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Abstract. Adjusting conventional Chern—Simons theory to Gs-manifolds, one describes
Go-instantons on bundles over a certain class of 7-dimensional flat tori which fiber non-
trivially over T%, by a pullback argument. Moreover, if ¢y # 0, any (generic) deformation of
the Go-structure away from such a fibred structure causes all instantons to vanish. A brief
investigation in the general context of (conformally compatible) associative fibrations f :
Y7 — X% relates Go-instantons on pullback bundles f*E — Y and self-dual connections on
the bundle £ — X over the base, a fact which may be of independent interest.
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1 Introduction

This article fits in the context of gauge theory in higher dimensions, following the seminal
works of S. Donaldson & R. Thomas, G. Tian and others [4, 16]. The common thread to such
generalisations is the presence of a closed differential form on the base manifold Y, inducing
an analogous notion of anti-self-dual connections, or instantons, on bundles over Y. In the
case at hand, Gg-manifolds are 7-dimensional Riemannian manifolds with holonomy in the Lie
group Go, which implies the existence of precisely such a structure. This allows one to make
sense of Go-instantons as the energy-minimising gauge classes of connections, solutions to the
corresponding Yang—Mills equation.

Heuristically, Go-instantons are somewhat analogous to flat connections in dimension 3.
Given a bundle over a compact 3-manifold, with space of connections .4 and gauge group G, the
Chern—Simons functional is a multi-valued real function on the quotient B = A/G, with integer
periods, whose critical points are precisely the flat connections [3, § 2.5]. Similar theories can
be formulated in higher dimensions in the presence of a suitable closed differential form [4, 15];
e.g. on a Go-manifold (Y, ¢), the coassociative 4-form ¢ allows for the definition of a functional
of Chern-Simons type!. Its ‘gradient’, the Chern-Simons 1-form, vanishes precisely at the Go-
instantons, hence it detects the solutions to the Yang—Mills equation. These gauge-theoretic
preliminaries are covered in Section 2.

On the other hand, one may understand Go-manifolds as a particular case of the rich theory
of calibrated geometries [6], for which the Gg-structure ¢ is a calibration 3-form. Then a 3-
dimensional submanifold P is said to be associative if it is calibrated by ¢, ie., if p|p =
d Vol |p. The deformation theory of associative submanifolds is known to be obstructed [9], so
their occurrence in families, e.g. fibering over a 4-manifold, is nongeneric and somewhat exotic.
Nonetheless, we may consider theoretically, at first, the existence of instantons over associative

'In fact only the condition d* ¢ = 0 is required, so the discussion extends to cases in which the Ga-structure ¢
is not necessarily torsion-free.
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fibrations f : Y7 — X% Given a bundle £ — X, a connection A on its pullback E is locally of
the form

3
A A(2) + ) oi(x, bt
=1

where {4,} is a family of connections on E parametrised by the associative fibers P, := f~1(x)
and o; € Q°(Y, f*gg). In Section 3.1 I prove the following relation between Ga-instantons and
families of self-dual connections over the base:

Theorem 1. Let f : Y — X define an associative fibration and B — Y be the pullback from an
indecomposable vector bundle E — X.

(1) If a connection A on E is a Go-instanton, then {A;} is a family of self-dual connections
on E, satisfying

0A;

ott

=d,0,  i=1,23

(73) If, moreover, the family Ay = A4, is constant, then A = f* A, is a pullback.

NB: We denote henceforth by Mi the moduli space of SD connections on the base and
by MZ: the moduli space of Gs-instantons relative to Ge-structure ¢.

Finally, over the remaining of Section 3, these ideas are applied to a concrete example of
certain T3-fibrations over T, topologically equivalent to the 7-torus, which I will call Ga-torus
fibrations [11]. Deforming the metric (i.e. the lattice) on T# induces a change on the fibration
map and hence on the Go-structure, and one can use Chern—Simons formalism to see how this
affects the moduli of Go-instantons:

Theorem 2. Let f : T — T* be a Go-torus fibration, E — T be the pullback of an indecomposable
vector bundle E — T* and ¢ denote the Go-structure of T; then

(1) every SD connection on E lifts to a Ga-instanton on E, i.e.,
fFML c ME;

(ii) if, moreover, co(E) # 0, then any perturbation p+¢ away from the class of fibred structures
causes the moduli space of Go-instantons to vanish, i.e.,

7T _
Mso+¢_®'

The construction of Go-instantons is a recent and active research area. Indeed Theorem 2
yields nontrivial, albeit nongeneric, examples of Ge-instanton moduli, whenever a complex vector
bundle E — T* admits SD connections. The interested reader will find other examples in works
of Walpuski, Clarke and the author [2, 11, 12, 13, 17]. In the high-energy physics community,
solutions to a very similar problem in the context of Go-structures with torsion have been found
eg. for cylinders over nearly-Kéahler homogeneous spaces [5] and more generally for cones over
nontrivial manifolds admitting real Killing spinors [7].

