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1 Introduction

Let g be a complex finite-dimensional semisimple Lie algebra. The category of weight modules
of g is interesting on its own on the one hand, and it contains some fundamental subcategories
like the category O, categories of parabolically induced modules, Harish-Chandra modules on
the other. A weight g-module is a module which is a direct sum of simple h-modules, where b
is a fixed Cartan subalgebra of g. The classification of the simple weight modules is a very
hard problem which is solved only for g = sl(2). However, the classification of the simple
objects is known for various subcategories of weight modules, including those with finite weight
multiplicities [5, 17].

The classification of the simple weight s[(2)-modules involves two parameters that correspond
to eigenvalues of the generators of a maximal commutative subalgebra of U(s((2)), the Gelfand-
Tsetlin subalgebra. Such subalgebra can be defined for any sl(n) and has a joint spectrum on
every finite-dimensional module. This observation leads naturally to the definition of a Gelfand-
Tsetlin module: a module that is the direct sum of its common generalized eigenspaces with
respect to the Gelfand—Tsetlin subalgebra I". Such modules were introduced in [2, 3, 4]. Note
that an irreducible Gelfand-Tsetlin modules does not need to be I'-diagonalizable [6].

Gelfand—Tsetlin subalgebras and modules appear in various contexts. Such subalgebras were
considered in [22] in connection with subalgebras of maximal Gelfand-Kirillov dimension in the
universal enveloping algebra of a simple Lie algebra. Furthermore, Gelfand—Tsetlin subalgebras
are related to: general hypergeometric functions on the complex Lie group GL(n) [13, 14];
solutions of the Euler equation [22]; and problems in classical mechanics in general [15, 16].

One natural question is to attempt the classification of all irreducible Gelfand—Tsetlin mo-
dules of sl(n). An explicit construction of all irreducible Gelfand-Tsetlin modules for the case
n = 3 was recently obtained in [10]. Various partial results for sl(3) were previously obtained
in [1, 6, 7, 8, 9].

A generic Gelfand—Tsetlin module is a module spanned by tableaux with noninteger diffe-
rences of entries in each row (see Definition 5.1). The present paper provides a classification of
all irreducible generic Gelfand-Tsetlin modules of sl(n) extending the result in [21] for n = 3.

*This paper is a contribution to the Special Issue on New Directions in Lie Theory. The full collection is
available at http://www.emis.de/journals/SIGMA /LieTheory2014.html
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For simplicity we work with gl(n) instead of sl(n). We also obtain an explicit construction of
all irreducible generic modules providing a Gelfand—Tsetlin type basis.

The organization of the paper is as follows. In Section 3 we introduce some basic definitions
and preparatory results on Gelfand—Tsetlin modules. In Section 4 we list the Gelfand—Tsetlin
formulas and use them to recall the classical result of Gelfand and Tsetlin for finite-dimensional
gl(n)-modules. In Section 5 we introduce the notion of generic Gelfand—Tsetlin module and recall
the classification of irreducible generic Gelfand-Tsetlin modules of gl(3). The main theorem in
the paper, the classification of irreducible generic Gelfand—Tsetlin gl(n)-modules, is included in
Section 6. In the last section we compute the number of irreducible Gelfand—Tsetlin modules in
the so-called generic blocks.

2 Notation and conventions

Throughout the paper we fix an integer n > 2. The ground field will be C. For a € Z,
we write Z>, for the set of all integers m such that m > a. Similarly, we define Z,, etc.
By gl(n) we denote the general linear Lie algebra consisting of all n x n complex matrices,
and by {E;;|1 < 4,57 < n}, the standard basis of gl(n) of elementary matrices. We fix the
standard Cartan subalgebra b, the standard triangular decomposition and the corresponding
basis of simple roots of gl(n). The weights of gl(n) will be written as n-tuples (A1,..., ).

For a Lie algebra a by U(a) we denote the universal enveloping algebra of a. Throughout
the paper U = U(gl(n)). For a commutative ring R, by Specm R we denote the set of maximal
ideals of R. it t)

We will write the vectors in C™ 2 in the following form:

L= (lij) = (n1,-- s lon| - |l21, l22|l11).

