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Abstract. The total descendent potential of a simple singularity satisfies the Kac—Waki-
moto principal hierarchy. Bakalov and Milanov showed recently that it is also a highest
weight vector for the corresponding W-algebra. This was used by Liu, Yang and Zhang to
prove its uniqueness. We construct this principal hierarchy of type D in a different way,
viz. as a reduction of some DKP hierarchy. This gives a Lax type and a Grassmannian
formulation of this hierarchy. We show in particular that the string equation induces a large
part of the W constraints of Bakalov and Milanov. These constraints are not only given on
the tau function, but also in terms of the Lax and Orlov—Schulman operators.
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1 Introduction

Givental, Milanov, Frenkel, and Wu, showed a in a series of publications [6, 8, 9, 25] that
the total descendant potential of an A, D or E type singularity satisfies the Kac—Wakimoto
hierarchy [17]. Recently Bakalov and Milanov showed in [2] that this potential is also a highest
weight vector for the corresponding W-algebra. For type A Fukuma, Kawai and Nakayama [7]
showed that these W constraints can be obtained completely from the string equation. This was
used by Kac and Schwarz [14] to show that this A,, potential is a unique (n+ 1)-reduced KP tau
function, if one assumes that it corresponds to a point in the big cell of the Sato Grassmannian.

Uniqueness for type D and E singularities, together with the A case as well, was recently
shown by Liu, Yang and Zhang in [20]. They use the results of [2] and the twisted vertex
algebra construction to obtain this result. Both constructions use the Kac—Wakimoto principal
hierarchy construction of [17].

In this paper we obtain the principal realization of the basic module of type DS) as a cer-
tain reduction of a representation of Ds,. The reduction of the corresponding DKP-type (or
sometimes also called 2-component BKP) hierarchy gives Hirota bilinear equations for the cor-
responding tau functions. This gives an equivalent but slightly different formulation of Kac—
Wakimoto D,, principal hierarchy [17]. The total descendent potential of a D,, type singularity
satisfies these equations. This approach has 3 advantages: (1) there is a Lax type formulation
for this hierarchy; (2) there is a Grassmannian formulation for this reduced hierarchy; (3) one
can show that the string equation generates part of the W-algebra constraints. This makes it

*This paper is a contribution to the Special Issue in honor of Anatol Kirillov and Tetsuji Miwa. The full
collection is available at http://www.emis.de/journals/SIGMA /Infinite Analysis2013.html
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possible to describe — at least part of — the W-algebra constraints in terms of pseudo-differential
operators and in terms of the corresponding Grassmannian.

This approach, viz. obtaining the principal hierarchy of type D as a reduction of the 2-com-
ponent BKP hierarchy, which describes the Dy.-group orbit of the highest weight vector, was
also considered by Liu, Wu and Zhang in [19]. They even obtain Lax equations. However, their
Lax equations are formulated differently than the ones in this paper. They use certain (scalar)
pseudo-differential operators of the second type, where we need not only the basic representation
of type D, but also the other level one module. As such we obtain a pair of tau functions
and 71, which are related. The equations on both tau functions provide (2 x 2)-matrix pseudo-
differential operators, with which we can formulate a slightly different, but probably equivalent,
Lax equation. However, in both approaches the equations on the tau-function 7y is the same.
Wu [26] used the approach of [19] to study the Virasoro-constraints, he showed that they can
be obtained from the string equation. Using the (2 x 2)-matrix pseudo-differential approach of
this paper, we recover Wu’s result and even more, the string equation not only produces the
Virasoro constraints but even produces a large part of the Bakalov—Milanov [2] W constraints,
but not all.

2 The (n,1)-reduced DKP hierarchy

2.1 The principal hierarchy for D,(llil

The principal hierarchy of the affine Lie algebra D&zl can be described in many different
ways [11, 17]. Here we take the approach of ten Kroode and the author [21] and describe
this hierarchy as a reduction of the 2-component BKP hierarchy, i.e., we introduce two neutral
or twisted fermionic fields and obtain a representation of the Lie algebra of d.,. We define
an equation which describes the corresponding D, group orbit of the highest weight vector.
Following Jimbo and Miwa [10] we use a certain reduction procedure, which reduces the group
to a smaller group, viz., to the group corresponding to D&Zl in its principal realization and thus

obtain a larger set of equations for elements in the group orbit.

