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Abstract. Let F denote a field, and fix a nonzero ¢ € F such that ¢* # 1. The universal
Askey—Wilson algebra A, is the associative F-algebra defined by generators and relations
in the following way. The generators are A, B, C'. The relations assert that each of

BC — ¢ 1CB A—qg A AB — ¢ 1BA
qBC —q°C B+q0 q AC o4 1 q

A + ) )
@ —q2 @ —q2 ¢ —q-2

is central in A,;. The universal DAHA I;Tq of type (CY,C1) is the associative F-algebra
defined by generators {t'}3_ and relations (i) t;t;* = t;'; = 1; (i) t; + t; ' is central;
(iii) tot1t2ts = ¢~ '. We display an injection of F-algebras ¢ : A, — H, that sends

A titg + (tito) L, B s tato + (tsto) !, C +— tatg + (tato) 1 .

For the map v we compute the image of the three central elements mentioned above. The
algebra A, has another central element of interest, called the Casimir element . We
compute the image of 2 under . We describe how the Artin braid group Bs acts on A,
and I;Tq as a group of automorphisms. We show that ) commutes with these B3 actions.
Some related results are obtained.
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1 Introduction

The Askey-Wilson polynomials were introduced in [2] and soon became a major topic in spe-
cial functions [6, 9]. This topic became linked to representation theory through the work of
A. Zhedanov [19]. In that article Zhedanov introduced the Askey—Wilson algebra AW(3),
and showed that its “ladder” representations give the Askey—Wilson polynomials. The alge-
bra AW(3) is noncommutative and infinite-dimensional. It is defined by generators and rela-
tions. The relations involve a scalar parameter ¢ and a handful of extra scalar parameters. The
number of extra parameters ranges from 3 to 7 depending on which normalization is used [12,
equation (6.1)], [17, Theorem 1.5], [18, Section 4.3], [19, equations (1.1a)—(1.1c)]. In [15] we
introduced a central extension of AW(3), denoted A, and called the universal Askey—Wilson
algebra. Up to normalization A, is obtained from AW (3) by interpreting the extra parameters
as central elements in the algebra. By construction A, has no scalar parameters besides ¢, and
there is a surjective algebra homomorphism A, — AW (3). One advantage of A, over AW (3) is
that A, has a larger automorphism group. Our definition of A, was inspired by [7, Section 3],
which in turn was motivated by [5].

In [15] we began a comprehensive investigation of A,. In that paper we focused on its ring-
theoretic aspects, and in a followup paper [16] we related A, to the quantum algebra Uy (sls).
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In the present paper we relate A, to the universal DAHA of type (CY,Cy) [7]. This topic can
be viewed as a universal analog of a topic considered by Koornwinder [10, 11], concerning how
AW (3) is related to the DAHA of type (CY,C1). We view [10, 11] as groundbreaking and the
main inspiration for the present paper. In Section 16 we describe in detail how our results relate
to those of Koornwinder [10, 11].

We will state our main results after we summarize the contents of [15, 16].

Our conventions for the paper are as follows. An algebra is meant to be associative and have
a 1. A subalgebra has the same 1 as the parent algebra. Fix a field F. All unadorned tensor
products are meant to be over F. We fix a nonzero g € F such that ¢* # 1. Recall the natural
numbers N = {0,1,2,...} and integers Z = {0, +1,£2,...}.

The universal Askey—Wilson algebra A, is the F-algebra defined by generators and relations
in the following way. The generators are A, B, C'. The relations assert that each of

¢BC —q¢q~'CB qCA — ¢ 1AC gAB — ¢ 'BA
¢ —q? ¢ —q? ¢ —q?
is central in A,. For the central elements (1.1) multiply each by ¢+¢~* to get a, 3, . In [15] we
obtained the following results about A,. We gave an alternate presentation for A, by generators
and relations; the generators are A, B, . We gave a faithful action of the modular group PSLy(Z)
on A, as a group of automorphisms; one generator sends (A, B,C) — (B,C, A) and another
generator sends (A, B,v) — (B, A,v). We showed that {A’BIC*a" 5~ |i,5,k,r,s,t € N} is
a basis for the F-vector space A,. We showed that the center Z(A,) contains a Casimir element

QO =q 'ACB+ ¢ 242 + ¢ ’B?> + °C?* — ¢ 'Aa — ¢ ' BB — ¢C~.

A+ ., DB+ . O+ (1.1)

Under the assumption that ¢ is not a root of unity, we showed that Z(A,) is generated by 2,
a, B, v and that Z(A,) is isomorphic to a polynomial algebra in four variables.

In [16] we relate A, to the quantum algebra Uy (slz). To describe this relationship we use the
equitable presentation for Uy, (slz) which was introduced in [8]. This equitable presentation has

generators z, y*!, z and relations yy~' =y~ ly = 1,
qry —q 'yr _ ) ayz—q 'zy _ ) gzw — g 'wz _ .
q—q! ’ q—q! ’ q—q!
Let a, b, ¢ denote mutually commuting indeterminates. Let F [ail, bEL cil] denote the F-algebra

of Laurent polynomials in a, b, ¢ that have all coefficients in F. In [16, Theorems 2.16, 2.18] we
displayed an injection of F-algebras f : A, — U, (sl2) ® Fla®!, b+, ¢*1] that sends

A»—)x@a—l—y@a_l—kM@bC_l, B»—>y®b+z®b_1+yz_igf®ca_l,
Cr—>z®c+x®c_1+zx_xz®ab_l.

-1

The map f§ sends
aA®(a+a ) +1@ (b+b0 ") (c+c ),
B A (b+b ) +1® (c+c ) (ata™t),
7»—>A®(c—|—c_1)—|—1®(a—{—a_1)(b+b_1),

where A = gz + ¢~ 'y + ¢z — qzyz is the normalized Casimir element of U, (sly) [16, Section 2].
In [16, Theorem 2.17] we showed that f sends €2 to

10 (qg+¢)’ -A’e1-18(@+a )’ =10 (b+b) -1 (c+ct)’
—A® (a+a ) (b+b")(c+c).
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We now summarize the present paper. We first show that the following is a basis for the
F-vector space Ay:

ACIBRQfar g, je{0,1}, ikl s teN. (1.2)

This basis plays a role in our main topic, which is about how A, is related to the universal
DAHA ﬁq of type (CY,C1). The algebra I:Iq is a variation on an algebra H introduced in [7].
By definition H, is the F-algebra with generators {tF1}3_ and relations (i) t;t; ' =t 't; = 1;
(i) t; +t; ' is central; (iii) totitats = ¢~'. We display an injection of F-algebras ¢ : A, — H,
that sends

A — titg + (t1tg) 7L, B tstg + (tsto) 1, C — tatg + (tatg) L.
The map v sends

a- (o +atg) (L +tY) + (e + ) (Es + 151,

B (g o+atg!) (ts+t37) + (b +t71) (B2 + 37,

v (g o tatg ) (') + (ta+t57) (i + 1)
We show that 1 sends 2 to

(g+a ) = (@ to+atg") = (h+t7)° = (a+151)° = (s +t51)°

— (g Mo+ atg) (1 + 67 (e + 151 (85 +151).

We remark that for the above results some parts are easier to prove than others. It is relatively
easy to show that v exists as an algebra homomorphism. Indeed this existence essentially
follows from [7, Theorem 5.2], although in our formal argument we take another approach which
quickly yields the result from first principles. We found it relatively hard to show that 1) is
injective; indeed this argument takes up the majority of the paper. To establish injectivity we
display a basis for fIq, and use it to show that ¢ sends the basis (1.2) to a linearly independent
set. Adapting [5, Theorem 2.6], [7, Lemma 4.2] we show how the Artin braid group Bs acts
on fIq as a group of automorphisms. The group Bs is a homomorphic preimage of PSLa(Z),
and we mentioned earlier that PSLy(Z) acts on A, as a group of automorphisms. Pulling
back this PSLy(Z) action we get a Bz action on A, as a group of automorphisms. We show
that 1) commutes with the B3 actions for A, and I:[q. Now consider the image of A, under .
Adapting [11, Theorem 5.1] we show that the subalgebra {h € H,ltoh = htg} is generated
by this image together with ¢y and {¢; + t;l}?zl. For this subalgebra we give a presentation
by generators and relations. Roughly speaking, this presentation amounts to a g-analog of [13,
Theorem 2.1] and a universal analog of [10, Definition 6.1, Corollary 6.3]. Under the assumption
that g is not a root of unity, we show that Z(H,) is generated by {t; +t; '}3_, and that Z(H,)
is isomorphic to a polynomial algebra in four variables. Roughly speaking, this is a universal
analog of [11, Theorem 5.3].

The paper is organized as follows. In Section 2, after reviewing A, we obtain a basis for this
algebra that will be useful. In Section 3 we define ﬁq and discuss its symmetries. In Section 4
we state five theorems which describe an injection ¢ : A, — lﬁlq; these are Theorems 4.1-4.5.
In Section 5 we establish some identities in H'q that will be used repeatedly. In Section 6 we
prove Theorems 4.1, 4.2, 4.3. In Section 7 we display a basis for fIq, along with some reduction
rules that show how to write any given element of lﬁlq in the basis. Sections 8, 9 are devoted
to proving Theorem 4.4. Sections 10-12 are devoted to proving Theorem 4.5. In Section 13 we
consider the image of A, under the map 1. We show that the subalgebra {h € ﬁq|t0h = htp} is
generated by this image together with ¢y and {¢; + t;l}‘;’:l. In Section 14 we give a presentation
for this subalgebra by generators and relations. In Section 15 we describe Z (ﬁq). In Section 16
we compare our results with those of Koornwinder [10, 11].
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2 The universal Askey—Wilson algebra

We now begin our formal argument. In this section we discuss the universal Askey—Wilson
algebra. After reviewing its basic features we establish a basis for the algebra that will be useful
later in the paper.

Definition 2.1 ([15, Definition 1.2]). Define an F-algebra A, by generators and relations in
the following way. The generators are A, B, C. The relations assert that each of

¢BC — ¢ 'CB
e—q2

qCA— ¢ 1AC
Z—q2

gAB — ¢ 'BA

A+
¢ —q2

B+ C+ (2.1)

is central in A,. The algebra A, is called the universal Askey—Wilson algebra.

Definition 2.2 ([15, Definition 1.3]). For the three central elements in (2.1), multiply each by
q—+ q_1 to get «, B, v. Thus

¢BC —q¢q~'CB «
A+ = : 2.2
¢ —q? q+q! 22)

qCA — ¢ L AC 3
B+ = : 2.3
¢ —q? q+q! 23

qgAB — q’lBA v
C+ = : 2.4
¢ —q? q+q! 24)

Note that each of «, 3, v is central in A,. Note also that A, B, v is a generating set for A,.

We now discuss some automorphisms of A,. Recall that the modular group PSLy(Z) has
a presentation by generators p, s and relations p3 = 1, s> = 1. See for example [1].

Lemma 2.3 ([15, Theorem 3.1]). The group PSLa(Z) acts on Ay as a group of automorphisms
in the following way:

U ‘ A B C ‘ a [ v
p(u) | B C A B v «
AB — BA

The group PSLy(Z) has a central extension called the Artin braid group Bs. The group Bs
is defined as follows.

Definition 2.4. The Artin braid group Bjs is defined by generators p, o and relations p? = o2.

For notational convenience define 7 = p? = 2.

There exists a group homomorphism Bs — PSLg(Z) that sends p — p and o + s. Via this
homomorphism we pull back the PSLy(Z) action on A, to get a Bz action on A, as a group of
automorphisms. This action is described as follows.

Lemma 2.5. The group Bs acts on Ay as a group of automorphisms such that 7(h) = h for all
h € Ay and p, o do the following:

U ‘ A B C ‘ a B v
p(u) | B C A B v a
olu)| B A C+ AqB__q_BlA B a v

In Definition 2.2 we defined the central elements «, 3, v of A,. There is another central
element of interest, called the Casimir element §2. This element is defined as follows.
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Definition 2.6 ([15, Lemma 6.1]). Define an element € A, by
Q=q 'ACB+ ¢ 242+ ¢ ’B*> + °C?* — ¢ 'Aa — ¢ ' BB — ¢C~. (2.5)
We call Q the Casimir element of A,.