. . .. n(n+1) | . .. ..
For1<j<i<n, 0" e€Z 2 is defined by (6);; = 1 and all other (6*)x, are zero.
For i > 0 by S; we denote the ith symmetric group. Throughout the paper we set G :=
Sp X -+ xSy,

3 Gelfand—Tsetlin modules

Recall that U = U(gl(n)). Let for m < n, gl,, be the Lie subalgebra of gl(n) spanned by
{E;i;li,j=1,...,m}. We have the following chain

gly Cgly C---Cyl,.

It induces the chain U; C Uy C --- C U, for the universal enveloping algebras U,, = U(gl,,),
1 <m < n. Let Z,, be the center of Uy,. The subalgebra of U generated by {Z,,|m =1,...,n}
will be called the (standard) Gelfand-Tsetlin subalgebra of U and will be denoted by T" [2].

Definition 3.1. A finitely generated U-module M is called a Gelfand—Tsetlin module (with
respect to I") if

M= € Mm),

meSpecm I'
where M (m) = {v € M |m*v = 0 for some k > 0}.

For each m € SpecmI' we have associated a character ymy, : I' = I'/m ~ C. In the same way,
for each non-zero character y : I' = C we have that Ker(x) is a maximal ideal of I'. So, we have
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a natural identification between characters of I' and elements of Specm I'. Using characters we
can define Gelfand-Tsetlin modules. A U-module M is called Gelfand—Tsetlin module (with
respect to I') if

M= P M(x)

xer

where M(x) = {v € M :Vg €', 3k € Zs¢ such that (g — x(g9))*v = 0}. The Gelfand-Tsetlin
support of M is the set Suppgr (M) :={x € I'* : M(x) # 0}.

Lemma 3.2. Any submodule of a Gelfand—Tsetlin module over gl(n) is a Gelfand—Tsetlin mo-
dule.

Proof. The proof is standard, but for a sake of completeness, we provide the important details.
Let M be a Gelfand-Tsetlin gl(n)-module and N any submodule of M. We will prove that, if

k
{x1,---, Xk} is a set of distinct Gelfand—Tsetlin characters in Suppg(M) such that > v; € N
i=1

with v; € M(y;), then v; € N for all i =1,... k.
Without loss of generality we assume that k& = 2. Since x1 # X2, there exist g € I' and r < s

in Z>g such that x1(g) 7 x2(9), (¢ = x1(9))"(v1) = 0 and (g = x2(9))*(v2) = 0. Let a := xa(g)
and b := x2(g), Then, if w = v; + vy we have (g — b)*w = (g — b)*v; € N. Let y := (g — b)*vy
We have that y € N on one hand and

y=((g—a)+(a—10)) i::() —b)**g—a)fv, e N

on the other As (})(a — b)*F # 0 for any k, using that (9 —a)™ ly € N, we obtain
(9 —a)""'v; € N. Reasoning in the same way, from (g9 — a)™” iy € N, and (g — a)" toy,. ..,

(9 — a)""lv; € N we obtain 2" ~*v; € N. Hence v; € N and consequently, vy € N. [ ]

One can choose the following generators of I': {c;x |1 < k < m < n}, where

Cmk — Z Ei1i2Ei2i3 e Eikir (3.1)
ﬂlank)e{lpunn}k

Let A be the polynomial algebra in the variables {);; |1 < j < ¢ < n}. The action of the
symmetric group S; on {\;;| 1 < j < ¢} induces the action of G = S, x --- x Sy on A. There is
a natural embedding ¢ : '— A given by #(¢mi) = Ymk(A), where

) =Y Ot =] (1 52 ). (32)

i=1 j#i
Hence, I' can be identified with G-invariant polynomials in A.

Remark 3.3. In what follows, we will identify the set Specm A of maximal ideals of A with

n(n + ) . . . .
the set C . Then we have a surjective map 7 : Specm A — Specm I'. Moreover, since A is
integral over F, there are finitely many maximal ideals of A that map to a fixed maximal ideal
of I'. The different maximal ideals of A are obtained from each other under permutations in the
group G.

If 7(¢) = m for some ¢ € Specm A, then we write £ = ¢, and say that ¢, is lying over m.
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4 Finite-dimensional modules of gl(n)

In this section we recall a classical result of Gelfand and Tsetlin which provides an explicit basis
for every irreducible finite-dimensional gl(n)-module.

