2m —1 2m —1
om — 1 — 2k om — 1+ 2k
Dipama = 2m—+P2m—1,2, Dopama = —Qm—+p2m—1,1,
2m —1 2m — 1

and for m > 1 (in vector notation)

[D1, Dalpam+1,1 = (2m + 1 — 2k1)[pam,1, P2m.2),
[D1, Dalpam+1,2 = (2m + 1+ 2k1)[pam,2, —P2m,1]s
[D1, Dalpam+1,3 = (2m + 1 — 2k_)[pam,3, P2m.4l,
[D1, Dalpam+1,4 = (2m + 1+ 2k_)[p2m 4, —P2m,3)-

Proof. Use induction as above. In each case write p,, ; in the form x1 fi +x2 fo with Dy f1 = D1 f1
and apply Corollary 1. Suppose the statements are true for some 2m — 1 (direct verification for
m = 1). Then

2m — 14 2k_ 2m — 1 — 2k_
Pom1 =21 | — 5 ——=—DP2m-13 | + T2 | —5—F—DP2m-14

2m —1 2m —1
and
2m — 14 2k_ (2m—1+2k_)(2m —1—2k_)
Dy| —5———p2m-13) = D2m—2,4
2m — 1 2m —1
2m — 1 —2k_
—p (T
1 < o — 1 Pom 1,4)

by the inductive hypothesis. Since ppa;,—1,; = 0 for 1 < ¢ < 4 Corollary 1 shows that Dipay, 1 =

Qm(%mm,l’g) and Dopay, 1 has the stated value. Also

2m—1—2/€+ 2m—1—|—2k+
Pom1 =21 | —x———P2m-12 | + X2 | ——F—————DP2m—-1,1 | »
2m —1 2m —1

and

2m — 1 —2ky (2m —1+2k_)(2m —1—2ky)
Dy| ————DPom-12) = — DP2m—2,1
2m —1 2m —1

2m — 1+ 2k
=D ——+p2m—1,2 ;
2m — 1
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and so Dapom 4 = Qm(—zmgzllif?k*mm_l,l). The other statements for ps,, ; have similar proofs.

Now assume the statements are true for some 2m. The desired relations follow from Corollary 1
and the following

P(P2m,1s Pam,2) = 2ko(075p2m,2, 015pam.1) + 2k1 (P2m,1, Pom,2)
= (2ko + 2k1)(p2m,1, P2m,2), A = 2ky;
p(P2m.2, —P2m.1) = 2ko(—015p2m.1, 01apom.2) — 2k1(P2m,2, —Pam,1)
= (—2ko — 2k1)(p2m,2, —P2m,1), A = —2ky;
p(D2m 3, P2m.a) = 2ko(015pam 4, 01op2m.3) + 2k1(Pom.3, Pam.a)
= (—2ko + 2k1)(p2m.3, P2m.4), A = 2k_;
p(p2m.a, —P2m,3) = 2ko(—01502m,3, 0{oD2m,4) — 2k1(D2m,4, —D2m.3)
= (2ko — 2k1)(P2m,4, —P2m,3); Ao = —2k_.

The closed 1-form condition is shown by using the inductive hypothesis. A typical calculation is

2m — 1+ 2k_
DP2m+1,2 = T1P2m,2 — T2P2m,1, Dopom,2 = —2mwp2m—1,3 = —D1pom,1-
This completes the inductive proof. |
Corollary 3. Suppose n > 1 and 1 < i <4 then Agpp; = 0.
Proof. By the above formulae D%pm = —D%pm- in each case. As a typical calculation
2m — 1+ 2k_
Dipom = D1 | 2m—————pom-—13
2m —1
2m
= 2m — 1+ 2k_)(2 1—2k_ _
2m_1(m +2k_)(2m + k—)pam—2,3
2m — 1 — 2k_
D%P2m,1 = Do (2m2m_1pzm—1,4)
2o 41— 2k )(2m + 1+ 2k )( )
= m —2k_)(2m )(—p2m—23).
om — 1 P2m—2,3
It suffices to check the even degree cases because A, f = 0 implies A,D;f = 0. |

Because pay,,1 and pay, 3 are both type OE one can use an appropriate self-adjoint operator
to prove orthogonality. Indeed let Uiy := sz(ngl — x1D3), which is self-adjoint for the form

<'7'>7—-

Proposition 3. Suppose m > 1 and 1 < i < 4 then Uiapam,; = 2me;pam,; where €1 = g4 = —1
and g9 = e3 = 1.

Proof. This is a simple verification. For example

(z2D1 — 11D2)pama = (z2(2m — 1 — 2k )pom—1,3 +21(2m — 1 + 2k; )pam—1.4)

m
2m —1
= 2mp2m,37
d o = — [ |
and g19P2m,3 P2m 4-

Corollary 4. For m > 1 the polynomials {pom;: 1 <i <4} are mutually orthogonal.