Lemma 2.7 ([15, Theorems 6.2, 8.2]). The Casimir element € is contained in the center Z(A,).
Moreover {Qa” 354 |i,r,s,t € N} is a basis for the F-vector space Z(A,), provided that q is not
a root of unity.

Lemma 2.8 ([15, Theorem 6.4]). The Casimir element Q) is fized by everything in Bs.

Given an F-algebra A, by an antiautomorphism of A we mean an F-linear bijection { : A — A
such that (uv)¢ = vSuf for all u,v € A.

Lemma 2.9. There exists an antiautomorphism 1 of A, that sends
A— B, B A, CrwC, a— f, 8~ a, v .
Moreover 2 = 1.
Proof. Routine using (2.2)-(2.4). [
Lemma 2.10. The Casimir element Q is fized by the antiautomorphism t from Lemma 2.9.
Proof. This follows from [15, Lemma 6.1]. [
We mention how A, and A -1 are related.

Lemma 2.11. There exists an isomorphism of F-algebras & : Aq — A -1 that sends
A B, B— A, Cr O, a— f, 8 «a, vy
Proof. Routine using (2.2)—(2.4). [

Lemma 2.12. The isomorphism & : Ay — A, from Lemma 2.11 sends the Casimir element
of Ay to the Casimir element of Ag-1.

Proof. This follows from [15, Lemma 6.1]. |

We are going to display a basis for the F-vector space A,;. Two such bases can be found
in [15, Theorems 4.1, 7.5], but these are not suited for our present purpose. To obtain a suitable
basis we work with the following presentation of A,.

Proposition 2.13. The F-algebra A, is presented by generators and relations in the following
way. The generators are A, B, C, Q, a, B, v. The relations assert that each of Q, a, B, 7y is
central and

BA=q¢*AB+q(¢* —q%)C —q(qg—q '),

BC=q?*CB-q ' (*—q¢*)A+q  (¢—q e,

CA=q?AC—q ' (*-q?)B+q ' (a—q "B,

C? = q_ZQ — q_3ACB — q_4A2 — q_4B2 + q_3Aa + q_SBB + q_lC'y.

Proof. Referring to the above four equations, the first three are reformulations of (2.2)-(2.4)
and the fourth is a reformulation of (2.5). [
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Definition 2.14. The generators A, B, C, ), a, 3, v of A, are called balanced.

Note 2.15. Referring to the presentation of A, from Proposition 2.13, consider the relations
which assert that 2, a, 3, v are central. These relations can be expressed as

QA = AQ, QB = B, QC =CQ,
aA = Aa, aB = Ba, aC = Ca,
BA = Ap, BB = Bp, pC = Cp,
1A = Ay, vB = B, 1C = C,
af) = Qa, B = Qp, ~Q = Qy,
Pa = ap, ya = ay, VB = B.

Definition 2.16. By a reduction rule for A, we mean an equation which appears in Proposi-
tion 2.13 or Note 2.15. A reduction rule from Proposition 2.13 is said to be of the first kind.
A reduction rule from Note 2.15 is said to be of the second kind.

Definition 2.17. For an integer n > 0, by a word of length n in A, we mean a product g1g2 - - - gn
such that g; is a balanced generator of A, for 1 <4 < n. We interpret the word of length 0 as
the multiplicative identity in A,. A word is called forbidden whenever it is the left-hand side
of a reduction rule. Every forbidden word has length two. A forbidden word is said to be of
the first kind (resp. second kind) whenever the corresponding reduction rule is of the first (resp.
second) kind.

Definition 2.18. Let w denote a forbidden word in A, and consider the corresponding reduc-
tion rule. By a descendent of w we mean a word that appears on the right-hand side of that
reduction rule.

Example 2.19. The descendents of BA are AB, C, 7. The descendents of BC are CB, A, «.
The descendents of C A are AC, B, . The descendents of C? are Q, ACB, A?, B2, Aa, BB, Cr.
A forbidden word of the second kind has a single descendent, obtained by interchanging its two
factors.

Theorem 2.20. The following is a basis for the F-vector space Ay:
A'CIBREQ o B34, j € {0,1}, ik, 0, s,teN. (2.6)

Proof. We invoke Bergman’s Diamond Lemma [3, Theorem 1.2]. Let g1g2 - - - g denote a word
in Aq. This word is called reducible whenever there exists an integer i (2 < ¢ < n) such that
gi—19i is forbidden. The word is called irreducible whenever it is not reducible. The list (2.6)
consists of the irreducible words in A,. Let w = g1g2 - - - g» denote a word in A,. By an inversion
in w we mean an ordered pair of integers (4, j) such that 1 < i < j < n and the word g;g; is
forbidden. The inversion (i, j) is of the first kind (resp. second kind) whenever the forbidden
word g;g; is of the first kind (resp. second kind). Let W denote the set of all words in A,. We
define a partial order < on W as follows. Pick any words w, w’ in W and write w = g1g2 - - - gn.
We say that w dominates w' whenever there exists an integer ¢ (2 < ¢ < n) such that (i — 1,1%)
is an inversion for w, and w’ is obtained from w by replacing g;_1g; by one of its descendents.
In this case either (i) w has more inversions of the first kind than w’, or (ii) w and w’ have
the same number of inversions of the first kind, but w has more inversions of the second kind
than w’. By these comments the transitive closure of the domination relation on W is a partial
order on W which we denote by <. By construction < is a semigroup partial order [3, p. 181]
and satisfies the descending chain condition [3, p. 179]. We now relate the partial order < to
our reduction rules. Let w = g1g2--- g, denote a reducible word in A,;. Then there exists an
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integer i (2 <1i < n) such that g;_1g; is forbidden. There exists a reduction rule with g;—1¢; on
the left-hand side; in w we eliminate g;_1¢g; using this reduction rule and thereby express w as
a linear combination of words, each less than w with respect to <. Therefore the reduction rules
are compatible with < in the sense of Bergman [3, p. 181]. In order to employ the Diamond
Lemma, we must show that the ambiguities are resolvable in the sense of Bergman [3, p. 181].
There are potentially two kinds of ambiguities; inclusion ambiguities and overlap ambiguities [3,
p. 181]. For the present example there are no inclusion ambiguities. The nontrivial overlap
ambiguities are

BCA, BC?, C?A.

Take for example BC' A. The words BC and C A are forbidden. Therefore BC' A can be reduced
in two ways; we could evaluate BC' first or we could evaluate C'A first. Either way, after a 4-step
reduction we get the same resolution, which is

03— D)+ g OACB — (gt — g ) A% — 3 (gt — ) B
+q%(*—q?)Aa+q?(¢* —¢?)BB+q 3 (¢—q")C.

Therefore the ambiguity BC A is resolvable. The ambiguities BC? and C?A are similarly shown
to be resolvable. The resolution of BC? is

¢ BQ—q TACB? — ¢ 8A’B— ¢ B3+ ¢ "ABa+q "B?8+q °CBx
_ q_3(q4 _ q_4)AC+q_2(q2 —q_2)0a+q_4(q2 . q_2)2B
¢ a—a ") (P -qa?)8
and the resolution of C?A4 is
g OAQ — ¢TA2CB — ¢ 8AB? — ¢ 8A% + ¢ TA%0 + ¢ TABB + ¢ PACH
_ q—3(q4 N q_4)C’B +q—2<q2 - q_Q)C'ﬂ —|—q_4(q2 _ q_Z)QA
B O B | e Ie

We conclude that every ambiguity is resolvable, so by the Diamond Lemma [3, Theorem 1.2]
the irreducible words form a basis for A,. The result follows. |

3 The universal DAHA H, of type (CcyY,Ch)

The double affine Hecke algebra (DAHA) for a reduced root system was defined by Cherednik [4],
and the definition was extended to include nonreduced root systems by Sahi [14]. The most
general DAHA of rank 1 is associated with the root system (Cy,Cy). In [7] we introduced
a central extension of this algebra called the universal DAHA of type (C),C4). In the present
paper we will work with a variation on this algebra.

For notational convenience define a four element set

I=1{0,1,2,3}.
The following definition is a variation on [7, Definition 3.1].
Definition 3.1. Let H, denote the F-algebra defined by generators {t'};c; and relations
tit; =t =1, iel,
t; +t; ! is central, i el (3.1)
1

totitats = q .
We call ]:Iq the universal DAHA of type (CY,CY).
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Remark 3.2. In [7, Definition 3.1] we defined an F-algebra H by generators {t }Vier and
velations (i) t;t; 1 = t;1; = 1; (i) t; +t; ! is central; (iii) tot1tat3 is central. The algebra H,, is
a homomorphic image of H.

The following two lemmas are immediate from Definition 3.1.

1

Lemma 3.3. In the algebra I:Iq the scalar g~ is equal to each of the following:

totitats, titatsto, Latstoty, tatotita.
Lemma 3.4. There exists an automorphism of fIq that sends tg — t1 — to — t3 — tg.
Recall the braid group Bs from Definition 2.4.

Lemma 3.5. The group Bs acts on I:Iq as a group of automorphisms such that T(h) = talhto
for all h € Hy and p, o do the following:
h \ to t to ts

p(h) | to ty'tsto t to
o(h) | to tyltate titet;t t
Proof. This is routinely checked, or see [7, Lemma 4.2]. [

Lemma 3.6. The Bs action on fIq does the following to the central elements (3.1). The gen-
erator T fixes every central element. The generators p, o satisfy the table below.
ho [ttty ti+ty' bttty 3+t
p(h) | to+ty" ts+t3' ti+ty! t+ty!
a(h) | to+tyt ta+tyt tattyt ti -+t
Proof. Use (3.1) and Lemma 3.5. [

Lemma 3.7. There exists a unique antiautomorphism t of ﬁq that sends
to — o, t1 — 13, to — 1o, t3 — 11.
Moreover 2 = 1.
Proof. Use Definition 3.1. |
Lemma 3.8. There exists a unique isomorphism of F-algebras & : I:Iq — ﬁqfl that sends
to—tyt, tietyl, etttz il

Proof. Use Definition 3.1. [ |

4 How A, is related to I:Iq

In this section we state five theorems concerning how A, is related to lﬁIq. The proofs of these
theorems will take up most of the rest of the paper.

Theorem 4.1. There exists a unique F-algebra homomorphism 1 : Ay — ﬁq that sends
A titg + (titg)™", B tsto+ (tsto) ™, C = tatg + (tato)
The homomorphism i sends
a (¢ o+aty!) (i +) + (B + ) (ts + 851,
B (o +aty ) (ts+t3") + (i + 17 (2 + 851,
v (@t atg) (e + 1) + (Es+t5 1) (B + 171,
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Theorem 4.2. For all g € B3 the following diagram commutes:
A, 2 B
g — Hq
| s
Aq T> ﬁq
Theorem 4.3. The following diagrams commute:
A Y 2 Y 2
¢ — Hy A, —— H,
a [t ¢ ¢
Aq T} ﬁq Aqfl T) ﬁqfl
Theorem 4.4. Under the homomorphism v from Theorem 4.1 the image of Q is
C1\2 _ “1\2 1\ 2 1\ 2 “1\2
(g+a7) = (g to+aty) = (1) = (2+8")" = (ta +1t57)
— (¢ Mto+aty )+t ) (2 + 151 (ts +t57). (4.1)

Theorem 4.5. The homomorphism v from Theorem 4.1 is injective.

5 Preliminaries concerning H,

In this section we establish some basic facts about fIq. These facts will be used repeatedly for

the rest of the paper.
Definition 5.1. For the algebra I:Iq define

T, =t;+t; ", iel

Note that each T; is central in fIq.

(5.1)

In Definition 3.1 we gave a presentation for ]:Iq involving the generators {tiﬂ}ig. Sometimes
it is convenient to use {7;};c1 instead of {ti_l}ie]]. In terms of the generators {t;};cr, {7;}ier the

algebra fIq looks as follows.

Lemma 5.2. The F-algebra JEIq has a presentation by generators {t;}ic1, {Ti}ic1 and relations

t2 =Tit; — 1, iel,
T; is central, 1 €1,

totitats = g~ L.