Remark 2.1. It is important to note the following. The Kac-Wakimoto principal hierarchy
of type D7(11421 characterizes the group orbit of the highest weight vector of type D;l_&l in the
principal realization (see [17, Theorem 0.1] or [11]). Jimbo and Miwa show in [10] that elements
of this group orbit satisfy this Dfll_zl reduction of this DKP or 2 component BKP hierarchy. Since
the total descendent potential of a D, 1 singularity satisfies the Kac—Wakimoto hierarchy it is
an element in this Dgll group orbit and hence also satisfies this Jimbo—Miwa DSJZI principal

reduction or (n,1)-reduced DKP hierarchy.
Let n be a positive integer, consider the following Clifford algebra CI(C*>) on the vector

space C*>* with basis qbli, gf)i, with ¢ € Z and symmetric bilinear form
2n 2

1ol (42 42\ _ (_yis L2 =
(ﬁbﬁvﬁb;in)—( %7¢%) ( )61,7]5 (¢ﬁ’¢%) 0
The Clifford algebra has the usual commutation relations:
0L ¢l + 0 0L = (=)0 =107 + 9107, 6L gL +iel =0
2n  2n 2n  2n 2 2 2 2 2n 2 2 2n
We define its corresponding Spin module V' with vacuum vector |0) as follows (cf. [21]):

oL [0)=@%[0) =0, i>0,  (d5+idF)[0)=0.
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The normal ordered elements : d)?gzﬁ? : form the infinite Lie algebra of type do, where the central
elements acts as 1, see [21] for more details. The best way to describe the affine Lie algebra Dgll
is to introduce, following [1], w = en the 2n-th root of 1, and write

QO(Z) _ Z @(m)z—m—17 then (p(EQMkZ) _ Z w—kangp(m)z—m—l.

me ﬁZ me ﬁZ
The fields corresponding to the elements in the Clifford algebra are
1 = l 7;LTL7L 2 = 2 71277; .
S =D oz, P)=) iz

1€Z 1EL

Then the commutation relations can be described as follows in term of the anti-commutator {, }

2n—1 1

{0'(2), 0" (2™ w) } = ()" Y Gz —w),  {d*(2), 0} (¥w)} = =Y Gjulz —w),
=0

j=0

{#'(2),*(w)} =0,
where 0;(z — w) is the 2n-twisted delta function, e.g. [1]:

dj(z —w) = zﬁw%ﬁ(z —w) = Z ZRwRL

k€ s+2
Then, see [21], the modes of the fields

: qb“(e%ikz)qbb(e%wz) : 1<a,b<2, 0<k,f<2n-—1,

together with 1 span the affine Lie algebra of type Dfﬁl in its principal realization. The spin

module V splits in the direct sum of two irreducible components when restricted to Dgll. The
irreducible components V' = Vj and Vi correspond to the Zy gradation given by

deg |0) = 0, deg ¢ = 1.
The highest weight vector of Vj is |0), the highest weight vector of V; is

|D=;J%—w@m.

Here V4 is the basic representation, V7 is an other level 1 module. Both modules are isomorphic.

2.2 The DKP hierarchy and its principal reduction
The DKP hierarchy is the following equation on ¥ € Vj:
Res; ((—)"¢' (2)T ® ¢! (¥™"2)T — ¢*(2)T ® ¢*(e*™2) %) = 0.

This equation describes an element in the Do,-group orbit of |0).

If one restricts the action on |0) to the loop group of type D&Zl, the orbit is smaller and is

given by more equations. The principal reduction, of [3, 10] induces the following. If ¥ € Vj is
in this loop group orbit of |0), it satisfies the (n,1)-reduced DKP hierarchy for all integers p > 0

Res, 2P ((—)”qf)l(z)‘I ® Pt (e%mz)i — ¢*(2)T @ ¢* (e%iz)f) = 0. (2.1)

However, for us it will be more convenient not only to use the action on |0) but also on |1)
and write ¥, for the action of the loop group on |a), where a = 0,1. One thus obtains

Res, 2P ((—)”gbl(z)Ta ® ¢t (e%i”z)‘Ib — 3 (2)T, @ ¢? (62’”27)31)) = 0a46,1000% @ T (2.2)

for all integers p > 0, here a,b =0, 1.
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2.3 A Grassmannian description

We follow the description of [15]. The Clifford algebra CI(C*°) has a natural Zs-gradation
CI(C*>®) = Clp(C*>®) @ Cl11(C*>), where Cly(C>)q consists of products of an even number of
elements from C*°. Let Spin(C>) denote the multipicative group of invertible elements in
a € Clp(C>®) such that aC®a~! = C*®. There exists a homomorphism 7" : Spin(C*) — Dy
such that T'(g)(v) = gvg~!. Thus T(g) is orthogonal, i.e., (T'(g)(v), T(g9)(w)) = (v, w), in fact it
is an element in SO(C*). Let a = 0,1, then

Ann(gla)) = {v € C¥vgla) = 0} = {gug™" € C*Jv|a) = 0} = T(g)(Ann(la))).

Since

Ann(la)) = @M o Pl oCe2, (2.3)
V2 >0 " 2

it is easy to verify that Ann(]a)) for a = 0,1 is a maximal isotropic subspace of C* and hence
Ann(gla)) for a = 0,1 and g € Spin(C) is also maximal isotropic. Hence an element in the Dy,
group orbit of the vacuum vector produces two unique maximal isotropic subspaces. We can
say even more, the modified DKP hierarchy, i.e. equation (2.2) with p =0 and {a, b} = {0,1},
has the following geometric interpretation, see also [15] for more information,

dim (Ann(g|a) — Ann(g|b))) =1, 0<a#b<1

Note that this follows immediately from (2.3). Let e; and ez be the orthonormal basis of C? we
identify

d)li = tﬁela d)Q% = té@?a (24)

2n

where we assume that the bilinear form does not change, i.e.,
i J i i J i i J
(t2n€1,t2"€1) = (—)2(51,_3', (t262,t2€2) = (—)Z(SL_J', (t2"€1,t262) =0.

