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1 Introduction

We have studied special solutions with generic values of complex parameters for the fourth,
fifth, sixth and third Painlevé equations, for which the monodromy data of the associated linear
equation (we call linear monodromy) can be calculated explicitly [9, 11, 10, 12]. These papers
are based on A.V. Kitaev’s idea who calculated first the linear monodromy with generic value of
complex parameter explicitly by taking examples of the first and second Painlevé equations [14].
We remark that P. Appell [1] also studied the symmetric solutions to the first and second
Painlevé equations, but he did not study linear monodromy problems.

The Garnier system was derived by R. Garnier (1912) as the extension of the sixth Painlevé
equation [4]. The original Garnier system has n variables and is expressed in the nonlinear
partial differential equations system, whose dimension of the solution space is 2n. There are few
research for the special solutions to the Garnier system compared with Painlevé equations. We
will study the Garnier transcendents by applying first the same method to the two-dimensional
Garnier system, which we have used for the Painlevé equations above. Some new discovery is
expected by viewing Painlevé equations from the Garnier system.

Two-dimensional Garnier system has the following degeneration diagram similar to the Pain-
levé equations [13]:

G(11111) — G(1112) — G(122) — G(23)

{ { b
G(113) — G(14) — G(B) — G(9/2)

(The degeneration from G(113) to G(23) also exists.) Numbers in brackets represents a partition
of 5. The number 1 represents the regular singular point and the number r + 1 represents an
irregular singular point of Poincaré rank r. The two-dimensional Garnier system G(11111)
which is the extension of the sixth Painlevé equation Py degenerates step by step to the two-
dimensional degenerate Garnier system G(9/2) which is the extension of the first Painlevé
equation Pr.
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The purpose of this paper is to obtain the special solutions to the system G(1112), for which
the linear monodromy {Mo, M, = SF)S’S)@Q”TR M, , Moo} can be calculated explicitly.

The two-dimensional degenerate Garnier system G(1112) { K7, K2, A1, A2, i1, pio, t1,to} is de-
rived as the extension of the fifth Painlevé equation by the isomonodromic deformation of the
second kind, non-Fuchsian ordinary differential equation, which has three regular singularities
and one irregular singularity of Poincaré rank 1 on the Riemann sphere [13, 16]:

d? 1-— t 2 — 1— 1 1 1d
L @ _mh 2 ay B dy
dx? T (x—1)2 =z-1 T—ts T—MN T—N|dx
I/(l/ + aoo) _ thl _ tg(tg — 1)K2
x(x —1) z(x—1)2 z(x—1)(z—t)
A =1 Ao(dg —1
1A — D 2(A2 — Dpo b =0, (1.1)

z(x—1)(z—A1) z(x—1)(x— )

where K7 and Ky are Hamiltonians, A1, Ag, 1 and po are the Garnier functions, ¢; and o are
deformation parameters and a; (j = 0,1,2,00), ¥ € C and € C* are complex parameters.
The Riemann scheme of (1.1) is

r=0 x=1 x=ty =X\ T=MX 2x=00

P
0 0 0 0 0 0 v ]
(7)) nt1 o a9 2 2 V4 Qoo

ag+ o]+ oo+ as =1—20.

This is also derived by the confluence of two regular singularities x = ¢; and x = 1 in the
two-dimensional Garnier system G(11111).

G(1112) has movable algebraic branch points and Hamiltonian structure expressed in rational
function. We have the two-dimensional degenerate Garnier system Ho(1112){H1, Hs,q1, g2,
p1, P2, S1,S2} by the canonical transformations:

1 t
51 =—, 2= o, —ti(t2 — g1 = (M — 1)(A2 — 1),
t1 to —1
q1P1 qz2p2 .
ta—1)2qa = (M — ta)(Ng — t ;= , =1,2,
(b2 = 1 %g2 = (M =82)(Aa =) s = 5 + i
2 8q' 2 8(}
H =-t|K -4 Hy=—(to— 12| K 945
1 1 1+;p]8t1 ) 2 (t2 ) 2+;pgat2 )
2 2
(dpj A dg; — dHj Ads;) =Y (dpj A dA; — dK; Adty).
j=1 j=1

Ho has the Painlevé property and the polynomial Hamiltonian structure [7, 13, 16]. We
obtain the special solutions in the Hamiltonian system Hs and then inversely transform them
to the solutions in the Hamiltonian system G(1112), which are substituted into the linear equa-
tion (1.1). We obtain eight meromorphic solutions with generic values of complex parameters
around the origin (¢1,t2) = (0,0), which we name the solutions (1), (2), ..., (8).