Definition 5.3. Let X, Y denote the following elements of I:[q:
X =tstg, Y =toty.

Note that each of X, Y is invertible.

Lemma 5.4. For the algebra ﬁq,
t1 =t,'Y, ty = ¢ 'Y o X1, t3 = Xty .

Moreover ﬁq is generated by X+, Y+, toil.

(5.2)
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Proof. The relations (5.3) are routinely checked using Definition 3.1 and (5.2). [
In terms of the generators X*1, Y+, t(fl the {T;}icr look as follows.
Lemma 5.5. For the algebra H, the following (i)—(iv) hold.

(i) To=to+1t;".
(13) Ty is equal to each of

to Y + Y, Yigt+tY

(#i1) Th is equal to each of
qto 'YX + ¢ P XY, qXty'Y + ¢ Ve x T
qY Xty +q XYL

(tv) T3 is equal to each of

to1 X + X, Xty +toX L

Proof. (i) Clear.
(77) Using the equation on the left in (5.3),

Ti=t+t; =t,'Y +Y .
Also
Ty =YT'Y ' =Y ('Y +Y )Y =Yt + oY1
(#31) Using the middle equation in (5.3),
Ty =ty +to=qXty'V + ¢ 'Y XL
Also
Ty=X"'"DX =X"1¢Xt;'Y + ¢ 'Y X )X =gty 'YX + ¢ ' XY o
and
T =YDLY '=Y(¢Xt;'Y + ¢ 'Y X )Y = qV Xt; ' + ¢ XYL
(tv) Similar to the proof of (ii) above. [

In Section 3 we discussed some automorphisms and antiautomorphisms of ﬁq. We now
consider how these maps act on X, Y. The following four lemmas are routinely checked.

Lemma 5.6. Consider the automorphism of I:Iq from Lemma 3.4. This automorphism sends

XYoo X ey e X

Lemma 5.7. Consider the automorphisms p, o of I:Iq from Lemma 3.5. The automorhism p
sends

X — ¢ 'Y o Xt Y — X.
The automorphism o sends

X =ty t, Y — X.
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Lemma 5.8. Recall the antiautomorphism 1 of I:Iq from Lemma 3.7. This map swaps X, Y.

Lemma 5.9. Recall the isomorphism £ : ﬁq — fIqﬂ from Lemma 3.8. This map sends X +—
Y~ land Y — XL

We now give some relations that show how ¢y commutes past the X+!, Y+,

Lemma 5.10. The following relations hold in ﬁq:

toX = X o+ XTp — T3, (5.4)
toX ' = Xtg— XTp + T, (5.5)
toY =Y g+ YTy — T, (5.6)
toY L =Yty — YTy +T1. (5.7)

Proof. To obtain (5.4), (5.5) replace t;' by Ty — to in Lemma 5.5(iv). To obtain (5.6), (5.7)
replace ;! by Ty — to in Lemma 5.5(i4). [

We now consider how X, Y are related.

Lemma 5.11. The following relations hold in ﬁq:

tote = ¢ 3 Ty — 'Y X toltyt =gt T3 — ¢X 1Y, (5.8)
tity =q g Ty — ¢ 2X YT Mg =gt Ty - Y TIX T (5.9)
toto = ¢ ' Ty — ¢ 'YX, ty ot = qtsTy — gXY 1 (5.10)
taty = q 1ty Ty — XY, ty 1t = qtoTy — ¢*Y X. (5.11)

Proof. Concerning (5.8), the equation on the left comes from
g Y X =ttity = to(Tits — Vta = ¢ 15 ' Th — toto.
The equation on the right comes from
XY =t =t (ot - D)ty = gt T — 155

To obtain (5.9)—(5.11), repeatedly apply the automorphism from Lemma 3.4 to everything
in (5.8), and use Lemma 5.6. [

Definition 5.12. Let {C;};c1 denote the following elements in ﬁq:

Co=q(q¥YX —q ' XY),

Cr=—(¢ 'YX 1 —¢X7Y),

Oy = q_l(qY_lX_l . q—lX—ly—l)’
C3=—(¢ 'Y 'X —gXY1).

Lemma 5.13. The automorphism from Lemma 3.4 sends
C()l—>01'—>C2'—>C3'—>Co.

Proof. Use Lemma 5.6 and Definition 5.12. [ |
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Proposition 5.14. The following relations hold in lﬁIq:

Co = qTuto + Tsty + ¢~ 'Tota + Tits — ¢~ ' ToT — T1 T3, (
Oy = Toto + qTsty + Tota + ¢ ' Tits — ToTo — ¢ T T3, (5.13
Oy = q Moty + Tsty + qTote + Thts — ¢ ' ToTy — Ti T3, (
Cs = Toto + ¢ Tty + Tots + qTits — ToTo — ¢~ ' T1 Ts. (

Proof. To verify (5.12), use (5.11) together with
ty' = (T — t3)(Ty — t1) = TVT5 — t3T1 — 11T + st

To verify (5.13)—(5.15), repeatedly apply the automorphism from Lemma 3.4 to everything
in (5.12), and use Lemma 5.13. |

We mention a result for future use.

Lemma 5.15. The automorphism o of f:fq sends

titg > q Mttty t3t e gtato,
tota > ¢ Mttty Mgt e gtats.
Proof. This is routinely checked using the action of ¢ given in Lemma 3.5. |

6 The proof of Theorems 4.1, 4.2, 4.3

In this section we prove the first three theorems from Section 4.

Lemma 6.1 ([7, Lemma 3.8]). Let u, v denote invertible elements in any algebra such that each
of u+ut, v+ vt is central. Then

(i) wv + (ww)~! = vu+ (vu)™;

(ii) wv + (uwv)~! commutes with each of u, v.

Proof. (i) Write U = u+u~! and V = v +v~1. We have both

uwv 4 (uwv) ™ =wv + (V = 0)(U — u) = uwv 4+ vu — vU — uV + UV,
vu+ (vu) ™ = vu+ (U —u)(V —v) = vu+uv —uV —oU + UV.
The result follows.
(1) Using (i) we have

1, -1

u ! (uv+v_1u_1)u =ovu+u v 1

=uv + vyt

L commutes with v. [ |

Therefore uv + (uv) ™! commutes with u. Similarly uv + (uv)~
Corollary 6.2. For distinct i,j € 1,

(2) tit; + (titj)_l =tt; + (tjti)_l.
(i3) tit; + (tit;) ™' commutes with each of t;, t;.

Proof. By Lemma 6.1 and since t; + t,:l is central for k € 1. |
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Definition 6.3. We define elements A, B, C' in ﬁq as follows:

A =titg+ (titg) ™t = tot1 + (tot1) ' =Y + Y71
B = tato + (tato) ! = tots + (tot3) ' = X + X1,
C =totyg + (tgt(])_l = tgto + (totg)_l. (6.1)

Lemma 6.4. In the algebra fIq the element tg commutes with each of A, B, C.
Proof. By Corollary 6.2(iz) and Definition 6.3. [

The following is a variation on [7, Theorem 5.1].

Lemma 6.5. The Bs action on fIq does the following to the elements A, B, C from Defini-
tion 6.3. The generator T fixes each of A, B, C. The generator p sends A— B+~ C+— A. The
generator o swaps A, B and sends C — C' where

qC + q_IC" + AB = q_IC’ + qC, + BA = (q_lto + qtal)TQ + T T5.

Proof. The generator 7 fixes each of A, B, C' by Lemma 6.4 and since 7(h) = t; Lhto for all
h e fIq. The generator p sends A — B — C — A by Lemma 3.5 and Definition 6.3. Similarly
the generator o swaps A, B. Define C' = o(C). We show that C’ satisfies the equations of the
lemma statement. We first show that

qC +q 10"+ AB = (¢ 'to + gty ) To + 1 Ts. (6.2)
Since A=Y +Y land B=X+ X1,

AB=YX+YX'+vyx+v-Iix—1 (6.3)
By (6.1) along with (5.8) and (5.10),

C=tots+t;'t5" = (¢ts + ¢ '3 )T1 —gXY ' =g 'YX L.
Using (6.1) and Lemma 5.15 along with (5.9) and (5.11),

O =qtits + ¢ 3t =Ty —qY X — ¢ !Xy L (6.4)

To verify (6.2), evaluate the left-hand side using (6.3)-(6.4) and simplify the result using
Definition 5.12, Proposition 5.14, and (5.1). We have verified (6.2). Next we show that

q_lC + qu + BA = (q_lto + qtal)T2 + T T5. (65)

To obtain (6.5), apply o to each side of (6.2) and evaluate the result. To aid in this evaluation,
recall that o swaps A, B; also o swaps C, C’ since 0> = 7 and 7(C) = C. By these comments
and Lemma 3.6 we routinely obtain (6.5). [

The following is a variation on [7, Theorem 5.2].

Proposition 6.6. In the algebra fIq the elements A, B, C are related as follows:

qBC — ¢ 'CB (¢ to+qty )Ty + ToTs

A+ :
¢ —q? q+q!

5oy GCA-AC (a7 +aty )T + TITh
¢ —q? q+q! ’

gAB — q7'BA (g7 'to + qtg ") To + TsTh

C+
¢ —q? q+q!
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Proof. To get the last equation, eliminate C’ from the equations of Lemma 6.5. To get the
other two equations use the Bs action from Lemma 3.5. Specifically, apply p twice to the last
equation and use the data in Lemma 3.6, together with the fact that p cyclically permutes A,
B, C' and fixes tg. |

Proof of Theorem 4.1. Immediate from Lemma 6.4 and Proposition 6.6. |

Back in Definition 2.2 we defined some elements «, (3, o of A,. From now on we retain the
notation o, 3, v for their images under the map ¢ : A, — H Thus the elements «, 3, v of H
satisfy

a= (g "t +qty )11 + ToTs, (6.6)
B =(q "o+ qty ") Ts + Th T3,
v=(q "o+ qty )T + T5T1.

Proof of Theorem 4.2. Without loss we may assume g = p or ¢ = 0. By Lemma 2.5 the
action of p on A, cyclically permutes A, B, C. By Lemma 6.5 the action of p on fIq cyclically
permutes A, B, C. By Lemma 2.5 the action of 0 on A, swaps A, B and fixes . The action of &
on f[q swaps A, B by Lemma 6.5. The action of ¢ on lﬁlq fixes v by (6.8) and Lemmas 3.5, 3.6.
The result follows. |

Proof of Theorem 4.3. In each case, chase A, B, C around the diagram using Theorem 4.1
and Corollary 6.2(i), together with Lemma 2.9 and 3.7 for ¥ and with Lemma 2.11 and 3.8
for &. |

7 A basis for the F-vector space ﬁq

Our next general goal is to prove Theorem 4.4. The proof will be completed in Section 9. In
the present section we obtain a basis for the F-vector space H,. The basis consists of

YIXUETSTI TS TS, i,j €L, ke {0,1}, l,r,s,t €N, (7.1)

We also obtain a set of relations for fIq called reduction rules. The reduction rules show how to
write any given element of ﬁq as a linear combination of the basis elements (7.1).

To begin the basis project, we are going to display a presentation of fIq that contains detailed
information about how the generators commute past each other. We will give two versions of
this presentation. For version I we attempt to optimize clarity. For version II we attempt to
optimize utility. We hope that taken together the two versions are reasonably clear and useful.
The relations in version II become our reduction rules.

We now give version 1.

