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Abstract. The equations of motion of a charged particle in the field of Yang’s SU(2)
monopole in 5-dimensional Euclidean space are derived by applying the Kaluza—Klein for-
malism to the principal bundle R®\ {0} — R®\ {0} obtained by radially extending the Hopf
fibration S7 — S*, and solved by elementary methods. The main result is that for every
particle trajectory r : I — R5\ {0}, there is a 4-dimensional cone with vertex at the origin
on which r is a geodesic. We give an explicit expression of the cone for any initial conditions.
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1 Introduction

The problem of the classical motion of an electrically charged particle in the field of Dirac’s
magnetic monopole is a system of three second-order non-linear differential equations, written
concisely as

rXr
rf®

F=A (1.1)

for r € R? := R3\ {0} and a constant A € R. We find it remarkable that, although Dirac’s
original paper [3] about his monopole only appeared in 1931, Henri Poincaré investigated the
exact same system of equations in a 1896 paper [25]. His analysis was a successful attempt to
explain an experiment of the physicist Kristian Birkeland, which consisted of approaching one
pole of a strong magnet near cathode rays, the other pole being far enough to be considered
negligible. We thus call this one-body dynamical system the “Poincaré problem in R3”.

In this paper, we are interested in the generalization of this problem to SU(2) gauge theory.
Recall that Dirac’s monopole in R? is obtained by radially extending the Hopf fibration S3 — S?
to a principal U(1)-bundle over R3 [19, 27, 31]. The same procedure using the next Hopf fibration
ST — 8% gives rise to non-Abelian analogue of the monopole in Euclidean space R®, known in
the literature as Yang’s monopole [20, 34]. It is a non-trivial SO(5)-symmetrical solution to the
Yang-Mills equations in SU(2) gauge theory. Our main concern, which we call the “Poincaré
problem in RE’”, is for the classical motion of a charged particle in the presence of this monopole.
The equations of motion are derived in Section 3 using a Kaluza—Klein formalism. In this context,
the charge — which generalizes A in (1.1) — is a vector e rotating in R3.

The first system, (1.1), has been thoroughly studied in the literature [5, 6, 7, 8, 10, 12, 14,
23, 25, 26, 28]. The main result — as shown first by Poincaré — is that for every solution r,
there is a cone with vertex at the origin on which r is a geodesic (it follows from (1.1) that |r|
is constant). Moreover, Poincaré provided an explicit expression for the cone’s direction and
the angle at its vertex (which vary depending on the initial conditions and the charge \). Since
geodesics on cones are well understood, we get a complete description of the space of solutions.
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The main result of this paper is that this correspondence with geodesics on cones also holds for
Yang’s monopole, with suitable modifications. Given any solution r : I — R5 of the equations
of motion, there is a 4-dimensional cone with vertex at the origin of R® on which r is a geodesic.

Our proof proceeds in two main steps. The first is the derivation of an explicit expression
(given in Theorem 7.1) for the direction L € R® of the 4-dimensional cone on which the particle is
a geodesic. The second is a general result (Theorem 6.1) about geodesics on higher dimensional
cones that we prove here. This theorem states that for all n > 2, a geodesic on an n-dimensional
cone C is also a geodesic on a 2-dimensional cone embedded in C' with the same angle at the
vertex, and conversely.

Moreover, this last result shows that particles in Yang’s monopole follow geodesics on 2-
dimensional cones, and hence all solutions can be obtained explicitly, as was the case for Dirac’s
monopole.

There is a closely related problem called the “MICZ-Kepler system” [15, 35], which comes
from generalizing the Kepler problem (for the motion of a particle under a central inverse-
squared attractive force in Rg) by adding a Lorentz force due to Dirac’s monopole at the origin.
It has also been generalized in R® using Yang’s monopole [11], and in all Euclidean spaces R” by
a construction due to Meng [16, 17, 18]. It was shown [1] that for all odd dimensions, the solutions
to these systems are all conics. Moreover, Montgomery showed [22] that in any dimension, this
system is equivalent to the classical Kepler problem on a cone (with no magnetic charge). It
is thus natural to expect that the magnetic monopole alone would yield straight lines on cones
(geodesics). Our paper shows that this is the case, at least for Dirac’s and Yang’s monopole.

The paper is organized as follows. In Section 2, we recall the classical treatment of the
Poincaré problem in R3.

In Section 3 we briefly review the Kaluza—Klein formalism for the motion of a charged particle
in a Yang—Mills field [2, 9, 13, 24]. For a principal G-bundle P — M with connection, the Kaluza—
Klein approach is to construct a particular G-invariant metric on P from a metric on M and an
Ad-invariant metric on g. Then, projection on M of the geodesics on P defines motion of charged
particles in M. The analogue of the charge is a vector rotating in g. The goal of this section is to
provide coordinate expressions for the equations of motion. We note (see Montgomery [21]) that
this formulation is equivalent to the ones used by Sternberg [30], Weinstein [32], and Wong [33].

In Section 4 we describe the extended Hopf bundles endowed with connections that give the
Poincaré problem in R? and R®. They are obtained by radially extending the Hopf fibrations
S2n=1 5 §" for n = 2,4 to fibrations R2" — R”‘H, and taking the connections corresponding
to a horizontal subspace that is orthogonal to the vertical subspace in Fuclidean space R2". As
a first example we apply the Kaluza—Klein formalism to R? — R3 and show that we recover the
equations of motion (1.1).