Definition 4.1. For a vector L = (I;;) in Cn(nzﬂ), by T'(L) we will denote the following array
with entries {l;; : 1 < j <i <n}

lnl ln2 ... ln,nfl lnn

ln—1,1 ce ln—1,mn—1

l21 lo2

l11

Such an array will be called a Gelfand—Tsetlin tableau of height n. A Gelfand—Tsetlin tableau of
height n is called standard if lj; —ly—1; € Z>o and ly—1; —lpi+1 € Zso forall 1 <i <k <n-—1.

Note that, for sake of convenience, the second condition above is slightly different from the
original condition in [12].

Theorem 4.2 ([12]). Let L(\) be the finite-dimensional irreducible module over gl(n) of highest
weight X = (A1,...,A\n). Then there exist a basis of L(\) consisting of all standard tableauz
T(L) = T(l;j) with fized top row l,; = X\j —j+1. Moreover, the action of the generators of gl(n)
on L(X) is given by the Gelfand—Tsetlin formulas:

k+1
Hl(lki — lkg1,5)
Brpra(T(L) == ]_k T(L + 5",
=1 (Uki — liy)
J#i
k—1
IT (ki = lk—1,5)
1 .
Eri(T(L) = [ = T(L—-3"%),
=0 T Uk — ley)
j#i

k k-1
Ep,(T(L)) = (k -1+ Zlki - lkl,i) (L), (4.1)

i=1

if the new tableau T(L = 6*?) is not standard, then the corresponding summand of Ey j41(T(L))
or Exy11(T(L)) is zero by definition. Furthermore, for s <,

rs(T(L)) = yrs(DT(L), (4.2)
where {cys} are the generators of ' defined in (3.1) and ~rs are defined in (3.2) (see [23]).

The formulas above are called Gelfand-Tsetlin formulas for gl(n). These formulas were extended
to the case of Uy(gl(n)) in [19].
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5 Generic Gelfand—Tsetlin modules of gl(n)

Theorem 4.2 gives an explicit realization of any irreducible finite-dimensional gl(n)-module.
Using the Gelfand—Tsetlin formulas, Drozd, Futorny and Ovsienko defined the class of infinite-
dimensional generic modules for gl(n) in [2].

n(n+1)

Definition 5.1. A Gelfand-Tsetlin tableau T'(L) (equivalently, LeC 2 ) is called generic
if lgy —lpj ¢ Zforall 1 <i#j<k<mn—1. A character x and n = Ker x are called generic if ¢,
is generic for one choice (hence for all choices) of ¢, lying over n. A Gelfand-Tsetlin module M
will be called a generic Gelfand—Tsetlin module if every n in Suppgp(M) is generic.

Theorem 5.2 ([2, Section 2.3] and [18, Theorem 2]). Let T'(L) = T'(l;;) be a generic Gelfand-
Tsetlin tableau of height n. Denote by B(T(L)) the set of all Gelfand-Tsetlin tableaux T(R) =
T(rij) satisfying rn; = lnj, rij —lij € Z for 1 <j<i<n-—1.

(i) The vector space V(T(L)) = spanB(T'(L)) has a structure of a gl(n)-module with action
of the generators of gl(n) given by the Gelfand-Tsetlin formulas (4.1).
(i) The action of the generators of I' on the basis elements of V(T'(L)) is given by (4.2).
(791) The gl(n)-module V(T'(L)) is a Gelfand-Tsetlin module all of whose Gelfand-Tsetlin mul-
tiplicities are 1.
Remark 5.3. The basis of the module in the previous theorem is

n(n+1)

B(T(L))={T(L+z):2€Z =

andzm:--':zm:O}.

. . a7 - . . n(n=1) . n(n+1)
By a slight abuse of notation we will identify elements in Z— 2 with elements z € Z~ 2 such
. . . n(n—1)
that z,1 = -+ = 2, = 0. This will allow us to write T'(L + z) for z € Z~ 2 .

Remark 5.4. In what follows, we will apply Lemma 3.2 and use that the elements of I' separate
the tableaux in the submodules of V(T'(L)) in the following sense. Let N be a gl(n)-submodule
of V(T'(L)), g € gl(n), and T'(R) be a tableau in N. Then, if g- T(R) = Y ¢;T(R;) for some

7
distinct tableaux T'(R;) in B(T(L)) and nonzero ¢; € C, we have T(R;) € N for all i.

Theorem 5.5. Ifn € Specm ' is generic, then there exists a unique irreducible Gelfand—Tsetlin
module N such that N(n) # 0.