We think of t = € as the loop parameter. Now if g corresponds to an element in D7(11+)1a then
Ann(g|a)) satisfies

t Ann(gla)) C Ann(g|a)), a=0,1.

2.4 A bosonization procedure

In general there are many different bosonizations for the same level one D,(llll module (see [13]

and [21]). Kac and Peterson [13] showed that for every conjugacy class of the Weyl group of
type Dy41 there is a different realization. The principal realization first obtained in [12] is the
realization which is connected to a Coxeter element in the Weyl group (all Coxeter elements
form one conjugacy class). As such the bosonization procedure for this principal realization is
unique and well known, see, e.g., [21]. Here we do not take the usual one, but the one which
is related to the D, singularities as in the paper of Bakalov and Milanov [2]. This means
that we introduce a parameter v/A and that we choose the realization of the Heisenberg algebra
slightly different from the usual one.

The bosonization of this principal hierarchy consists of identifying V' with the space F' =
Cl0,¢%a=1,2,...,n+1,k=0,1,...]. Here 0 is a Grassmann variable satisfying 6> = 0. Let o
be the isomorphism that maps V into F, we take o(Vp) = Fop = Clglsa = 1,2,...,n+ 1,k =
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0,1,...] and o(V1) = F; = 0Clg};a =1,2...n+ 1,k =0,1,...]. The Heisenberg algebra, af is
defined by
1.\ _ 1—ie1 . (D)™ 1/ 2min )\ .
a(z) = Z a;z =5/ 1ol (2)0" (72 1,
€417
. 1 .
2 2 —i—1 .__ .42 2( 2w .
a(z):Zaiz .—7.¢(z)¢>(e z) .
i€3+Z
Then
Sk

[aﬁ,a% = kbabOk,—r and [oz,lﬂ,gbl(z)] =

=0 ok %) = el

Remark 2.2. Note that in the notation of [2], n = N — 1,

ol (z) = Y(Vnwy, 2) = VY (v, 2), ?(2) = Y (Uni1, 2)

and

P(z) = \/1272}/(6”1,2), P*(2) = \}éY(e””“,z). (2.5)
Here the v; form an orthonormal basis of the Cartan subalgebra of the Lie algebra of type Dy, 1.
Elements e” are elements in the group algebra of the root lattice of type Bj,y1, which has as
basis the elements v;. This construction is related to an automorphism p, which is a lift of
a Coxeter element in the Weyl group and which gives the Kac—Peterson twisted realization [13],
see also [21] for more details. p acts on the vy, va,..., vy, vp41 as follows

V1 > V2 b v b Up b — T, Un41 > —Un41,
then (see [2] or [1])

Y (v,2) = Y (0 (01), 2) = Y (v, 207 D72),
Y(e”jjz) — }/’(61)17e2(j*1)7riz>7 1< ] <

The factors % and % in (2.5) follow from the fact that B,, —,, = 4n and By, —v,,, = 4

(see [2, p. 853] for the definition of these constants).

S

Let o be the isomorphism which sends V' to F, such that ¢(|0)) =1 and o(|1)) =6,

B S . cab s ol = (27— 1)/ @) B0 (2.6)
2j—1 — . ) 2j—1 - - DR .
— 2k ((27 — 1)/(2n)), o R M agl
1
h2gitt .
2 -1 _ k 2 -1 __ =
O'Oz_%_k(f = Wa UO‘%_HCO' - (1/2)k+1 hQW, (2'7)

for k=0,1,2,...and 1 < j <n, where (z)y =z(z+1)---(x+k—-1) = Fgf(;r)k) is the (raising)

Pochhammer symbol (N.B. (z)p = 1). To describe 0¢*(z)o~ 1, we introduce two extra operators
f and %, then

) -ir1 o 2 -1 .(9_%) -1m2 i
= 272l (g, 270), o¢(z)o " =i—20227217(q, 22),
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where
(g, 227) = T4 (g, 220 )T (g, 227),  T?(g,27) = T2 (q,22)T2 (g, 27) (2.8)
with
1 I = h7§qj 2j—1
rt q,z21n =exp | — - k 2o R 2.9
+(.277) 7 2 2 @ D/ 29)
P (g 23) =exp | =305 (27— 1)/@n)) -2 ok | (2.10)
L —r Aqy,
1
) 00 h_iqn—l-l 1
r? q,zé = exp — k. 3tk , 2.11
Has) = | 2 ) 211
9 1 = 1 0 1y
I'? (q,22) = exp 27(1/2)k hz — 5272 . (2.12)
k=0 Oy

Now let 0(%p) = 79 and o(T1) = 116 Using (2.9)—(2.12) we can rewrite the equation (2.2) and
thus obtain a family of Hirota bilinear equations on 7,, here p > 0:

RGS)\ ()\2np*1F1 (Q7 A)Ta & Pl(Q? _)\)Tb - (_)a+b)\2p*1]ﬁ2(q7 )\)Ta ® FQ(Qv _A)Tb)
= 26a+b,16p()7_b ® Tq- (2'13)

From now on we will often omit o.
Using Remark 2.1, we obtain that the total descendent potential of a D, singularity sa-
tisfies (2.13).

