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Abstract. We introduce a class of orthogonal polynomials in two variables which generalizes
the disc polynomials and the 2-D Hermite polynomials. We identify certain interesting
members of this class including a one variable generalization of the 2-D Hermite polynomials
and a two variable extension of the Zernike or disc polynomials. We also give g-analogues
of all these extensions. In each case in addition to generating functions and three term
recursions we provide raising and lowering operators and show that the polynomials are
eigenfunctions of second-order partial differential or g-difference operators.
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1 Introduction

One of the earliest orthogonal polynomials are the Legendre polynomials which are orthogonal
with respect to dz = (linear measure) on the unit interval. They are the spherical harmonics
in R2. The ultraspherical polynomials are the spherical harmonics on R™ and are orthogonal

with respect to %(1 — 2%)?dr on the unit interval. If we replace z by x/y/v and let

v — oo the measure becomes 7 1/2¢=%"dz and the ultraspherical polynomials, properly scaled,

tend to Hermite polynomials. The next sequence of polynomials in this hierarchy are the Jacobi
O ek A2) (1
T(a+ DI (B+1)

2)*(1 + 2)Pdz. The Laguerre polynomials arise when z is replaced by —1 + 2z/a and o — oo.

The 2D history is somewhat parallel. In the late 1920’s Frits Zernike was working on optical
problems involving telescopes and microscopes. He introduced polynomials orthogonal on |z| <1
with respect to the area measure, so this is the 2D analogue of Legendre polynomials, see [38, 39].
The more general disc or Zernike polynomials are orthogonal with respect to (1 —z? — 32?)"dxdy
on the unit disc. Again if we replace (z,y) by (x/+/v,y/+/v) and let v — oo this measure,
properly normalized becomes e~ —y? dzdy on R?. The polynomials become the 2D-Hermite
polynomials introduced by Ito in [22] in a different way. They are defined by

Hnter) = 3. (7)) (3) - tmemra

k=0

polynomials which are orthogonal on the unit interval with respect to 2
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where m A n = min{m,n}. In 1966 D.R. Myrick [27] considered only the radial part of the
polynomials orthogonal with respect to the Jacobi type measure (2% +y2)*(1 — 22 —y?)3dxdy on
the unit disc, see also [36]. Addition theorem for the disc polynomials were found by Sapiro [29]
and Koornwinder [24]. Maldonado [26] very briefly considered a class of radial functions which
can be used to generate 2D orthogonal polynomials. P. Floris [10] introduced a g-analogue of
the disc polynomials proved an addition theorem for them, see also Floris and Koelink [11].

There are several other families of orthogonal polynomials in two and higher variables. Koorn-
winder’s survey article [25] covers most of what was known up to the time of its publication in
1975. In the 19th century Hermite found families of orthogonal and biorthogonal polynomials,
see [14, 15], [8, Chapter 12] and [3, 4]. The more recent book [7] contains a treatment of the
theory and applications of orthogonal polynomials in 2 and higher variables. One recent related
reference is [33]. The 2D-Hermite polynomials have may applications to physical problems, see
[2, 6, 30, 32, 34, 35]. Mathematical properties of these polynomials have been developed in
[12, 13, 16]. A multilinear generating function, of Kibble-Slepian type, is proved in [18]. In [21]
we gave two g-analogues of the 2D-Hermite polynomials and studied the polynomials in great
detail. We also introduced a different g-analogue of the disc polynomials.

In this paper we first identify a general class of two variable polynomials whose measure is
the product of the uniform measure on the circle times a radial measure. This class not only
include the 2D-Hermite polynomials and their g-analogues but it also contains the Zernike (or
disc) polynomials and its g-analogues. This will be done in Section 2. One special feature of
this class is that multiplication by z or Z results in a three term recurrence relation. This special
feature is unlike what happens for general real 2 — D systems [7]. In fact the earlier work [18]
motivated Yuan Xu [37] to reformulate the theory of orthogonal polynomials in several variables
in terms of complex variables.

In Section 3 we give a one parameter extension of the 2D-Hermite polynomials. They are
2D analogues of Laguerre polynomials and will be denoted by {Zr(nﬁ )n(z, Z)}. We record their
definition, orthogonality relation, and the three term recurrence relations in Section 3. In
Section 3 we also derive several differential properties of these polynomials. It must be noted
that the combinatorics of these polynomials have been explored in [19]. Section 4 contains
a treatment of a two parameter family of disc polynomials. They are orthogonal with respect
to (2% + y?)*(1 — 2% — y?)Pdxdy on the unit disc. They were briefly studied in [20] but here we
derive new generating functions and study their differential-difference properties and show that
they satisfy a Sturm-Liouville system.

The g-analogues start with Section 5 where we introduce two g-analogues of the 2D-Laguerre
polynomials {Zr(,fj )n(z, Z|q)}. Both can be considered as a g-extension of the 2D-Laguerre polyno-
mials, one for ¢ € (0,1) and one for ¢ > 1. As expected the case g > 1 leads to an indeterminate
moment problem while the case ¢ € (0,1) is a 2D-extension of the Wall or little g-Laguerre
polynomials, [5, 23]. A g-analogue of the two parameter 2D-disc polynomials is introduced in
Section 6 and many of their properties are developed. In Section 7 we find polynomial solu-
tions of a second-order partial differential equation. Section 8 contains a system of biorthogonal
polynomials which is a possible 2D-analogue of the Askey—Wilson polynomials.

We shall use the notations

D))= TEZLEL 6,0 = 20000
[aly = 11_q:, mV n =max{m,n}, m An =min{m,n}
and
0
0.= 5. b=z,
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Throughout the paper we will use z; and z9. The polynomials we consider here are polyno-
mials of two real variables, so we shall always assume that zo = Z;.
2 General constructions

We now give a concrete construction for general 2D systems. Given N € NU {co}, let v(0; N)
be a probability measure on the circle T = {e? |0 < § < 27} of Fourier type

/ e =m0y (0; N) = Smms m,n=20,1,...,N
T
and {¢,(r; )} be a system of orthogonal polynomials satisfying the orthogonality relation

/000 G (130) P (15 ) r¥dp(1) = G ()0 s a > 0.

It is assumed the positive Borel measure p does not depend on «. Let

n

On(r;a) = ch(n, a)rI, cj(n,a) € R, (2.1)

J=0

and define polynomials

fm,n(zla 223 B) =

2" " pp(z120;m —n+ B), m>n,
fn,m(227zl§ﬁ)7 m < n.