Finally, a paper just published by Wang [18] makes significant progress towards a Donaldson
theory over higher-dimensional foliations, which seems to encompass our Geo-torus fibration as
a special, codimension 4 tight foliation, whose leaf space is the smooth 4-manifold X. It is
inspiring to speculate whether an invariant of the corresponding foliated moduli space can be
explicitly computed for some suitable bundle E — T, or indeed if that space coincides with our
definition of M.
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2 Gauge theory over Ga-manifolds

I will concisely recall the essentials of gauge theory on Go-manifolds, while referring the interested
reader to a more detailed exposition in [12].

Let Y be an oriented smooth 7-manifold; a Go-structure is a smooth 3-form ¢ € Q3(Y') such
that, at every point p € Y, one has ¢, = f; (o) for some frame f, : T,)Y — R7 and (adopting
the conventions of [14])

goo:6567+w1/\e5+w2/\66+w3/\e7 (1)
with
12 34 13 42 14 23

wr=e“ —e’, wyg =e " —e and wg=¢€e" —e

Moreover, ¢ determines a Riemannian metric g(¢) induced by the pointwise inner-product

(u, v}el“‘7 = é(u_:cpo) A (vapo) A @o, (2)

under which *,¢ is given pointwise by
spg = €23 —wi A ST —wy A e — w3 A e, (3)

Such a pair (Y, ¢) is a Go-manifold if dp = 0 and d x, ¢ = 0.

2.1 The Gs-instanton equation

The Ga-structure allows for a 7-dimensional analogue of conventional Yang—Mills theory, yielding
a notion of (anti-)self-duality for 2-forms. Under the usual identification between 2-forms and
matrices, we have ga C s0(7) ~ A2, so we denote A2, := g2 and A2 its orthogonal complement
in A%

A% =AZ@ A2, (4)

It is easy to check that AZ = (e11¢0, - . ., e7¢00), hence the orthogonal projection onto A2 in (4)
is given by

Ly : A% — A°,
n = A kpo
in the sense that [1, p. 541]

. 2 ~ A6 _
L*‘PO|A$ : A7 — A and L*(PO|A%4 =0.

Furthermore, since (4) splits A? into irreducible representations of Gg, a little inspection on
generators reveals that (AQ)Z4 is respectively the ﬁ—eigenspace of the Ga-equivariant linear map

Ty : A* — A?,
n = Tipen := x(n A @o).

Consider now a vector bundle £ — Y over a compact Gg-manifold (Y, ); the curvature
F := F4 of some connection A decomposes according to the splitting (4):

Fa=FoFy,  FcQEndE), i=7114
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The L?-norm of Fy is the Yang-Mills functional:
YM(A) = [[Fal® = [|F7 ]| + || Faal > (5)

It is well-known that the values of YM(A) can be related to a certain characteristic class of
the bundle F, given (up to choice of orientation) by

K(E):=— /Ytr (F3) A

Using the property de = 0, a standard argument of Chern—Weil theory [10] shows that the
de Rham class [tr(F3) A¢p] is independent of A, thus the integral is indeed a topological invariant.
The eigenspace decomposition of T, implies (up to a sign)

R(E) = 2| Fy|* + [ Fal®,

and combining with (5) we get

1 3
YM(A) = = Sw(E) + S| FulP = 5(E) + 3 2
Hence YM(A) attains its absolute minimum at a connection whose curvature lies either in A2
or in A%4. Moreover, since YM > 0, the sign of k(F) obstructs the existence of one type or the
other, so we fix k(F) > 0 and define Ga-instantons as connections with F' € A2, i.e., such that
YM(A) = k(E). These are precisely the solutions of the Ge-instanton equation:

Fanxp=0 (63>
or, equivalently,
FA—*(FA/\QD):O. (6b)

If instead x(E) < 0, we may still reverse orientation and consider F' € A3,, but then the above
eigenvalues and energy bounds must be adjusted accordingly, which amounts to a change of the
(—) sign in (6b).