3 Sato—Wilson and Lax equations

3.1 Pseudo-differential operator approach

We want to reformulate (2.13) in terms of pseudo-differential operators. For this we introduce

1 1
an extra variable by replacing ¢ and ¢0™! by qf + Z—Zw and ¢i ™ + %x and write 0 for 0.
Then both 7, and I'°(g,\)7, for b = 1,2, defined in (2.8), will depend on z. We keep the
dependence in 7, but remove it in the second term by writing I'°(z,q, \)7, = T'°(q, \)7.e™.

Next we rewrite (2.2):

Res (W(A)diag(ﬁm’*l, A1) @ W(—A)T) =SV VT,

where
_ Fl(Q7 )\)7_0 ZFZ(Qa )‘)TO A N 1T
W) = (Z'I’l(q, N7 T2(g, )7 € V= 9 To /) (3.1)
Divide the first row of W and V by 7 and the second by 7y, one thus obtains
Res (P()\)diag()\2”p_1, AP B e™ ® e‘“E(—/\)TP(—)\)TJ> = 5,0, (3.2)
where

Fl— (Q7 A)TO FQ—(q, A)TO
A

1 sl 1
P\ = —
N=7 TLgNn T2 Nn

70 70
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and

- (0 ) 0-( )

Then using the fundamental Lemma of [16], equation (3.2) leads to:
(P(@)diag(@Q”p_l,82p_1)P*(8)J), = 600 1.
Taking p = 0 one deduces that
P ot =o"tpP*J (3.3)
and for p > 0 that
(Pdiag (9", 0*) P~1) o = 0.

Now differentiate (3.2) for p = 0 to some qi and apply the fundamental lemma then one gets
the following Sato—Wilson equations:

or ,
Pl = (B]).
0)
oq,, =
where
1 h2
— PE\ 0P~ H2knp=1 if 5 <np,
B — V(25 —1)/(2n))k41 1 J =
k 1
h™ 2
—  PE9t2p-l if j=n+1.
/21 2 J

Now introduce the operators

L =PoP !, C, = PE. P!,
Then clearly

[L,C,l =0,  C,Cyh=064Cs,  C1+Cy=1, (L*PCy + L#Cy) o =0 (3.4)
and one has the following Lax equations:

oL 1(B]).y L],

— =
Oqy,

0C,
8qi

[(B1) +>Cal

Note that in the important Drinfeld—Sokolov paper [5], in the case of the Coxeter element in the
Weyl group of type D, also 2 x 2 pseudo-differential operators appear. The principal realization
of the basic representation is definitely related to this Drinfeld—Sokolov hierarchy, see, e.g., [4].
However, a direct relation between our 2 x 2 operators and the ones appearing in [5] is unclear.

3.2 The Orlov—Schulman and S operator

Introduce the Orlov—Schulman operator

M = PExE~'P~' = PRP!,
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where

j n+1
_ - Z Z 2nk+2j—2 9k 2k
R=uxl+2h 2k O([EH 1)/(2n)) 0 +E22(1/2)k8 )

Then [L, M| = I and the wave function W () satisfies

W (N)
N

LW =AW, CWQA)=WWNE;, MW =

Moreover,

8P 1 o0 n q] 7’L+1
M=—P'4+2n 2§ \/HE j k L2k+2=20 4 L%*¢y ).
99 - ( (25 — 1)/ @n))y <1/2>k ’

=]

We introduce the operator

1 1
S = <2ML12”01 + MLng) P,
n 2 <0

which will play a crucial role in the deduction of the W constraints. .S is explicitly given by

S=maa?  Pntggg? Pz
+Z Z a. 2nk=D+2-1cn 1 an 210, p
22\ Vnn &= (@7 - )/@n); Vi (1/2), .
_ 1 opP 1-2n laj 1 J 27—2n—1 1 n+1 -1
=3, 888 E + 5 880 Eao + 7FZQOP3 B+ \/ﬁqo PO~ Ea
+Z Z qi L2nk=D+2j-1 0 —i—i qZH 1210, P
2 W 2j - 1)/@2n), Vi (1/2), .