This defines the polynomials for all m, n and 21, 20 € C. It is clear that

fm,n(zy'g;ﬂ) = fn,m(272§ B), m < n. (23)

From (2.2) it is clear that for m > n

2 fmn(21,22: B+ 1) = frg1n(21, 225 B),

and
i (25 8) = (1 — 1) (2,53 B)
/Lae m,n 252 = {m n m,n 22 .
Therefore,
(521 - 5z2)fm,n(zlaz2;ﬁ) = (m - n)fm,n(zlaz%ﬁ)a m 2 n.
Similarly,
(5%21 - qm_néq,m)fm,n(zla 22;/8) = [m - n]qu,n(zla 22;/8)7 m 2 n.

It must be noted that fy, n(21,22) is defined for z1, 22 € C but the next theorem gives an
orthogonality relation on R?. This is exactly analogous to the classical univariate orthogonal
polynomials which are defined for z € C but their orthogonality is on a subset of R.

Theorem 2.1. Given N € N, for nonnegative integers m, n, s, t such that m—+t < N, n+s < N
the polynomials { frm.n(21,22; 8)} satisfy the orthogonality relation

/]R? fm,n(za z; /B)fs,t(zv Z; ﬂ)dl/(@, N)d/j,(T2; B) = Cm/\n(|m - n‘ + ﬁ)(sm,sén,ta (24)

where du(r; ) = rPdu(r). If N = oo, (2.4) holds for all nonnegative integers m, n, s, t.
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Proof. There is no loss of generality in assuming m > n. Otherwise, we simply apply (2.3)
to switch the orders of m and n, s and ¢, then consider the consider the complex conjugate of
the obtained integral instead. By performing the integral over 6 we see that the left-hand side
of (2.4) equals

/]R T35 B) (2,7 D) (0)dpu (% 6) = 0

unless m+t=n+s. Let « = m —n = s —t. Therefore the above integral equals

oo M t
/ ch(n, a+ B)T2n+a—2j ch(t, a+ 6)T2t+a—2kr2ﬁdu(r2)
0

j=0 k=0

k=0

co M t
- /o S i+ BT S ety a + By Fr B du(r) = Gola + B)n,
j=0

and the proof is complete. |

Remark 2.2. For any positive integer N, if we take v(0; N) as the discrete probability measure

used in FFT (fast fourier transform), we get finitely many 2D orthogonal polynomials. But in

most of our applications we use N = oo and the circle measure % for dv(6) unless specifically

2m
stated.
We now come to the three term recurrence relation.
Theorem 2.3. The polynomials { fumn(21,22;8)} satisfy the three term recurrence relation

co(n,m—n+1+p3)

con+1,m—n+p)

_cnm—n+1+B)enyi(n+1,m—n+p)
co(n+1,m—n+ B)e,(n,m —n+p)

20 fm+1,n(21,22; B) = fm+1,n+1(21, 225 B)

fm,n(21a22;ﬁ)a m > n. (2.5)

Proof. Since the polynomials {¢,(r;«)} are orthogonal on [0, 00), their zeros are in (0, c0).
Hence ¢,,(0; ) # 0 for all n and all & > 0. From the Christoffel formula [17, Theorem 2.7.1] we
see that

1
ron(rio+ 1) = co(nci(’f’ o ()O, 5[0 41073 @)0n(050) = (75 )i (05,
that is
1 ey, 1,
rén(ria+1) = m¢n+1(r; a) — CO(Z;E);L—:_ Bca;é:?n—’_a) @) on(r; ). (2.6)

Now take @« = m — n + 3, replace r by z1zo then multiply both sides by z;™™ " to estab-
lish (2.5). [

One can also prove that [20]

__co(n,m—n+p)
con,m+1—n+p

Zlfm,n(zlsz;/B) )fm+1,n(21722;/8) = ummfm,n—l(Zl;ZQ;B)? (27>

where

co(n,a+ 1)er(n, o) — co(n, a)er(n, 1 + o)
co(n—1,1+ a)co(n,1 + )

um,n =

and o =m —n+ 5.
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It must be noted that the 2D-polynomials may have recurrence relations containing more than
three terms [7]. It is surprising that the polynomials in the special class we are considering have
three term recursions. Another important point is that the definition of the polynomials f, .,
indicates that it has either a trivial zero at z = 0 or the zeros will lie on circles whose radii are
the square roots of the zeros of ¢, (r;m —n + (). The zeros of ¢, (r;m —n + () are positive,
real and simple.

Let

rén(r; @) = an(a)dni1(r; @) + (@) n(r; @) + bn(@)dn1(r; @) (2.8)

be the three term recurrence relation satisfied by the polynomials {¢y(r; )}, for some real
numbers a, (@), by (a), ¢, (o). By matching the corresponding coefficients we find that

an(a) = m (2.9)
_co(n,a)ea(n, @) — ¢i(n, @)? _c(n,a)ea(n+1,0) —a(n,a)er(n+1,0)

baler) = co(n —1,a)co(n, ) co(n —1,a)co(n + 1, ) , (210)

enla) = c1(n, a) B a(n+1,a) (2.11)

co(n,a)  co(n+1,a)

Making use of (2.1) and (2.2) we conclude that the recursion (2.8) becomes

(2122 — cp(m — n + B)] fimn (21, 22; B)
= an(m — 1+ B) fm+1,n+1(21, 225 B) + bn(m — n+ B) fr—1,n—1(21, 22; B). (2.12)

Example 2.4. Consider the case of the 2-D Hermite polynomials when the coefficients in (2.2)
are given by

n!(n + a)!(—1)7
Jln—))n+a—j)

The recursion (2.5) leads to the second three term recurrence relation

cj(n,a) =

21 Hyn (21, 22) = nHpy n—1(21, 22) + Hims1,0(21, 22),
2oHy n (21, 22|q) = mHp—10(21, 22) + Hpmnt1(21, 22),
while the first can be proved by direct computation.
Similarly the case when the coefficients in (2.2) are given by
(@ Dn (@ Dnra(=1) (3
(4:9);(@ Dn—j (@ Dnta—j

leads to the recurrence relations for this g-analogue, see [21].

ci(n,a) =

Remark 2.5. If we demand that both (2.2) and (2.3) are valid for all m, n, z, then we must
have

‘ _(n aj(n,a)
() <j)<n+a—j>!
for the classical cases, and

¢j(n, a) = <”>q(“3(”a|q) (2.13)

J) o (€ Dnta—j

for the g-analogues, where ¢;j(n, «) are the coefficients in (2.2). These factorizations imply that
¢n(r; o) must be a generalization of Laguerre orthogonal polynomials. However, in most of the
cases, (2.2) is only valid for m > n, whereas (2.3) acts as a kind of analytical continuation to
the case m < n.
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Remark 2.6. In view of the defining equation (2.2) the question of finding the large m, n
asymptotics of the two variate polynomials f,, ,, is equivalent to finding the large m, n behavior
of ¢n(r,m —n+ B). It will be of interest to carry out this program at least for some special
systems, including the Freud type polynomials orthogonal with respect to z exp(—p(x)), where p
is a polynomial with positive leading term.