The calculation of the linear monodromy consists of three steps. The first step is taking
the limit (¢1,t2) — (0,0) after substituting the solution into the linear equation (1.1). We call
this step “the first limit”, in which the linear monodromy matrices My and M;, are calculated
as the confluent linear monodromy My, My. In the second step, we separate this confluent
linear monodromy My, My. After transforming the linear equation (1.1) by putting x = t2§ and
substituting the solution into the linear equation (1.1), we take the limit (¢1,72) — (0,0). We
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call this step “the second limit”. In the third step, we transform the linear equation (1.1) by
putting = — 1 = nt1/z which keeps the irregularity at x = 1 so that we can calculate the Stokes
matrices {Sil), Sél)}. We call this step “the third limit”.

Each of the obtained eight meromorphic solutions with generic values of complex parameters
around the origin (¢1,t2) = (0,0) has the remarkable characteristics, respectively. The four
solutions make the two monodromy matrices commutable and the Stokes matrices around = = 1
unity and the other four solutions make the three monodromy matrices commutable, which are
summarized in Theorem 4.

In Appendix A, we show the fundamental solutions and the associated monodromy matrices
of Gauss hypergeometric equation and Kummer’s equation. In Appendix B, we show the Briot—
Bouquet’s theorem for a system of partial differential equations in two variables and short
comment on it, how it proves convergence of the eight solutions.

2 The two-dimensional degenerate Garnier system H,(1112)

In this section, we write down the polynomial Hamiltonians H;, H2 and the Hamiltonian system
H2(1112).
e Hamiltonians H; and Hs:

sTHy = qi(q1 — 51)p? + 267 ep1pa + q192(q2 — 52)p3

— (a0 + a2 — 1)gi + arqi(qr — s1) + n(q1 — s1) + 7781@]171

— (o + o1 — D)qig2 + c2q1(q2 — s2) — n(s2 — 1)%] P2+ V(v + o)1,

s2(s2 — 1) Hy = i qop + 2q1¢2(q2 — $2)p1p2
[ 82(82 — 1)

+ |q2(q2 — 1)(q2 — s52) + b
1

q1 QQ:| pg

— |(ap + a1 — 1)q1g2 + 2q1(g2 — s2) — n(s2 — 1)Q2] D1

— (@ = 1)g2(g2 — 1) + a1g2(q2 — 52) + @2(g2 — 1)(q2 — 52)

+ 82(82 — 1)(

5 Qaq1 + 77(12)] P2+ V(v + aso)go.

e Hamiltonian system Ho(1112):

» oqn _ OH; B 0qo _ 0H, Op1 _ O0H, ; Opa2 _ OH,
131, sli@pl ; 1 3t, 8178102 ; o8, 51 a0 o1, 8178101 ;

dq1  OHj dq2  OH» Op1  OH> Opy  OHo

dsy  Opr’ dsy  Opa’ C0sy  Oqu S O0sy Ogy

Remark 1. We use t; (= 1/s1) instead of s; to apply the Briot—-Bouquet’s theorem [3] at the
origin.

3 Meromorphic solutions
around the origin (¢t; = 1/s1,s2) = (0,0)

In this section, we give the calculated meromorphic solutions around (t; = 1/s1,s2) = (0,0),
which are satisfied with the Hamiltonian system H9(1112).
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When ¢; and p; (i = 1,2) are meromorphic, they have at most a simple pole around (t; =
1/s1,s2) = (0,0). Let R = C{{t1,s2}} be the ring of convergent power series of t; (= 1/s1)
and sp around the origin and for wi,ug,...,u, € R, let (u,ua,...,u,) be the ideal of R
generated by ui,ug, ..., Uy.

Theorem 1. For generic values of the complex parameters {og, a1, a2, oo, v, 1}, the Hamilto-

nian system
(0,0):

(1) q1 =

b1
(2) &
b1
(3) «
p1

4) @

p1 =

(5) q1 = —

P
6) @1

b1

Remark 2.