In Section 5 we derive the equations of motion of the Poincaré problem in R5. That is, the
one-body dynamical system for the motion of a charged particle in the field of Yang’s monopole.

Section 6 is devoted to the study of geodesics on higher dimensional cones. This section is
independent from the rest of the paper, but its conclusions will be crucial to the solution of the
Poincaré problem in RR5.

Finally, in Section 7 we show that a charged particle in Yang’s monopole must follow
a geodesic on a 4-dimensional cone centred at the origin of R>. We give an explicit expres-
sion for the cone, and thus obtain a complete description of the space of solutions.

As a side remark, we note that there is a converse to the result of this paper. We prove here
one implication, namely, that if r a solution to the Poincaré problem (in R3 or R5) then r is
a geodesic on a cone with vertex at the origin. But we also have that for any cone centred at
the origin (of R® or R®) and any geodesic r on it, there is a unique charge (A or e) for which r
is a solution to the Poincaré problem (in R3 or R5) For brevity we will not discuss this, but it
can be proved with the theory presented in this paper.
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2 Particle motion in Dirac’s monopole

Let us recall Poincaré’s work [25] on the motion of a charged particle in the field of a single
magnetic pole. Taking the pole to be centred at the origin, we find an electromagnetic field of
the form

E=0, B=gy,
T

for some constant g € R, r € R3 := R3\ {0} and r = |r|. Assuming the particle is subject to the
Lorentz force F = q(E +r x B), we get the equation of motion

foaTXr (2.1)

r3

for some constant A € R depending on the strength g of the magnet and the mass m and charge ¢
of the particle. This is the system of ordinary differential equations that Poincaré analysed, and
is also the one describing motion of a charged particle in the field of Dirac’s monopole. Now, as
Poincaré noticed, differentiation shows that the vector

Li=rxi+As
.

is constant. Taking the norm, we see that L = 0 if and only if A = 0 and r is everywhere parallel
to r. This corresponds to motion at constant speed on a straight line that passes through the
origin. Since those curves will come out often here and in subsequent sections, we give them the
following name (a term borrowed from [1]).

Definition 2.1. A colliding curve is a curver : [ — R™ such that  is everywhere parallel to r.

Now, suppose r is non-colliding. Then, the cosine of the angle between r and L is

_r-L A
/L] L]’

cos (2.2)

which is constant. Hence, the particle moves on a cone directed along L. Furthermore, (2.1)
shows that the acceleration is always normal to the surface of the cone, and so the particle
follows a geodesic of that cone.

With this information in hand, the problem reduces to the geodesic equations on a cone
in R? — a standard problem. Note that the system (2.1) is invariant under rotation, so we may
assume the cone is directed along the positive z-axis. Taking t = 0 to be the point of closest
approach to the origin, we find

r(t) = \/m <sin1/1(:os (W) ,sin 1) sin <W> , COS ¢> ,

where ¢, vg are the initial radius and velocity and 1 is half the angle at the vertex of the cone.
Moreover, equation (2.2) gives an explicit expression for the angle, namely, ¢ = arctan(rgvg/A).
Fig. 1 shows a geodesic on a cone.

In this section, the equations of motion were derived classically by considering the “Coulomb-
like” magnetic field B = gr/|r|* and the Lorentz force. But Dirac’s monopole is also naturally
described in terms of a connection on the radial extension of the Hopf bundle S' — 3 — §2.
In Section 4 we will show that this approach together with the Kaluza—Klein formalism give rise
to the exact same equations of motion. Motion in Yang’s monopole in R5 will be obtained this
way but by using the next Hopf fibration S — S7 — S4.
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Figure 1. A geodesic on a cone.

3 The Kaluza—Klein formalism

Since Dirac’s and Yang’s monopole are more generally Yang-Mills fields, we need a way of
obtaining the equations of motion of a particle in a general Yang—Mills field. There are several
equivalent ways [21] of doing this, including the formulations of Sternberg [30], Weinstein [32],
Wong [33], and Kerner [13]. In this paper we use the latter approach, which is known in the
literature as the “Kaluza—Klein formalism”. The goal of this section is to briefly review this
formalism and to give coordinate expressions for the equations of motion. We closely follow the
presentation of [9]. See also [2, 13, 24].

Let m : P — M be a principal bundle with structure group G acting on P to the right. We then
have local sections o; : U; — 7~ 1(U;) such that the local trivialisations ¢;(p) = (7(p),a) € U; x G
correspond to the right action p = o(m(p)) - a. Let 6 be a connection one-form on P. For an
Ad-invariant metric ( , ) on the Lie algebra g of G and a metric g on M, define the following
G-invariant metric on P,

V(X Y)|p = g(me(X), me(Y)) |y + (0(X)]p, 0(Y) p)-

Then, P with this metric v is a Riemmanian manifold whose geodesics projected to M define
the motion of charged particles in M, where the charge is a vector of constant magnitude in g.