We now consider an inverse to (2.6).

Proposition 2.7. Given a nonnegative measure on (0, 00)

dp(r; o) = 2%v(x), x>0,a>—1
such that

/ 2" dp(x; o) < oo, n=0,1,....

0

Let {¢n(z; )}, satisfy

| ontw)ou @ otz @) = Gu(@)bnn
Then

On(z; ) — ap(@)pn(z;a+ 1) = by(a)pp—1(z; 0+ 1), (2.14)
where

on(z;0) = ch(n, )z,

§=0

CO(na o+ 1)01 (TL, Ck) — C()(TL, Oé)Cl(TL, a+ 1)

bnler) = co(n —1,a+ 1)co(n,a+ 1) ’
_ c(n,a)
) = a1
Furthermore,
/000 T (z;0)Op—1(x; a0 + 1)dp(z; o) = by ()(p—1(a+ 1). (2.15)

Proof. It is clear that ¢, (z;a) — an(a),(x; a0 + 1) is a polynomial of degree at most n — 1,
then

n—1

On(x; ) — ap(a)pp(z; 0+ 1) = Z a;oi(r; o+ 1),

J=0

where
;¢ (a4 1) = /0 T {6n(330) — an(@)én(z 0+ 1)}y (w 0+ Ddp(wsa+1)
- /0 " bl ) (50 + Ddp(rs o+ 1)
= /Ooo Ton (@5 a)@j(z; o + 1)dp(z; ).

Clearly aj =0 for 0 < j < n —2 and ay,—1 = by(c). Then by(c) is obtained by matching the
leading coefficients of two sides. |
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Corollary 2.8. Under the assumptions of Proposition 2.7, let
On(z;a+1) = Z Aj(n, a)gj(z; o). (2.16)
§=0
Then
(=" "Pr ' bai(a)
Aj(n, ) = 11 , 0<j<n-—1, (2.17)
CIRNE S Sy
1
An(n, ) = 2.1
(o) = (218)
and
n—1 . . .
Gn(@) < - 11 bn—j(e+ j)co(n — j,a +j) (2.19)

Gola+n N an—j—1(a+j)eon —j—1La+j)

j=0

Furthermore, we have

n—1
(@) pn(w;0) = Pu(w; 0+ 1) =2 Y f3(n, @)j(w; a0+ 1)
j=0
and
n—1
bul20) = n(0;0) =3 g(m, )5 (s + 1),
j=0
where
B cn(n,a+1)
dn( ) - Cn(n,a) )
e A a)A (k)¢ e+ 1)
fk(n,a)—; ? g,:(a+1)j ,  0<k<n-—1,
oy DG (@)eo(0,a + Ven(n, @) T bry(e)
g, ) = C(a+1) jl;loak_j(a)'
Proof. From (2.16) and (2.14) we get
n n—1
On(x; ) — ap () Z Aj(n, a)gj(z; ) = by () Z Aj(n—1,a)pi(z; a).
j=0 j=0

Then

and
—an(a)rj(n,a) = by(a)\j(n —1,a)

for 0 < j <n —1, which lead to (2.18) and (2.17) respectively.
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From (2.15) we get (2.16) we get

bn(a)Gr—1(a+1) =Ap—1(n—1,) /000 Tn(x; ) dp—1(z; a)dp(z; o)
1 o0
= @ /0 Ton(x; ) dp—1(z; a)dp(z; o).

Since {¢n(x; ) }22, are orthogonal polynomials with respective to the measure du(z; o), hence

Thn_1(x; ) = Npdn(T;Q) + 5pdn_1(x; ) + €,0n_2(x; ),

where
_aln-1a)
= a)
Then
ﬁnCn(a)
( )Cn 1(0&—}—1) -~ l(a)7
and
Cala) = ain(ﬁ) COE)L(T f,)a) et
:Cg(a+n)ﬁ bnfj(OéJrj) co(n — j,a+j)

o s el —j—Ta+j)

which gives (2.19).
Let

n—1
du(@sa+1) — du(@)pu(zia) = 3 fi(n, )y a +1).

=0
For 0 <k <n—1 we have
| tontaat ) = duf)6nle.)) 6u(o. -+ Vit )
/OO {CCZfJ n,o)¢;(x a+1)}¢k(x7a+1)du(x;a)
0

o0

Il
S~

ij n, a)o;(, a+1)}¢k(x,a+1)du(x;a+1)

= fr(n, a)Ck(a +1),

which is

Je(n @) Cela+ 1) = / bnl@, a0 + Vi, a + Ddu(z; )

—Z)\ n, a)\j(k, a)j(a+ 1),
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or

§~ sk a)a+ 1)

fr(n, a) :j:O ACE)
On the other hand, let
n—1
On(z;a) = op(0; ) — Zgj(n, a)oj(z;a+ 1),
§=0

then, for 0 < k < n —1, we have
/0 (60(210) — Dn(0: )} a2 @ + Vdp(: )

oo n—1
== [ S pnaesat ) oo+ Dduaso)

J=0

o | n—1
- _/0 Zgj(nv @)pj(z;a+1) » dp(z,a + V)du(r;a + 1)

=0
= —gk(n, @)Cx(a + 1),

that is

i a)la+1) = [~ on(Osa)antz.a+ Ddulaia)
= gbn(O; Oé))\o(k‘, a)d)O(Ov a)CO(a) = Cn(nv O‘)CO(Ov O‘)CO(O‘))‘O(ka Oé)

k i bkfj(a)
= (—=1)*¢(@)eo (0, + Dea(n, ) [ =,
jzo ak*] (a)
that is
(=1)Go(a)eo(0, a + Den(n, a) ' brj(a)
ol ) = Gelor +1) o=@ .