Ho(1112) has the following eight meromorphic solutions around (t1 = 1/s1,82) =

Qoo + &
i‘*‘<'51,S2>7 Q2=L1+<t1,82>,
[075%) (07%)
(oo + 1) (v + a2) 3,2 2 —V0loo
= t1s2 + (t7,t1s2,55), = —— 4+ (t1, 82),
ool — o — ) 152 (t1,t1s2, 53) P2= (t1,52)
Ao — (X7
:l+<t1,82> Q2:L+(t1,82>,
x aOO
(aoo_al)(V+a2+a00) 3,2 2 _(aoo+’/)
= t159 + (t7,t1S2, S5), = ——— 0o + (11, 592),
ol tom—ay) 12 (1, 1152, 53) P2 = e (t1, s2)
-1 (6%)
= 1 t = _— t
ay +< 1752>7 q2 52 <a0+a2 +< 1752>)7
v(v+ ax) 1 (v(v+ax) 2 2
= LT Ty = — (T 2.
1—011 1+<327 >7 1-0[0-&2 +< 1 132782> 5
N
= — + (t1,52), + (t1,82) | ,
a1 042_040
v+ag)(v+at+ o 1
( )E Oo)tl (s2,11), p2 = — (ag — o + (t1,52)) ,
—aq 89
1 (o +ag+
= < > 0 24 + (t1, s2) *7282+<t1,t182,s§>
tl Ao (675%)

+ (s2,1),

(a1 + 2v) (o + g + a2)
()

782 + <t17 t1s2, 82>
Ao

| rvas > B NVQsoty

_ Ntoo (V + o ) t1
(oo —ap — @2)(1 — aoo + g + 2)

I (oo + o — g (%)
i < = + <t1>52>> ) q2 = 52 < + <t1,$2>> ,
11 Qoo -
—(1/—1—042)0400 1
1<%O+a0_a2+<1,52> = (oo + (t1,82)),
1 (a0 —ap+ a2 as
_( = +<t1782)>7 g2 = 52 <+<t1,32> :
t Qoo oo
—(V+ a2 + o) 1
=1 t ) ) = — \— t s .
1( e — o+ a9 + (t1, s2) P2 82(0400+<132))

1. Higher order expansions of these solutions are uniquely determined recursively by the
Hamiltonian system and do not contain any other parameter than the complex parameters

{OZO, ala 0427 0[007 V? 77}
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2. These solutions are convergent by Briot—Bouquet’s theorem (see Appendix B).

3. The values of complex parameters are generic and should be excluded the values with
which the denominator of the coefficients become zero in the solutions above, that is,
{a1, Qoo 1 £ oo, 9 £ a2, 0 £ a2 o } ¢ Z.

4 The linear monodromy

In this section, we calculate the linear monodromy for the solutions (1) and (5).

4.1 For the solution (1)
4.1.1 The first limit

After substituting the solution (1) into the linear equation (1.1), we take the limit (¢1,t2) —
(0,0). Hereafter we call this as the first limit. Then the linear equation (1.1) becomes

d? 2—ap — 1-— 1 d
1/11+< -y  l-o )1#1

dx? z r—1 x—by) dx
v(v+ ax) 1 1 ma
PV T Qo) g (= =~ — 0, 41
+ [ x(x —1) 2<x(3:—1) m2)+m(m—1)(m—bo) 3 (4.1)
where by = 2tU Ly — (1 —ag — ag — v) and my = _a”—o‘i“ This is a Heun’s type equation

Qoo
with the Riemann scheme

=019 r=1 z=by x=o00
P —v 0 0 v .
—14+ay4+ar+v o 2 V4 s

The general solution of (4.1) is

P =cre ¥V + CQm_1+°‘°+°‘2+”(x — 1), c1,co € C.

By taking the first limit, two regular singular points become confluent as a regular singular
point [2, 8]. The linear monodromy around z = 0 - ¢2 is obtained as a confluent one M;, M.
The linear monodromy { My, My, My, M} of (4.1) is

o o—2miv 0 — 1 0
MtzMO = < 0 627ri(a0+a2+u)) ) M, = (0 e?m'oq) )
_ e27riu 0 P

We should separate the confluent linear monodromy ]\Z2 Mg.