Proof. Let X, = U/Un. We know that X, = U/Un is a Gelfand-Tsetlin module. Further-
more, any irreducible Gelfand—Tsetlin module M with M (n) # 0 is a homomorphic image of X,
and X,(n) maps onto M (n). Since both spaces X(n) and M (n) are I'-modules then the projec-
tion X, (n) — M(n) is a homomorphism of I'-modules (see also [11, Corollary 5.3]). Taking into
account that dim X, (n) < 1, we conclude that X, has a unique maximal submodule (which does
not intersect X,(n)) and hence there exist a unique irreducible module N with N(n) #0. H

Definition 5.6. If T'(R) is a generic tableau and r € Specm I' corresponds to R then, the unique
module N such that N(r) # 0 is called the irreducible Gelfand-Tsetlin module containing T'(R),
or simply, the irreducible module containing T(R).

Our goal is to describe explicitly the irreducible Gelfand—Tsetlin module containing T'(R) for
every generic tableau T'(R). Below we recall how this is achieved in the case n = 3 in [20]. One
should note that the methods used in [20] involve direct computations based on a case-by-case
consideration, while in the present paper we provide an invariant proof. Also, we reformulate
the result in [20] in terms of T'(L + z).
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For any tableau T(R) € {T'(L+2):z€ Z3} andany 1 <p<3,1<s<p,and1 <u<p-—1,
define

QN(T(R)) == {(p,s,u) : Tps — Tp—1u € Z>0}.

Theorem 5.7 ([20]). If T(L) is a generic Gelfand—Tsetlin tableau of height 3, then the following
is a basis for the irreducible gl(3)-module containing T'(L):

I(T(L)) :=={T(L+z): 2 € Z* and Q" (T(L)) = QN (T(L + 2))}.
The action of gl(3) on this irreducible module is given by the Gelfand—Tsetlin formulas.

Example 5.8. Consider a,b,c € C such that {a —b,a—c,b—c}(Z =2, L = (a,b,c|a,b+ 1]a)
and

T(L)= a b+1

a

then QY (T(L)) = {(3,1,1),(2,1,1)}. So, by Theorem 5.7, the irreducible module contai-
ning 7'(L) has basis

Z(T(L)) = {T(L + (m,n,k)) : (m,n, k) € 73, m <0, k<m, and n > —1}.

6 Classification of irreducible generic
Gelfand—Tsetlin gl(n)-modules

In this section we prove the main result in the paper, i.e. the generalization of Theorem 5.7
for gl(n). For convenience we introduce and recall some notation.

Notation 6.1. Let T'(L) = T'(I;;) be a fixed tableau of height n.

}.

(n D)

(i) B(T(L):={T(L+z2):2€Z =z
(ii) V(T(L)) := span B(T'(L)).
(iii) For any T'(R) = T'(r;j) € B(T(L)) and forany 1 <p<n,1<s<pand 1 <u<p—1 we

define:

(a) wpsu(T(R)) :=1ps = Tp-1,u5

(b) T (R)) :={(p,s,u) : wp,su(T(R)) € Z};

(€) QHT(R)) == A{(p, 5, 1) : wps.u(T(R)) € Zxo};

(d) NM(T(R)) :={T(Q) € B(T(L)) : @7 (T(R)) € Q(T(Q))};

(e) W(T'(R)) := span N (T(R));

(f) U-T(R): the gl(n)-submodule of V(T'(L)) generated by T'(R).

6.1 Basis for the module generated by a single tableau

In order to find an explicit basis of every irreducible generic module, we first find a basis of
U -T(R) for any tableau T'(R) in B(T'(L)).

Proposition 6.2. For any T(R) € B(T(L)), the Gelfand—Tsetlin formulas endow W (T(R))
with a gl(n)-module structure.
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Proof. It is enough to prove U - T'(Q) C W(T'(R)) for any T(Q) = T(gij) € N(T(R)). We will
show ¢ - T'(Q) is in W(T'(R)) for every (standard) generator g of gl(n).
Suppose g = Ej, ;41 for some 1 < k < n — 1. By the Gelfand-Tsetlin formulas, we have

k+1
k 1:[1(%1‘ - Qk+1,j) A
B (TQ) ==Y | — T(Q+6").
=1 1;[‘(%2' — Qkj)
VD

If By 1(T(Q)) ¢ W(T(R)), then there exist k and i such that T(Q) € N (T(R)) but T(Q +&*)
¢ N(T(R)). That implies

QF(T(R)) € QFH(T(Q)) and QF(T(R)) £ 2 (T(Q + 6*)).