Corollary 2.9. Let ¢ (z, ), an(a), by () as in Proposition 2.7, for m > n—1 the equation (2.7)
1s in the form

Zlfm,n(zla 22) - 'Um,nfm—i-l,n(zla 22) = um,nfm,n—l(Zh Z2)7 (22())
where
Um,n = bn(m — TL), Um,n = an(m — n)

Proof. For m > n — 1, applying the definition fy, n(21,22) = 21" "¢n(z122;m — n), m > n to
get (2.20). [

We next consider differential or g-difference equations satisfied by fy, n(21,22).
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Theorem 2.10. Assume that ¢, (r; «) satisfies the second-order differential equation

=0,

An(r, Q)82 f + Bu(r, )6, f + Co(r, a) f

where

Sof =S

Then fmn(z1,22;8), for « = m—n+f and m > n, satisfies the second-order partial differential

equations
Ap(2120, Q)62 f + Bp(2129, )8, f + Cu(z120,0) f = 0
[+ {Bn(zlz% Oé) - 205An(Z122a )} 5z1f

Apn(z122, a)5§1
aBy(z122,a) + Cp (2122, }f = 0.

+ {a2An(zlzz, a) —
Similarly, assume that ¢, (r; o) satisfies the second order q-difference equation

Ay (r, a)&irf + By (r,0)0q, f + Cy(r,0)) f =0,
where

dgrf =1Dgrf.
—n+ B, satisfies the q-partial difference equations

Then fmn(z1,22), form >n and o =
(’21227 ) qz2f+B (212:27 ) q22f+Cn(212’27 )f:(]
(251252, ) qz1f+ {an 2122, ) - 2[ ] A 25122, }6(1 Zlf

+ { ] n(2122, @) — [a]4q” By (2122, @) + q QC (2122, cx }f =0.
Proof. Observe that
¢n(2122) = z;afm n(zla 22)7
0212, Pn(2122) = 2y ZQfm n(21,22) = Zfa{‘sm —atf
02 L, bn(z122) = 2762, (21, 22) O‘{5 —2ad,, +a?} f
1 H0g,20 — [} f,

5q z122¢n(212 ) afsq 2 fm, n(ZI;ZQ)

6q Z122¢n(2122) q,zgfmﬂ(zl? 22)
Then the proof of theorem follows from substituting the required combinations into the corre-
|

Oé{(sq 21 2[algdq,z + [a]ﬁ}f-

sponding differential equation or g-difference equation for ¢(r, @)
A simple application of Fubini’s theorem establishes the following theorem concerning gen-

erating functions.

Theorem 2.11. For z1, 29, u,v € C such that

|uzl|
|9 (2122, uv)| < o0,
Z (q ‘I)j !

> uz
Z | |gj(231252,’ll/l))| < 00,
7=0

J=0

where

z) = Z or(x; )z
k=0
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Then

uMy" > (uz1)’
S o) = 3 g s ),
m>n>0 j=0 J!

™
S fn(en ) =

oo (& Qm

(2122, uv).
0
Similarly, for z1,z9,u,v € C such that

o0

Z luz1 g (2122, uv)| < o0,
j=0
then

o0

> w21, 22) = Y (uz) gj(212, wv),
m>n>0 j=0
o0

S A fn(z1, 22lq) = S (uz) g (2122, wv).
m>n>0 7=0

Theorem 2.12. Assume that
Wt 5(w) = 27ws(2)
and

1

we ()

on(z;0) = 0 (wa(x)x™), n=0,1,....

Then for m > n we have

21

Jmm(21, 20 8) = <>

22

g, (wp(z122)25")

wg(2122)

622 <<2)m+1" wﬁ(zlzz)ferl,n(Zl, 223 B))

~ m—n ’
(ﬁ) ’LUB(leQ)

97 (wp(z122)27")

wg(z122) ’

0z (wp(2122) fn1n(21, 22; B))
wg(z122)

fm—i—l,n—i—l(zla 223 B) =

fm,n(zla 223 B) -

Jmi1mr1(21,22; 8) =

and

<1

m+1—n
0z, <<Z2> wﬁ('leQ)ferl,n(Zl»ZZ;B)) = 02, (wp(2122) fm+1,n(21, 225 B)) -

Furthermore, if for some nonnegative integers s, t such that

7
XS
8
<

wi(x)

ws ()

<
Il
o

-
S
8
<

<
Il
=)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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where {a;}i_, and {bj}§:0 are certain real numbers. Then form m > n we have

t

(wg(z122) f, (21, 22; B)) -
122) Jm4j—1,n(21, 22; 2 '
Z 22 ﬁ mtj—1,n{<1, <2, = ajZ%fm+j7n(Zlsz;/B)7

— wg(2122)

( ot wﬁ(zlz2)fm+j—1,n(21,22;5)) s ;
Z n—-m—j _1 = ZajZQfm—&-j,n(zl;ZQ;B)
=0

21 zz_jwﬂ(zlzﬂ) j=0

and

Z zQ w,B Z1Z2)fm+3 1n(21,22,5))

wg(z122)

Zt:b 821 (z? m=jtl w5(2122)fm+j71,n(21,22%5))
- J n—m-—j

—
j=0 21 2y Twp(z122)

Proof. From

9z, [wa(z122)(2122)"] = 02, (wg(2122)(2122)™) = 21" 0%, (wp(2122)23")

= 2l Wwa(2122)Pn(2122; @) = 2725 "wp(2122) fmn(21, 22; B)

and

p m—+1—n
0, [<2> wﬁ(2122)fm+1,n(21,22;5>]

21

m—n
z2
= 8?2“ (wﬂ(zlzz)zg”rl) — <> wg(zlzz)fm+1,n+1(2’1,Zz?ﬂ)

21

(2.27)

(2.28)

(2.29)

to get (2.22) and (2.23), (2.24) and (2.25) are proved similarly. Equation (2.26) is obtained

from (2.23) and (2.25).

From

wg(2122) fmn (21, 22; B) = 07 (wp(z122)21")

we get

02 (w5(2122) firn (21, 22; B)) = O (w} (2122) 2 FL).