4.1.2 The second limit

In this section, we separate the confluent linear monodromy JEQMO. After transforming the
linear equation (1.1) with x = ¢9€ and substituting the solution (1) into (1.1), we take the
limit (¢1,t2) — (0,0). Hereafter we call this as the second limit. By taking the second limit,
x =0 and x = t9 are separated and z = 1 and x = oo become confluent (see Remark 4). Then
Pa(&) = Y (ta&, t1, ta) satisfies the following Gauss hypergeometric equation after taking the limit
(t1,t2) — (0,0),

d21/}2+<1—040+1—042>dw2+ kQ

de? e teo1)ae tae T (4.2)
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with the Riemann scheme
(x=0) (z=t2) (r=1-00)
£E=0 E=1 E=
P 0 0 v ;&
Qg () l—ag—as—v

The linear monodromy { My, My,, Moo M1} of (4.2) is

1 0 1 (1 0
MO = (0 eQﬂia0> 3 Mtz = C’011 <0 627ria2> COl,

1 627”1/ 0
M M1 C()oo < O 627Ti(0ll+V+CYoo)) COOO, MOOMlMtQMO = [2,

where Cpy; and Cpo are the connection matrices of the Gauss hypergeometric function (see
Appendix A, Lemma 1). The linear monodromy {Mo, M,, MocM1} of (4.2) is equivalent to
{MtQMO,Ml, OO} of (4.1). We have

M, = P"'MGP, My =P ‘M,P, MM, =P ‘M_MP
for a matrix P € GL(2, C). Therefore, PC,.L € GL(2,C) is a diagonal matrix. We have

(1 0 _q (e 0
MIZC()OO 0 e2mia Cooos Mo = 0oco 0 e2mi(v+aso) Cooo-

Remark 3. The formal solution of the linear equation (1.1) around z = 1 has the form

o = (IQ—FZ\P (x—1) )(:c—l)Tleﬂch7

where T' = diag(0, nt1), T1 = diag(O at), \T’;(cl) = ‘T’;gl)(kh)\mM17M2,t1,t2,04j777)'
The series W) = I, + Z \IJ ( — 1)* may be a divergent series since z = 1 is an irregular

singularity of the Pomcare rank one.
The Stokes regions S around z = 1 are given by

Si={zeC|—c+(-Dr<arglx—1)<jrte, |z—1<r},

where ¢ and r are sufficiently small. There exist holomorphic functions lflj (x) of (1.1) on §]
such that

El](x) ~ oW for =z —1 and U,(x) = E’j (z)(x — 1)Tre= =
is a solution of (1.1) on SV] The Stokes matrix S is defined by
\I’j+1 = \I/ij.

We notice that U3 = Q1($6—2m’)62mT1.
First by taking a limit ¢; — 0 after substituting the solution (1) into the linear equation (1.1),
@

x =1 of (1.1) becomes a regular singular point. Since the coefficients W,
t1 — 0, the formal solution W(}) exists even in the limit ¢; — 0. Therefore,

Mym0 = (12 + Z t1 o(@ 1)k> (x—1)"

has a regular singularity at x = 1. Thus the Stokes matrix S; become I for j = 1,2. Then
taking a limit ¢t — 0 makes two regular singular points x = 1 and z = oo confluent [2, §].

are finite in the limit



Special Solutions and Linear Monodromy for G(1112) 7

4.1.3 The third limit

In this section, we have Stokes matrices around the irregular singular point x = 1 by the
transformation of the linear equation (1.1), which keeps the irregularity at z = 1. Put

t
x—lzﬂ,
z

then v3(2) = ¥( % + 1,1, t9) satisfies the following degenerate Kummer’s equation after taking

the limit (tl,tg) — (0,0),

2
d1/13+<1+a1 1 _1>d1p3:0

dz? B dz

z z—
We have the general solution
3 = e’z M + ¢y, cs,cq € C.

This means the formal solution around the irregular singular point + = 1 (2 = o0) becomes
convergent and Stokes matrices around x = 1 become Is.
Therefore, we have the linear monodromy for the solution (1) explicitly.