Hence, there exists (p, s,u) € QT (T(R)) such that wy s, (T(Q)) € Z>o and wps.(T(Q + 5*))
¢ Z>o. The latter holds only in two cases:

(p,s,u) € {(k,4,u),(k+1,814): 1<u<k—-1;1<s<k+1}

Note that if neither of these two cases hold, we have wy s (T(Q + 6*)) = w, . (T(Q)). We
consider now each of the two cases separately.

(i) Suppose (p,s,u) = (k,i,u). Then wy;u(T(Q)) = qri—qe—1,u € Zz0 and wy; o (T(Q+6")) =
(qri +1) — gk—1,u ¢ Z>0, which is impossible.

(ii) Suppose (p,s,u) = (k+1,s,i). Then

Wit1,5,i(T(Q)) = Qrt1,s — ki € Z>0

and

Wit 1,5:(T(Q + 6")) = qrrrs — (qri + 1) ¢ Zso.

Hence qi41,5 — qr; = 0 and then the coefficient of T(Q + 6% in the decomposition of
k41
IT (aki—ar+1,5)

B (T(Q)) is =2 =0.

-1
k
I (gri—ax;)
J#i

Therefore, the tableaux that appear with nonzero coefficients in Ej ;11(T(Q)) are elements
of N(T'(R)). Hence, Ej,+1(T(Q)) € W(T(R)). The proof that Ep 1 1(T(Q)) € W(T(R)) is
analogous to the one of Ej, ;41(T(Q)) € W(T'(R)). The case g = Ejy, is trivial because Ejy, acts
as a multiplication by a scalar on T(Q) and T(Q) € N(T(R)) C W(T(R)). [

Given any tableau T'(R), there are three modules containing T'(R): V(T'(L)), W(T'(R)) and
U-T(R). We will show that W(T'(R)) = U - T(R). For this we need the following lemmas.
Lemma 6.3. Let T(L) be a generic tableau. If 0 # z € 725 is such that QT (T(L)) C
QY (T(L + z)) then, there exist i, j such that zi; # 0 and

QN (T (L)) C QT (T(L + 2567)) € QN(T(L + 2)). (6.1)

Proof. We will use the following definition in the proof of the lemma.
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Definition 6.4. Given a generic tableau T'(R) € B(T'(L)), a chain in T(R) of length { starting
in row d is a subset of the entries of T'(R), C' = {rd,i7s(d_i)}i:o7,,,74, where 1 < (=) < d —j are
such that 7, ; (a—0—7Tg_;_1 s@—i-1) € Zforanyi=0,...,0—1 (i.e. {(d—i,s(=) sd==)}, 4
CQT(R))). The chain is called maximal if

(i) (d+1,i,59) ¢ Q(T(R)) for any 1 <i < d+1,
(ii) (d—¢,51979 ) ¢ Q(T(R)) forany 1 <j <d—£—1.

For every T(R) in B(T(L)) we have that Q™ (T(R)) = ||, <.<, 2 (T(R)), where QF (T'(R)) :=
{(p,s,u) € QT (T(R)) : p= c}. In particular, (6.1) holds if and only if

OF (T(L) € O (T(L + 2;07)) € QF(T(L + 2)) (6.2)

for any 1 < ¢ <n. For ¢ ¢ {i,i+ 1} we have QF (T(L)) = QI (T'(L + 2;;6")). So, in order to
verify (6.2), it is enough to consider the cases ¢ =4,7 + 1.

Lets consider k, [ such that z;; # 0. Set for convenience () := L + z. There exists a maximal
chain C' in T'(Q) of length ¢, starting in row d such that ¢ € C. Suppose that C' = {qm Yizo,..0
where [i] := (d —i,5(4%)). If £ = 0, then C' = {qy;} and (6.1) is obvious for z;; = 2.

Let a and b be the minimum and maximum of {7 : 2 # 0}, respectively. We have

U1 (T(L A+ 20")) = Qi1 (T(L + 2)),
Qf (T (L + 20™)) = QF (T(L + 2)). (6.3)

Therefore (6.2) holds for the pairs ¢ = d—a+1, z;; = 2|, and ¢ = d—b, z;; = 2), respectively.
Now, let @ < m < b and consider the 4 cases depending on what the signs of z, and 2[4 1) are.