On the other hand
Zb zj+m ' zle Zaj zzwg (2122)

implies

Zb Zjan 2’12’2 Zajzjﬁn ﬁ(212’2))7

which gives (2.27). Equation (2.28) is proved similarly. (2.29) is obtained from (2.27)

and (2.28).
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The following theorem can be proved similarly.
Theorem 2.13. Assume that
Watp() = watp(elq) = 2% wp(x]q)

and

bn(330) = Gu(wsalq) = m(wa(elg)a™),  n=0,1,....

1
wa@)”

Let fmn(21,22;8l9) = fmn(21,22; ), then for m > n we have

(Ll>m_n8” (wp(z122]9)25")
z2 %2
fm7n(2172275|q) - wﬁ(Z122|Q)

m+l—n
0g,2 ((Z) w5(212’2!fJ)fm+1,n(217Zz;ﬁ’Q))
(2)" " wslzzla)

33;,21 (wﬁ(zle|q)zT)

wg(z122(q)

af]»zl (wﬁ(z1z2|Q)fm+1,n(zl> 22; B|Q))
w6(2122|Q)

m+1—n
0g,20 <<Z2> wg(2122]q) frm+1,n (215 22;5\‘1))

<1

9

Jmt1n+1(21, 22; Blq) =

)

Jmn (21, 22; Blg) =

Jma1n+1(21, 225 Blq) =

and

<1

— <22> Og. 1 (wg(lez‘Q)fm+l,n(zl722;/8‘(]))'

Furthermore, if for some nonnegative integers s, t and real numbers {a;};_, and {bj}g':o we
have

S

> aad
Dgaws(zlg) =0 "

== ,
§=0
then form >n
z” m=itly, (z122|q) frn+j—1.m(21, 225 Blq) - j
Zb q,zl 1 n—mﬁ—j — mTy—Ln ):Zajzéfm+j,n(21722§/6‘@’
2] 2y, Twp(2122]q) i=0
t S
0y 2 (wp(2122|9) fnj—1.n(21, 225 Bl4)) '

b ) 2022 J—4 Ve = aAzjf in(21, 225 Blq
> 23 wﬁ(zlz2|q) Z_% J <9 m+],n( | )
j= =

and
Zb 0. (21" 7 wg(21200q) frntj1,m (21, 223 Bl))
n—m-—j

2 % jwﬁ(zlzz\Q)

_ i g,z (wa(21221) fntj—1,n(21, 22; Bla))
=0 wg(2122|q)
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We now discuss monotonicity of zeros of {fp, n(z,2)}. The following version of Markov’s
theorem is Theorem 7.1.1 in [17].

Theorem 2.14. Let {p,(z;7)} be orthogonal with respect to da(x;T),

dp(z;7) = p(z; 7)dB (),

on an interval I = (a,b) and assume that p(x;T) is positive and has a continuous first derivative
with respect to T forx € I, 7 € T = (11, 72). Furthermore, assume that

b .
/ ! pr(x; 7)dB(x), j=0,1,...,2n—1,

converge uniformly for T in every compact subinterval of T. Then the zeros of the orthogonal
polynomials p,(x;T) are increasing (decreasing) functions of 7, T € T, if O{ln p(x;7)} /0T is an
increasing (decreasing) function of x, x € I.

The standard version of Markov’s theorem is when §(z) = z, see [31].

By applying Theorem 2.14 to the polynomials {¢, (r; @)} defined in (2.1) it follows that the
zeros of ¢, (r;a) increase with a,a > 0. Now fix n and assume that m > n. In view of the
definition of the polynomials {fm, n(2,2)}, m > n, in (2.2) we see that if ry is a zero of ¢, (r; «)
then fy,n(2,2) = 0 for all z on the circle |2| = \/rg. Since o = m — n the following theorem
holds.

Theorem 2.15. For fized n the radii of the circles forming the zero sets of fmn(2,Z) increase
with m for all m > n.

3 The polynomials {Zr(f,)n(zl,zz)}

Motivated by the class of general 1D systems in Section 2 we define polynomials {Zfr’? )n(Z1, 29)}

by

ZP) (21, 20) ,Z( >5ﬁ:11)k(—1)“z;"—’fzg—k (3.1)

for m > n. When m < n the polynomials are defined by
Z(B) n(21,22) = Z7(L,T)YL (22, 21)

Here g > —1.
These polynomials arise through the choice ¢, (z; ) = Lﬁf"“f ) (x), where L%a) (x) is a Laguerre
polynomial [17, 31]

- (- S (i

k=0 k

Indeed, for m > n
Zi (21, 22) = LT (2129)
and

ZlZv(nB,—vtl)(ZbZ?) Zr(ri)qn(zla@)-
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It is clear that when 8 = 0 we see that

Hopn(z1,22) = (=1)"(m AN ZO) (21, 22).

)

Therefore in the notation of Section 2, we have

()" (a+B+1)n
(n =)+ B+ n-y

Theorem 3.1. For m,n,s,t =0,1,... and B8 > —1, we have the orthogonality relation

Ma+B+n+1)
n!

3 Cj (n’ a) =

Cn() =

/ Zr(;f)n(za 2)%(25)[367&27‘6”‘619 = Wr(ﬁ Tmynt 1) 5m785n7t-
R2

’ : (m An)!
This follows from Theorem 2.1 in the case (3.2) but for completeness we give a direct proof.

Alternate proof. When m > n we consider the integral

I(m,n,a,b) ::/ Z0) (2, 2)(z220)r2 e drdo),
R2

)

for a < m,b < n. Therefore

I(m,n,a,b) =270 tm.qin

(_1)n - <’I’L> ((ﬁ + 1) (_1)k /OO Ta+b+m+nf2k+26+1efr2d7q
0

n! e k 5 + 1)m k

3 o

:=wﬂmwn5+1m232)6+1 —T(14 5= k+ (b o+ )2
B ﬁ—l—lm " /n B
_715b+m7a+n 0<k ﬁ+1mk T(1+8—k+a+n)
= T0b+m,atn ((ﬂlif)Jra)(ﬂJr Dm oF i (—n,1+a+B;8+1+m—n;1)
S (5. E1 (R0 S UELE LY
P Bt ey 0l (B 14m—n)y

Since m —n — a = —b we that the integral vanishes for b < n. If b = n then a = m and we
conclude that

)