Theorem 2. For the solution (1), the linear monodromy of (1.1) is
1 0 1 (1 0
Mo = <O 627ria0) ) M, = 0011 (0 e27ria2> Cor,

(1 0
My = sWsVegt <o e%m) Coror SV =50 = 1,,

1 e27ri1/ 0
Moo = C()oo ( 0 e27rz'(1/+aoo)> Cooos

I'(1—ao)l(a2) I(1+ao)T(a2)
Chi — IF'l—ag—v)I'(a2+v) T(A—v)I(ao+az+v)
01 I(1—a0)(—as) I(1+a0)T(—az) )
ITw)I'(l—ag—az2—v) T'(ao+v)I'(1—az—v)
e T (1—ag)T(1—ag—az—2v) e (@0t P(14a0)D(1—ag—an—2v)
C . I'l—ap—az—v)I'(1—ap—v) rl—-v)I'(l—as—v)
Oco = Ti(l—ag—ag—r) _ _ Ti(l—og—v) _ ’
e 022 T (1—ag)(ap+as+2v—1) e 2T (14a0)T(o+as+2v—1)
Fw)I'(ae+v) I'(ao+as+v)T(ao+v)

Moo My M, My = I,
for which [My, M) = 0 holds.

4.2 For the solutions (2), (3) and (4)

Also for the solutions (2), (3) and (4), we have the similar results, which are summarized as
follows.
e For the solution (2):

1 0 2)-1 (1 0 2
My = (O 627Tio¢0> ) Mt2 = C(gl) <0 €2ﬂ'i012> 051)7

2mio
M, — 551)551)0(2)—1 <e 1 0> o)

1 1

B 627Till 0
Moo — (()2 1 < 0 627ri(V+Oéoo)> C(()iz), C(()?) = 001(1/4—0(1,7/—{—0[00,1 —OZO),
C? = Cooo(v+ 01,0 + ooy 1 —ag),  MagMy My, My = I,

for which [M;, M| = 0 holds.
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e For the solution (3):

1 0 1 0
MO = <O 6271'1'&0) ) MtQ = <O e27rz'a2) )

1) (1) ~(3)=1 (1 0 3 1 1
M, = s{VsVesy (0 e2ml>q§1), S =gV = 1,

_ eZm’u 0
MOO - C(gil ! ( 0 627ri(y+aoo)) C(gizw Céi) = COI (V7 V+ Ooo, 1—ap— 062)7
O = Coo(y v + On 1 —ag — 02),  MooMy My, My = I,

for which [My, My,] = 0 holds.
e For the solution (4):

1 0 1 0
MO - <O 627ria0> ; Mtz = <O 627Tia2> ’

1 (1 0
M, = SF)SS)C(%) 1 ( > C((ﬁ), SF) _ 551) — I,

0 e27m'a1
2miv
4)-1 (e 0 4 4
MOO = (g ) < 0 627ri(u+aoo)> C(gozw C[gl) = C'01 (’/7 V+ Ooo, 1-— 042),
O = Cone(v, v+ ooy 1 — a2),  MogMy My, My = I,

for which [My, My,] = 0 holds.

4.3 For the solution (5)

In this section, we calculate the linear monodromy for the solution (5) by the similar way to
Subsection 4.1.

4.3.1 The first limit

After substituting the solution (5) into the linear equation (1.1), we take the limit (¢1,t2) —
(0,0). At first we take a limit ¢t; — 0 keeping to as a non-zero constant, then we take to — 0.
Then the linear equation (1.1) becomes

d2¢1+<1—a0—a2+2—a1 1 )diﬁl

dz? x r—1 x—by) dz
V(v + aso) k1 m
— =0 4.3
[a:(:c—l) x(a:—l)2+x(a:—1)(x—bo)]wl ! (43)
where by = %ﬁf, ki=v(v+a;—1)and my = V(Cgiy This is a Heun’s type equation with
the Riemann scheme
x=0- 19 z=1 rT=0by =0
P 0 —v 0 v oy
agt+as v4a—1 2 VAt oo

The general solution of (4.3) is

Y1 = cs(x — 1)V 4 cgz®@ 2 (g — 1)L cs, ¢ € C.
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The linear monodromy {]\ZQJ\A/EO, My, ]\700} of (4.3) is

o 1 0 __ 672m'u 0
M, My = <0 e27ri(ao+012)) ’ My = < 0 e27ri(y+a1)> ’

o 627rz'1/ 0 P
Mo = ( 0 627ri(1/+aoo)) ; Moo My M, Mo = Io.

We should separate the confluent linear monodromy ]\Ajt2 M(].

4.3.2 The second limit

In this section, we separate the confluent linear monodromy AZQMO. After transforming the
linear equation (1.1) with = t2¢ and substituting the solution (5) into (1.1), we take the limit
(t1,t2) — (0,0) as the same as the first limit.