(i) 2pm) > 0 and z{;,4.4) < 0. In this case (6.2) holds for ¢ = d—m and z;; = z},. In particular,
if 2jq) > 0 and 2[,1 1) < 0, using the first equation in (6.3), we conclude that (6.1) holds for
Zij = Z[a]'

(ii) 2fm < 0 and zj,—y > 0. In this case (6.2) holds for ¢ = d —m + 1 and 2j; = 2[p_1)-
In particular, if 2z < 0 and z,_1) > 0, using the second equation in (6.3) we conclude
that (6.1) holds for z;; = ).

(iii) 2y, > 0 and 2,41 > 0. In this case (6.2) holds for ¢ = d —m and

Lo Am ) = Ly € 2o,
’ Zm+1] i my1) — ) € Zso-

(iv) 2 <0 and zpp,—1) < 0. In this case (6.2) holds for c =d —m + 1 and

~JEmy i 1) = ) € Zo0,
Z[m—1] if l[m} - l[m,l} € Z~y.

Now combining (i)—(iv) we reduce the proof to the following two cases:

(a) 2jq) > 0,2[441) >0,..., 2 >0and forany t =1,...,b—a, (6.2) holds for c=d —a+t+1
and zj; = 2[q4y. In particular, (6.2) holds for c =d —b+1 and z;; = - So, by the second
equation in (6.3) we have that (6.1) holds for z;; = 2.

(b) 21 <0,2—1) <0,...,2/q <O0andforany t =1,...,b—a, (6.2) holds for c = d— (b—t) and
2jj = 2jp—y- In particular, (6.2) holds for ¢ = d — a and z;; = 2[,. So, by the first equation
in (6.3) we have that (6.1) holds for z;; = 2. [
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Definition 6.5. Given T(Q) and T(R) in B(T(L)), we write T(R) =1y T(Q) if there exist
g € gl(n) such that T'(Q) appears with nonzero coefficient in the decomposition of g - T'(R) into
a linear combination of tableaux. For any p > 1 we write T'(R) =<(,) T(Q) if there exist tableaux

T(LW),..., T(L®), such that
T(R) = T(L) 2 T(LY) Zq) -+ 2 T(L”) = T(Q).
As an immediate consequence of the definition of <, we have the following.
Lemma 6.6. If T(Q), T(QY), T(QW) and T(Q®P) are tableauz in B(T(L)) then:

(i) T(QV) =) T(QW) and T(QW) =,y T(Q?) imply T(Q®)) =1 T(QD);
(i) T(Q) 21 T(Q)-

Corollary 6.7. If T(R),T(Q) € B(T(L)) are generic Gelfand-Tsetlin tableaux such that
T(R) 2 T(Q) for some p € Z>o, then T(Q) € U -T(R).

Proof. By Lemma 5.4 and the definition of the relation =<(;), we first verify that T'(R) =<(1)T(Q)
implies 7(Q) € U - T(R). Now, using Lemma 6.6(i), if T(R) =y T(Q) for some p then
T(Q) € U-T(R). n

The next theorem provides a convenient basis for the submodule of V(T'(L)) generated by
a fixed tableau. Recall the definition of N(T'(R)) in Notation 6.1(iii)(d).

Theorem 6.8. For any tableau T(R) € B(T(L)), U-T(R) = W(T(R)). In particular, N(T(R))
forms a basis of U - T(R), and the action of gl(n) on U - T(R) is given by the Gelfand—Tsetlin
formulas.

Proof. By Proposition 6.2, U - T(R) C W(T(R)). To prove that W(T(R)) C U - T(R) we will
show that T(Q) € U - T(R) for any T(Q) € N(T(R)). By Corollary 6.7, it is enough to prove
that T'(R) =, T(Q) for some positive integer p.

1

Suppose that T(Q) = T(R + z) € N(T(R)) for some z € 2", Let ¢ be the number of
non-zero components of z. We will prove that T'(R) =, T(Q) using induction on t.