Proposition 7.1. The F-algebra ﬁq has a presentation by generators X1 Y+ Lt icr, {T; Yicr,
{Ci}icr and relations XX ' =1, X 'X =1, YY1 =1, Y'Y =1, the {T;}ic1 are central,

t2 =toTp — 1

t1 = (To — t0)Y,

to = ¢ 'Y o X1,
ts = X (T — to),

toX = X Yo+ XTp — T,
toX ' = Xtg— XTp+ Ty,
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toY =Y Yo+ YTy — 11,

toY ' =Ytg— YTy + T,

XY =YX — Cy,

XY =¢YX " +q'C,

Xyl = 2y-lx-1 — 20y,

XY ' =¢?Y'X +¢71C,

Co = qToto + Tsty + ¢ ' Tota + Tits — ¢ "Iy T — Th T3,
Cy = Toto + qTsts + Tots + g~ ' Tits — To'To — ¢ ' 11 T3,
Co = ¢ "Toto + Tst1 + qTots + Tits — ¢~ ' ToTs — T1 T,
Cy = Toto + q "Ity + Tots + qTits — ToTo — ¢ ' Ti T

Proof. Consider the relations in the proposition statement. We now show that these relations
hold in fIq. This is clear for the relations shown in the line, so consider the 16 displayed rela-
tions. Displayed relation 1 is from Lemma 5.2. Displayed relations 2—4 follow from Lemma 5.4.
Displayed relations 5-8 are from Lemma 5.10. Displayed relations 9-12 are from Definition 5.12.
Displayed relations 13-16 are from Proposition 5.14. We have shown that the relations in the
proposition statement hold in ﬁq. Conversely, one routinely checks that the relations in the
proposition statement imply the defining relations for ﬁq given in Lemma 5.2. |

We now give version II. Roughly speaking, this version amounts to a universal analog of [10,
Proposition 5.2].

Proposition 7.2. The F-algebra I:Iq has a presentation by generators X*1, Y+ tg, {T; }iex
and relations XX ' =1, X 'X =1, YY" ! =1, Y'Y =1, the {T}}ic1 are central,

t2 = toTy — 1,
toX = X Yo+ XTp — T,
toX ' = Xtg— XTp+ Ty,
toY =Y Yo+ YTy —T1,
toY ' =Ytg— YTy +T1,
XY = @?Y X — qtoTo + ¢ ' ToTh + Y " YtoTs — ¢ 2Y 1Ty Ty
+ ¢ Y TIXTE — ¢ Y XtgTy — XToTy + XtoTh,

X W=¢YX '+ (¢ ¢ g '3 — ¢ ' ToTa + ¢ MtoTa — Y 1T

+ ¢ 2 XToTy — q 2 XtoTy + ¢ Y ' T T3 — ¢ 2Y 7 IXTE + ¢ 2Y 1 X 0Ty,
Xyt =2y IX— - AY I + 2Y Mo Ty + qToTs — qtoTh

— P XToTy + ¢ XtoTy + Y I XTE — *Y 1 XtoTy,

XY ' =q¢ 2y IX + XTyTy — XtoT) — ¢ 2Y I XT2 + ¢ 2Y 1 Xt Ty

+q Y Ty — Y T — ¢ T To T + g o T

Proof. In Proposition 7.1 eliminate {t;};_, using the displayed relations 2-4, and eliminate

{Ci}ier using the displayed relations 13-16. Simplify the results using the displayed relations
5-8. |

We just gave two versions of a presentation for ﬁg. From now on we focus on version II. This
version will yield our reduction rules and basis for H,.
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Definition 7.3. The generators X+ Y+ ¢y, {T;}icr of ﬁq are called balanced.

Note 7.4. Referring to the presentation of H ¢ from Proposition 7.2, consider the relations which
assert that the {T;};c1 are central. These relations can be expressed as

X = X317, TYF =YvET,  Titg=tT;, i<l
T.T; =T;T;, i,j€l, i>j

Definition 7.5. By a reduction rule for ﬁq we mean an equation that appears in Proposition 7.2
or Note 7.4. Of these reduction rules, the last four in Proposition 7.2 are said to be of the first
kind, the preceeding five are said to be of the second kind, and the rest are said to be of the
third kind.

Definition 7.6. For an integer n > 0, by a word of length n in ﬁq we mean a product g1g2 - - - gp,
such that g; is a balanced generator of fIq for 1 <4 < n. We interpret the word of length 0 as
the multiplicative identity in I;Tq. A word is called forbidden whenever it is the left-hand side of
a reduction rule. Every forbidden word has length two. A forbidden word is said to be of the
first kind (resp. second kind) (resp. third kind) whenever the corresponding reduction rule is of
the first kind (resp. second kind) (resp. third kind).

Definition 7.7. Let w denote a forbidden word in ﬁq, and consider the corresponding reduction
rule. By a descendent of w we mean a word that appears on the right-hand side of that reduction
rule.

Roughly speaking, the following result amounts to a universal analog of [10, Theorem 5.3].

Proposition 7.8. The following is a basis for the F-vector space ﬁq:
YIXUETSTI ST i,jeZ,  ke{0,1},  f,rsteN. (7.2)

Proof. We invoke Bergman’s Diamond Lemma [3, Theorem 1.2]. Let g1g3 - - - g, denote a word
in I:[q. This word is called reducible whenever there exists an integer i (2 < i < n) such that
gi—19i is forbidden. A word is called irreducible whenever it is not reducible. The list (7.2)
consists of the irreducible words in ﬁq. Let w = g192...9n denote a word in FIq. By an
inversion in w we mean an ordered pair of integers (7,7) such that 1 < i < j < n and the
word g;g; is forbidden. The inversion (7, 7) is of the first kind (resp. second kind) (resp. third
kind) whenever the forbidden word g;g; is of the first kind (resp. second kind) (resp. third kind).
Let W denote the set of all words in fIq. We define a partial order < on W as follows. Pick any
words w, w’ in W and write w = g192 - - - gn. We say that w dominates w’ whenever there exists
an integer ¢ (2 < 4 < n) such that (i — 1,4) is an inversion for w, and w’ is obtained from w
by replacing g;—1g; by one of its descendents. In this case either (i) w has more inversions of
the first kind than w’, or (ii) w and w’ have the same number of inversions of the first kind,
but w has more inversions of the second kind than w’, or (iii) w and w’ have the same number
of inversions for each of the first and second kind, but w has more inversions of the third kind
than w’. By these comments the transitive closure of the domination relation on W is a partial
order on W which we denote by <. By construction < is a semigroup partial order [3, p. 181]
and satisfies the descending chain condition [3, p. 179]. We now relate the partial order < to
our reduction rules. Let w = g1g2--- g, denote a reducible word in I:[q. Then there exists an
integer i (2 <1 < n) such that g;_1g; is forbidden. There exists a reduction rule with g;—1g; on
the left-hand side; in w we eliminate g;_1¢g; using this reduction rule and thereby express w as
a linear combination of words, each less than w with respect to <. Therefore the reduction rules
are compatible with < in the sense of Bergman [3, p. 181]. In order to employ the Diamond
Lemma, we must show that the ambiguities are resolvable in the sense of Bergman [3, p. 181].
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There are potentially two kinds of ambiguities; inclusion ambiguities and overlap ambiguities [3,
p. 181]. For the present example there are no inclusion ambiguities. The nontrivial overlap
ambiguities are

to XY, toX 1Y, toXY L, toX Y1,

2x, #x7' sy, vl

XXy, XXyt XXy, X 1xy-4

XYy, XY~ ly, X lyy—, X ly-ly,

toX X1, toX X, toYY L, toY Y.
Take for example t9 XY . The words tgX and XY are forbidden. Therefore {90 XY can be reduced

in two ways; we could evaluate o X first or we could evaluate XY first. Either way, after a 3-step
reduction we get the same resolution, which is

CYXTo+ ¢ Y X' Ty + Y ' X Yo+ Y IXTy — *XTh
+ (¢ 2= D)XTT + (1 — ¢ ) XtoToTy — X Ty — YTs — ¢*Y ' T3
—(g—a Nt ToTo + (1 — ¢ ) ToTh Ts + qTb.

Therefore the ambiguity tg XY is resolvable. The other ambiguities listed above are similarly
shown to be resolvable. Their resolutions are displayed in the tables below.

Ambiguity Resolution
to XY q2Y Xty —q Y I XTy+ YTy + ¢ 2Y VT — ¢~ T,
toXY ! T X - Y XM + (72 = DX toToTh + (1 — ¢ ) XTET
+ inXTl + X71T1 + (1 — qu)toTng + (qiz — 1)TOT1T3 — qing,
t0X71Y71 QQYXt(] — qQYXT() + qT5
th X71t0T0 + XTO2 — X =TT}
t2x—1 XtoTo — XT2 — X1+ TyTs
2y YT+ YTE - Y — To Ty
2yt YtoTo — YT - Y1+ TyTy
Ambiguity | XX7'Y XX'y™! XXy X 'Xy™!
Resolution ‘ Y y-! Y y-!
Ambiguity ‘ Xyy-t xy-'y Xx-'vyy-! XxX-lvy-ly
Resolution ‘ X X X! X1
Ambiguity | toXX ™! toX7'X oYY oYY
Resolution ‘ to t(] to to
We conclude that every ambiguity isAresolvable, so by the Diamond Lemma [3, Theorem 1.2]
the irreducible words form a basis for H,. The result follows. |

In Proposition 7.8 we gave a basis for IEIq. In Proposition 7.14 below we give a variation on
this basis.

Let A denote an indeterminate. Let F[A, A™!] denote the F-algebra of Laurent polynomials
in A that have all coefficients in F.

Lemma 7.9. The following is a basis for the F-vector space F[\, \7]:

AP+ ATHE ke{0,1}, (EN. (7.3)
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Proof. The vectors {\};cz form a basis for the F-vector space F[A\, A~!]. List the elements of
this basis in the following order:

/TS VD D G WD A W S (7.4)
List the elements of (7.3) in the following order:
LA A2 A0+, DA A+ ATHE (7.5)

Write each element of (7.5) as a linear combination of (7.4). Consider the corresponding
coefficient matrix. This matrix is upper triangular with all diagonal entries 1. The result
follows. |

For a subset S of any algebra let (S) denote the subalgebra generated by S.
Definition 7.10. Let T denote the following subalgebra of IEIq:
T = <tg17T1)T27T3>'

Let {)‘i}?:o denote mutually commuting indeterminates. By construction the F-algebra T
is commutative and generated by tad, Ty, Ty, T3. Therefore there exists a surjective F-algebra
homomorphism ¢ : IF[/\(j)ﬂ, A1, A2, A3] — T that sends

)\Oil l—)toil, )\1 l—>T1, )\2’_>T2, )\3>—>T3.

Proposition 7.11. The above homomorphism ¢ is an isomorphism. Moreover, in each line
below the displayed vectors form a basis for the F-vector space T:

thTiTITSTY, ke {01}, 41 stEN; (7.6)
thrr TS T, ke, r,s,t € N.
Proof. By Lemma 7.9 the following is a basis for the F-vector space IF'[)\(jfl, A1, A2, As):

Ao+ A7) NN, ked{0,1},  LrsteN. (7.8

D D
~— — ~—

7.
The homomorphism ¢ sends the vectors (7.8) to the vectors (7.6); therefore the vectors (7.
span T. The vectors (7.6) are linearly independent by Proposition 7.8. Therefore the vectors (7.
form a basis for T. Consequently ¢ is an isomorphism and (7.7) is a basis for T.

Recall the elements «, 3, v of ﬁq from (6.6)—(6.8). By those equations «, /3, v are contained
in T. More precisely, (6.6)—(6.8) show how «, 8, v look in the basis for T from (7.7). The
elements «, 3, v look as follows in the basis for T from (7.6):

a=qTTy — (¢—q YteTr + ToT5, B=qToTs — (¢—q "toTs + Ti1h,
v =qToTs— (¢ — ¢ ")toTs + T3Th.

We now consider the subalgebras (X*) and (Y*') of H,. By Proposition 7.8 the vectors
{X" ez form a basis for (X*!) and the vectors {Y?};cz form a basis for (Y*!).

Lemma 7.12. There exists an isomorphism of F-algebras FIA\*1] — (X*1) that sends A — X.
There exists an isomorphism of F-algebras F]A*] — (Y*1) that sends A\ +— Y.

Proposition 7.13. The F-linear map
Y o (Xt e T — H,, UR VR W uvw

s a bijection.
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Proof. By Proposition 7.8, Lemma 7.12, and since (7.6) is a basis for T. [
We now give a variation on the basis for ﬁq given in Proposition 7.8.
Proposition 7.14. The following is a basis for the F-vector space ﬁq :
YIXUETITSTE,  d,j,k€Z,  rsteN. (7.9)

Proof. By Proposition 7.13 and since (7.7) is a basis for T. [

8 The coefficient matrix

Suppose we have an element of I;Tq that we wish to express as a linear combination of the
vectors (7.2) or (7.9). In order to describe the result efficiently we will use the following notation.