Proof. These polynomials are eigenfunctions of the self-adjoint operators o1 and Ujo with
different pairs of eigenvalues. |
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Proposition 4. For any ko, k1 and n > 1 the polynomials {pn; : 1 < i < 4} form a basis
fO?” HV,n,n-

Proof. The fact that p,; # 0 for all n, i (Proposition 1) and the eigenvector properties from
Propositions 2 and 3 imply linear independence for each set {py;: 1 <1i < 4}. [ |

We introduce the notation v(f) := (f, f)- (without implying that the form is positive). To
evaluate v(py,i) we will use induction and the following simple fact: suppose f = z1f1 + 222
and D;f = af; for i = 1,2 and some « € Q|ko, k1] then

v(f) =z f1, [)r +(x2fo, [)r = (f1,D1f)r + (f2o, Do f )7 = a(v(f1) +v(f2)).

By use of the various formulae we obtain

2m—1+2k_ > 2m—1-2k_ "
v(pam,1) = v(pam,2) = 2m<<2m_1> v(p2m—1,3) + <2m—1> V(P2m1,4)>,

2m—1+2ky \ > om—1-2k; \ 2
v(pam.3) = v(pama) = 2m<<2m—1+> v(pam—1,1) + <2m—1+> v(pam—1.2) |,

and

v(pams1,1) = 2(2m + 1 — 2k )v(pam), V(pam+1.2) = 2(2m 4+ 1 + 2k )v(pam1),
V(pam+1,3) = 2(2m + 1 — 2k_)v(pam 3), v(pam+1,4) = 2(2m + 1+ 2k_)v(pam,3)-

From these relations it follows that

(2m+1—2k_)(2m+ 1+ 2k_)

v(p2m+2,1) = 8(m + 1) o+ 1 v(pam,3),
(2m+1—2ky)(2m + 1+ 2ky)

m = 1 m.l)-

v(p2m+42,3) = 8(m+ 1) om 1 1 v(pam,1)

It is now a case-by-case verification for an inductive proof. Define a Pochhammer-type function
(referred to as “II” in the sequel) for notational convenience

(i + %)m-i—m (% B %)m+€2 (% + %)m+a3 (% _ g)m+54

(%)m-{-el (%)m-‘,—ag (%)m-‘,—sg, (%)m-}—&l ’

where m > 0 and e1e9e3¢e4 is a list with ¢; = 0 or 1. To avoid repetitions of the factor 2™n! let

V' (pni) = v(pn.a)/(2"n}).

I (a,b,m,e1e9e384) 1=

Then

V' (pam.1) = V' (pam,2) = M(k+, k—, m,0000),

V (pam.3) = V' (pam,a) = (k—, k4, m,0000),

V (pam+2,1) = V' (Pam+2,2) = IL(k_, k4, m, 1100),

V (pam+2,3) = V' (pam+2.4) = (k4 , k—,m, 1100), (8)
and

l//(p4m+171) = (ky, k—, m,0100), I//(p4m+172) = I(ky, k—,m,1000),
I/l(p4m+173) = H(k_, k+, m, 0100), I//(p4m+174) = H(k_, k+, m, 1000), (9)
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I/I(p4m+371) =I(k_, k+,m,1101), I//(p4m+3,2) =I(k_, ky,m,1110),
l//(p4m+373) = H(k+, k_, m, 1101), I//(p4m+374) = H(k+, k_, m, 1110). (10)
These formulae, together with the harmonic decomposition of polynomials, prove that (-, ), is
positive-definite for —% < ki k- < % (equivalently —% < tkot+ ki < %) (this is a special case
of [6, Proposition 4.4]).
These norm results are used to analyze the representation of the rational Cherednik algeb-
ra A, on Py for arbitrary parameter values. For fixed kg, k1 the radical in Py is the subspace

rady (ko, k1) :={p: (p.q)r =0Vq € Py}

The radical is an A,-module and the representation is called unitary if the form (-, ), is positive-
definite on Py /rady (ko, k1). By Proposition 4 {|z[*™p,;} (with m,n € Ny, 1 < i < 4, except
1 <4 <2 when n =0) is a basis for Py for any parameter values (see formula (5)).

Proposition 5. For fized ko, k1 the set {|z|*™pp,i : v(pni) = 0} is a basis for rady (ko, k1).

Proof. Supposep = amvn’i\x|2mpn7i erady (ko, k1) then (p, ]m\ﬂpk’j)T:ag7k7j4£€!(k+1)gy(pk7j)

m,n,i
by (6), thus asy ; # 0 implies v(py ;) = 0. n
For a given value ki = 5 +my or k— = 5 +m_ (or both) with m, m_ € Z the polynomials
with v (pg ;) = 0 can be determined from the above norm formulae. For example let k. = _%

then rady (ko, —3 — ko) contains p,; for (n,i) in the list (1,2), (n,1), (n,2) (n > 2 and n =
0,1mod4), (n,3), (n,4) (n > 2 and n = 2,3mod4). In particular each point on the boundary
of the square —% <kytk < % corresponds to a unitary representation of A,.