We now set up the equations of motion in terms of a local coordinate system {x;} on an open
neighbourhood U C M and a basis {T}} for g. Let T,,P = V, & H, be the decomposition of
the tangent space into a vertical and horizontal subspace. The action of G induces a canonical
isomorphism between V), and g, which gives fundamental vector fields {L;} on P corresponding
to {Tx}. Then, for a curve t — p(t) in P, the tangent vector at ¢ is p(t) = v(t) + h(t), for some
v(t) € Vpu and h(t) € Hpy), and we may expand v = vF L. The geodesic equations for the
curve p with respect to the metric v then become

w+wﬁ%h4uﬁmmﬂ, (3.1)

o =0, (3.2)

where I'y , are the Christoffel symbols of the metric g on M, and

. 1 1~
F=df+ 5[6’, 0] = QFde“ A dx”
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is the curvature two-form. Let o : U — 7~ 1(U) be the canonical local section and define the
g-valued one-form

A=A,dat = Aﬁde:E” =o*(0),

called the local gauge potential over U. Let a € G be the local trivialization p ~ (mw(p),a) €
U x G, and let

e= eka = ava~ .
Finally, set b;; := (T;,T}), let Cikj be the structure constants of g, and let
Fuy = F3 T = 0,4, — 0,A, + [Ay, A

be the curvature two-form in the o-gauge. So F),,, and FW are related by FW = ailFW,a. Then,
the geodesic equations (3.1) and (3.2) are

B+ TR i = biel FY, 3 g™, (3.3)
b+ ClAL el =0. (3.4)

This system of ordinary differential equations defines the motion of a charged particle in M.
The term on the right-hand side of (3.3) is the generalization of the Lorentz force. The vector
e = e*T}, € g is the analogue of the charge divided by the mass of the particle. Note that e has
magnitude (e, e)'/? = (v, v)/2, which is constant by (3.2). However, unless G is Abelian, e itself
is not in general constant.

4 The extended Hopf bundles

The purpose of this section is to define the principal bundles endowed with connections that
describe Dirac’s and Yang’s monopole. The bundles are obtained by radially extending the Hopf
bundles S"~! — §2n=1 5 Sn for n = 2,4. We will first give a more abstract definition by
means of the canonical projection of certain quotient spaces of the vector spaces C? and H2. It
will then lead to the desired bundles R2" — R"+1 by diffeomorphisms. Similar constructions
can be found in [31] and [4].

Let K be C or H, and let K2 := K2\ {(0,0)}. Let ~ be the equivalence relation on K?
defined by (21, z2) ~ (w1, ws) if there is a unit norm A € K such that (21, z2) = (w1, wa\). The
quotient of K2 by this relation gives an (n + 1)-dimensional differentiable manifold M, and we
define the extended Hopf map by the canonical projection

r: K2 — M. (4.1)

We get the structure of a principal bundle as follows. Let S}( be the set of unit norm elements
in K. We have S} = U(1) and S§ = SU(2), so S is a Lie group. It acts freely on K? by
(21,22) - A = (21, 220), and M is the quotient space of this action. Moreover, M is covered by
the two open neighbourhoods

U, = {[(21,2:2)] EM:Zi#O}, 1=1,2,
over which we have the local trivializations

Wﬁl(Ui) — M x S}<, (z1,22) = ([(21,21)], zi/|7i])s 1=1,2. (4.2)
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Thus, the extended Hopf map (4.1) is a principal Sk-bundle. Now, the principal bundle S} —
R2" — R"*! is obtained from (4.1) by the identification of K with R™ using the basis {1,i}
for C and {1, 4, j, k} for H, and by the diffeomorphism

22125 |21|% — |22? )

f: M —R" [(21, 22)] —
VIR + 222 V21 + [22]?

where * denotes conjugation in K. This construction gives the two principal bundles
Ul) - R* > R? and SU(2) — R® — R®.

Motion will take place in Fuclidean spaces R3 and R5. '
Let us introduce the following set of coordinates on M = R"™+1,

¢1: Ui C M — R™ x R+, [(2’1,22)] — (222;1, \/ |Zl|2 + ’22|2) (43)
¢ : Ug C M — R"™ x R+, [(2:1,2:2)] — (2122 ,\/ ‘Z1’2 + ’22‘ ) (4.4)

These coordinates are denoted (u,r) = (u1,...,un,r) and are related to the Cartesian coordi-
nates (x1,..., 2, 1) of R"! by

2ru* 1 —|ul?

T+ uP " 1+ |u|2)
2ru lul2 -1

lul2 +1’ ]u2+1>

(21, s1) = (F o 671 (u,1) = (

(1) = (£ o7 = (45
An observation that will be crucial later is that (u,r) are precisely the stereographic projection
coordinates from the south and north poles respectively. That is, for r € ]R"“, first project on
the unit sphere by r +— r/|r|. Then, the stereographic projection of r/|r| gives u = (uy, ..., uy,),
and the remaining coordinate r is the magnitude of r.

To apply the Kaluza—Klein formalism, we further need a connection on the bundle, a metric
on M = R"! and an Ad-invariant metric on g. The connection that gives the Poincaré problem
is obtained by choosing a horizontal subspace that is orthogonal to the vertical subspace in
Euclidean space R2". The metric on M is the one corresponding to the Euclidean metric
on R"1. Since we observed that the coordinates (u1,...,up,r) on M are the stereographic
projection coordinates of R"“, we know as a standard result that the metric on M is

472 Z du; ® du;
1=1

+dr @dr.
(I+ud+- +u2)?

g:

For the Ad-invariant metric on g we take (Tj,7T;) := 0;;, where {T;} is a basis for g. When
G = U(1), this basis is the imaginary number 77 = 4, and when G = SU(2), it is {Th = 1,
Ty = j, T3 = k}. It is straightforward to verify that (T3,T}) := d;; is Ad-invariant.