By taking the second limit, x = 0 and x = ¢y are separated and x = 1 and x = oo become
confluent. Then 15(§) = ¥ (t2€, t1,t2) satisfies the following degenerate Heun’s equation after
taking the limit (¢1,t2) — (0,0),

d2'¢2 1—0(0 1—042 1 >d¢2
— — = 4.4
d£2+< e TE1 Tie, ! (44

¢
. We have the general solution

«@Q
apgta2

where £y, =

P9 = c7 + ngao(f — 1)02, c7,C8 € C.

The linear monodromy { Mo, My,, Moo M1} of (4.4) is

1 0 1 0 1 0
MO = (O eQﬂia0> 3 Mtz = (O 6271'1'042) ) MOOMl = (O e—27ri(oc()+a2)> ’

Mo My My, My = I.

4.3.3 The third limit

In this section, we calculate the Stokes matrices around the irregular singular point x = 1 by
the transformation of the linear equation (1.1), which keeps the irregularity at = 1. Put

r—1= 7, ¢: (n_lz)ng(z,tl,tg),

then 3(z,t1,t2) = (77_12)_”1/1(77—? + 1,1, ta) satisfies the following Kummer’s confluent hyper-
geometric equation after taking the limit (¢1,t2) — (0,0),

d*s n <2V+ ar 1> dips v

&5 Tys=o.
dz? z dz zw3

A system of the fundamental solutions is

(1F1(y, v+ aq; z), 21_2”_0‘11F1(1 —v—o1,2 -2V — oy z)) )

We have the Stokes matrices Sgl) and Sél) around the irregular singular point x = 1 (2 = 00)
(see Appendix A, Lemma 2).
Summarizing the calculations above, we have the following theorem:
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Theorem 3. For the solution (5), the linear monodromy of (1.1) is

My = 0O <1 0 ) cO-1 g, = o) (1 0 > -1

0 627ria0 0 627rio<2

Tl T 1 0 1 0
Ml = 351)551)62 Tlv 62 = <0 6,27ri011> ) Sil) = (F( 31%7(r1ie”ia1 ) 1) )
v —v—ag

—2mie=2micl miv
O _ (1 saostoTan —c0® (€ 0 5)-1
s _<0 e ’E(“))’ M =C (0 e2milvrase) | O
FF((2u+a1)) iy r(2F—(2V—;X1>eM(1—v—a1>
5 _ vtal 1—v
CO=Cw2v+a) = Toiny r@-2v-a1) ’
INED) I(l-v—aq)

Moo My, My SV S5V 271 = 1,
for which [My, My,] = 0, [My, Moo] = 0 and [My,, Ms] = 0 hold and C®) s the connection
matriz of Kummer’s confluent hypergeometric function (see Appendiz A, Lemma 2).

Remark 4. If we take a limit (¢1,%3) — (0,0) along a curve sy ~ At3(A € C*), the limit of the
last term in (1.1)

A2(A2 — 1)pg
z(x —1)(z — A2)

is not zero. In our calculation, we take a special path from (t1,%2) to (0,0), such that the
numerator of the above term tends to zero. Therefore we obtain different limit equations when
we choose different paths for the first and the second limit equations. It may be a contradiction.
But the whole of linear monodromy is the same even though some limit equations are different,
since we have the Riemann-Hilbert correspondence. In our case, the third limit is the same
for any path from (¢1,t2) to (0,0), which is the main part of the linear monodromy for the
solution (5).

4.4 For the solutions (6), (7) and (8)

We can determine the linear monodromy for the other solutions (6), (7) and (8), which are
summarized as follows.
e For the solution (6):

My = C® <1 . 0 )C(6>‘1, M,, = C©® (1 0 >C<6)‘1,

0 eQm’ag

. 2mi(v+aso) X '
My, = C© (e . 629”"’) cO-1, M, = Sf)S;l)e?’”Tl,
= <(1) 622'&1) ;OO = O+ ace, 2 + 2000 + 1),

Sil) = ng)(y + Qoo, 2v + 2O‘oo + al)? Sél) = S§OO)(V + Qoo, 2v+ 20400 + 041),
Moo My, MpS{D S50 e2m T = 1y,

for which [My, My,] = 0, [My, Ms] = 0 and [M,,, M) = 0 hold.
e For the solution (7):