4 The reproducing kernel

In the 7 = 1 setting there is a (“Dunkl”) kernel E(x,y) which satisfies DZ@)E(w, y) =vyiE(z,y),
E(x,y) = E(y,z) and (E(-,y),p)1 = p(y) for any polynomial p. We show there exists such
a function in this Bs-setting which is real-analytic in its arguments, provided % +hkot ki ¢Z.

This kernel takes values in V ® V; for notational convenience we will use expressions of the form
2 2

> > fij(x,y)sit; where each fi;(x,y) is a polynomial in 1, 2, y1, y2 (technically, we should

i=1j=1

write s; ®t; for the basis elements in V ® V). For a polynomial f(z) = fi(z)t1+ fo(x)t2 let f(y)*

denote f1(y)s1 + f2(y)s2. The kernel E is defined as a sum of terms like ﬁpn,i(y)*pmi(ﬂi);
by the orthogonality relations (for m,n =0,1,2,... and 1 <1i,5 <4)
1 * *
ml)n,i(y) <Pn,z‘,pm,j>r = 5mn5ijpn,i(y) .

By formulae (4) and (6)
<‘$|2apn’i($), ’Q?‘prmd‘(.%')%_ - 6nm5ab6ij4aa!(n + 1)ay(pn,i)-

We will find upper bounds on {p, ;} and lower bounds on {v(p,;)} in order to establish con-
vergence properties of E(x,y). For u € R set

M=

1
U+2+m’.

The condition that v(p,;) # 0 for all n > 1,1 < i < 4 is equivalent to d(ky)d(k—) > 0, since
each factor in the numerator of II is of the form 1 + (ko £ k1) +m or 3 + 2(£ko £ k1) +m
form=20,1,2,....
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Definition 2. Let Py(z,y) := sit1 + sato and for n > 1 let

Eﬂg

Pn(xay) pnz pn,i(x)-
i=1
For n > 0 let
2 2\m 2 2\m
(21 +23)" (i +43)
E = P,_ .
n(x7y) Z 4mm)| (7’L —om+ 1) n 2m(z7y)
0<m<n/2 m

Proposition 6. If ko, k1 are generic or d(ky)d(k—) > 0, and n > 1 then (En(-,y), f)r = f(y)*
for each f € Py, and Dgw)En(:n,y) =y En_1(x,y) fori=1,2.
Proof. By hypothesis on ko, k; the polynomial FE,(z,y) exists, and is a rational function

of ko, k1. The reproducing property is a consequence of the orthogonal decomposition Py, =

> @|x\2m7{vﬁ,n,2m. For the second part, suppose f € Py,,—1, then
0<m<n/2

(DI En(,9), f(2)), = (Ea(@,y), 2:(@))r = yif @) = 9 Bn-1(2,), f(2))r.

If =3 < 4ko+k < 1 the bilinear form is positive-definite which implies DB, (z,y) =

yiEn—_1(z,y). This is an algebraic (rational) relation which holds on an open set of its arguments

and is thus valid for all kg, k1 except for the poles of E,,. |
2

Write E,(x,y) = Y. En;j(z,y)s;t; then the equivariance relation becomes E,, ;;(zw, yw) =

1,7=1
00

(wE, .(z,y)w);; for each w € W(Bsy). Next we show that Y E,(z,y) converges to a real-
n=0

entire function in z,y. For p(z,t) = p1(x)t1 + pa(x)ta € Py let B(p)(z) = p1(z)? + p2(x)>.

Lemma 2. Suppose m >0 and i =1 or 3 then

B(pam+1.0) () + B(pam+1i41) (@) = (27 + 23) (B(p2mi) () + B(P2m,it1)(x)).

Proof. By Definition 1 pomt1,; = T1P2m,i + T2D2m,i+1 and Pami1i+1 = —Z2P2m,i + T1D2m,i+1-
The result follows from direct calculation using these formulae. |

Lemma 3. Suppose m > 1 then

B(p2m,1)(x) + B(pam2)(x)
2 2
— (31 a3) <<M> B(pom—1)() + (M) 6<p2m1,4><x>) |

2m —1 2m —1
B(p2m,3)(x) + B(p2m,4) (@)

2 2
— (a2 + a3) ((M) 5(p2m1,1)($)+<2m_1_2k+> 5(p2m1,2><x>>-

2m —1 2m —1
Proof. This follows similarly as the previous argument. |

Proposition 7. Suppose m > 0 and i =1 or 3 then

B(p2m.i)(x) + B(p2m,it1)(x < 12+ |1le2| 1K) ) (7 + m%)zm,
B(p2m+1,i) (@) + B(p2my1,i+1)(x) < 2 <(1/2 +(‘1k/02‘); Ll ) (1 + 5’7%)%“'
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2m—1i2k0i2k1)2 < (%)
2m—1 = m—1/2

The beginning step is 3(p1,;)(z) + B(p1,i41)(z) = 2(2% + z3). [ |

Proof. Use induction, the lemmas, and the inequality (

By Stirling’s formula

(1/2+ [kol + [F1m _ I'(1/2) L(1/2 + [ko| + |ka| +m)
(1/2)m - T(1/2+ [ko| + [kr]) L(1/2+m)
I(1/2) kol k|

L(1/2 + [ko| + [k1])

as m — oo. For the purpose of analyzing lower bounds on [v/(p, ;)| we consider an infinite
product.