As an example, we apply the Kaluza—Klein formalism to the principal bundle U(1) — RY -
R3 and show that we recover the equations of motion obtained in Section 2, i.e. those describing
the classical motion of a charged particle in the field of Dirac’s monopole

The vertical subspace V,, C T, C2 for p = (21,22) € C2 is spanned by = ‘t _o(21, 22) - exp(ti) =

(21, 22i). In the Cartesian coordinates (1, %2, 3, z4) = (21, 22) of R*, we have

V, = span —mi—i—xi 8+xa
p= P 2001 " Yowy  Mors " o[
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We take the horizontal subspace H,, to be the orthogonal complement of V},. The corresponding
connection one-form is then

0 —xodx1 + x1dxe — x4dx3 + x3das
=1 .
i+ +ad

This gives the local gauge potential over U

A= ot(g) = Y42 = 2dy
2r(z+7)

where (z,y, z) are the Cartesian coordinates in R3 and r = /22 + y2 + 22. The curvature then
reads

—zdx Ndy + ydx N dz — xzdy N dz
F=q 5,3 .

Inserting in the equations of motion (3.3) and (3.4), we get

e Yz—zy . e zZT—xz . € xY—yzx
- .z “ Yy=—": — g7

= é=0
2 3 2 3 ’ ’

T =
r3

T2
which are precisely Poincaré’s original equations (2.1) with A = e/2.

5 The equations of motion of a particle in Yang’s monopole

In this section, we obtain the equations of motion of a charged particle in the presence of
Yang’s monopole in R? by applying the Kaluza—Klein formalism to the extended Hopf bundle
SU(2) — R® — R® constructed in Section 4.

To compute the vertical subspace, we use the right action of SU(2) to pullback the basis
{i,7,k} of su(2) to a basis for V,,. The basis vectors are L;|, := %‘tzop -exp(tT;), and in the

Cartesian coordinates (z1,...,78) = (21, 22) of R® = H?, we have
Ll = (_‘T27 X1,T4, —T3, —T6, L5, T8, —177),
L2 = (_‘T?)a —X4,T1,T2, —T7, —T8, L5, xﬁ)a

L3 = (—1‘47 X3, —x2,T1, —I8, L7, —T6, x5)-

The connection one-form corresponding to a horizontal subspace that is orthogonal to V), is then

1 —xy m  m w3 —wg x5 xg  —axr) (421
9 = —x% T 1‘% r3 —X4 I T2 —x7 —I8 Is L6 : s
—XT4 I3 —XT2 T —XI8 T —T6 T5 dxg

as expressed in the basis {i,7,k} for su(2). We will now use the coordinate system (u,r) =
(u1,...,ug,r) on Uy C M = R® defined by (4.4). Recall that these are the stereographic
projection coordinates from the north pole. Hence, we are working in R5 minus the positive xs5-
axis. Let o; for i = 1,2 be the canonical local sections induced by the local trivializations (4.2).
On U, we obtain the gauge potential

u*du — du*u
A = * 0 =
T TEE

and the corresponding curvature

B du* A du
~2(Ju2 4+ 1)
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In matrix notation, we have A = Adu, where

1 —Uz Ul U4y U3 Ay

A = T EES] —u3 —U4 UL uy | =: | Asg
lul? + A

—Uyg us —Uu2 U 3

Inserting in the equations of motions (3.3) and (3.4) of the Kaluza-Klein formalism, we get the
system of differential equations

2luf2u—4(u-wu 2 Ea

ul?+1 r 22’ (5.1)
o]
. 4r|al?

_— =0 5.2
e (5:2)
&+ 2Be =0, (5.3)

where e = (e!, €2, ¢e3) and

0 -B B

1 3 2 3 2

E = 62 03 € € i1, B = B3 0 -Bi1, B, = A;-u.
—e e 0 —e
—e3 —e?2 el 0, B B 0

These equations describe the motion of a charged particle in the field of Yang’s monopole at
the origin of Euclidean space R®. The vector e is interpreted as the charge of the particle, and
(ﬁEﬁ, 0) € R* x RY is the analogue of the Lorentz force. Note that (5.3) immediately gives
e-e = 0, and so e has constant magnitude, as anticipated in the general formulation of Section 3.

6 Some facts about cones and their geodesics

The solutions to the equations of motion (5.1), (5.2) and (5.3) will be investigated in Section 7.
Some crucial results that we will need can be stated as general facts about higher dimensional
cones and their geodesics. Hence, we put them in this separate section, which is completely
independent from the rest of the paper. The main goal is Theorem 6.1 and its two corollaries.

First of all, we need a clear definition of what we mean by a k-dimensional cone in R", for
k < n. In this paper all cones will have their vertex at the origin. Before the general definition,
here is the most basic classical one.

Definition 6.1. The cone of aperture ¢ € (0, 7/2] directed along L € R” is the set of all points
r € R"” satisfying

r-L

| |L|

= cos 1. (6.1)

We write a “cone in R™” or equivalently an “(n — 1)-dimensional cone in R™” for any such cone.

To generalize this definition to k-dimensional cones in R™ for any k < n, we need the following
observation. In the definition of a cone, equation (6.1) can be rewritten (r/|r|) - L = b, where
b = |L|cos is a constant. Thus, the cone is the set of all points in R™ such that when projected
on the unit sphere S"~! they lie in the fixed affine hyperplane {x € R" : x-L = b} - see Fig. 2.
This motivates the following definition.