7 1 0 7)— 7 627”'042 0 7 —
MO - C( ) <0 e27ria0> C( ) 17 Mt2 = C( ) ( 0 1 C( ) 17
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2miv '
MOO = 0(7) <e 627ri(uo+ocoo)> 0(7)_13 Ml == 851)551)627”’7“1,

0
2miTy I 0 (7)
e =l e2rian ) C\"'=Cv+ az,2v+2as + ay),

Sfl) = ST°(v + a2,2v + 200 + o), 5’51) = 55°(v + a2, 2v + 205 + o),
MooMtQMOS§1)S§1)€27riT1 = 127

for which [My, My,] = 0, [My, M) = 0 and [M;,, M| = 0 hold.
e For the solution (8):

MO = 0(8) <627;a0 (1)> = C(S)_l, Mt2 = 0(8) <1 O ) 0(8)_17

2miv 0

Moo - C(B) <e 0 eQWi(V+Oéoo)> 0(8)71’ Ml = S%l)S§l)e2ﬂ'iTI’
2miTy 1 0 (8)
e =0 e2rien ) C®' =Cv+ ag + oo, 2V + 203 + 20000 + 1),
S = 821 + g + oo, 20 + 200 + 20000 + 1),
5’51) = S5 (Vv + ag + aco, 2V + 202 + 2000 + 1),
Moo My, MoS SV 2™ — 1y,
for which [My, M) = 0, [Mo, My,] = 0 and [M;,, M~ ] = 0 hold.

Summarizing the all calculations above, we have the following theorem:

Theorem 4. The eight meromorphic solutions around the origin of the two-dimensional degene-
rate Garnier system Go(1112) have the following characteristics:

e For the solution (1) and (2), [Mi, M) =0 and S(l) S( ) = I, hold.
e For the solution (3) and (4), [My, M,] =0 and S§ ) = Sél) = Iy hold.

e For the solution (5), (6), (7) and (8), [Mo, Mx] = 0, [Mo, My,] = 0 and [My,, Mss] = 0
hold.

Remark 5. For the linear monodromy data {Mg, Mo, Sfl), Sgl), 627”71} of the fifth Painlevé
equation, there are three meromorphic solutions around the origin: two solutions such that

[My, Ms] = 0 and one solution such that Sg) = Sél) = I, [11].

A Gauss hypergeometric equation and Kummer’s equation

In this appendix, we show the fundamental solutions and the associated monodromy matrices
of Gauss hypergeometric equation [15] and Kummer’s equation [6].

A.1 Gauss hypergeometric equation

The Gauss hypergeometric equation is

2
P10 T (ot B+ 1)2) O a0, (A1)
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The Riemann scheme of (A.1) is

z=0 r=1
P 0 0
-y y—a-=8

X o0

(0%

8

. )
L

We list fundamental systems of solutions for (A.1) around x = 0, 1, co.
e Around z = 0:

VO = (2Fi(a, B,y2) 2 aFi(a+1—7,84+1-7,2-7;1)).

e Around z = 1:

N R
&1) :QFI(Q7B7CM+/B_FY+171 —flf),
M= (1 —a) PR (y—a,y— By+1—a—B;1—1).

e Around z = oo:

P = (i) ),
§°°) $_a2F1(aa—7+l a+1—pBat),

§ =P (B8 -y 1B+ L - asa).

The associated monodromy matrices M; (j = 0,1, 00) are as follows

1 0 /1 0
MO = <O e27ri'y) ’ M1 = COI (04,57’7) 1 <0 6271_1,(7704 B) ) C()l( B ’y)
1 eZm’a 0
Moo :COOO(aaﬂ7ry)7 < 0 627m‘ﬁ> C()OO(O[,,87’)/)7 MOOMIM() :I27

where Cy(

lemma.

«, /Bv ’Y) and COOO(a

,B,7) are connection matrices which are shown in the following

Lemma 1. The Gauss hypergeometric function which is the solution of (A.1) has the following
connection matrices between fundamental solutions around two singularities:
O =9pWCy(a.B,7), i€ {0,100},

where ) (v € {0,1,00}) is the fundamental solution around the singularity v and Cy;(, B,7)
are the connection matrices which are shown as follows

L(y)(y—a—p)

L(2—y)T'(y—a—p)
I'(y—a)I'(v—pB)