Lemma 4. Suppose u > 0 then the infinite product
w(u; z) = 1—-——
wa)=I1 (- o)
n=0
converges to an entire function of z € C, satisfies

T (u)?
T(u+2)T(u—2z)’

w(u;z) =

and has simple zeros at £(u+n), n=0,1,2,....

|2
(u+n)2
(this means that the partial products converge to a nonzero limit, unless one of the factors
vanishes). Suppose that |z| < u then Re(u + z) > u — |z| > 0 and

ﬁ< u+n2)=nﬁ:ﬂw(“”>(;§;“z>m

Proof. The product converges to an entire function by the comparison test: Z < 00

n=0 m
B I'(u)? lim N(u+z+m)T(u—2+m) _ I'(u)?
o F(u + z)F(u — z) m—00 F(u + m)2 F(u + z)F(u — Z)’

by Stirling’s formula. The entire function w(u;-) agrees with the latter expression (in I') on an
open set in C, hence for all z. [ |

Corollary 5.

1. Ifn=0,1mod4 and i =1,2 orn = 2,3mod4 and i = 3,4 then
1 ky 3 k_
Jggowpm)—w(zl Q)w(4,2>~
2. If n=0,1mod4 andi=3,4 orn=2,3mod4 and i = 1,2 then

Jm Vpng) =w( gy el g )

Proof. The statements follow from formulae (8), (9) and (10). [ |

For a € R with a + % ¢ Z let ((a)) denote the nearest integer to a.
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Lemma 5. For each (n1,n2) € Z? there is a constant C(n1,ng) such that ((ki)) = n1 and
((k-)) = ng implies |v/(pni)| = C(n1, n2)d(ky)d(k-).

Proof. It suffices to consider Case 1 in the corollary (interchange k; and k_ to get Case 2).
The limit function has zeros at k; = :l:‘”’é—Jrl and k_ = j:4m—2+3 for m = 0,1,2,.... For each
n1 # 0 and ny # 0 there are unique nearest zeros ky = z1 and k_ = zo respectively; for example
if n1 is odd and ny; > 1 then z; = ny — %; and if ny is even and ny < —2 then z9 = ng + %
Consider the entire function

Flbesk) = G Ct k;) v C)t 2) '

If n; = 0 then replace the factor (z; — ky) by (% — k:i), and if ny = 0 replace (2o — k_) by 1.
In each of these cases the quotient is an entire function with no zeros in |n; — ky| < % and
|ng —k_| < % Thus there is a lower bound C in absolute value for all the partial products of f,
valid for all k4, k_ in this region. The expressions for v/(p, ;) (see formulae (8), (9) and (10))

4
involve terms in {g;} but these do not affect the convergence properties (and note 0 < > g; <3
i=1
in each case). Since |21 — k4| > d(k4) and |z — k—| > d(k_) we find that the partial products
of (z1 — ky)(22 — k=) f(k4,k_), that is, the values of v(py;)/(2"n!), are bounded below by
d(k4)d(k—)C1 in absolute value. In case ny = 0 the factor (3 —k%) = d(ky)(1—d(ks)) > Sd(ky)
(and in the more trivial case ng = 0 one has 1 > £ > d(k_)). [

Theorem 2. For a fized ko, k1 € R satisfying d(ky)d(k—) > 0 the series E(z,y) = Y. Ep(z,y)
n=0

converges absolutely and uniformly on {(z,y) € R* : |z|* + |y|* < R?} for any R > 0.
Proof. We have shown there is a constant C’ > 0 such that

" y" <g)‘kol+l’ﬂ‘

)

and thus the series

m‘Zm’y‘Qm > |2m’y‘2m

Ex,y)=> >, 4mm!’(n om T l)mPn_zm(:c,y) = ;Pz(w’y) > M

n=00<m<n/2 m=0

converges uniformly for |z|? + |y|? < R2. [

Corollary 6. Suppose f € Py then (E(-,y), f)r = f(y)*; also Dgx)E(:c,y) = y; E(x,y) for
i=1,2.

As in the scalar (7 = 1) theory the function E(x,y) can be used to define a generalized
Fourier transform.
5 The Gaussian-type weight function

In this section we use vector notation for Py: f(z) = (fi(x), fa(z)) for the previous fi(x)t1 +
fa(z)t2. The action of W is written as (wf)(z) = f(zw)w~!. We propose to construct a 2 x 2
positive-definite matrix function K (z) on R? such that

(ada= [ @K@ e, vfgePy,
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and with the restriction |ko£k1| < %; the need for this was demonstrated in the previous section.
The two necessary algebraic conditions are (for all f, g € Py)

(f,9)¢ =(wfwg)a, weW, (11)
(i =Di)f.9)a = ([, Digla, i=12 (12)

We will assume K is differentiable on Q := {z € R? : z129(2? — 22) # 0}. The integral formula

is defined if K is integrable, but for the purpose of dealing with the singularities implicit in D;
we introduce the region

Qe == {z : min(|z1], |zal], |21 — 22, |21 + 22[) > €}
for £ > 0. The fundamental region of W corresponding to Ry is Cop = {x : 0 < z2 < z1}.