Let us first consider the case t = 1 (the case ¢t = 0 is trivial, since then T(Q) = T(R)) and
zij > 0. We will first prove that T(R+16) <1y T(R+ (1 +1)6") for any 0 <1 < z;; — 1. This
will imply

T(R) ) T(R+06Y) 2y T(R+267) 21y - 20 T(R+2;07) =T(Q),

and then T(R) <.,y T(Q). To prove that T(R +16”) =1y T(R + (I + 1)§") we show that the
coefficient of T(R + (I +1)6%) in the decomposition of F; ;41 (T(R + 167)) is not zero. In fact,
by the Gelfand—Tsetlin formulas, that coefficient is

i+1
[I(rij = rigae +10)
k=1
a = ——
(Tij — Tik + l)
kit

Assume that a; = 0. Then r;; — 741, +1 = 0 for some k, which implies w;i14;(T(R)) =
Tit1k — Tij = | € Z>0. But, since T(Q) € N(T'(R)), we have

= zij = rit1k = 1ij — Zij = Witk (T(Q)) € Zxo.

Therefore we have 0 <1 < z;; —1 and z;; < [, which is a contradiction. Hence, T'(R) =(.,.) T(Q).
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Let now ¢t = 1 and z;; < 0. Using the same arguments as in the case z;; > 0, we prove that
T(R) 2(—z;) T(Q) using |z;;| applications of Ej;1;. This completes the proof for ¢ = 1.

Assume now that for any w € Zn(n2_1) with at most ¢t nonzero components, and such that
QT (T(R)) € QY (T (R + w)), we have T(R) <, T(R + w) for some p. Let us consider z with
t + 1 nonzero components. Since QT (T(R)) C QT (T(R + z)), by Lemma 6.3, there exist i, j
such that

O (T(R)) C OF(T(R+ 2;07)) € QH(T(R + 2)).

Using the induction hypothesis for the pairs of tableaux (T(R),T(R + 2;;0%/)) and (T(R +
209), T(R + 2)), there exist p,q € Z>q such that

T(R) =(p) T(R+ 2;;67) and  T(R+ 2;67) 2y T(R+ 2).
Thus, by Lemma 6.6(i), T(R) =Z(p4q) T(R + 2). [

Proposition 6.9. Let T'(R) and T(Q) be in B(T'(L)). Then U -T(R) = U - T(Q) if and only if
ON(T(Q) = AT(T(R)).

Proof. Using Theorem 6.8 and the definitions of W(T(R)), W(T(Q)), Q" (T(R)), and

QT (T(Q)), we can prove a stronger statement: U - T(R) C U - T(Q) if and only if QT (T(Q)) C
QT (T(R)). ]

Corollary 6.10. U - T(R) = V(T(L)) whenever Q*(T(R)) = 2.

Definition 6.11. We will write T(Q) ~q+ T(R) if QT (T(R)) = QN (T(Q)).

Proposition 6.12. Every submodule of V(T(L)) is finitely generated.

Proof. Let N be any submodule of V(T'(L)) and ® the set of all tableaux T'(R) in N such that
QY (T(P)) C QT (T(R)) implies QT (T'(P)) = QT (T(R)). By Theorem 6.8, N= >. U-T(R)
and by Proposition 6.9, we can write N = @) U - T(R), where D is aT;Ie%‘zejf distinct

representatives of ®/ ~q+ (hence Q*(T(R)) # Q" (T(Q)) for any T(R), T(Q) in ®). Now, since
Q(T(L)) is a finite set, then ® is finite. [

6.2 Basis for irreducible modules containing a given tableau

By Theorem 6.8, the module generated by a tableau T'(R) has basis N (T(R)). For the purpose
of the next theorem let us introduce the following equivalence on (Cn(nzﬂ)

n(n+1)

Definition 6.13. We write z ~ w for z,w € C~ 2z if and only if one of the two cases hold.

. n(n—1)
(i) z—weZ 2z and z ~q+ w.

(i) z € Gu.
Now we are ready to formulate and prove the main theorem in the paper.

Theorem 6.14. The irreducible module containing T'(R) has a basis of tableaux
I(T(R)) = {T(Q) € B(T(R)) : @ (T(Q)) = Q" (T(R))}.

The action of gl(n) on this irreducible module is given by the Gelfand-Tsetlin formulas (4.1).

Therefore the set of irreducible generic Gelfand—Tsetlin modules is in one-to-one correspondence
n(n+1) n(n+1) n(n+1)
with Cger? | ~, where Cgerd  stands for the set of generic vectors in C™ 2
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Proof. For each tableau T'(R), we have an explicit construction of the module containing T'(R)
(recall Definition 5.6):

M(T(R):=U - T(R)/ (YU - T(Q).

where the sum is taken over tableaux 7'(Q) such that T(Q) € U - T'(R) and U - T(Q) is a proper
submodule of U - T'(R).