= 5550 " En +2886 Zq PO E11+\/ﬁq0 PO Ey
n+1 oo

- Z qu+1 : (3.5)
7=1 k=0 8 J

4 The string equation and W constraints

4.1 The principal Virasoro algebra

(1)

The principal realization of the basic representation of type D, /,

with central charge n + 1. It is given by (see, e.g., [21])

has a natural Virasoro algebra

] 1 .1 9 n+1 n?2-1
L = _ji: T s . 5 [
F j%( Vi 959+ ) A J+k +’“°( 16n | 24n
_Z —% g % kT O Y +5’f°< 160~ 2an > (4.1)

JEZ
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or in terms of the field

= ZLsz’“Q = ;wéaawé
kez w

X ()72 91 w)g! (FT2) ¢ =2 P (w) e (*72) 3) o, + (

n+1+n2—1 _9
z7%.
16n 24n

Using (2.6) we can express Ly in terms of the “times” qi, in particular L_q is equal to

n+1 oo

1 ; 0

—1 1 +1—

oL o' = 2h (q)? + 2R Z @y + ZZ > qkﬂ—ﬁ (4.2)
1 k=0

Let 7 € V), the string equation is the following equation on 7

or
L 4y17=—. 4.
17 o (4.3)

However, following, e.g., [7], we remove the right-hand side of (4.3) by introducing the shift
qi + q# — 1. This reduces the string equation to

L.yr=0. (4.4)
However, this would introduce in the vertex operator I'l (¢, A) of (2.9) some extra part

1
_(2n)2ﬁ7§ A2n+1
2 1
e Vvn n+ ,

which fortunately cancels in (2.13). Therefor we will assume that the string equation is of the
form (4.4) and that the hierarchy is given by (2.13), where the operators (2.9) do not have this
extra term. We will show that if 7 is in the D&zl group orbit of the vacuum vector, hence
satisfies (2.1), and 7 satisfies the string equation (4.4), i.e., that 7 is annihilated by L_;, that
this induces the annihilation of other elements in the Wp,  , W-algebra. We will follow the
approach of [24] (see also [23]). For this we use the following. If 7 = 79 = ¢|0) satisfies the
string equation, then also its companion 71 = g|1), satisfies the string equations. This is because
oL_10~' commutes with the operator § + % which intertwines Fy with F7.

4.2 A consequence of the string equation

Assume that the string equation (4.4) L_;7, = 0 holds for both a = 0,1. Then clearly also

(N (Loy7) B L_lTbFC_()\)(Ta) —0. (4.5)
) (Tb)2

Denote by 7§ = I'“ (A\)(74), then (4.5) is equivalent to

T (A) (L_q) 78 — 15 L 17
()2

= 0. (4.6)

Now,

1 n+1 oo

c c n i n c 0
PV (L) = 512 | (a57) +Zqoq T2 T M) g
(=1 k=0
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hence (4.6) turns into

2h 1
+7§i PC ()\) (qk+1) 8i _ TCL ¢ aTb _ O
yewrd Th aqf,  (m)* "t ag]
We rewrite this as
n+1 oo
Z Z qk+1 a z + Rabc = 07 (47)
/=1 k=0
where
7l 1 Tl
Rap1 = 7(1)\—271_ )\1 2j n+l—j
bl 27, ﬁh T Z 9o
L 87’
\/ﬁTb ) kZO / " k+ 8qk

and

72 1 72 Vi 87
Ra _ _a A_Q a /\—1 n+1l E 1/2 A~ 2k—3
27 on Vi o T k:O( [k dg;

We will now prove the following

Proposition 4.1. The string equation (4.4) induces

1 1 1 1
<<2n 2 2 2 <0

Proof. To prove this we first observe that (4.8) is equivalent to
1 —2n 1 —2
—Po Ei1 + =P9 *Ey - 5=0, (4.9)
2 2 <0

where S is given by (3.5). We calculate the various parts of this formula:

1 all

iafl,]_l
- A72n o P )\2] 2n—1 __ a—1 )\72 )\2] 2n—1 ]
2 ol Z fotal 2\/57—27(1 V2nhro_q Z::

1 A2 ngﬂpﬂ)\— _ i(—0)* Ty A2 _ (=) ey AL
2 Vi 22124 V2h1o_q

Now

n

2 O\ - \/zmg . OA

87‘ O0Ta 1
1)/20) 5 A 2n(k+1)—2¢
\/2n7'2 o Zzlkzo - aqk

131
1 6Pa1()\>)\1—2 L 'h2 875—1)\1—271
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and

2 9\ V279,  OA V279 = k+ oqp

Substituting these formulas into (4.9) one obtains up to a multiplicative scalar

’_'a—llal  Nag—1p% OO 81
laPag()\))(l B i(—1)* "h2 Ta_l)\il B i(—1)% "h2 2(1/2) 1/\7% 307, 1