Condition (11) implies, for each w € W, f,g € Py that

flew)w™ K (@)wg(aw) e 2de = | fa)o K (ew™ Y wg() e e
R2 R2

— [ T K@)
RQ

1

For the second step change the variable from x to zw ™! (note w? = w™!). Thus we impose the

condition
K(zw) = w K (z)w.

This implies that it suffices to determine K on the fundamental region Cy and then extend to
all of Q by using this formula. Set 0; := 6%1“ Recall for the scalar situation that the analogous

weight function is hy(z)? where h,(z) = ];[% |(x,v)|**) and satisfies
veEi4
;i
Oihw(z) = D K(v) P he(z), i=1,2

vER
Start by solving the equation

OiL(x)= Y k()

vERL

o) L(x)o,, i=1,2, (13)

for a 2 X 2 matrix function L on Cy, extended by
L(zw) = L(z)w

(from the facts that w™lo,w = 0y, and k(vw) = k(v) it follows that equation (13) is satisfied
on all of Q) and set

K(z) := L(z)"L(z),

with the result that K is positive-semidefinite and (note 0! = o)

OiK(x) =Y k(v)

vER,

0] (0o K (z) + K(x)oy). (14)

Then for f,g € Py (and i = 1,2) we find

— 0 (f(2)K ()g(x)Te 1P 12)eloP/2 — g, f(2) K (2)g(2)T — (i f (2)) K (x)g(x)"
— f@)TK(@)@ig(@)T — Y k(o) { f@)o, K (2)g(2)" + f(2) K (z)oug(x)T}.

vER <:L" U>
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w2 0

7K

20 - 0

x1

Figure 1. Region of integration.

Consider the second necessary condition (12) ((z; — D;)f,9)c — (f.Dig)c = 0, that is, the
following integral must vanish

/Q {((xi = Di) () K (2)g(x)" = f () K (2)(Dig(w )" pe™ =/ 2z
= —/Q 81'(f(x)K(x)g(x)T@*\xlzﬂ)dm

£ 3 k) / Ui b (20y)ou K (2)g(2)T + f(2)K (@)ovg(zoy)T }da.

vERy Qe <.Z', 'U>

In the second part, for each v € R, change the variable to xo,, then the numerator is invariant,
because o,K (xz0,) = K(x)o,, and (zo,,v) = —(x,v), and thus each term vanishes (note €.
is W-invariant). So establishing the validity of the inner product formula reduces to showing
lim st Oi(f(z)K (z)g(z) e~ |z|2/2)dw = 0 for 7 = 1,2. By the polar identity it suffices to prove

e—04
this for g = f. Set Q(z) = f(z)K (z)f(x)TeI**/2.

By symmetry (0;5D107, = Ds) it suffices to prove the formula for i = 2. Consider the part
of Q. in {x; > 0} as the union of {z : ¢ < |x2| < 21 —¢e} and {7 : ¢ < 21 < |22| — €} (with
vertices (2¢, £¢), (¢, +2¢) respectively). In the iterated integral evaluate the inner integral over
x2 on the segments {(z1,22) : € < |2 < z1 — ¢} and {(z1 — &,22) : 1 < |z2|} for a fixed
x1 > 2¢; obtaining (due to the exponential decay)

—(Q(z1 —&,71) — Q(z1,71 —€)) — (Q(21,¢) — Q(21, —¢€))
— (Q(z1, —21 + ) — Q(z1 — &, —11)).

See Fig. 1 for a diagram of ). and a typical inner integral.
By differentiability

hij(x1,€) — hij(z1, —€) = Ci(z1)e + O(€?),

hij(z1 — &,21) — hij(w1, 21 — €) = Ca(x1)e + O(?),

where h;;(z) = fi(x)fj(x)e*‘xwz for 1 <i,j < 2; the factors C1, Cy depend on ;1 but there
is a global bound |C;(z1)| < Cp depending only on f because of the exponential decay. Thus



By Matrix Weight Function 17

the behavior of K(x1,e) and K(x1,x; — €) is crucial in analyzing the limit as ¢ — 04, for
xro = —x1,0,x1. It suffices to consider the fundamental region 0 < zo < x;. At the edge
{2 = 0} corresponding to o9

K(z1,—¢) = K((z1,€)02) = 02K (21,¢€)02,
and

(Q(z1,8) — Q(x1,—¢)) = (hnr(z1,€) — har(z1, —€)) K (21, )11
+ (hgg(xl,ﬁ) — hgg(ﬂ?l, *6))K(CL‘1,€)22 — Q(hlg(l‘l,é‘) + hlg(l‘l, *6))K(5L‘1,€)12.