/ Z0) (2, 2)(z22)r2 e drdf = 7T(1 + B + m)0amObm,
RZ

and the theorem now follows. [ |

In view of (3.2) the recurrence relations (2.7), (2.5) and (2.12) become

1 ZP) (21, 22) = Zf(r@-l n(21,22) — Z,(ﬁl_l(zl, 22), (3.3)
2ZW) (1, 2) = —(n+ DZE), (2 z2) + (B m+ 1) ZP) (21, 22), (3.4)

and
B+m+n+1-— z1z2)Zr(£)n(z1, 29)
=+ )2 1z z) + (m+ B)ZD (21, 2)

respectively, where m > n. We now discuss differential recurrence relations.
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Theorem 3.2. For m > n, the polynomials {Z,(f,zl(zl,zg)} satisfy the differential recurrence
relations

82020 (21,20) = —2 20, (21, 22), (3.5)
02, Z0), (21, 22) = nZ ) (21, 22) — (B +m) ZY) | n—1(21,22), (3.6)
52127(7%(21722) = (m — n)Z'r(nﬁ,gm(zla 22) — ZQZr(n?n 1(21, 22), (3.7)
5, Z0) (21, 22) = mz(ﬂ) (21,22) — (m + B) 2} m-— ln 1(21, 22), (3.8)
(82 — 0:5)ZP) (21, 20) = (m — n) Z) (21, 22), (3.9)
(162, —m62,)Z0) (21, 22) = (m —n)(m + B)ZL) 1 1 (21, 22), (3.10)
where 0,, = 210,,, 0,, = 220,,. Moreover they have the operational representation
—1n m o
ZP) (21, 20) = ( n!> 2P exp(—0,,0.,)20 T 2 (3.11)
and the Rodrigues type representation
1
Z,(f’)n(zl,@) il ’8621'228?1 (zin—we*zlz?)
- —B _z122 qn m( —2z1%z
= (71!)(2122) Bex 28z1((21z2)ﬁ822 (e 1 2)) (3.12)
Proof. Observe that from (3.1) we obtain
- D™ (B4 Dm —k—
02,20 (21, 2) = (= zm (n — k)25~ k1,
22 m,n ’ | _ 1 2
2 in = F)! (B+ D
Therefore we have
n—1
_1)n—1—k (/8+ 1) B L
ZZ() _ ( m mknklZ_Z(B)
a2 mn(21722) kzk'(n_l_k)‘(ﬁ‘f‘l)m—kZl Z9 m,n— 1(21’22)
and
S =D B D ek ae
., 28 n ( m__m—k_n—k
»Imnl1:22) = 22kzz()k'(n—k)!(ﬁ+l)m T
R N G S S D S
2 =D =R B+ DL 2
nfj (64‘1) Pk 1— ]Z’n, 7j—2
22, m) + mA 7
! 2 Z n_l_] (/3+1)m—1—J
n—1 n n—
Z(ﬁ)(zl 22) 5+m Z B+ Do 12?11]22 lj
’ = J' n—1-j)! (B4 Dm-1-;
+m
2oz - T 2O, )

Z9

The relationships (3.7) and (3.8) are proved similarly. Formulas (3.11) and (3.12) follow by
direct calculation using (3.1). The first-order partial differential equation (3.9) can be obtained
from either (3.5) and (3.7) or (3.6) and (3.8), (3.10) is proved similarly. [
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)

One would have expected the Rodrigues formula for Zq(nﬂ, n(z1, z2) to be a constant multiple of
(2122)—%2122821 8?2‘ ((leQ)Be—zmz) ,

which is obviously false except in the 2D-Hermite case g = 0.
Note that (3.4) follows from (3.12) by writing 97 as 0719.,.
We shall use the notation

wﬁ(«leQ) = (2122)6 exp(—2122).

It is clear that (3.12) implies the differentiation formulas

1?20, (e‘zlmeﬁ)n(zl, 22)) = —leﬁﬁxl)(zl, Z9) = _Zr(nﬂj-l,n(zh 29)

and
1 b (ws(n122) 20 (21, 22)) = (0 £ 1) 2P (21, 22) (3.13)
wﬁ(zle) 1 m,n ) m,n+1 )

for m > n. It also clear that

6, wp(z122) = (B — z122)ws(2122), j=1,2 (3.14)

and (3.3) which imply the relationships

02y (w5(2122)27(75,)n(21> 2))
wg(z122)

= 5Z7(nﬁ,31(21, 22) — ZQZr(fJ)rl,n(zl’ 22),

and

021 (w6(2122)Zr(£)n(21, 22))

= — (8) _ (8)
wg(zlzg) (6+m n)Z n(zlsz) ZZZm_i_l’n(Zl,ZQ).

m,

This can be seen by first applying (3.14), then applying (3.3), for example,

1
—0,, (wg(z12 Zr(f)nzjz
ws(z172) 2 (ws(2122) Z30 ) (21, 22))
= TR )~ At ) = D22 2l

Theorem 3.3. The polynomials {Z,,(f)n(zl, z9)} satisfy the second-order partial differential equa-
tion

D21 00 f + (/B‘Zm) Oo=of = —n, (3.15)
1

for all m > n.

Proof. From equations (3.13), (3.14) and (3.5) we get

B2y wp(2122) ZS00 (21, 22) + wp(2122)0zy Z0 (21, 22)
wg(2122)

= (:i - 22> Z,(f’)n(zl, z9) + 8leT(,€)n(zl, z9) = (n + 1)Z7(57)n+1(21, 29)

and

0. {(2 - =) 21 | + 010,20 1.0
1

= (n+ 10,21 (21, 22) = —(n + DZD) (21, 22),

which simplifies to the desired second-order partial differential equation. |
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It is clear that the differential property (3.15) can be written in the form

0 0
9 |:wﬁ(2122)822Z7(7?)n(21,22):| = —anf,)n(zl,zQ). (3.16)

Note that (3.15) and (3.9) indicate that the polynomials {Zr(r/f 2@(21,22)} are simultaneous
eigenfunctions of the operators on their respective left-hand sides. The differential operators

092,092, + (M) 09z, and 210s,, — 2209, indeed commute as can be directly verified.

21

Let w(z,y) = (22)%e %% = 121" drd. Tt is clear that the bilinear functional

(fi9) = /}R2 f(z,y)9(z, y)w(z,y)dzdy

defines a semi-inner product on the linear space of w(z,y)dzdy measurable functions f(z,y)
such that [po |f(, y)|?w(z, y)drdy < co. Since a polynomial p(z,y) is also a polynomial in r
with trigonometric polynomials as coefficients, hence it is a continuous function in (r,6). Then
Jre Ip(x,y)|>w(z, y)dzdy = 0 implies that p(x,y) = 0, consequently the bilinear functional is
positive definite on the subspace of all the polynomials p(z,y). In the subsequent discussion we
only need this inner product space of all the polynomials.