%i 1/7'2a a1 2 Ta1 zn:2'2 1,.j
a— —2n a— j—2n—1 J
2 = ) 7
=1 k=0 2794 vnhro_, =1
< 1—2n(k+1) 2@6711
(20 —1)/2n) g AT =2E2220 —
\FTZ ;kz aqi
and
_l’_
Zi 1/7'2 @y 7—;—1 A2 1 _laml 41 n+1
dx 1
=1 k= * 27—2—a fTQ a
o 37‘
(1/2)s A2k Tlacl
TQ_akZ:O / 8 n+1
which is exactly equation (4.7). |

A consequence of (3.4) and Proposition 4.1:

Proposition 4.2. Let T satisfy the string equation, then for all p,q > 0, except p = q = 0, the
following equation holds:

1 1 a 1 1 7
— MLV Zpm) p2eoy 4 (Sl - Z072) L, =0. (4.10)
2n 2 2 2
<0

We rewrite the formula (4.10), using (3.3):

1 1 a 1 1 a
<<2nPR81_2” — 28‘2”> o=l p  P*J + <2Ra—1 — 28—2> 62”_1E22P*J> =0.

Now using again the fundamental Lemma of [16] this gives

1 1 e
Res), (AQ"p—l <2n)\1_2”8A - 2)\_2”> W(NEy (4.11)

2p—1
ot (3

A loy — f)\ >q W(A)E22> QW (=) =o. (4.12)
Now let AF = z, then 8, = tA17%9, and 1A1#9, — 1Ak = 229,273, then (4.12) is equivalent to
Res. (207 (2731 (q,2%7)7 ) @ 2730 (g, %),
— (=)ol (2752 (g, 28) 7 ) @ 2R (g, —23)m ) = 0.
And this formula induces
Res. ((=)"2792(9(2)) Ta ® 0! (2772) T, — 2701(6%(2)) T0 © 0%(¢¥12) %,
Res. ((=)"270! (¢271"2) %0 @ 02 (61 (2)) Ty — 2707 (¢*"2) T @ 01(6%(2)) Ty

0,

0. (4.13)

)
)
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4.3 Some useful formulas

We have
[+ 6! W)o" (7™"w) 10" (2)] = 6" (W){¢' (™" w), 6 (2)} — {6 (1), ¢' (2) } ' (™)
2n—1
= ()" Y Gz —w)d'(y) = 6;(z — ETMy) ! (T w),
j=0

and similarly
1
[: #*()¢? (*™w) ()] = = D Gju(z = w)6*(y) = djn (2 — Ty ¢ (™ w).
§=0
We calculate the action of
X(y,w)@1l=((=)": ' (o' (™ w) : —: ¢*(y)¢° (¢¥™w) :) @ 1
on the bilinear identity (2.2), using the above formulas one obtains

a+b,10p0X (v, w)Tp @ T,

2n—1
_Reszzp{ (Z 5 Z— )_6j(2_627riny)¢1(€27rm )):3: ®¢ ( 2min )‘Ib
1
_ <Z(S]n(2—w)¢2(y) —5jn(z_627riy)¢2(627m ))I ®¢ ( 2min )gb
j=0

+ ()"0 (2) X (3, w)Ta @ @1 (€277 2) Ty — ¢ (2) X (y, w) Ta @ ¢°(€*™2)T }

Thus
Sa+b,10p0X (v, w)Tp ® Ty
~ Res, (2 ((-)"0" ()X (3, 0)Ta @ 6" (2772) Ty — 62(2) X (3, w) T4 © 62 (772)T,) )
=w” ((-)"0' (1)%a @ &' (7" w) Ty — ¢*(y)Ta @ ¢* (*™w) Ty)
— 9" ((5)"¢! (™" w) Ta ® ¢ (1) Tp — ¢* (") Ta @ 6° (1) Ts) - (4.14)
4.4 W constraints

Now, let Xy = Resy, wkan(y, w)|y=w, then putting p = 0 in formula (4.14) and using (4.13),
one deduces

Res, ((—)"(]ﬁl(z)qu‘Ia ® ¢! (62”"2) Ty — %(2) XpgTa ® ¢ (627”2) Sb> = 00461 Xpg%p ® Tg.
Thus
Resy A7 (T (g, ) Xpqa @ T (g, =\, — (=) TT2(g, A) Xpg7a @ T(g, ~N)7
= 200401 XpgTh ® Ta- (4.15)

Note that here we abuse the notation, we write X,,, for aqua_l Consider this as equation in
two sets of variables x, ¢ and ', ¢/. Let a # b and set x = 2’ and ¢ = ¢/, This gives
XpqTa _ XpgTo

4.16
Ta Ty ( )
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Now divide I'“(¢q, A) (Xpg7a) by 75, then
re X T (¢, \)7a X7
(Q7 A)( PQTG) — Fi—(%)‘) —(q’ )T Fc_(q’ A) ( pg T > .
b b Ta
Now using (4.16), we rewrite (4.15) in the matrix version
& XpgT XpgT
Res) ()\1 > T (g, M) <7’”> P\ E..E(\)e™ @ e“E(—A)TP(—A)TJ> = ey
Ta Ta
c=1
Let
c X Ta = c -
(0.0 (27 = 3 st
N k=0
then
2 oo
Res) (Z > SEPANEAFTEN e @ e—ﬂE(—A)TP(_A)TJ) = Zpafag
=1 k=0
This gives