Definition 6.2. Let P be an affine k-dimensional plane in R" that intersects with Sn=1in
more than one point. The cone generated by P in R™ is the set of all points r € R™ such that
r/|r| € P. We write a “k-dimensional cone in R™” for any such set.
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%

i

Figure 2. A cone is defined by radially extending the intersection of an affine plane with the unit
sphere.

To better understand this definition, we first remark the following basic fact.

Proposition 6.1. Let P be a k-dimensional affine plane in R™ intersecting the unit sphere S™~ 1
in more than one point. Then, PN S™ 1 is a (k — 1)-sphere.

This proposition shows that a k-dimensional cone in R™ is parametrized by a point in a (k—1)-
sphere and a positive number r > 0. For example, a 2-dimensional cone in R? intersects the unit
sphere on a circle, and so each point of the cone is uniquely defined by a point on this circle
and a radius r > 0. Here is the proof of the proposition.

Proof. Let P = a+ U, where a € R" and U is a k-dimensional subspace of R"™. Without loss of
generality, we may assume that a is orthogonal to U. Choose an orthonormal basis {v1,..., vy}
for U. Then,

PnsS"l={la+zvi+ - +apvpia €R Jat v+ +apvy? =1}
= {a+x1V1+---+xkvk:xi6R,x%+~-—|—x%:1—|a|2},
which is a (k — 1)-sphere of radius /1 — |a|? centred at a in R™. [

The following proposition shows that a k-dimensional cone in R”, as of Definition 6.2, is in
a sense exactly the same as the classical Definition 6.1 of a cone in R*¥*1,

Proposition 6.2. Let C be a k-dimensional cone in R™ for n > k. There is a cone D in RFF!
directed along (0,...,0,1) € R¥T! and a matriz R € SO(n) such that

R(C) = {($1,...,Ik+1,0,...,0) e R": (Il,...,l‘k_H) ED}.

Proof. Let P be the k-dimensional affine plane in R™ that generates C. It is straightforward
to see that there exists R € SO(n) such that

R(P):{(ml,...,xk,a,o,...,O):xieR},

for some a > 0. Note that since P intersects S™! in more than one point, we have 0 < a < 1,
and hence there is an angle 1 € (0,7/2] such that a = cos. Letting L = (0,...,0,1) € RF1,
we get

R(C)={R(r) eR":r/[r|€ P} = {r e R":r/|r| € R(P)}
= {r eR":r/|r| = (x1,...,2k,c081,0,...,0) for some z; ER}
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-L
{ e RF x RPF-1 . I = cos¢}

{ T1,... xk+1,0,...,0) GRn:(l'l,...,wk_H) ED},

L

=

where D is the cone of aperture ¢ directed along L in R+, |

This proposition and its proof allow us to make the following definition.

Definition 6.3. Let C be a k-dimensional cone in R™, and let P be the affine k-dimensional
plane generating C. Write P = a+ U for a € U*. The aperture of C is the number ¢ € (0, 7/2]
for which cos = |a.

It is straightforward to verify that this is well-defined (a is unique and 0 < |a|] < 1) and that
it matches the classical Definition 6.1. For a 2-dimensional cone C' in R3, our definition of the
aperture is half the angle at the vertex of C.

Consider a 1-dimensional cone of aperture 1 in R? (two non-parallel rays coming from the
origin). It is intuitively clear that there is a unique 2-dimensional cone of aperture ) containing
it. Indeed, just rotate the two rays about the bisector, and it will give the desired cone. This
principle of “unique embedding” is indeed true, and generalizes as follows.

Proposition 6.3. Let D be a k-dimensional cone of aperture 1 in R™, for any k < n. There is
a unique (n — 1)-dimensional cone of aperture 1 containing D.

Proof. Let Q = a+ U be the k-dimensional affine plane generating D, and assume a € U~ so
that cost = |a|. Then, U C (span{a})*, so the hyperplane P = a+(span{a})* generates an (n—
1)-dimensional cone of aperture ¢ containing D. This shows existence. For uniqueness, suppose
that P =b+V, b € V=, generates an (n — 1)-dimensional cone of aperture 1 containing D.
Write b = a + ¢ for ¢ € (span{a})*. Then, |a?> = cos?y = |b|?2 = |a|> + |c|?, so |c|? = 0 and
hence b = a. Then, a € V' so we have V C (span{a})*. But dimV = n —1 = dim(span{a})*

so V = (span{a})’, whence P = P. [

We will now start to investigate geodesics on cones. First, let us give a clear definition.

Definition 6.4. Let C be a k- dimensional cone in R™ together with the metric inherited from
the ambient Euclidean space R™ and let ; be the corresponding covariant derivative. We call

a geodesic on C' a differentiable map r : I —> R™, from an open interval I C R to R", such that
r(I) CC and 2i(t) =0forallt € I.

Note that we do not assume that a geodesic is parametrized by arclength, and hence can
have any (constant) speed.