2.2 Definition of the Chern—Simons functional 9

Gauge theory in higher dimensions can be formulated in terms of the geometric structure of
manifolds with exceptional holonomy [4]. In particular, instantons can be characterised as
critical points of a Chern—Simons functional, hence zeroes of its gradient 1-form [3]. The explicit
case of Gg-manifolds, which we now describe, was first examined in the author’s thesis [11].

Let E — Y be a vector bundle; the space A is an affine space modelled on Q!(gg) so, fixing
a reference connection Ay € A,

A= Ao+ Q' (gp)

and, accordingly, vectors at A € A are 1-forms a,b,... € T4 A ~ Q'(gg) and vector fields are
maps «, 3, ...: A — Q(gg). In this notation we define the Chern-Simons functional by

2
Y(A) :zé/}/tr(dAoa/\a—i—ga/\a/\a) A %,

fixing ¥(Ap) = 0. This function is obtained by integration of the Chern—Simons 1-form

p(B)a = pa(Ba) = / tr(Fa A Ba) A *p. (7)

Y
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We find ¢ explicitly by integrating p over paths A(t) = Ag + ta, from Ag to any A = Ay + a:

1 1
V(A) —¥(Ap) = /0 pA(t)(A(t))dt = / (/Y tr ((Fa, +tdaga+t2aAa) Aa) A *Lp) dt

0

1 2
:/tr dagaNa+ zaNaNa | Axp+ K,
2 Jy 3

where K = K(Ap,a) is a constant and vanishes if Ay is an instanton.

The co-closedness condition d * ¢ = 0 implies that the 1-form (7) is closed, so the procedure
doesn’t depend on the path A(t). Indeed, given tangent vectors a,b € Q!(gg) at A, the leading
term in the expansion of p,

pasal® = pa(®) = [ trldaa nt) Axo+ OB,

is symmetric by Stokes’ theorem:

/tr(dAa/\b—a/\dAb)/\*90:/d(tr(b/\a)/\*gp)zo.
Y Y

We conclude that

para(b) = pa(d) = pats(a) — pala) + O(|b]?)

and, comparing reciprocal Lie derivatives on parallel vector fields o = a, S = b near a point A,
we have:

dp(ev, B)a = (Lop) a(a) = (Lap) a(b) = lim %{Puhb(a) —pa(a)) = (patna(b) — pa(b))}
= Tim 2 (pann(ha) = pa(ha) — (pana(hB) — pa(hD)} = 0.
o(1nl?)

Since A is contractible, by the Poincaré lemma p is the derivative of some function . Again by
Stokes, p vanishes along G-orbits im(d4) ~ T4{G.A}. Thus p descends to the quotient B and so
does ¥, locally.

2.3 Periodicity of ¥

Consider the gauge action of g € G and some path {A(t)};c[0,1] C A connecting an instanton A
to g.A. The natural projection p; : Y x [0,1] — Y induces a bundle

B, X E
b b
Y x[0,1] 25 Y

and, using g to identify the fibres (E4)o £ (Eg)1, one may think of E; as a bundle over
Y x S'. Moreover, in some local trivialisation, the path A(t) = A;(t)dz’ gives a connection
A = Apdt + A;dz’ on E,:

(Ao)p) =0, (Ai)p) = Ai(t)p-
The corresponding curvature 2-form is Fa = (Fa)ijdx® A dt + (Fa)jxdz? A dz®, where

(Fa)io=Ai(t),  (Fa)jr = (Fa)j-
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The periods of ¥ are then of the form

1
¥(g.A) —¥(A) = /0 pA(t)(A(t))dt = /Y o tr(FA(t) A A;(t)dx') Adt A xp

1
:/ trFA/\FA/\*gpz—2<02(Eg)v[*<p],Y><Sl>.
Y xSt 8

The Kiinneth formula for Y x S! gives

(Y x SY,R) = HY(Y,R) ® H*(Y,R) ® H'(S*,R)
———
VA
and obviously H*(Y) « [x¢] = 0 so, denoting by c5(E,) the component lying in H3(Y) and by

Sy 1= [ﬁcg (E,)]FP its normalised Poincaré dual, we are left with

9(g-4) = 9(A) = ([x¢], Sy)-

Consequently, the periods of 9 lie in the set

{ [ v

That may seem odd at first, because *p is not, in general, an integral class and so the set of
periods is dense. However, as long as our interest remains in the study of the moduli space M =
Crit(p) of Go-instantons, there is not much to worry, for the gradient p = dv) is unambiguously
defined on B.