> SgP(0)E.07*P(0)! =0.
k=1

Now multiplying with P(9)0*~! from the right and taking the residue, one deduces that

Si(x,q) =0 for ¢=1,2,...,

hence,
XpgTa
(T (g,\) — 1) (qu) =0,
Ta
from which we conclude that

XpoTa
TP — (const.
Ta

In order to calculate these constants, we determine [Xo1, Xp] and [X71, Xog].

both operators on 7 give zero. Now write X,, = X;q + ng, then

ng: Z (_)kbpq(k)qﬁiiqﬁaﬁ

2 TP=0
k>(g—p)n

where

k 1 k 1
bpq(k) = <2n+2 —Q>q— <—2n+2—p>q

From now on we assume n = 1 if a = 2, in particular

k

Xy= D (N alk)gt p oy, where alk) =~ 1.

T2 2
k>n o

The action of
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Then

X5 Xpgl =0 > () albpg (k) (02nnd” 6%
ji>n,k>(g—p)n v

+ 5j,—k+2(q—p+1)n¢i%¢Zﬁn+p,q,1 - 5]',k¢zﬂ;n,1¢(i

J
5, TP—4q

Now, if p — ¢ # 1 the right hand side is normally ordered and we obtain

(X6, Xpal = 0w Y (=) (a(h)bpg(J — 2n) — alj +2(p — @)n)bpq ()07, 0% .
7>(g—p+1)n

2n n

It is straightforward to check that

a(f)bpg(j — 2n) — a(j + 2(p — @)n)bpg(j) = —2pbp-1,4(J),
thus

(X6, X0 = —26wpX) 1, i p—gq#L (4.18)
If p— ¢ = 1 we have to normal order the right hand side of (4.17). Note that in that case,

the second and third term of the right hand side of (4.17) are equal to 0 and the first term is
normally ordered, the last one not. This gives

(X610, X011 4] = —20ap(q + 1) Xp 4 — 26041,

where

CZ+1 = <;a(2n)bq+l,q(0) + Z a(k + 2n)bq+17q(k)>

—n<k<0
~ (J J
> (i), o),
j=l-n " q+1 n q+1
Clearly, if p = 0 the right hand side of (4.18) is equal to 0. For that case, one calculates
[Xflv XUq] = 2qX0qa
so finally we obtain the following result. Note that X, o = 0 and let ¢, = cé + cg, then

Theorem 4.3. For all p > 0 and ¢ > 0, one has the following W constraints:

)
(qu + 2qpf26q+1) 7o =0, for both a=0,1,
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It is straightforward to check that for |y| > |z|

XUy, 2) = ()" 0" (y )¢“( )

1 n n
= 52)” 5@ (1% (g, 52 )T (g, 2% )T (g, y27 T2 (g, —227) — 1)
y2n — Z2n
and
a (_1)n pAaq+1 a a( 2mwin
Xpg = 1 Res; 2705 (y — 2) : ¢"(y)¢ ( )1 . (4.19)
q ez
Now
1 n 1
1 y2n Z2n _
a, <(y—z)(yz) 211) ‘ = ¢z "
y2n — Z2n i
=z
Let
1 1 1 1

P2y, 2) = % (g, y )T (g, —25)T (g, )T (g, —27),

then
1 q+1
Resz 505 Z <q —]: 1> Cin_kaZ_k—H (Fa(y’ Z) . 1)
q — s

and

5 1 q+1 g+ 1
p,q _ —k aq—k+1
X5+ 2 5 Cat1 = Res: 5943 +2H( k >ngp oI (T (y, 2))

Y=z

We now want to obtain one formula in which we combine all our W constraints. For this, we
first write the generating series of the cj:

il; i Zn: (2’%)+<_I§Z> sy ((1+z)ﬁ+(1+z)—ﬁ>_

k=0 \j=1-n j=1-n

Next we calculate for |u| > |z| > |w|,

Z ng uw P~ lwq—l-l
[
P,q=0 ¢
1 & u—P—lat! L q+ .
_ a _p— q—k+1 a
= 5 Z Res. ( + 1)| Z < k ) Ckizp (ay) (F (ya Z) - 1)
p,q=0 k=0 y=z
1 1 & @\ k (wd,)
= - z e - Fa ) - 1
pRes > > () o T -
q=0 k=0 y=z
1 S et fw\F (way)f “
:iReSzu—zZ 7‘(;) 14 My, 2) = 1)
kZO ZZO Yy=z
1 1 “ WY 3n W\~ s o
_§Reszu—zA ((1+z) —|—<1+;) )(F (z+w,z)—1).
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Note that
1 " w 2]7 w —ﬁ
R (1+2)"+(+3)
eszu_z'z <1+z + (14
j=1—-n
n J _J
_ ((1+w)2n+(1+w) 2”)—03.
A U U
j=1-n