We will now need a parametrization for an arbitrary n-dimensional cone C' in R"*!. Since for
any R € SO(n+1), a curve r is a geodesic on a cone C'if and only if R(r) is a geodesic on R(C),
we may assume without loss of generality that C' is directed along L = (0,...,0,1) € R**!. Let
1 € (0,7/2] be the aperture of C. Then,

C:{(xl,... xn+1)€R"+1:mn+1:cos¢ x2+---+m,21+1}
={(21,...,2p1) ER" 122 sin®p = (2] + -+ 22) cos® ¢ and 241 > 0}
= {(zyrsin, ..., xyrsineg, reosi) : (x1,...,2,) €SP Land r > 0}.

Therefore, any parametrization of the unit sphere S"~! will give a natural parametrization of
the cone C. We choose the stereographic projection coordinates from the north pole:

2
21
201 20,1 ;vl B ( 2v |v|? — 1)

Zvi2+1""’ZU?+l’Zvi2—|—1 v[2+17|v]2+1
(A (A T

(T1,...,2p) =
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where v = (v1,...,v,_1). This defines a coordinate system ¢ : R*~! x Rt — C for the cone C by
2v v]2—1
1) =\ g rsiny, g rsiny, ; 6.2
o(v,r) <|V|2+1rs1n¢ M2+1rsmz/) rcosdJ) (6.2)
with inverse
—1 T Tn—1
.. = .. 6.3
(b (xlv 7wn+1) <7‘sin¢—xn’ ,TSinw—IEn’T> ) ( )

where 7 := (x% + et x%+1)1/2. Now, the metric g on C is the one inherited from the ambient
Euclidean space R"*!. In this coordinate system we get

42 sin2 ) T2
g= MZdvi®dvi+dr®dr.
i=1

The Christoffel symbols corresponding to this metric are

2’Ukéij — Q}Z'(Sjk — vjéki

, i#Fn, j#Fn, k#n,

v+ 1
k — 47 sin? Ok + 0
Iij =9 - 0 T;l:l_ 1¢)2 0ij + ik T jk, one and only one of ¢, j or k is equal to n,
v r
0, else.

The geodesic equations are then

2lv|2v —4(v-v)V 27V

_ 4
R —=0 (6.4)

. 4rsin?y|v|?
- =0. 6.5
([v[>+1)? (6.5)

The most important result of this section is the following.

Theorem 6.1. Letr: [ — R e q non-colliding curve, where n > 2. Then, r is a geodesic
on an n-dimensional cone C if and only if r is a geodesic on a 2-dimensional cone D C C of
the same aperture.

Proof. We first show that if r : I — R"t! is a non-colliding geodesic on C, then r(I) is in
a 2-dimensional cone D C C. By definition, we have to show that the curve a : I — R"*!
defined by a(t) :=r(t)/|r(t)| lies on a fixed 2-dimensional plane. To do that, it suffices to show
(see [29, Chapter 7, Part B, Theorem 5]).

To show that {c&, &} is everywhere linearly independent, suppose that at some point ¢ty € I
we have & = A& for some A € R. Since a- =1, we get a- & = A - & = 0. Taking the second
derivative on both sides of a - @ = 1, we then find & - & = 0 at tp, and so r(tp) is parallel to
r(tp). Hence, we can form a colliding curve £(t) := r(to) + (t — to)r(to), with ©(¢o) = r(tp) and
t(to) = ¥(tp). But F is solution to the geodesic equations (6.4) and (6.5), so by uniqueness we
have r = r. This contradicts the assumption that r is non-colliding.

trivial linear dependence. In the parametrization (v,r) of the cone (6.2), we have

2v ) |v|2 -1 .
o= (‘V|2 T sin v, VET1 smw,cos¢> .
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To compute the derivatives &, &, &, we insert the geodesic equations (6.4) and (6.5) to eliminate
all second derivatives of (v, 7). We obtain

b= o ((VE 4 1) = 2(v-9)v.2v-4,0),
= o (i (VP + D v = (2 + 1)),

1 |
APV 1) = (v 1)y v,o) |

. 2siny @ 4(1 4+ 2sin? ) |v|?
(P12 (vl +1)?
487 sin ¢

1
- 12 - 12 2
_ O iy, S22 =1),0 ) .

We then find that these expressions satisfy the relation

12 .9 : :

<4M (1 + 2sin”y) +672> a+Tava—o.

(lv]?+1)2 2 r

So « is contained in a 2-dimensional plane and hence r is contained in a 2-dimensional cone D.

Moreover, D C C for the following reason. Let @ be the affine 2-dimensional plane genera-

ting D, and let P be the affine hyperplane generating C. Since r is non-colliding, we can find

three distinct points in () € @ N S™. But Q@ N S™ is a circle (Proposition 6.1), so we have

three non-collinear points of Q N P. Since an affine 2-dimensional plane is uniquely specified
by three non-collinear points, we have () C P, whence D C C.