Definition 8.1. By Proposition 7.13 each h € ﬁq can be written as
h = Z Yintij, li; € T.
1,JEZ

Moreover for ,j € Z the element t;; is uniquely determined by h. We call t;; the coefficient of
Y*X7 in h. The coefficient matriz for h has rows and columns indexed by Z and (3, j)-entry t;;
for i,j € Z. We view

X2 x-! 1 X X2

Yy 2 to_9 to-1 tooo to21 t-22
B y-! t1,2 t-11 to10 to11 to1p2
1 to,—2  to,—1  too toqp  toz2
Y t1,— 2 ti—1 tio  tin t12
Y2

to o to 1 lao t21  f22

A coefficient matrix has finitely many nonzero entries. When we display a coefficient matrix,
any row or column not shown has all entries zero.

Example 8.2. The coefficient matrix for A is

X—l

y-! 0
1 0
Y 0

—_ O ==
o o ol

The coefficient matrix for B is

X1 1 X

Y=, 0o 0 0
1 1 0 1
Y 0 0 0

Our next goal is to compute the coefficient matrix for C'. In order to simplify the computation
we initially work with an element 6 € H, that is closely related to C'.



20 P. Terwilliger

Definition 8.3. Define 6 € ﬁq such that

qC =~ — 0ty (8.1)
where we recall v = (q_lto + qtal)Tg + T T3.
Lemma 8.4. In the basis (7.9) the element 6 looks as follows:

0 =YX "to— Y 'Xt;' + Y T3 + XT) + ¢ 3T (8.2)

Proof. Recall that C' = tpty + (totg)*l. We have tgto = q*1t§1T1 — ¢ 'Y X~! by Lemma 5.11.
Also tgl =T3 —t3 and t3 = XTy — Xtg. By these comments

tote = ¢ ' NTy — ¢ ' XTyTh + ¢ ' XtoTy — g 'Y XL,
We have (tot2) ™! = qt3Ty — ¢XY ™! by Lemma 5.11. We mentioned t3 = XTy — Xtg, and the
term XY ! can be evaluated using a reduction rule from Proposition 7.2. The result follows

from these observations along with Definition 8.3. |

Lemma 8.5. The coefficient matriz for 0 is

X! 1 X
Y1 o Ty —t5?
1 0 q¢Wn T
Y to 0 0
Proof. Use Lemma 8.4. [ |

Lemma 8.6. The coefficent matrixz for C is

X1 1 X
Y=t o0 —q 1ty ' Ty q Mty ?
1 0 '+ q '3 —q 'ty Ty
Y —q~ ! 0 0
Proof. Use Definition 8.3 and Lemma 8.5. [ |

Lemma 8.7. The coefficient matriz for XC' is

X2 X1 1 X X?
Y=2| 0 0 0 0 0
Y=H 0 ¢ B30Ty —q T —q - ¢ Ao+ atg )T —q 7P
1 0 *q_2t0T2 q_ltoTl + T5T5 0 0
Y 0 0 —q 0 0
y? 0 0 0 0 0

Proof. First find the coefficient matrix for X6. To do this, in the equation (8.2) multiply each
term on the left by X and simplify the result using the reduction rules from Proposition 7.2.
This yields the coefficient matrix for X6. Using this coefficient matrix and (8.1), we routinely
obtain the coefficient matrix for XC. |

We mention two results for later use.
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Lemma 8.8. We have
X 'C=¢C(X+X ) -XC-qg (- +Y H+q (g—qg)a,
where we recall o = (q*1t0 + qtal)Tl + T5T3.

Proof. In the first equation of Lemma 6.6, eliminate A using A = Y + Y ! and B using
B = X + X!, In the resulting equation solve for X ~'C. |

Lemma 8.9. Given h € I:Iq and v € T such that hv =0. Then h =0 orv = 0.
Proof. We assume v # 0 and show h = 0. Following Definition 8.1 write
h=> Y'X't;,  t;eT
i,j€Z
In this equation we multiply each term on the right by v to obtain
0= Z Yintij’U.
1,JEZ

Note that t;;0 € T for 4,j € Z. By this and Proposition 7.13 we find ¢;;u = 0 for 4, j € Z. The
algebra T is isomorphic to IF[/\aEl, A1, A2, A3] by Proposition 7.11. The algebra IF[/\(j)ﬂ, A1, A2, As]
is a domain, so T is a domain. By this and since v # 0 we find ¢;; = 0 for all 7, j € Z. Therefore
h=0. |

9 The proof of Theorem 4.4

In this section we prove Theorem 4.4. Recall the Casimir element 2 in Ay, from Definition 2.6.
Let ' denote the element (4.1), so that

C1\2 _ 12 _ _
V= (¢+q")" = (¢ Mto+atg")” —T7 = T5 = T§ = (¢ 't + aty ) 1 T2 T3,
Theorem 4.4 asserts that € is the image of € under 1.

Proof of Theorem 4.4. By Definition 2.6 and Theorem 4.1 the image of 2 under % is the
following element of H:

¢ YACB + ¢ 2A% + ¢ ?B* + °C?* — g1 Aa — ¢ BB — qC, (9.1)

where «, 3, v are from (6.6)—(6.8). We show that (9.1) is equal to ©'. Define D to be (9.1)
minus €. We show that D = 0. Our strategy is to find the coefficient matrix for D in the sense
of Definition 8.1. Using A=Y +Y ! and B = X + X! we obtain

D=¢'(Y+Y )C(X+X N+ 2(Y +Y )+ ¢ 2(Xx + X 1)
+ ¢*C? —qil(Y—l—Yfl)a—qil(X—i—Xfl)ﬁ—qC'y—Q’. (9.2)
In order to evaluate D further we consider the term C2. In this product eliminate the first factor
using the formula for C from Lemma 8.6. Simplify the result using the fact that C' commutes
with £g; this gives
C? = ¢ 'Y IXOty? - 'YX TIC - ¢ ix ety ' Ty
—q YOt T + C(tg ' To + ¢ ' T5).
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In the above formula we eliminate X ~'C using Lemma 8.8. Evaluating (9.2) using the results
we obtain

D =qC(T\T5 — v +qty ' T) —qY 'Oty ' T3 +¢ 'Y '1O(X + X71)
—qXCty' Ty + gV XC + qY ' X Oty 2 + G, (9.3)

where

C=@Y24q Y 2 qVa—q 'V atq2X2+q2X 2
—q ' XB—q ' X'+ 43¢ - (9-4)

We continue to compute the coefficient matrix of D. For the next step we will display the
coefficient matrix for a number of elements in fIq. When we display these coefficient matrices
we just display the (i, 5) entry for —2 < i,5 < 2, since it turns out that all the other entries are
zero. Consider the element C of flq. By Lemma 8.6 the coefficient matrix for C' is

X2 x-! 1 X X2
Y=2| 0 0 0 0 0
Y= o 0 —q ' Ty q My 0 (9.5)
1 0 0 ty'h+q¢ 'TiTs —q¢ 't,'T 0 '
Y 0 —qg! 0 0 0
y? 0 0 0 0 0
The coefficient matrix for Y~1C is
X2 X! 1 X X2
Y=2| 0 0 —q ' Ty gy 0
Y='| o 0 t'Th+q '3 —q't;' T 0 (9.6)
1 0 —q! 0 0 0 '
Y 0 0 0 0 0
Yy? 0 0 0 0 0

By this and since tq commutes with X + X!, the coefficient matrix for Y "'C(X + X 1) is

X2 X1 1 X X?
y -2 0 —q 5Ty g 't;° —q¢ 5Ty g 't;°
YU 0 '+ ¢ "Ny —q Mg T g e+ T —q i T 9.7)
1 | —¢! 0 —q! 0 0 '
Y 0 0 0 0 0
& 0 0 0 0 0
By Lemma 8.7 the coefficient matrix for XC is
X2 X1 1 X X?
Y=2| 0 0 0 0 0
YU 0 ¢ BTy —q T —q -3 o+ aty )5 —q 73 (9.5)
1 0 —q %I, q Ty + ToT3 0 0 '
Y 0 0 —q 0 0
y? 0 0 0 0 0
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The coefficient matrix for Y XC is

X2 X1 1 X X?
Y=2| 0 0 0 0 0
Y1 0 0 0 0 (9.9)
1 0 ¢T3 —q T3 —q 3% —q3 ¢ (g o+aty" )3 —q3
Y 0 —q72t0T2 qiltoTl + T5T3 0 0
Y2 0 0 —q 0 0
The coefficient matrix for Y1 XC is
X2 X1 1 X X?
Y721 0 ¢ 36Ty —q ' Ti-q 32 —-q g Mo+aty)Ts —q73
Y=L 0 —¢ %Dy q Ty + ToT3 0 0 (9.10)
1 0 0 —q 0 0 '
Y 0 0 0 0 0
Y? 0 0 0 0 0
By (9.4) the coefficient matrix for G is
X2 Xx-! 1 X X?
Y=2| 0 0 g2 0 0
y-! 0 0 —q¢ la 0 0
1 | ¢? —¢'8 ¢@+3¢7°-Q —¢'8 ¢ ©-11)
Y 0 0 —qo 0 0
Yy? 0 0 ¢ 0 0

We now evaluate (9.3) using (9.5)—(9.11). One routinely checks that (9.5) times ¢(T173 — v +
gty ' Tz) minus (9.6) times gty ' T3 plus (9.7) times ¢~! minus (9.8) times gt ' T} plus (9.9) times g
plus (9.10) times gt 2 plus (9.11) is equal to zero. Evaluating (9.3) in this light we find that
the coefficient matrix of D is zero. Therefore D = 0 and the result follows. |

From now on we retain the notation 2 for its image under the map ¢ : A, — ﬁIq. Thus the
element Q) of H, satisfies

Q= (qg+ (fl)2 — (¢ + (ptgl)2 — T} —T5 —T5 — (¢ o + gty ) TV To T (9.12)

10 Some results concerning algebraic independence

Our next general goal is to prove Theorem 4.5. The proof will be completed in Section 12. In
the present section we establish some results about algebraic independence that will be used in
the proof.

Let {z;}%_, denote mutually commuting indeterminates. Motivated by the form of (6.6)(6.8)
and (9.12) we consider the following elements in Flx;, z2, x3, z4]:

Y1 = T1T2x374 + 25 + 13 + 23+ 2k (10.1)

Y2 = T12T2 + X324, Y3 = X173 + 224, Y4 = T1T4 + T2X3. (10.2)

Lemma 10.1 ([16, Lemma 8.1]). The elements {y;}}_, in (10.1), (10.2) are algebraically inde-
pendent over IF.

Recall the algebra T from Definition 7.10.
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Lemma 10.2. The following are algebraically independent elements of T:
Q? a’ /8’ /Y'

Proof. Recall that T is generated by ta—Ll, Ti, 15, T5. By Proposition 7.11 the following are
algebraically independent over [F:

to, Ti, Tz, Ts.
Therefore the following are algebraically independent over F:
q_lto + qtala Tla T23 T3' (103)

Denote the sequence (10.3) by {X;}}_;. By Lemma 10.1 the following are algebraically inde-
pendent over F:

X1 Xo XXy + XP+ X2+ X2+ X2, XiXo+ X3Xy,
X1 X3+ X0 Xy, X1 X4+ X0 X5.

By (6.6)—(6.8) and (9.12) the above four elements are

_1\2
(q + q 1) - Qa «, 57 -
The result follows. |

Definition 10.3. Let P denote the following subalgebra of T:
]P) = <Q?a7/87/7>'

We set some notation. For subspaces U, V of H, define UV = Spang{uv|u € U, v € V}.