Thus we have

Theorem 4.4. For |u| > |z| > |w|, one has the following W constraints:

1 " W\ = w —%
. 1 7) (1 f) r! ,
Res — ZI: (( —|—Z + —i—z > (z4+w,2)

j=l-n

1

(R R (N X ERL
=0

]:
We can express this in a different manner. Define
qilz] = 9,0 (y,2)|,_,  and  qf[s] = L lq{[2],
then

n

1 > %qi 2=l p
Z 2n -r
= 7= 23 | @=n

k=0

) 10 21,
—<<2y—1>/<2n>>k+rhiyz ol )

4y,
h_Eqn+1 ) 8 )
2 k 5+k 5 7*7k77‘
qr2] = 22 — (1/2),,, 2 2 ,
T ;) ((1/2>k+1_r o oyt
here we use the convention that for m > 0
1 I'(a)
@ Tla—m) @7 ™m

Thus

Xpy  Opg C 1 AR c lz]
Pq pq  Cq+1 €l ar
+ = — Res, g =S, < ) :

| | m q | ’
q! 2 (¢+1)! 2 — 14 r!

where the Sy(z) are the elementary Schur functions defined by

ZS@(QB) = exp (Z xkzk> )
=0 k=1

Thus we have the following consequence of Theorem 4.4:

Corollary 4.5. For |u| > |z| > |w|,

1 n w & wN—£\ > ekt
L e n w n ] r!
Res. o2 30 ((142)" 4+ (142) ) e
j=1l-n
! ; PN S iE s
() ()T

A similar result is described in [2, Section 3.5].
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5 A comparison with the results of Bakalov and Milanov [2]

Unfortunately we do not obtain all the W constraints of Bakalov and Milanov [2] from the string
equation. Kac, Wang and Yan gave a description in [18] of the corresponding W algebra. As is
mentioned in [2, Example 2.5], this W algebra is generated by the elements (cf. Remark 2.2)

n+1
Vd = E evt (_d)e_“i +e ¥ (_d)evi
i=1

2n 2
= Z el (V1) (_d)eﬂn”(vl) + Z e’ (vnt1) (_d)ep”l(’vnﬂ)’ d>0,
=1 =1

and the element

Wn+l:::1H(—1ﬂﬁ(—1)"(—1)Un(—1)vn+1-

L cannot

Our constraints come from the elements %, the constraints related to the element 7"+
be obtained from the string equation.

Since the total descendent potential is a highest weight vector of this W algebra, this means
(Theorem 1.1 of [2]) that it is annihilated by all coefficients of the fractional powers of z, where

the power is < —1, of all Y(v%,2) and Y (7"*1, 2). Now

1
Y(Vd,z) = a+ 1)!85+1(y —z)
2n 2
« (ZY(epj(vl)7y)Y(epj+n(Ul)v Z) + ZY(epj(”"“), y)Y(eijrl(v’V%Fl)’ z))
j=1 j=1 y=z
Using Remark 2.2 we obtain that
1
Y(yd,z) = i+ 1)!0;”1(3/ —2)
()" & 2jmi, \ 1 2(+n)mi y L SN 2jmi \ 12 (. 2(j+1)mi
x| S5 D () (e 2) = 5 D ()P (AT (5.1)
Jj=1 Jj=1 y=z

Using the fact that 1 +w +w? +--- +w*™ 1 =0 for w # 1 a k-th root of 1, one obtains that all
non-integer powers of z do not appear in (5.1). Hence,

V(1) = Resy d(z—u) 50 =) (270! ()0 (70) = 62(0) 0% (¢27w)

y=w

Using (4.19), we see that the total descendent potential gets annihilated by

Opd
qu+ 2qp+20d+1, p =0, d=1,2,...,

which are exactly the constraints appearing in Theorem 4.3.

6 The string equation on the Grassmannian

Using the (4.1)-formulation of L_; in terms of the elements ¢¢, one can show that

o) = (5-5) e [0] = (5-5) s
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Then using the identification (2.4) we obtain

d d
{Lfl’tﬁel} - <tédtt_é> (tﬁ)ela [L,l,tgeg} = <t§dtt_§) (t

Now applying the dilaton shift ¢i + ¢i + 1, then 0L10~! changes according to the descrip-
tion (4.2) to

IMES

e,

-1
oLioc™" + 675’

and by (2.6) one finds that L_; changes into L_; + 2nh7%a17. Since

2n

[a%,qﬁ“(z)} = f;:—lz‘;"qﬁl(z),

we obtain

Proposition 6.1. Let W be the point of the Grassmannian which corresponds to the T-function
that satisfies the string equation, then W satisfies
d 1 _, _11
tWcwWw  and — Tt +2y/nh” 2t By | W C W.
Note that the total descendent potential of a D,1 type singularity is tau function, that
satisfies this condition. Vakulenko, used a similar approach in [22]. He showed that the tau
function is unique. However, his action on the Grassmannian seems somewhat strange.
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