S, € H4(Y,]R)} .

3 Instantons over (Gs-torus fibrations

Instances of Go-manifolds fibred by associative submanifolds in the literature are relatively
scarce, not least because their deformation theory is zero-index elliptic [9] and therefore any
new examples will be somewhat exotic. A few trivial cases include the products T7 = T* x T3
and K3 x T3 and also CY? x S! given a family of curves in the Calabi-Yau [8, § 10.8]. The
example I will propose is unique in the sense that the total space is not a Riemannian product.

3.1 Instantons over associative fibrations

We consider pullback bundles over smooth associative fibrations, and relate Go-instantons to
their gauge theory over the base; in particular we do not address the possibility of singular
fibres.

Definition 1. A Gy-manifold (Y7, ) is called an associative fibration over a compact oriented
Riemannian four-manifold (X4, 7) if it is the total space of a Riemannian submersion f : ¥ — X
such that each fibre P, := f~1(x) C Y is a smooth associative submanifold.

Since each fibre P, is 3-dimensional and orientable, its tangent bundle is differentiably trivial
and we may choose global coordinates t = (t!,¢2,¢3) induced respectively by a global coframe
{es, e6,e7} := {dt!, dt?,dt3}. Thus near each y € P, we may complete the triplet into a local
orthogonal coframe {ei,...,er} of T*Y such that ¢, has the form (1), and the point y is
unambiguously described by (z,t(y)).

Lemma 1. Let f : Y — X define an associative fibration and E — Y be the pullback from
a vector bundle E — X ; then a connection A on E is self-dual if, and only if, f*A is a Go-
instanton on E.
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Proof. Let F':= (Fy«4)y be the curvature 2-form at y € P,; then

OC

xo(FAQ) Z 5, [F A (plp, +wi Ae® +wa Ae® +wg Ae”)] =, F+ 5, [O(F ) A f*d Vol |,

where O(F~) := (F34 — F12)e® + (Fy2 — Fi3)e® + (Fog — F14)e” vanishes precisely when A is
self-dual, i.e., when F' = x, F' satisfies the Go-instanton equation (6b). |

We are now in position to prove Theorem 1. Let us examine the general form of a Go-instanton
on E. An arbitrary connection A on E is locally of the form

3

Ay) Z Aylx) + > oila, t)dt’,

=1

where {A;}ici(p,) is a family of connections on E and o; € Q%Y, f*gg). The curvature of A is

> DA, .
FA:FAt+Z dAto—i—% Adtt + F,
=1

with

3
o Jo; 0o 1 ; j
F, = g 1 <3tﬂ ot + = [UZ,UJ}) dt' N dt’.

,J=

Replacing Fa into the Go-instanton equation (6a) and using the expression (3) of *p in the
natural frame {ey,...,e7}, we have

0A ,
(FAt + Z (da,05 — att) A ettt 4 Fg> A (61234 —wi1 A e — wa A\ e — w3 A 656) =0.

Using the following elementary properties

Fa, Net?t =0, Fa, Awi A e = [(Fa,)3a — (Fa, o] (xe?),
Fa, Awa Ae™ = [(Fa)a2 — (Fa)s](+€%),  Fa, Aws Ae”® = [(Fa,)23 — (Fa,)1a] (x€"),
Fonettinettd =, F, Aet? = (Fy)as3 (*65) + (Fy)s1 (*66) + (Fy)12 (*67),

and the fact that each d4,0; and 94 are locally 1-forms on the base, hence their wedge product

ot?
1234 — d Vol,, vanishes, the equation simplifies to

with e

3
A
Z (dAtO'i - a(‘)tit) ANw; =0 and Fy, —Q(F;) =0,
i=1

where (@ is the linear map on 2-forms defined by

3
Q(dti A dtj) = Q(e4+i A e4+j) = Z €Tk,

k=1

On the other hand, if A = A; + > o0, is a Go-instanton, then it minimises the Yang-Mills
functional (5). This implies

>

2

0A
I =

4,01~ B




8 H.N. S4 Earp

since otherwise the pullback component A; alone would violate the minimum energy:
YM(4y) = || Fa,|I” < | Fal® = YM(A).