In order to motivate the next few sections let us briefly return to the map ¢ : A, — I:Iq from
Theorem 4.1. Our current goal is to show that v is injective. Recall that A, is generated by A,
B, C. Therefore the image of A, under 1 is the subalgebra (A4, B, C) of fIq. By Theorem 2.20
the vectors (2.6) form a basis for A,. Applying v to this basis, we find that the following vectors
span (A, B, C):

ACIBRQ g5, je 0,1}, ikl st €N, (10.4)
Consequently
(A,B,C) = (A)(B)P + (A)C(B)P. (10.5)

In order to show that 1) is injective, it suffices to show that the vectors (10.4) are linearly in-
dependent. To show this, it will be convenient to expand our focus from the algebra (A, B, C) to
the algebra (A, B,C,T) = (A, B, C, tgl,Tl,Tg,T;z,). By (10.5), and since everything in (A, B, C)
commutes with everything in T,

(A,B,C,T) = (A)(B)T + (A)C(B)T. (10.6)
We will show that the following is a basis for the F-vector space (4, B, C,T):
ACIBMETITSTE,  je{0,1}, (e, ik,rs,teN.

It will follow from this and Lemma 10.2 that the vectors (10.4) are linearly independent.
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11 The structure of I:Iq

In this section we establish some results about fIq that will be used in the proof of Theorem 4.5.
Recal A=Y +Y tand B=X + X1,

Lemma 11.1. The following is a basis for (Y*1):
YkAL, ke {0,1}, ¢ eN.
The following is a basis for (X*1):
XkBt, ke {0,1}, ¢eN.
Proof. Combine Lemma 7.9 and Lemma 7.12. |
Lemma 11.2. The following sums are direct:
(Y5 =(A) +Y(4), (X =(B)+X(B).

For each summand a basis is given in the table below.

subspace ‘ basis
(A) At €N
Y{(A) | YA ieN
(B) B! 1 €N

X(B) | XB* ieN
Proof. Use Lemma 11.1. [ |
Proposition 11.3. The following sum is direct:
fIq = (A)(B)T + (A)X(B)T+ (A)Y(B)T + (A)Y X(B)T. (11.1)
For each summand a basis is given in the table below.

subspace ‘ basis

(AY(B)T A'BItSTITS TS kcZ, i,j,r,s,t €N
(AYX(B)T | A'XBItETITSTS keZ, i,j,7m,5,t €N
(AY(B)T | AYBITITST,  keZ, i,j,7,8,tEN
(A)YX(B)T | AYY X BT TS TS ke, i,j,7, 8t €N

Proof. By Proposition 7.13, Lemma 11.2, and since (7.7) is a basis for T. |
Proposition 11.4. Forv € {1,X,Y,Y X} the F-linear map
(A) @ (B)® T — (A)v(B)T, UR VR W > UVVW
s a bijection.
Proof. Use the bases displayed in the table of Proposition 11.3. |

Consider the four summands in the decomposition (11.1). For each summand we now consider
the corresponding projection map.
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Definition 11.5. For v € {1, X,Y,Y X} define an F-linear map m, : fIq — fIq such that 7,
acts as the identity on (A)v(B)T, and as 0 on the other three summands in (11.1). Thus m, is
the projection from H, onto (A)v(B)T. For h € H, we have

7 (Ah) = Amy,(h), 7y (hB) = 7, (h)B, my(hv) = 7, (h)v, Vv eT. (11.2)
Moreover
h =m(h) + wx(h) + my (h) + Ty x (h).

Lemma 11.6. Forv € {1, X,Y,Y X} the projections m,(A), m,(B), m,(C) are given in the table
below.

v | m(4) m(B) ™ (C)

1 A B gy — ¢ 2T — q_lAtang
X 0 0 g AXty R — ¢ Xty 'y
Y 0 0 ¢ WYty ' T3 —¢7'YB
YX| 0 0 Y X(1—t,7%)

Proof. To get m,(A) and 7, (B), note that each of A, B is contained in (A)(B)T. To get m,(C),
consider the formula for C' from Lemma 8.6. In this formula eliminate X !, Y ! using X! =
B-—XandY '=A4-Y. u

12 The proof of Theorem 4.5

In this section we will prove Theorem 4.5. To prepare for the proof, consider the following
subspace of Hy:

Hy = (A)(B)T + (A)X(B)T + (A)Y/(B)T + (A)Y X(B)T(1 — t5%). (12.1)
Lemma 12.1. The sum in (12.1) is direct.

Proof. Observe that T(1 — t0_2) is contained in T, so (A)Y X(B)T(1 — taQ) is contained in
(A)Y X(B)T. The result follows in view of Proposition 11.3. [

Note that F[A*!](1 — A72) is an ideal in F[A*!].
Lemma 12.2. The following sum s direct:
FAE] = F1 + FA™ + FAE (1 - A 72).
In other words, the vectors 1, ™1 form a basis for a complement of F]AT1)(1 — A72) in F[AT1].
Proof. One checks that the vectors
LA 12720 A(1-A72), A1 -ATP), AP(1-A7), A1 -aT?),
form a basis for F[A*!]. [
Note that T(l - th) is an ideal in T.
Lemma 12.3. The following is a basis for the F-vector space T(l — ta2):
th(1—ty°) Ty T5 T4, kez, r,s,t € N.
The following is a basis for a complement of']T(l — t52) in T:

to FTTTSTS, ke {0,1}, r,s,t € N.
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Proof. By Lemma 12.2 and the first assertion of Proposition 7.11. |

Proposition 12.4. The following is a basis for the F-vector space (A)YX(B)T(l - taQ) :
AYXBIt (1 — )Ty T5 TS, keZ, i,4,7,8t€N. (12.2)

The following is a basis for a complement of (A)YY X(B)T (1 —ty?) in (A)Y X(B)T:
AYXBitg*TiTsTS, ke {0,1},  i,j,7, st €N

Proof. Use Proposition 11.4 with v = Y X. Evaluate this using Lemma 12.3 along with the
fact that {A’};cn is a basis for (A) and {B'};cy is a basis for (B). [ |

Corollary 12.5. The following is a basis for a complement of ﬁq mn ﬁq:
AY X Bt * T TS TS, ke {0,1}, i,j,7, st €N,

Proof. This follows from the first assertion of Proposition 11.3, the definition of ﬁq in equa-
tion (12.1), and the last assertion of Proposition 12.4. [

Lemma 12.6. The following (i)—(iv) hold:

Proof. (i) From the column on the right in the table of Lemma 11.6.
(i), (iv) By equation (12.1).
(731) By equation (12.1), and since B commutes with everything in T. [

We are about to define an F-linear map ¢ : ﬁq — ﬁIq. To define ¢ we give its action on the
four summands in (12.1). As we will see, the map ¢ acts on the first three summands as a scalar
multiple of the identity. To give the action of ¢ on the fourth summand, we specify what ¢ does
to the basis for this space given in (12.2).

Definition 12.7. We define an F-linear map ¢ : IEIq — ﬁq such that both
(i) ¢ acts as —q~ ! times the identity on
(A)(B)T + (A)X(B)T + (A)Y(B)T,
(13) for k € Z and i, j,7,s,t € N the map ¢ sends
AYXBItf(1 -ty )TTT5TS — A'CBISTI TS T,

Note 12.8. The map ¢ is characterized as follows. Observe that ¢ : flq — flq is the unique
F-linear map that sends

1 —q !, X —¢ X, Y — —¢ 'Y, YX(1-t%)—C
and satisfies the following for all h € fIq:

O(Ah) = Ag(h),  G(hB) = $(W)B,  é(hu) = $(h)u, VueT.
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Lemma 12.9. We have ¢?> = ¢~ 1. Moreover ¢ is a bijection.

Proof. The first assertion is routinely checked using the column on the right in the table of
Lemma 11.6, along with Definition 12.7. The second assertion is immediate from the first. W

Lemma 12.10. Referring to the sum in (12.1), for each summand U the image of U under ¢
1s displayed in the table below.

U ‘ image of U under ¢
(A)(B)T (A)(B)T
(A)X(B)T (A)X(B)T
(A)Y(B)T (A)Y(B)T
(AYX(B)T (1 —t;?) (A)C(B)T
Proof. Use Definition 12.7. |

Proposition 12.11. The following sum is direct:

flq = (A)(B)T + (A)X(B)T+ (A)Y(B)T + (A)C(B)T. (12.3)
Moreover the following is a basis for the F-vector space (A)C(B)T:

A'CBItETTTSTY, keZ, i,j,r,s,teN. (12.4)
Proof. The first assertion is a consequence of Lemma 12.1 and Lemma 12.10, together with

the fact that ¢ is a bijection. The second assertion follows from Definition 12.7(i7) and the fact
that ¢ is a bijection. |

Proposition 12.12. The sum (10.6) is direct.

Proof. The two summands in (10.6) are included among the four summands in the direct
sum (12.3). [

Roughly speaking, the following result amounts to a universal analog of [11, Theorem 2.6].
Proposition 12.13. The following is a basis for the F-vector space (A, B,C,T):
A'CI BMETT TS TY, j €{0,1}, leZ, i.k,r s,teN. (12.5)
Proof. The set of vectors (12.5) consists of the basis for (A)(B)T from the table of Propo-

sition 11.3, together with the basis for (A4)C(B)T from (12.4). The result follows in view of
Proposition 12.12. |

Proof of Theorem 4.5. By Theorem 2.20 the vectors (2.6) form a basis for A,. Applying ¢
to this basis, we obtain the following vectors in Hy:

AICIBRQfar gt j e {0,1}, ik, 0, s,teN.

These vectors are linearly independent by Lemma 10.2 and since the vectors (12.5) are linearly
independent. Therefore v is injective. |
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13 The elements in I:Iq that commute with ¢,

We have now proven the five theorems from Section 4. Recall that these theorems describe the
map 9 : Ay — ﬁq. Our goal for the remainder of the paper is to obtain three extra results
about ﬁq; these results help to illuminate ¢ and may be of independent interest. The first extra
result concerns the subalgebra (A, B,C,T) of fIq. This subalgebra was first mentioned at the
end of Section 10, and a basis for it was given in Proposition 12.13. Our goal for the present
section is to show that

(A,B,C,T) = {h € Hy | toh = hty}.
We will be discussing the F-linear map I;Tq — fIq, h — toh — hto_l.

Lemma 13.1. Forv € {1,X,Y,Y X} the element tov — Vtal s given in the table below.

v tov — 1/7551

1 to—ty "

X Bty — T3

Y Aty — T

YX | q(Cto—T3) + (AB — T113)lo
Moreover
(AB — T\ Ts)ty = A(Bto — T3) + (Atg — Th)toTs — Atg (to — tal)T3. (13.1)

Proof. The table is obtained using Lemma 5.10. Equation (13.1) is routinely checked. |

Lemma 13.2. Under the map h — toh — hta1 the image of f:fq 18
(A) (to—13") (BT + (A)(A—t5 " T0) (BYT + (A)(B—t5 " Ts) (B)T + (A) (C 1" Ty) (B)T.
This image is contained in (A, B,C,T).

Proof. The first assertion follows from Lemma 13.1. The last assertion follows from the first
assertion. [ |

In (12.3) we displayed a direct sum decomposition of fIq. For each summand we now consider
the corresponding projection map.

Definition 13.3. For € {1, X,Y,C} define an F-linear map P, : ﬁq — I:Iq such that P, acts
as the identity on (A)u(B)T, and as 0 on the other three summands in (12.3). Thus P, is the
projection from H, onto (A)u(B)T. For h € H; we have

P,(Ah) = AP,(h), P,(hB) = P,(h)B, P,(hv) = Py(h)v, Vo eT. (13.2)
Moreover

h = Pl(h) + P)((h> + Py(h) + Pc(h)

For h € H, we now consider how the projections P,(h) are related to the projections 7, (h)
from Definition 11.5.
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Lemma 13.4. Let h denote an element of ]:Iq, and write

Po(h)= ) A'CBit;,  t;eT. (13.3)
1,J€EN

Then

mi(h) = Pi(h) + Y A'm (C)Bt,

i,j€EN
wx(h) = Px(h) + Z Aiﬂx(C)Bjtij,
i,j€EN
my(h) = Py(h) + > Almy(C)Bt,
1,jEN
myx(h) =q ' ) AYXBit;(1-157).
7,JEN

Proof. We have both

h =m(h) + wx(h) + 7y (h) + 1y x(h), (13.4)
h = Py(h) + Px(h) + Py(h) + Po(h). (13.5)

In (13.5) eliminate Pc(h) using (13.3), and evaluate the result using
C=m(C)+7x(C)+7y(C)+ myx(C).