Theorem 3.4. We have the adjoint relations

(0.)" = —0z — g + z, (0:)* = -0, — g + z.

The proof is straightforward calculus exercise.
This allows us to write (3.15) or (3.16) in the selfadjoint form

((92)°0z) f =nf.
Moreover we also have the following result.

Theorem 3.5. The operator A := (03)*0s is positive in the sense that (Af, f) > 0 with = if
and only if Osf = 0, that is f depends only on z.
This indicates that

L 9

- 7) — 1NZB) (5 3).
2 2 e3) = (4 D2 )

This is the adjoint of (3.5).
Ismail and Zeng [20] established the connection relations stated in the next theorem.

Theorem 3.6. We have the connection relation

2o =Y P gz, mzn

m_jun_j

S
N
33
33—
N

=
N
[}
~—
I
S
N——
sy
k\’/
|
=
3
L
3
<
o
=
N
N
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The Laguerre differential equation is [28, 31]
2y + (1 +a—2x)y +ny=0.

Therefore Theorem 2.10 shows that

82z(52Z az(ﬁ)n
29 ﬁzg +(1+B8+m—n—2z29) 6;7; + nlefrﬁ)n =0.

Ismail and Zeng [20] gave the generating function

S 2o = (14 o) ey (“”*“) | (3.17)

_ ) 1
m n). uv
m>n>0 ) +

this can be seen from

= L - T2
n=0

(1 _ z)a+5+1’

and (2.21),
S g ) e
m>n>0 (m —m)t (1 — )™t
exp{ m}
m>zn:>ou v a1, 72) (1 —wv)B(1 — zyu — uv)

It is clear that the generating function (3.17) implies the identity

Z](.i)(zl, ZQ)ZT(;LY)J i (23, 24)

(=Kl m—-—n—j+k)!

ZT(,E;LWH)(Zl + 23,20 + 24) = Z
m>j>k>0
This is an analogue of the convolution identity

n

LEOFA) (g 4 y) = ZL ) (y).
k=0

Al-Salam and Chihara characterized all 1-D orthogonal polynomials satisfying convolution for-
mulas in [1]. They discovered the Al-Salam—Chihara polynomials through this characteriza-
tion [17]. It will be interesting to solve the corresponding 2-D characterization problem.

4 The polynomials { M) (21, z5)}

For o > 0, 8,7 > —1 Ismail and Zeng [20] introduced the polynomials ¢,,(r, o) = P,(la+7’ﬁ)(1—2r),
that is

(a+ﬁ+/y+n+1)n—k(ir)n_k (41)
k

<Z>n(7“704):(0‘+7+1)"2 k;'(n—k)'(a+’y+1)n—

k=0

They satisfy the following orthogonality relation

/ G, @) bu(r, ) (1 — )P du = ol + 7, B) b,
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where

Fa+~y+n+1I'(B+n+1)

Cnla+7,6) = nT(a+B+y+n+1)(a+B+y+2n+1)

We define the two variable polynomial Mr(nﬁ i ) (21, 22) by

n

m—k/ n—k
MED(z1,20) =Y (m+B+75+ Dur(y + Dz (= 22)

mn P K — k) + Do
for m > n and
MV (21, 20) = M (29, 21), m<n

Then

Z1M$g+l) (217 22) = M'r(rl'l,gi’yl)jn(zl7 22)

Clearly, M,(f W )(21, z9) satisfy the orthogonality relation

i@
2

m,

/ M(ﬁg)(z,E)Mégﬁ)(z,z)rh(l — r2)52rdr
|z|<1

Fy+m+1)I'(B+n+1)
= 5m,p5n,q’
nll(B+y+m+1)(B+y+m+n+1)

for m > n as it is stated in [20]. The disk polynomials defined in [7] can be expressed as

—1)"n! _
PS(z) = ((BJr)l)Méfﬁ)(z,Z), m>n.

From (4.1) we get

(m+B+v4+ Dpp(y+ 1pm(=1)"F
El(n — k)N v + D)k ’

ck(n,a) =

where o« = m — n with m > n. Then

B+~ +m+n+2)2MPD) (21, 2)

= (v+ m+ DMEY (21, 22) — (n+ HMED) 1 (21, 22),
B+~ +m+n+ 1) MY (21, 22)

— B4y +m+ DM (21, 2) = (B+m)MED | (21, 20)

m,n—1

and

(cn — 2122) P (21, 22) = an MYy (21, 20) + b MUY, (21, 22), (4.2)

where
(n+1)(B+y+m+1)
B+y+m+n+1)(B+y+m+n+2)

(v +m)(B+n)
B+y+m+n)(B+y+m+n+1)

Ap =

n
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_(+Dly+m+1)  nly+m)
" B+y+m+n+2 B+y+m+n

It must be noted that (4.2) is essentially the three term recurrence relation for Jacobi polyno-
mials [31].
It is clear that

Anégqbn(:v, a) + Bpogon(x, ) + Cpop(z, ) = 0,
where

A, =1—z, B,=a+vy—z(a+p+~v+1), Cp=an(a+B+vy+n+1).
Then for m > n, Méﬁ? i )(zl, z9) satisfy the following second-order partial differential equation

(1= 2122)02, f(21,22) + {m —n+ v — z122(B + 7 + m —n+ 1)}5., f (21, 22)
+z1zon(B+v+m+1)f(z1,22) = 0.

An equivalent form is

0? , 9 :
(1*2122)22M+[1+m—n+7—z122(2+7+5+mfn)]M

82’2 822

+z1n(m + B+ + 1) f(z1,22) = 0.
Similarly we establish

0? , 9 ,
(].—2122)21M+[]_—m+n+’7—2122(2+’7+ﬁ_m+n)]M

822 822

+zom(n+ B+~ +1)f(21,22) = 0.