At the edge {z1 — 73 = 0} corresponding to o7,
K(z1 —e,a1) = K((x1, 71 — £)0fy) = 013K (a1, 11 — €)o7y,
For conciseness set z(9) = (z1, 21 —¢) and () = (z; — £,2;). Then
Q™) ~ Qa) = 2(hia(a®) — hia(aV)) K ().,
2 (@) — by (20) + haa(a0) — han(aV)) (K (=), + K (20),)

2
5 (i (2©) by (50) = R (50) = haa (o)) (K (20),, = K (2©),,).

2

To get zero limits as ¢ — 04 some parts rely on the uniform continuity of h;; and bounds on
certain entries of K, and the other parts require

lim K(:El,E)lQ = 0, lim (K(l’l,xl — 6)11 — K(l‘l,.fl — 5)22) =0.

e—04 e—04

This imposes various conditions on K near the edges, as described above.
We turn to the solution of the system (13) and rewrite

ki |[—-1 0 2koxes [0 1
N P =1 il

o= {B[) 2] -y 1)

. _ + . . . (1,—1) _ (1,1) o (2I27—2I1) .
The reflections oy, and oy, were combined into one term: 2—2 — —=-- = - Since

(101 + 2202)L(x) = 0 we see that L is positively homogeneous of degree 0. Because of the
homogeneity the system can be transformed to an ordinary differential system by setting u = %
Then the system is transformed to

d - ki1 O 2ko 01

W =L {u [0 —1] Y [1 OH‘
It follows from this equation that % det L(u) = 0. Since the goal is to find a positive-definite
matrix K we look for a fundamental solution for L, that is det L(z) # 0. If L(z) is a solution
then so is M L(x) for any nonsingular constant matrix. Thus K (x) = L(z)T MT M L(z) satisfies

the differential equation (14) and some other condition must be imposed to obtain the desired
(unique) solution for the weight function. The process starts by solving for a row of L, say

(fi(u), fo(u)), that is

2ko
1—u?

2ko
1—u?

Lh =" - 2 hw), ) = i)~ L )
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A form of solutions can be obtained by computer algebra, then a desirable solution can be
verified. Set

Bl = (1= 2) R (02), o) =l (1~ 02) g (),

then the equations become (with s := u?)
d
(s = 1)—-g1(s) = kogi(s) + kogz(s),

s(s — 1)%92(5) = kog1(s) + {kos - (; + k1> (s — 1)} g2(s),

and the solution regular at s = 0 is
1 1
gi(s) =F <—k07k‘1 + 5~ ko; k1 + 2;3> ;
ki+3

1 3
g2(s) = F<1k‘0,k1+2k0;k1+2;5)«

(We use F' to denote the hypergeometric function 9 F}; it is the only type appearing here.) The
verification uses two hypergeometric identities (arbitrary parameters a, b, ¢ with —c ¢ Np)

a(c—10)

d
(s — 1)%F(a,b; ¢;s) = —aF(a,b;c;s) + Fla+1,b;¢+ 1;),
d
s(s — 1)d—F(a +1,b;c+1;8) = (c—bs)F(a+1,b;c+ 1;5) — cF(a, b; ¢; 5).
s

To get the other solutions we use the symmetry of the system, replace k1 by —k; and inter-
change f; and fo. We have a fundamental solution L(u) given by

_ 1 1
L(u)1y = Jul (1 - v?) °F (_ko’ 37 ko + ks k1 + 2;“2) :

k _ 1
L(u)ig = ———2 rlul® (1 —w?) o (1 — ko, 5 — ko + k1; k1 +3;U2>7
1+§ 2 2
k _ _k 1 3
L(u)21 = —7 Ok |ul kl(l —u2) ‘uF <1 — k‘o,§ — ko _k1;§ —kl;u2> ,
5 — k1

_ 1 1
L(u)az = |ul ™ (1 — u?) oo <—7€07 5 ~ko—hiig - k1;u2) :

Observe that lim det L(u) = 1, thus det L(u) = 1 for all u. We can write L in the form

’Lt~>0+

k‘l _kl 2
L(z1,29) = 2™ 2y 0 kl] [ en(z) x1612($)]
1

0 |wo| 12yt | [F2ean(x)  cxn(w)

where each c¢;; is even in x5 and is real-analytic in 0 < |z2| < 1. In fact L(z) is thus defined
on Cy U Cyoa. It follows that K = (ML)TML is integrable near {zo = 0} if |k1| < 3, and
lim K(z1,€)12 = 0 exactly when M7 M is diagonal. The standard identity [8, 15.8.1]

e—04
Fla,b;c;u) = (1 —u) % PF(c—a,c— b;c;u) (15)

shows that there is a hidden symmetry for kg

- 1 1
(1- u2) hop <—k0, 5~ ko + k13 k1 + 2;u2>

1 1
= (1 _UQ)kOF <k0, B} + ko + k13 k1 + 2;u2> ;
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and similar equations for the other entries of L. Consider

Q(xl, —E) — Q(xl,e) = K(l‘l, 8)11(h11(1’1, —E) — h11($17 8))
— 2K(:IZ1, E)lg(hlg(xl, —6) + hlz(wl,é‘)) + K(xl,E)QQ(hQQ(le, —8) — hgg(x1,€)).