By Lemma 11.6 we have 7y x(C) = ¢ 'Y X (1 — ty?). Subtracting (13.5) from (13.4) and using
the above comments, we obtain

0=m(h) — Pi(h) = ) _ A'm(C)Bt; (13.6)
1,JEN
+7x(h) = Px(h) = ) A'nx(C)Bt;; (13.7)
1,JEN
+my(h) — Py(h) — Y Almy(C) Bt (13.8)
1,jEN
+ryx(h) =gt Y AYXBit;(1-t,7). (13.9)
i,jEN

The elements (13.6), (13.7), (13.8), (13.9) are contained in the subspaces
(AB)T,  (AXB)T,  (AY(B)T,  (AHYX(B)T

respectively. The sum of these subspaces is direct, so each of (13.6), (13.7), (13.8), (13.9) is
zero. The result follows. u

Lemma 13.5. For h € fIq the following are equivalent:

(i) h € (A B,C,T).
(i1) h(to —t;') € (A, B,C,T).
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Proof. (i) = (ii) Since tg — t5* € T. )
(i4) = (i) Observe by (12.1) that h(to — tal) € H,. Write

Po(h(to—t;')) = Z A'C Bt ti; € T.
i,JEN

We first show that h € H,. Comparing (10.6) and (12.3) we find

Px(h(to—t5")) =0,  Py(h(to—t;")) =0. (13.10)
By the equation on the right in (11.2),

m(h(to—t;")) =m(h)(to — t5'), ve{lLX,Y,YX}
By this and Lemma 13.4,

myx(h)(to—tg") =myx(h(to—t5")) =¢ ' Y AYXBt;;(1—15).
i,j€N

By this and Lemma 8.9,

myx(h)=q ' ) AYXBitjt;". (13.11)
1,JEN

In order to show that h € I~{q we show that o — ¢, L divides t;; for all 7,7 € N. Observe

my (h)(to — tg") = my (h(to — t51)) ™ =P ST Ainy (0) Bt

4,JEN
by Lemma 11.6 q_1 Z Al (YtalT?) - YB)Bjtij
1,7EN
= qil Z A"Y B? (trstalT3 - tr’s_l)’

r,seN

where t,. _1 = 0 for r € N. From this we see that ¢ty — to_l divides trstang —trs—1 forall r,s € N.
By this and induction on s we find ¢y — ¢, L divides t,«s for all 7, s € N. In other words, for all
7,5 € N there exists ¢/, € T such that t,, = t.,(to — t; ). Now using (13.11),

myx(h) =q ' ) AYXBIt;(1-1,°) € (AYX(B)T(1—t,?).
1,J€EN

By this and (12.1) we find h € fIq. By the equation on the right in (13.2) and the equation on
the left in (13.10),

Px(h)(to — t5") = Px (h(to — t5")) = 0.
Therefore Py (h) = 0 in view of Lemma 8.9. Similarly
Py(h)(to = t5") = Py (h(to — 7)) =0,
so Py(h) = 0. Now

h= Pi(h) + Px(h) + Py (h) + Fo(h) = Pi(h) + Po(h)
€ (A)(B)T +(A)C(B)T = (A, B,C,T).

The result follows. [ |
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Roughly speaking, the following result amounts to a universal analog of [11, Theorem 5.1].

Theorem 13.6. We have
(A, B,C,T) = {h € Hy | toh = ht}. (13.12)

Proof. In (13.12) the inclusion C holds by Lemma 6.4 and since {T}}3_, are central in H,. We
now obtain the inclusion D. Pick h € I;Tq such that toh = htg. We show h € (A, B,C,T). By
assumption tgh = htg so h(to — tal) = toh — htal. By Lemma 13.2 tgh — htal € (A,B,C,T).
By these comments h(to — tal) € (A,B,C,T). By this and Lemma 13.5 h € (A,B,C,T). R

14 A presentation for the algebra (A, B,C,T)

We continue to discuss the subalgebra (A, B, C,T) of fIq. In this section we give a presentation
for (A, B,C,T) by generators and relations. Roughly speaking, this presentation amounts to
a g-analog of [13, Theorem 2.1] and a universal analog of [10, Definition 6.1, Corollary 6.3].

Theorem 14.1. The F-algebra (A, B,C,T) is presented by generators and relations in the fol-
lowing way. The generators are A, B, C, taﬂ, {Ti}3_,. The relations assert that each of tad,
{T;}3_, is central and total =1, tglto =1,

¢BC — ¢ 'CB o
A+ 2 _ -2 = -1’

q q q+q

B qCA—q TAC B
+ 2 _ —2 - -1

q q q+q

gAB — ¢ 'BA ~y
¢+ 2_ 2 = 1

q q q+q

¢ YACB + q %A% + ¢ 2B + ?°C? — ¢ 'Aa — ¢ BB — ¢Cy
_1\2 _ N2 _ _
=(q+q ") = (¢ to+aty") = TE = T5 — T3 — (¢ "to + aty ") W ToT5,
where

a= (g 't +qty )11 + ToTs, B=(q "o +qty")Ts + T1 T,
v = (g "t + gty )T + T3T1.

Proof. Let A, denote the F-algebra defined by generators A, B, C, t%l, {T;}3_, and the above
relations. Since these relations hold in ﬁq there exists an F-algebra homomorphism A4, — I:Iq
that sends each generator A, B, C, tgﬂ, {T;}3_, of A, to the corresponding element in fIq. Under
this homomorphism the image of A, is the subalgebra (A, B,C,T) of fIq. We show that the
homomorphism is injective. To this end, we claim that the following vectors span the F-vector
space Ag:

ACIBMSTITSTE,  je{0,1}, (eZ, i ks teN. (14.1)

To prove the claim, note that the elements A, B, C of A, satisfy the defining relations for A,
given in Definition 2.1. Therefore there exists an F-algebra homomorphism A, — A, that sends
each generator A, B, C of A, to the corresponding element in A,. In (2.6) we displayed a basis
for the F-vector space A,. When our homomorphism A, — A, is applied to a vector in this
basis, the image is contained in the span of (14.1). Therefore the span of (14.1) contains the
subalgebra of A, generated by A, B, C. By construction 4, is generated by A, B, C, t(j)ﬂ,
{T;}?_,. By definition each element A, B, C of A, commutes with each element taﬂ, {1},
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of A;. By construction the span of (14.1) is closed under multiplication by each element taﬂ
{T;}3_, of A;. By these comments the vectors (14.1) span A,. The claim is proven. When we
apply our homomorphism A, — ﬁq to the vectors (14.1), we get the basis for (A, B,C,T) given
in Proposition 12.13. Therefore the vectors (14.1) form a basis for A, and our homomorphism
Ay — ﬁq is injective. The result follows. |

15 The center of IEIq

In this section we describe the center Z(H,).

Recall that the {T}}cr are central in H,. We are going to show that {T}};cr generate Z(H,),
provided that ¢ is not a root of unity. In this derivation we will repeatedly use the basis for ﬁq
given in Proposition 7.8.

Definition 15.1. Let K denote the 2-sided ideal of I:Iq generated by {T;};cr. Thus

K =) HT,

i€l
Lemma 15.2. The following is a basis for the F-vector space K :

YIXUETSTITSTE,  d,je€Z,  ke{0,1}, fLrsteN,  (frs,t)#(0,0,0,0).
Proof. Use Proposition 7.8. |
Lemma 15.3. The following is a basis for a complement of K in I:Iq:

YiXItk, i,j €, k€ {0,1}.

Proof. Compare Proposition 7.8 and Lemma 15.2. |

Definition 15.4. Let H, denote the quotient F-algebra H, lﬁIq /K. Recall that the canonical
map H — H,isa surJectlve F-algebra homomorphism Wlth kernel K. For h € H let h denote
the image of h under this map. By construction T; = 0 for i € L.

Lemma 15.5. The following is a basis for the F-vector space H,:
YX'&, ijez, ke{o1}.
Proof. Use Lemma 15.3. n
Lemma 15.6. Referring to Definition 5.12 we have C; =0 for i € L.
Proof. By Proposition 5.14 and since T, = 0 for j € L. |
Lemma 15.7. The following relations hold in H,:
XY =¢YX, 1ft=-1, (15.1)
WX =X fy, LY=Y 't. (15.2)

Proof. The equation on the left in (15.1) follows from Definition 5.12 and Lemma 15.6. To get
the equation on the right in (15.1), apply the map h — h to each side of t3 = toTp — 1. To get
the equations in (15.2), apply the map h +— h to each side of (5.4) and (5.6). |
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Definition 15.8. We endow the set N* with a partial order < as follows. Let (ng, n1,n2,n3) and
(nh,ny,nk,ny) denote elements of N*. Then (ng,n1,n2,n3) < (nf,n},nh,ny) whenever n; < n/
for 0 <4 < 3.

We have some comments. Fix (£,r,s,t) € N* and define
L =H,T{TTSTS. (15.3)
Then L is a 2-sided ideal of H, with basis

ViXikri 'ty ijez,  ke{0,1},
(v, s 1) e N4, (0,r,s,t) < (00 &),

Observe that KL is a 2-sided ideal of }EIq with basis

YiXukrd sy, ijez, ke{0,1},
(7', s t") e N4, (Uyr,s,t) < (O s t).
Define
R=H,T + 17 + AT + BT (15.4)

Then R is a 2-sided ideal of ﬁq with basis

YVIXIETS T TS, ijeZ,  ke{0,1},

(0, s ) e N, (' s )£ (b s,t).
Comparing the above bases we find

LNR=KL. (15.5)
Theorem 15.9. Assume that q is not a root of unity. Then the F-algebra Z(ﬁq) is generated
by {Tz‘}z‘eﬂ-

Proof. Consider the subalgebra (Tp, Ty, Tz, T3) of H,. This subalgebra is contained in Z(H,).
We assume that the containment is proper, and obtain a contradiction. Pick

heZ(Hy),  hg (To,T1, T, Ts). (15.6)
In view of Proposition 7.8 we write

h= > s ToTITSTS,  hypen € (VWX + (Y (X80,
l,r,s,teN

Define the set
S(h) = {(£;r,5,t) € N* | hyp o # 0.