We will now show that r is a geodesic on D and that D has aperture . Still assuming the

parametrization (6.2) for C', we have

> ((MZ +1)v—2(v-Vv)v,2v-v,0)

P={(x1,...,zp,cos8?) : z; € R},
whence
Q = (07 s 707COS¢) +a+ Span{wlaWQ}a

for some a,wi,wy € {(z1,...,2,,0) : ; € R}. But note that in the parametrization (6.2), C
has an SO(n) symmetry in its first n components. Hence, we may assume that

Q = {(x1,22,0,...,0,a,cos) : x1,z2 € R},

for some a > 0. Since N S™ contains more than one point, we have a® < 1 — cos? ¢ = sin® 1),
or equivalently, a = cos ¢ sin for some ¢ € (0, 7/2]. Therefore,

D = {r(aﬁl,aﬁg,o,...,O,COS@sinw,cosw) > O,x% —i—m% + cos? psin? ) + cos? ) = 1}
= {r(xl,xg,o,...,(),cos«psinw,cosw) > O,:U% —i—a:% = sinzgpsin2w}

= {(rcos@singpsinw,rsin@sin«psinw,0, ...,0,rcospsin, rcosy) :r > 0,0 € R},
and so
r(t) = (r(t) cosO(t) sin psintp, r(t) sin (t) sin g sin 1, 0, ..., 0,r(t) cos @ sin, r(t) cos 1)

for some functions # : I — R and r : I — R*. Now, using the inverse transformation (6.3), we
can express r in the coordinates (v,r) = (vy,...,v,_1,r) parametrizing C'. We find

(v,r) = (cos@cot%,sin@cot%,O,...,0,r> .
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Assuming that r has this form, the geodesic equations (6.4) and (6.5) for r on C' are equivalent to

cosp =0,
0+ 20/r =0,

i — rf? sin? = 0.
The first equation shows that D is the 2-dimensional cone of aperture v given by
D = {(rcos@sinty,rsinfsine,0,...,0,rcosyp) : v > 0,0 € R}, (6.6)

and the last two equations are precisely the geodesic equations for r on D.

Conversely, this also shows that any geodesic of D is a geodesic of C'. Hence, by the SO(n)
symmetry of C' in its first n components (in (6.2)) we get that any geodesic on a 2-dimensional
cone of aperture 1) embedded in C is a geodesic on C. |

The following two corollaries will be important for the next section, when we will investigate
the motion of a charged particle in the field of Yang’s monopole.

Corollary 6.1. Letr : I — R e q non-colliding curve, where n > 2. If r lies on a 2-
dimensional cone D of aperture 1 and v is orthogonal to r and r, then r is a geodesic on D and
hence on the unique n-dimensional cone of aperture v containing D.

Proof. By rotation symmetry, we may assume that the 2-dimensional cone D on which r lies
is of the form (6.6), so that

r(t) = (r(t) cosO(t) sine, r(t) sin§(¢t) sinv, 0, ...,0,r(t) cos ),

for some functions r : I — RT and 6 : I — R. This defines a space curve p : I — R? by taking
the three non-zero components of r. We have that p lies on the cone D C R? of aperture 1
directed along (0,0, 1), and p is orthogonal to p and p. Hence, p is always normal to the surface
of the cone D, so p is a geodesic on D. Therefore, r is a geodesic on D. Now, Proposition 6.3
shows that there exists a unique n-dimensional cone C of aperture ¢ containing D, and then
Theorem 6.1 shows that r is a geodesic on that cone. |

Corollary 6.2. Letr: 1 — R” be a non-colliding geodesic on a k-dimensional cone C. Then,
C' is the unique k-dimensional cone containing r(I).

Proof. Let D be any other k-dimensional cone on which r is a geodesic. We want to show that
D = C. First suppose the case k = 2 has been proved. By Theorem 6.1, r is a non-colliding
geodesic on a 2-dimensional cone C' C C' of the same aperture as C, and also on a 2-dimensional
cone D C D of the same aperture as D. Hence, C = b, and this cone has the same aperture
as C' and D. Proposition 6.3 shows that C' is the unique cone of aperture ¢ containing C' = D,
and the same is true for D, so we have C = D. We may thus assume that C' and D are
2-dimensional.

Now, since r is non-colliding, we can find three points in r(I) € C such that no two of
them are collinear with the origin. Using Proposition 6.1, we find that the radial projection
of these points on the unit sphere gives 3 distinct points on a circle. Hence, we get 3 non-
collinear points on the 2-dimensional affine plane P generating C'. Now, the 2-dimensional
affine plane @) generating D must also contain these 3 non-collinear points. Since an affine
2-dimensional plane in R" is uniquely defined by 3 non-collinear points, we have (Q = P, and
hence D = C. |
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7 Particle motion in Yang’s monopole and geodesics on cones

In this section we investigate the solutions to the Poincaré problem in R5. That is, we solve the
equations (5.1), (5.2) and (5.3) for the motion of a charged particle in the field Yang’s SU(2)
monopole at the origin of Euclidean space R®.

Let us denote a solution to the Poincaré problem in R? by a pair (r,e) of curves r : I — R?
and e : I — R3, for some open interval I. More precisely, (r,e) is a solution if the curve
(u,7) : I — R* x R obtained by expressing r in the stereographic projection coordinates from
the north pole (4.5) together with the curve e = (e!,e?,e?) : I — R? satisfy the equations of
motion (5.1), (5.2) and (5.3) for all ¢ € I.

Our main goal is to show that for every solution (r,e) there is a 4-dimensional cone with
vertex at the origin of R® on which r is a geodesic. Note that this fact together with Theorem 6.1
show that r is also a geodesic on a 2-dimensional cone, as was the case for every solution to the
Poincaré problem in R3. It is quite remarkable that although we are dealing with a non-Abelian
monopole and hence far more intricate equations of motion, the space of solution is almost
identical to the one describing motion of a particle in the simpler Abelian Dirac monopole.