With diagonal MT M we find (note x1 > 2¢ in the region, so o < 3)

K(z1,€)11 = O(xl—zklgmcl) + O(ﬁquez—zkl)’
K(z1,8)12 = O($1—1—2k181+2k1) i O(x1—1+2k181—2k1)’

K(z1,8)22 = O(x%klgﬂkl) i O(x1—2—2k:1€2+2k1)'

By the exponential decay we can assume that the double integral is over the box max(|x1|, |z2|) <

R for some R < co. Note f;z (xil)adxl = H%(leaea — 21*0‘5).

These bounds (recall —% < kg, k1 < %) show that

R
lim (Q(z1,—¢) — Q(x1,¢€))dx; = 0.

E*)OJ,_ 2

Next we analyze the behavior of this solution in a neighborhood of t = 1, that is the ray
{(z1,71) : 1 > 0}. The following identity [8, 15.10.21] is used

I'(c+ d)'(—2a)

Fla+d,a+cc+d;u) = T{c— a)l(d—a)

Fla+d,c+a;1+4+2a;1—u)

e D(c+ d)T(2a)
1—u)2e Fld—a,c—a:l—2a1—u).
+ ( u) F(C+ a)F(d+ a) ( CL,C a) a? u)
Let
D(3+k)T@R) 21T (34 k)T (3 + ko)
n(ko, k1) == = = i ;
L(34+ko+ki)T(ko) V7  T(5+ko+ki)

the latter equation follows from I'(2a)/T'(a) = 22*~'T'(a + 3)/+/7 (the duplication formula). We
will need the identity

1
n(k()v kl)”(—]fo, _kl) + "7(]?07 _kl)n(_k07 kl) = 57

— a) = =X Thus

cosma "

DO

proved by use of F(% + a)F(
L(u)1y = |ul® {n(krg, ki)(1— u2)_k0F (—k‘o, % — ko + k131 —2ko;1 — u2>
+1p(—ko k1) (1 — u?) ™ F (ko, % ko Ky 14 2k 1 — u2> } :
by use of identity (16), and also
L(u)1g = ulul™ {—n(ko, ki) (1 — uz)_ko o Fy <1 — ko, % — ko4 k131 —2ko; 1 — u2)
+ n(—ko, k1) (1 — uQ)kO o (1 + ko, % + ko + k131 + 2ko; 1 — u2> } )
Transform again using (15) to obtain

1 1
F<1 — ko, i ko + k131 — 2ko; 1 — u2> = \uy—%l—lF(—ko, i ko — k131 — 2ko; 1 — u2> ,
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and so on. All the hypergeometric functions we use are of one form and it is convenient to
introduce

1
H(a,b;s) :=F <a,a+b+2;2a+1;1—s) )
By using similar transformations as for Li; and Lio we find

u) — | 1=k k) ko, k1) (1—u?)™ 0
Liw) = [W(—koa—kl) —77(/@07—/?1)} 0 (1-u

H(ko,kl;UQ) H(k()a_k1§u2) ’u‘kl 0
H(—ko, k1;u?) —H(—ko, —ky;u?)

[\
—
|
¥
S
1

Let T" denote the first matrix in the above formula. By direct calculation we find that a necessary
condition for

lim (K(wl,xl — 6)11 — K(:Cl,l‘l — 6)22) = 0,

e—04

where K (u) = (M'T~'L(u))T(M'T~'L(u)) is that M'T M’ is diagonal. The proof that
R
/ (Qz1,21 — &) = Q(z1 — €,21))dz1 — 0
2e

is similar to the previous case; a typical term in K(u);; — K(u)gg is
(1= )™ (H (ko ks u?) Jul™ — H (Ko, —k; u?)*|ul 72

which is O((1 — u)'*2%), tending to zero as u — 1_ for |ko| < 3).

It remains to combine the two conditions: K (u) = (M L(u))” (M L(u)) and the previous one
to find a unique solution for M: MTM = (I"1)TDI'~! and both M7 M and D are positive-
definite diagonal. Indeed

D=c [77(760, —k1)n(—ko, k1) 0 ]
0 n(ko, k1)n(ko, —k1)]’
—ko, —k )n(ko —kl) 0
MTM -9 77( 05 1 ) ’
‘ [ 0 n(ko, k1)n(—ko, k1)

for some ¢ > 0. Thus the desired matrix weight (in the region Cy, 0 < z9 < x1, u = x2/x1) is
given by

K(u)11 = diL(uw)?, 4 doL(u),

K(u)12 = K(u)21 = diL(u)11L(u)12 + daL(u)21 L(u)22,
K (u)22 = di L(u)Ty + daL(u)3,,

where
" -k’
cosmkol' (5 + ko — k1) T (3 — ko — k1)’
1 2
dy = F(Q-l-k‘l)

cos kol (% + ko + kl) r (% — ko + ]{:1).
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Figure 2. K, ky=0.3, k& =0.1.