In particular F;, = 0 and so every A; must be SD. Finally, if the family A; = Ay, is constant,
then da, o; = 0 implies o = 0, since by assumption E is indecomposable and therefore does not
admit nontrivial parallel sections. This concludes the proof of Theorem 1.

Remark 1. If Mi is discrete, then by continuity the family {A4;} is contained in a gauge orbit;
if the family is constant, then A is a pullback.

3.2 Gy-torus fibrations

A 7-torus T7 = R7/A naturally inherits the Go-structure ¢ from R7. Recall from Section 2.2
that a connection A on some bundle over T is a Gg-instanton if and only if it is a zero of the
Chern-Simons 1-form (7):

pa(b) = /T (4 A B) A (8)

One asks what is the behaviour of the moduli space of Gs-instantons under perturbations
© —  + ¢ of the Go-structure. More precisely, given suitable assumptions, one asks whether
(¢ + ¢)-instantons exist at all once we deform the lattice. As a working example, we consider
the following class of flat T3-fibred 7-tori:

Definition 2. A Gy-torus fibration structure is a triplet (n, L, ) in which:

e 7 is a metric on R?;
e L is a lattice on the subspace A% (R%,n) of n-self-dual 2-forms;

e a:R* - A2 (R* n) is a linear map.
Given the above data, set V = R* @ A% and form the torus T = V/L, with the lattice
L={(mv+ap)|peZvel}cCV.

Then T inherits from V the Gy-structure ¢ which makes the generators of L orthonormal with
respect to the induced inner-product (2). It is straightforward to check that T is an associative
fibration as in Definition 1: denoting by €, €, e” the (v+au)-orthonormal basis of the fibre Ai,
the flat Go-structure (1) simplifies to ¢ A2 = %7 = d Vol,, | A% 5 moreover the lattice L on every
tangent subspace normal to the fibre is just the lattice p from the base, so the corresponding
metrics are the same. Although T fibres over the 4-torus R*/u, the induced metric g(¢) is not,
in general, a Riemannian product.

Suppose the moduli space ./\/li of self-dual connections on F — T* is nonempty; then we
have trivial solutions to the Go-instanton equation on the pullback E — T simply by lifting Mi
as in Lemma 1, which proves the first part of Theorem 2:

Corollary 1. If A is a self-dual connection on E — T*, then its pullback f*A by the fibration
map f: T — T is a Go-instanton on E.

For future reference, I denote the set of such ¢-instantons obtained by lifts from Mi by
ML= M C BT (9)

We know from 4-dimensional gauge theory that SD connections on a complex vector bundle
E — T* correspond to stable holomorphic structures on E, thus in such cases we have examples
of Go-instantons on bundles over T.
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3.3 Deformations of T

Working on a bundle E — T with compact structure group over a fixed Go-torus fibration, let us
ponder in generality about the behaviour of instantons under a deformation of the Go-structure:

P o+ b, oo+ s g i=xpre(0 + B) — xpp € QNT),
An arbitrary deformation ¢ does not in general preserve the fibred structure of T:

Proposition 1. A deformation {5 € AY(T) of the coassociative 4-form *,p has four orthogonal
components, with the following significance:

AMER*'@ A7) =AY RY @ A°(RY) @ AT (AL) @ A*(RY) @ A%(A7) @ A (RY) @ A®(A}),

@) (11) (111) (Iv)

(I) corresponds to a rescaling of the metric n on R*;
(IT) redefines the map «;

(II1) splits as Hom(A%, A%) & Hom(A%,A%), where the first factor modifies the lattice L and
the second one affects the conformal class of n;

(IV) parametrises deformations transverse to the fibred structures.

Proof. Let us examine the four cases.

(I) If &, € A*(R?) ~ R, then it must be a multiple of xp|gs = e!?3* = d Vol,,.

(II) Since A3(R*) ® A'(A2) ~ R* ® (A%)* ~ Hom(R* A%), such deformations are precisely
linear maps R* — Ai.

(III) Clearly A%(R*) = A% @ A% and A?(A%) ~ (A%)*, so the product decomposes as

(A2 @ (A2)") @ (A2 ® (A2)") ~ Hom (A%, A%) ® Hom (A%, A%).

Now, on one hand, acting with an endomorphism on A%r is equivalent to redefining the triplet
{e?,€5,e"}, hence the lattice L C Ai. On the other hand, since the orthogonal split A? =
A2 @ Ai is conformally invariant, a map A2 — Ai redefines the orthogonal complement of A?
and hence the conformal class.