By construction the cardinality |S(h)| is finite. Without loss of generality, we assume that h
has been chosen such that |S(h)| is minimal subject to (15.6). Note that h # 0 so S(h) is
nonempty. There exists an element of S(h) that is not greater than any other element of S(h),
with respect to the partial order < from Definition 15.8. Denote this element by (¢,r,s,t). We
will be discussing the corresponding ideals L, R of H, from (15.3) and (15.4). By construction

h—hpr o TeTI TS TS € R. (15.7)
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Write

hﬂ,r,s,t = Z Oéinin + Z ﬁininto, aij,ﬂij S F. (158)
1,JEZ 1,JEZL

We take the commutator of (15.7) with each of X, Y. We start with X. The ideal R contains
Xh—hX — (Xhgysr — hors 1 X)TSTT TS TS,

By assumption h € Z(H,) so Xh — hX = 0. Therefore R contains
(Xhrst = Pyt X )T T TS TS, (15.9)

The element (15.9) is contained in L by (15.3). By these comments and (15.5), the element (15.9)
is contained in K L. By Lemma 8.9 the map I:Iq — L, g — gTSTITSTY is a bijection. Under
this map the image of K is K L. Therefore in (15.9), the expression in parenthesis is contained
in K. In other words, in the notation of Definition 15.4,

Xhoyst—horst X =0. (15.10)
Expanding (15.10) using (15.8) we obtain
0= 0y XYX -YX'X)+ Y ;XY X% - V' X0 X).
i,jEL i,jEL
Simplifying this using Lemma 15.7 we obtain

0= Z aij?iyj-i_l (q% - 1) + Z ﬁij (?iyj+lfoq2i — ?iyj_lfo).
1,JEL 1,JEL

Adjusting the indices 4, j in the above sums,

0=>3Y" VX i (1) + > V' X % (Bi-14% — Bijs1).
ijEL ijeL

By this and Lemma 15.5 we find

@ j-1(® =1)=0, i,jeZ, (15.11)
Bij-14" = Bij+1 =0,  i,j €L (15.12)

Taking the commutator of (15.7) with Y, we similarly obtain

a;i—1,;(¢¥ —1) =0, i,j €L, (15.13)
Bic1y — Bir1 a7 =0,  i,jEL (15.14)

By (15.11), (15.13) and since ¢ is not a root of unity,
aij=0 if (i,5) #(0,0), i,j€Z.
By (15.12) or (15.14), and since finitely many of the §;; are nonzero,
By =0, i,jEL
Evaluating (15.8) using these comments we obtain hy, s+ = agg € F. Define

W =h—hpps TETITSTE.
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We have two comments about h'. First of all,

h—h' € (Ty,T1,T», T5) C Z(H,),
SO

W e Z(H,), B & (Ty, Ty, Ty, T3).
Second of all, S(h') is obtained from S(h) by deleting the element (¢, 1, s,t); therefore |S(h')| =
|S(h)] — 1. These two comments contradict the minimality of |S(h)|. The result follows. |

Roughly speaking, the following two corollaries amount to a universal analog of [11, Theo-

rem 5.3].
Corollary 15.10. Assume that q is not a root of unity. Then the following is a basis for the

~

F-vector space Z(Hy):
TTITSTE,  f7ys,t €N (15.15)

Proof. The vectors (15.15) span Z(H,;) by Theorem 15.9. The vectors (15.15) are linearly
independent because they are included in the linearly independent set (7.6). |

Corollary 15.11. Assume that q is not a root of unity. Then there exists an isomorphism of

F-algebras Z(Hg) — F{Xo, A1, A2, A3] that sends T; — X; for 0 < i < 3.
Proof. Immediate from Corollary 15.10. |

16 Discussion

In this section we compare our main results with the results of Koornwinder [10, 11].

Recall from Definition 3.1 that H, is the universal DAHA of type (CY,Cy). In [10, 11]
Koornwinder works with a related algebra ) called the DAHA of type (C}, C1). We will compare
these algebras shortly. Recall the set I = {0,1,2,3}. By Lemma 5.2 the F-algebra H, has
a presentation by generators {t;}ier, {7} }ier and relations

t?:Titi—l, 1 el

T; is central, 1 €1

totitats = ¢ "
Definition 16.1. Let {P;};cr denote scalars in F. Define an F-algebra ﬁq(P(),Pl,PQ,Pg) by
generators {t;};c1 and relations

t? = Pit; — 1, iel, totitats = g~ L.
Lemma 16.2. Fori €I the element t; of flq(Po, Py, Py, P3) is invertible and t; + t;l =P

By construction there exists a unique F-algebra homomorphism ﬁq — flq(Po,Pl,Pg,Pg)
that sends t; — t; and T; +— P, for ¢ € I. This map is surjective. We denote this map by
e(Po, P1, P2, P3). X

Recall the elements A, B, C of Hy:

A =titg+ (tito) " = tot1 + (tot1) B =tstg + (tsto) " = tots + (tots) ',
C = totg + (tato) ™' = tota + (totz) L

We retain the notation A, B, C for their images under £(Py, P;, P2, P3). Recall from Defini-
tion 7.10 the subalgebra T = <t(:)|:1,T1,T2,T3> of H,. By (5.1), T = (to,To,T1,T>,73). The
subalgebra (A, B, C, T) of H, was discussed in Propositions 12.12, 12.13 and Theorems 13.6, 14.1.
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Definition 16.3. Consider the subalgebra (A, B,C,T) of lﬁIq. Let A denote the image of
(A,B,C,T) under the map e(Fy, Pi, P2, P3). Thus A is the subalgebra of H,(Py, P1, P, Ps)
generated by A, B, C, ty.

Proposition 16.4. The F-algebra A is presented by generators and relations in the following
way. The generators are A, B, C, ty. The relations assert that ty is central and t% = Potg — 1,

¢BC —q¢q~'CB a
A+ 2 _ 2 = —10

q q q+q

qCA — ¢ TAC B
B+ 2 _ 2 = 1

q q q+4q

gAB — ¢ 'BA v
¢+ 2_ 2 = 1

q q q+q

¢ YACB + ¢ %A% + ¢ 2B + °C? — ¢ 'Aa — ¢ 'BB — ¢Cy
12 _ 1\2 _ _
=(q+q ") = (¢ Mo+ atg")” = P{ = P¥— P — (¢ 'to + gty ") PL P2 P,

where

a= (¢ to+aty )P+ PPy, B=(q to+qty")Ps+ PP,
= (q_1t0+qt61)P2+P3P17 tot = Py —to.

Proof. In the relations of Theorem 14.1, first replace ¢, by Ty — to and then replace T} by P,
for i € IL. |

By the first three displayed relations in Proposition 16.4, the F-algebra A is generated by tg
together with any two of A, B, C. We now give a presentation of A by generators and relations,
using the generators A, B, t.

Proposition 16.5. The F-algebra A is presented by generators A, B, tg and relations

toA = Aty, toB = Bty, t% = Potog — 1,
AB— (¢ +q ) ABA+ BA + (¢ —q°)'B+ (4 - ¢ ')’ Ay
=(¢—a ") (¢ -a7?)8,
B?A — (q2 + q_2)BAB + AB? + (q2 — q_2)2A + (q — q_l)QBq/
=(g-q ") (- q?)e,
¢ YACB 4 ¢ 2A% + ¢?B? + ¢°C* — ¢ Ao — ¢7'BB — ¢Cy
= (a+q)° — (¢ o +aty")’ — PE— P} — P} — (¢ "o + aty ') PLP2 P,
where
0 gAB — ¢ 'BA
S atq! > —q?
B=(q""to+qty")Ps + P Py, v= (g "o +qty) P2+ P3Py, tot = Py —to.

; o= (q_lfo +qty ') Py + Py P,

Proof. In the first two displayed relations of Proposition 16.4, eliminate C' using the third
displayed relation. [ ]

We now bring in the work of Koornwinder [10, 11]. In [10, equations (3.1)—(3.4)] Koornwinder
defines an algebra ). The definition involves some scalars q, a, b, ¢, d. For notational convenience
we replace Koornwinder’s ¢, a, b, ¢, d by their squares.
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Definition 16.6 ([10, equations (3.1)—(3.4)]). Fix nonzero scalars a, b, ¢, d in F. The F-algebra
9 = 9,(a,b,c,d) is defined by generators Z, Z=1, T, To and relations

(77 + a*b?
(7-1Z +a

Ti+1) =0, (To + ¢ 22d*)(To + 1) = 0,
(7-1Z+b2) — 0 (qQ%Z—l +62) (q27E)Z—l +d2) -0

)(
’)
Lemma 16.7 ([10, equations (3.5), (3.6)]). The elements Ti, To of $ are invertible and

7-1—1 — a2 -1 —a 2, 76_1 P2y — 1 — 222

From now on, assume

Py=ab+a b1, Py =ab ' +a"'b, (16.1)

Py=cd '+ cld, Py =q ted +qctdt (16.2)
Lemma 16.8. There exists an isomorphism of F-algebras

Hy(Py, P1, Py, P3) — $4(a,b,c,d)
that sends

to — —a b, i1 — —ale_lZ*l, ty — —q72ch76_1, ts — —qe tdT.
The inverse isomorphism sends

Z v qtots, Z 1 tot, T1 — —abty, To — —q Ledts.

Proof. One checks that the above maps are F-algebra homomorphisms, and that they are
inverses. Consequently they are isomorphisms. |

From now on, we identify the F-algebras I:.Tq(Po, Py, Py, P3) and qu(a, b, c,d) via the isomor-
phism in Lemma 16.8, and call the result 9.

In [10, equations (3.8), (3.9)] Koornwinder discusses two elements of $. The first is ¥ +
q2a?b?c?d?Y ! where Y = T1Ty. The second is Z + Z~!. These elements are related to A, B
as follows.

Lemma 16.9. In the algebra 3:3,
Z+7Z1=A, Y 4+ ¢ 2a*0*Pd?Y ! = ¢ Labed B.
Proof. Use Lemma 16.8. |

In [10, Definition 6.1] Koornwinder defines an F-algebra AW (3, Qo) by generators and rela-
tions. See also [11, Definition 2.5]. In [10, Corollary 6.3] Koornwinder displays an injection of
F-algebras AW (3,Q0) — $. Consider the image of AW (3,Qo) under this injection. By con-
struction and Lemma 16.9, this image is the subalgebra of § generated by A, B, t;. In other
words, the image is A. Thus [10, Definition 6.1, Corollary 6.3] yields a presentation of A by
generators and relations, using the generators A, B, ty. The presentation looks as follows in
terms of {P; }ier.

Theorem 16.10 ([10, Definition 6.1, Corollary 6.3]). The F-algebra A is presented by generators
A, B, ty and relations

toA = Ato, toB = Bty, t2 = Potg — 1,
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A2B— (@ +q)ABA+BA 1 (¢ — ¢ 2)’B+ (- a7 )’ Ay = (¢—a7) (¢ - 7?5,
B?A— (¢ + ¢ 2)BAB+ AB* + (? — ¢ 3)°A+ (¢ ¢ )’By=(a- ¢ (@ - ¢ e,
ABAB  BABA(¢*+1+qY)  B*A*(¢*+47?)

+A2(q2+q_2) +B2(q2+q_2)

(¢ —q72)? (¢ —q72)? (¢> —q72)?
L ABy BAy(g—q')(*—a?) Aa(®-¢®) BB(*-¢°) 4
(q+q1)? (?—q72)? q?—q? ¢?—q2 (¢+q1)?

= (q+¢ ) (¢ Mo +qtg?)? — P2~ P} — P} — (¢ "o + qty ) PL P> P,
where

a= (¢ 't +qty") P+ PP, B=(q "t +qty") P+ PP,
v=(q""to+qty') P> + P3P, tyr =Py — to.

Proof. Write [10, Definition 6.1] and [10, Corollary 6.3] in terms of A, B, to and {P; }ier, using
Lemma 16.9 together with (16.1), (16.2). [

In this paper we presented several subalgebras of ﬁq and $ by generators and relations.
We now compare these presentations. Theorems 4.1 and 4.5 together give a presentation of
the subalgebra (A, B,C) of ﬁq by generators and relations, using the generators A, B, C.
Theorem 14.1 gives a presentation of the subalgebra (A, B,C,T) of ﬁq by generators and rela-
tions, using the generators A, B, C, tgl, Ty, Ts, T3. Proposition 16.4 gives a presentation of
the subalgebra A of ) by generators and relations, using the generators A, B, C, t;. Proposi-
tion 16.5 and Theorem 16.10 each give a presentation of A by generators and relations, using the
generators A, B, tg. We now discuss the logical implications between Proposition 16.4, Proposi-
tion 16.5, and Theorem 16.10. Proposition 16.5 is discovered from Proposition 16.4 by partially
eliminating C'. Proposition 16.4 is discovered from Proposition 16.5 and the knowledge that
C = C. Theorem 16.10 is discovered from Proposition 16.5 by eliminating C. Proposition 16.5 is
readily verified using Theorem 16.10. However Proposition 16.5 is not readily discovered using
Theorem 16.10 alone. Proposition 16.5 is discovered using Theorem 16.10 and the knowledge
that C simplifies things. Neither C' nor C appears in [10, 11].

In [11] Koornwinder discusses an algebra S (S;J) known as the spherical subalgebra of 5:3
In [11, Theorem 3.2] Koornwinder displays an F-algebra isomorphism AW (3, Q) — S(£), where
AW (3, Qo) is the homomorphic image of AW (3,Qo) described in [10, Section 2]. By [11, Sec-
tion 3] the multiplicative identity of S (f)) is a certain idempotent Pisyr, in $. But Psym # 1,
s0 S($) and $ do not share the same 1. Therefore S(8)) is not a subalgebra of § according to
our convention from Section 1. As far as we know, the results of the present paper are unrelated

to S(9).
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