The module M(T(R)) is simple. Indeed, this follows from the fact that for any nonzero
tableau T'(S) in M(T(R)) we have U - T'(S) = U - T(R) and, hence, T(S) generates M (T (R)).

By Theorem 6.8 and Proposition 6.9, a basis for a proper submodule U - T(Q) of U - T(R)
is {T(S) : QY (T(R)) € QN(T(Q)) € QT (T(9))} so, a basis for the module > U - T(Q) is
{T(S): QT (T(R)) € QT (T(S))}. Therefore, Z(T(R)) is a basis for M (T(R)).

n(n+1

To show that (Cge(n;r : / ~ parameterizes the set of all irreducible generic Gelfand—Tsetlin

modules we use Theorem 5.5 and the fact that £, € Specm A lie over the same m in Specm T’

if and only if £ € G¢' (see Remark 3.3). [ |

7 Number of irreducible modules in generic blocks

Definition 7.1. For any generic tableau T'(L), the block associated with T(L) is the set of all
Gelfand-Tsetlin gl(n)-modules with Gelfand—Tsetlin support contained in Suppa(V(T(L))).

Theorem 6.14 describe explicit bases of the irreducible modules in the block associated with
V(T(L)). In this section we will use this description to compute the number of nonisomorphic

irreducible modules in this block.

Definition 7.2. For any T'(R) = T'(r;;) € B(T(L)), 1 < p <nand 1 < u < p—1, define
dpu(T(R)) to be the number of distinct elements in

{rps : (p,s,u) € UT(R))}.
Remark 7.3. For any generic tableau T'(R) = T'(r;;) € B(T'(L)) of height n we have:

() dpu(T(L)) = dpu(T(R)) for any 1 <p <n, 1 <u<p-—1;
(ii) if p # n, then dp,(T'(R)) <1 forany 1 <u <p—1.

Example 7.4. Suppose a,b,c € C are such that {a —b,a —¢,b—c}NZ = 2. If R = (a,a —
1,bla,blc), then

T(R):= a b

d31 (T(R)) = 2, dgz(T(R)) = 1, d21 (T(R)) =0 and dQQ(T(R)) =0.

Remark 7.5. For each tableau T(R) we have an one-to-one correspondence between the set
{0,1,...,dpu(T(L))} and the subset {0,i1,...,iq,, ()} of {0,1,...,p} defined as follows:
iv=1and iy =min{z 1 rp; & {rpi, ..., Tpir_, }}-
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Theorem 7.6. For any generic tableau T(L), the number of irreducible modules in the block
associated with T(L) is

I (@u(T@)+1).

1<u<p—1<n

In particular, V(T (L)) is irreducible if and only if dp, (T'(L)) = 0 for any p and u, or equivalently,
if and only if UT(L)) = @.

Proof. By Theorem 6.14, the irreducible modules are in one-to-one correspondence with the
subsets of Q(T'(L)) of the form QT (T(L + z)). For any T(R) € B(T(L)), we can decompose
Q(T(R)) into a disjoint union Q(T(R)) = |, , Qpu(T(R)), where

Qu(T(R) = {(p,1,u), (p,2,u), ..., (p,p, )} NQT(R)).

Now, if @}, (T(R)) := Qpu N QT (T(R)), one can write Q*(T(R)) = |, , 2 (T(R)). For p,
u fixed, let us denote by s, the number of different subsets of the form .} (T(R)). So, the
number of different subsets of the form Q7 (T(R)) is ] sp.u-

p,u

Let {T(R™)}:™ be a set of tableaux such that {Q;CU(T(R(")))}fi“l is the set of all distinct
sets of the form QF (T(R)). We have a one-to-one correspondence between {T(R)};7 and
the set {0,141, ... ,4q,,(r(z)) } constructed as in Remark 7.5. More explicitly, this correspondence
is defined my the map:

, in{i:(p. i + (@) if Ot (1)
T(R('L)) N mln{] : (pa]au) SRY) (T(R ))}7 lf qu(T(R . )) aa
0, if QF (T(RV)) = 2.
Therefore, sp, = dpy(T(L)) + 1. [
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