(IV) Since A3(A%) ~ R, this component is just A'(R*), which is irreducible in the sense
that T has no distinguished subspaces in R*. Then either every 7-torus is a Ga-fibration, which
is obviously false, or these are precisely the deformations away from said structures. |

We will now describe what happens to the zeroes of (8) under the corresponding perturbation
of the Chern—Simons 1-form:

p—pyi=ptrs,  (re)alb) = /Ttr(FA Ab) A&

Clearly a @-instanton A is also a (¢ + ¢)-instanton if and only if (r4)a = 0. There is little
reason, however, to expect such a coincidence; as we will see, the topology of the bundle may
constrain the existence of instantons under certain — indeed most — deformations.

Denoting henceforth by A the space of connections over the 7-manifold T, let us briefly digress
into the translation action of some vector v € T on some A € A. The first order variation is
given by the bundle-valued 1-form

(By)a :=vaFy,

which we interpret as a vector in T4 A. Notice first that in the direction (3, the value of the
Chern—Simons 1-form is independent of the base-point:
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Lemma 2. The function p(3,) : A — R is constant.

Proof. The computation is straightforward:
1
p(Bv) Atha = / tr Fpqpha AN VIFALpe AN xp = —3 / tr Fayna A Fagna A (vax @)
T T

1 1
:—2/(trFA/\FA+dX)/\(U_:*g0):—2/trFA/\FA/\(vJ*(p):p(ﬂv)A,
T T

where dy is the exact differential given by Chern—Weil theory and we use Stokes’ theorem and
Cartan’s identity d(vi* ) = L,(*¢) = 0, since ¢ is constant on the flat torus. [

Similarly, evaluating ry on 3, gives

T¢(Bu)A = /T’ET(FA A (Bu)a) N = —é/Ttr(FA AN EFa) N (va6p) = (c2(E), S(v)),

where Sy(v) = —%[UJ@,]PD, and this depends only on the topology of E, not on the point A.

Remark 2. Hence we may interpret ¢ as defining a linear functional

Ng: RT = R,
v (e2(E), Sp(v)),

such that Ny # 0 implies no ¢-instanton is still a (¢ + ¢)-instanton. This is, however, a rather
weak obstruction, since the map ¢ +— N, has kernel of dimension at least 28 and thus, in
principle, leaves plenty of possibilities for instantons of perturbed Gs-structures.

Now consider specifically a translation vector on the base v € T*. Notice that for deforma-
tions ¢ of types (I), (II) or (III) the contraction of &, with such v gives S4(v) = 0, so ¢ only
effectively contributes to the function p(8,) when &; € A'(R*), which means the perturbed torus
is no longer a fibred structure (Proposition 1). Moreover, either the bundle E is flat and S,
vanishes identically, or cy(FE) # 0 and the following holds:

Lemma 3. If cy(E) # 0 and ¢ is of type (IV), then there exists v € T* such that r4(83,) is
a non-zero constant.

Proof. Denoting T? the typical fibre of f (and setting Vol(T?3) = 1), we may assume
£y = —2e AdVolyps

for some 0 # ¢ € AY(T*). One can always choose v € T* such that e(v) # 0, and consider
(By)a = vuF4. Then

T¢(Bu)a = —2/

tr(Fa AvaFa) Ae AdVolps = —2/ tr(Fa AvaFa) Ne =e(v) - ca(E),
T

T4

which is nonzero by assumption. |

So far we know from Corollary 1 that the set Mi of self-dual connections (modulo gauge)
over T* lifts to instantons (cf. (9)) of the original Ga-structure ¢ (i.e. to zeroes of p). However,
for bundles with non-trivial ¢y, this generic case degenerates precisely under deformations of
type (IV):

Proposition 2. Let E — (T,¢) be the pullback of a stable SU(n)-bundle E over T* with
co(E) # 0; then E admits no (¢ + ¢)-instantons, for any perturbation ¢ away from a fibred
structure (i.e. of type (IV) in Proposition 1).
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Proof. Fix a lifted ¢-instanton A € /T/E; for any A + ha € A, Lemma 2 gives pa4na(Sv)
pA(By) = 0. Taking v € T* as in Lemma 3 we have

Ps(Bv) Atha = T¢(Bv) Atha + P(Bv) Atha = (V) - c2(E) + p(By) 4,
20 0

hence A + ha is not a (¢ + ¢)-instanton. [

Combining Corollary 1 and Proposition 2 we obtain Theorem 2.
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