_ L(1—a)l'(1-5)
Cor(@:5:7) = | ryriass—)  re—rers— |-
D(e)T(B) F(1+a—y)I'(1+8—7)
CrRa T
_ « 1—-a)T'(1—v+
COOO<a7 67’7) - e'BMF(’y);(a—B) 6(3*7+1)wir(2_,;y)r(a_ﬁ) )
D(e)T(v—5) F(1-B)Ir(1-v+a)

e
Coot <a’ 67,.)/) = (eﬁ"‘ﬁ)”'ly“(lJra,B)F(aJr,B'y)

T(14+8—a)T (y—a—p)
T(y—a)T(1-a)
eV =o=B)m(14—a)T(a+B—7)

F(1+a—y)(a)

P(1+8—7)L(B)

) |
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A.2 Kummer’s equation

The Kummer’s equation is

d? d
T£+(%—1>£—9¢:0. (A2)

dr =z
The Riemann scheme of (A.2) is

11— 1 v7—« i

Fundamental systems of solutions for (A.2) is given by
o) = (1Fi(o,v;2) 2" Fi(a+1—79,2—7;2)).

Asymtotic solutions around x = oo is given by

6 (e ig) ~ g i (=D (@)i(e+1 =)

kl(e=mix)k '

0
[e'¢) T a— > e’ 11—«
(9w 03 Okl

The associated monodromy matrices are as follows

1 0 _ e8] o] T
Moy = C'(Oz,’y) (O e—27ri’)/> C(a77) 17 Mo = S£ )<aa7)S§ )(a77)62 Too7
2mia
2miTee _ [ € 0 _
(& — < O eQﬂi(W—a)) 9 MOMOO = IQ’

where C'(a, ), Sfoo)(a, ~) and Sgoo) (v, y) are connection matrix and Stokes matrices respectively
which are shown in the following lemma.

Lemma 2. The Kummer’s confluent hypergeometric function which is the solution of (A.2) has
the following connection matriz between fundamental solutions around x = 0 and = oo and
Stokes matrices around x = oo

o Connection matrix:
(1Fi(e,y;z) 27 Fi(a+1—7,2—vx) = (¢§°°)(6_“$) 5 (Sﬂ)) Cla,v),

where (ﬁl(oo) (i € {1,2}) is the fundamental solutions around the singularity v = oo and
C(a,7y) is the connection matriz which is shown as follows

F(,y)eomri F(Q_q{)ewi(l-ka—'y)
con - (Y Mg )
I'(«) I'(l1+a—y)

e Stokes matrices:

1 0 —oriemi(4a—27)
51 (e ) = <Wma> 1>, 55 (e, 7) = (1 F<1—a>r<v—a>).
(o) (1+a—7) 0 1
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B Briot—Bouquet’s theorem for a system of partial differential
equations in two variables

Briot and Bouquet [3] showed that existence of a holomorphic solution for a special type of
nonlinear ordinary differential equations. In this section we explain the Briot—Bouquet’s type
theorem for a system of partial differential equations in two variables following [5].

B.1 Briot—Bouquet’s theorem
Briot and Bouquet studied a nonlinear ordinary differential equation

dz

I%:

h(z,z), z=(21,--.,2n) (B.1)

for h(0,0) = 0. They have shown that if the eigenvalues of the Jacobi matrix (%(0, 0)) are not
positive integers, then (B.1) has a convergent holomorphic solution.

R. Gerard and Y. Sibuya [5] studied the Briot-Bouquet’s type theorem for a system of
partial differential equations in two variables. They have shown that a formal solution will be
convergent:

Lemma 3. Assuming that hy and hy are holomorphic functions of z, x1 and xo and z(0,0) = 0,
h1(0,0,0) = ha(0,0,0) = 0. If the simultaneous equations

0z 0z
1'1872?1 = hl(Z,:L‘l,fL‘g), l’zaixz =

h2 (Z, I1, :L‘z)
have the formal solutions around (z1,x2) = (0,0) expressed in power series of x1 and x2, they
are convergent.

B.2 Convergence of the solutions

Solutions (1) and (2) are convergent by Lemma 3. For the solutions with a pole, for example,
solutions (7) and (8), we put

Q1
= — p1 = t1 P, g2 = 5202, P2 = —,

q1 tl ) So

where Q1, P, Q2 and P, are holomorphic functions of ¢; and sg near (t1,s2) = (0,0). Substi-
tuting these into the Hamiltonian system Ho, it becomes all Briot—Bouquet’s type differential
equations with respect to Q1, P1, Q2 and Ps.
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