Also det K = dydy = 02(1 — tan? ko tan? 7rl<:1). The expressions for K;; can be rewritten some-
what by using the transformations (16). Observe that the conditions —% < Fko £k < %
are needed for di,ds > 0. The normalization constant is to be determined from the con-
dition [, K (x)ne*'“’w 2dx = 1. By the homogeneity of K this is equivalent to evaluat-
ing [" K (cos,sin0)1d6 (or 0”/4(K11 + K92)(cosf,sinf)df) (the integral looks difficult be-
cause K11 involves squares of hypergeometric functions with argument tan?#). Numerical ex-
periments suggest the following conjecture for the normalizing constant

cos ko cos k1
2w '

We illustrate K for kg = 0.3, k; = 0.1 with plots of K(cosf,sinf) for 0 < 6 < 7. Fig. 2
shows the values of K11, K12, K93. For behavior near 1 = x2 introduce

R Rt + |10
0_\/51 N 0010 = |y 4|

Fig. 3 displays 0 Ko (thus (0Ko)12 = (K11 — K2); the (2,2)-entry is rescaled by 0.1).
The degenerate cases kg = 0 and k1 = 0 (when the group aspect reduces to Zy x Z3) provide
a small check on the calculations: for kg = 0 the weight is

_lz/x® 0
K([L’)—C|: 0 ’1’1/%2"{1 )

and for k1 = 0 and by use of the quadratic transformation F(a, a+ %; 2a+1;1— u2) (HT“)Qa

(for u near 1)(see [8, 15.4.17]) we obtain

k —K
1‘1—%2‘ 0’371—!—332‘ 0 0
K(x)=co | .
( ) |: 0 ‘$1*x2|_k0|$1+$2‘k0
An orthogonal basis for Py for the Gaussian inner product can be given in terms of Laguerre
polynomials and the harmonic polynomials from the previous section. Recall from equations (4)
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Figure 3. 0Ko, kg =0.3, k; =0.1.

and (6) (specializing N = 2 and ~y(k;7) = 0) that
AR (|2 f(,t)) = 45 (=m)x(=m — n)gla[*" > f(x,1),
(o™, |2[*"g), = 4™ ml(n + Dm(f, g)r,

for f,g € Hv,xn. These relations are transferred to the Gaussian inner product

(frg)r = (e 22 f, e 2g)
by computing

m

—An/2’x|2mf :E t — Z < )J 4 m)j(_m _ n)j|l"2m_2jf(l',t)

7=0
= coyrmmirly) (B8 s,

for f € Hy o, and m > 0; where Lg;f) denotes the Laguerre polynomial of degree m and index n
(orthogonal for s"e~*ds on Ry). Denote (f, f)a by va(f); recall v(f) = (f, ), for f € Py.

Proposition 8. The polynomials ng)(lm' )pm(:c t) form,n >0 and 1 <i<4 (excepti=1,2
when n = 0) are mutually orthogonal in (-,-)¢ and Vg(L%L (|12]2/2)pni(z, 1)) = (nH)m V(Pnji)-

The factor with v(py ;) results from a simple calculation. Note vg(f) = v/( f) for any har-
monic f. Because here y(x;7) = 0 the harmonic decomposition formula (5) is valid for any pa-
rameter values. This is a notable difference from the scalar case 7 = 1 where y(k; 1) = 2ko + 2k
and 2kg + 2k1 # —1,—2,... is required for validity.

Using the same arguments as in the scalar case (see [5, Section 5.7]) we define the Fourier
transform (for suitably integrable functions f). To adapt E(z,y) to vector notation write

2
E(xz,y) = > Eij(x,y)sit; and set
ij=1

_ Byl i fi(@)deidre,  1=1,2,
e /RQZI K ()i fy () dr

Ffy) :=Ff(y)is1+ Ff(y)2se.
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For m,n >0 and 1 <i <4 let ¢y pi(z) = L,(ﬁ)(\x|2)pn7i(x)e_|x\2/2,

Proposition 9. Suppose m,n > 0 and 1 < i < 4 then Fomni(y) = (=)™ " ¢pni(y)*. If
f(x) = e"F2g(x) for g € Py then F(D;f)(y) = iy; Ff(y), for j = 1,2.

This establishes a Plancherel theorem for F by use of the density (from Hamburger’s theorem)
of span{¢m n;} in L?(K(z)dz,R?).

6 Closing remarks

The well-developed theory of the hypergeometric function allowed us to find the weight function
which satisfies both a differential equation and geometric conditions. The analogous problem
can be stated for any real reflection group and there are some known results about the differential
system (13) (see [2, 3]); it appears some new insights are needed to cope with the geometric
conditions. The fact that the Gaussian inner product (-, -) is well-defined supports speculation
that Gaussian-type weight functions exist in general settings. However it has not been shown
that K can be produced as a product L” L, and the effect of the geometry of the mirrors (walls)
on the solutions of the differential system is subtle, as seen in the Bsy-case.
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