For Dirac’s monopole, the hard part of the proof is to find an explicit expression for the
direction L € R3 of the cone. Once we have L, it is very easy to see that r is at a constant angle
from L and that r is always normal to the surface of the cone. For Yang’s monopole, we will
also find a vector L € R for which r is at a constant angle, which will then imply that r lies
on a 4-dimensional cone C. However, the proof that r is a geodesic on C is more tricky. We
will show that ¥ is orthogonal to T and r, as we did for Dirac’s monopole, but in R? this fact is
not sufficient to infer that r is normal to the surface of the cone. To complete the proof we will
need to use some non-trivial conclusions of the preceding section on higher dimensional cones,
namely, Corollaries 6.1 and 6.2.

Now, looking at the equations of motion (5.1), (5.2) and (5.3) for the Poincaré problem in R?,
we immediately see that a colliding curve is a solution if and only if it has constant speed, as
was the case for Dirac’s monopole. Since a constant-speed colliding curve is a geodesic of many
cones, we may exclude these trivial solutions from our discussion. The main result of our paper
is the following.

Theorem 7.1. Let (r,e) be a solution to the Poincaré problem in R5. If r is non-colliding, then
r is a geodesic on the 4-dimensional cone directed along the constant vector

I <(]e\2 —4r2(Au-e))u+2r’Eu 2r?(Au-e) ﬁ lul? — 1> c R (71)

2(Jul2+1) "o jul2+1 4 |ul?+1
and of aperture v given by
p Lol (leP | _artap 7
cosy)=— | —++—7— .
2 4 (lu]>2 +1)?

Proof. We first show that r is a geodesic on some 4-dimensional cone. By Corollary 6.1, it
suffices to show that r lies on a 2-dimensional cone and r is orthogonal to r and r. In the
stereographic projection coordinates from the north pole (u,r) = (u1,...,uq4,7), we have

2ru lul2 —1
r= r
lu2+1" |u2+1)’

and a straightforward computation shows that

47“2\1'1|2
(a2 +1)%’

rrjal2 +r?a-a _r?ulf(u-a)

P o= 4 ~ .
(Juf? +1)2 (Juf? + 1)

r-r=r7r—
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By inserting the equations of motion (5.1) and (5.2), we immediately get that these two expres-
sions are equal to zero.

Now, to show that r lies on a 2-dimensional cone, we will follow an approach very similar to
the one in the proof of Theorem 6.1. That is, let a : I — R® be defined by a(t) := r(t)/|r(t)|.
It suffices to show that «(I) is contained in a 2-dimensional affine plane, or equivalently, that
{a&, &} is everywhere linearly independent while {¢, &, &} is everywhere linearly dependent. The
proof that {¢, &} is everywhere linearly independent is exactly the same as the one in the proof

we have

2u  |ul2-1 ) 2u 4(u-0)u 4u-u
a= , , &= - , .
lul24+ 1" Juf2+1 uP?+1  (ju?+1)?" (Ju> +1)2
We then compute the second and third derivatives of a by inserting the equations of mo-
tion (5.1), (5.2) and (5.3) to eliminate all second and higher derivatives of (u,r). We find

. (Eu-2(Au-e)u 8|u/?u 47 ( 2(u-u)u u
‘T < PP+ (uP+1p e ((lul2 +1?2 Jul?+ 1) ’
2Au - e 414 (ju? - 1) 8ru - u
P(u+1) (uP+1p 7“(!11\2+1)2>’
5 <12r1’"(2(Ai1 -e)u—Eu) — |e|>u |ef?(u-u)u = 24[ul*(27u — rua)

2rt(Juf* + 1) ri(lul? + 1) r([af? 4 1)
48u)?(u-w)u 1272 u 2(u-u)u 127A0 - e
(luf>+ 1)1 r? (Iu!2 +1 (JuP+ 1)2) " rd(u + 1)
le|?u - u 247[a)?(Jul2 — 1)  48lu*u-u 247%u - 1
ri([u? 4 1)2 r(uP+1% (P + 1% 7 r2(jul+ 1)2> ’

To perform these computations, it is useful to first derive the following identities

u-Eu = (Ju® +1)Au-e,

eAE = — [ef*u
[ul? + 1’
B 2|1'1|2Eu+(u-Ei1)1'1—(u-i1)Ei1
u = .

[ul2 +1
We then get the simple expression
le|? N 672 N 12]al? - 67 .. La—0
—t+ =+ |+ —a+a=0.
472 2 (Jul2+1)2 r

Corollary 6.1, r is a geodesic on a 4-dimensional cone C'.
We will now give an explicit expression for the cone C. By differentiating the vector L given
by (7.1) and inserting the equations of motion, we see that L is constant. Moreover,

r-L e el <|e|2 4| af? >/
L] 4L 2 \ 4 (uP 1) !

which is also constant. Since r is non-colliding we have 1 # 0, so this expression can be written
as the cosine of some angle ¢ € (0,7/2]. Hence, r lies on the 4-dimensional cone of aperture v
directed along L. But we showed that r is a geodesic on some 4-dimensional cone C, and by
Corollary 6.2, C' is the unique 4-dimensional cone containing r(7). Hence, C' is the cone of
aperture v directed along L. |
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By this theorem, the problem reduces to the geodesic equations on a 4-dimensional cone,
which in turn reduces to the geodesic equations on a 2-dimensional cone by Theorem 6.1.
Geodesics on 2-dimensional cones were discussed in Section 2.
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