Theorem 4.1. Form >n >0, 8> —1, v > —1 we have
0
S M (21, 22) = =(B+ 7+ m+ DMTI (21, 22),
2
6. MU (21, 22) = nM (21, 2) = (v + m) MU (21, 29)

m m—1,n—1

=B+y+m+ 1)(M7(nﬂ,:1m(21 2) — ( (2, 22)),

m,n

0o M (21, 22) = mMPD (21, 22) — (v + m)MUHED (21, 2)
= (B+y+m+1)MPE (21, 2) — (B+7 +n+ DMPD (21, 20),
(B4~ +m+1)8,, M (21, 20) — (B+7 +n+ 1), MPY) (21, 20)
=(m )(,3+7+m—|-l)M(B+1’7)(21,22),
(02 — 8:5) MV (21, 20) = (m — n) M7 (21, 22),
B+y+m+ 1)5Z1Mgﬁg> (21,22) — (B+7 +n+1)0, MPY) (21, 20)
=(m-n)B+y+m+ l)MT(,ﬁIl"Y)(zl, 29).

Proof. The first equation easily follows from the definition. From the definition for My, @, 7)(

we get

21,%2)

Z B+ +m=+ Dni(y+ Dmz" F(—22)"F(n— k)

(B
82 M) (21, 20) = kN (n — k)Y + D)

k=0
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n

B+ +m+ 1)y g1 (v + D2 F(—z)"F
kl(n — k) (Y + D,

n

_ B+y+m+Dng(y+ Dmzp" " (—22)" "
(B+7+m+1)kzzo El(n— )y + 1)k
(

= (B+y+m+ )M (21, 20) — (B+7 +m+ D)MPD (21, 22)

m,

Eod

=0

and

By +m+Dnk(y + Dma" " (—22)" *(n — k)
2 K — K7 + Dys
B+y+m+ Do p(y + Dmep" *(—2)" "
kl(n — k)!(v + Dk
BAy+m+ 1) (v + Dz F(—zg) "
1 (k—Dl(n— )7 + D
=nMP (21, 29) — (v + m)MwHﬁ) (21, 22).

m—1n—1

8 M (21, 22) =

Similarly,

n

4+ m A4 Dpp(y+ Dz F(—20)"*(m — k
8oy MP) (21, 20) = B+~ Ik (Y + D)mz]" " (—22)"%( )

k'(n - k)'('y + 1)m—k

B+v+m—+1)_k(y+ 1)mz1”—k(_22)n—k
ki (n — k)Y 4 Dm—k

ol

=0

g
NE

S x>
L

(B +m+ 1)1 gy + D2t 1R (—zg)n 1k
: Bl — 1= Ky + Dot

MG (21, 20) — (v + m)MIHD (21, 29),

m—1,n—1
B+y+m+1)p pa(y+ 1)m2{n_k(_z2)n_k
k‘(n — k)'("}/ + 1)mfk
(B+y+m+Dn k(v + Dmzp* " (—22)" "
> R — 010+ Do

k
=(B+y+m+DMPID (2, 20) — (B+y+n+1D)MPV (21,20). A

v

I
SN

8 M (21, 22) = —(B+y+n+1)

B
Il
o

I
WE

Ismail and Zeng [20] used the generating function

S P(aﬁ)l 2 n 2a+,3
nz_;) e T ) gy

where
R=1/(1-2)?+4xz,

[28, Section 140] to establish the following generating functions:

o0

Z MTSEHV) (21, z2)u™ 0"

m,n=0

2B+~
== (I4+uw+p) P (1 —ww+p) 7
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1 1
—1
1—2z1u/(1—|—p—uv)+1—2v22/(1+,0—uv) ]’

and
um" 28+ 2211
M,Sf’,;?)(zl,za) = (I+uv+p) P (1 —uv+p)Vexp S
m>n>0 ( - TL) 1—wv+ P
where
p=(1-2uv(l—2z2)+ u2v2)1/2 (4.4)

They also verified the limiting relation

lim M) (21, 20/8) = 27" "L (2129) = (—1)"Z), (21, 22).

foo T
One can use the generating function (4.3) to establish the generating relation

207 (1 4 wv 4 p) P (1 — v + p)t =7
p(1 —uv — 2uz; + p)

)

Z umv"M(ﬁ7 (21,22) =

m>n>0

with p as in (4.4).

5 The polynomials {Zr(,f’)n(zl,zﬂq)}

For a@ > —1, the moment problem associated with ¢g-Laguerre polynomials

n__(a+n—k)(n— k)( x)n—k
L (25 q) = (¢ E q .
a+1.
— (4 T Ok

is indeterminate. It is well-known that
(oo}
/ LI (a5 q) LI (25 ¢) 2 dpa(2]q) = (@) dmom,
0

where p(x|q), ¢, () are given by
r%dx

dp(zlg) = ———,

(zla) (=23 9) oo

(% 0)s (@ 9),
(¢ D)oo 4" (4 9)n (5.1)

> Xo(x — C k
dplzlg) = e —of’)

k——00 (—.1‘; Q)oo

(o) =T(—a)l(a+1)

(¢, —c®*, -2 5q) . (*Thq),

(ot =, —%q) ot (459)ng"

(5.2)

and

e (=, —Lig) da
du($|Q) - ( — T, — ¢z, —%§Q)oo’
20 20¢(— Az, —L;q) _dw
n = (5mn . y 7 ’)\ ’ |
T /0 e >0 (5.3)
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where ¢, A > 0. Following the procedure outline in Section 2 we let

m—n 1 (B+m—n)
Ly,
Z?Sﬁ)n(zlv'zQ‘Q) = {Z(g) (

n,m(22>zl|Q)a m < n,

21 ZQM]), m Z n,

then we have

) (2 22‘q 2”: q(Ber k)(n— k)(qﬁJrl q)mzm k ;z k
(21 )45 k(45 -k (@ @i

kO

le(ﬂ+1)(21, 22|18) = Z?Sfil n(zlv 22|B)
and

0) o,

Zm,n(21722|Q) = W m7n(21722|Q)'
9 n

for m > n. Applying Theorem 2.1 we obtain the following result

Theorem 5.1. Form,n,s,t =0,1,... and 8 > —1 we have the following orthogonality relations
LA 210280 G2 (1) = G =l -+ )3

where du(x|q), (n(a) may be any pairs (5.1), (5.2) or (5.3).
Applying formulas (2.5) and (2.7) in the case

<qoz+1; q)nq(a+n—k)(n—k) (_1)n—k

(5.4)

ck(n,a) =
(k2 ¢ Y5 09),,

we obtain the recurrences stated as a theorem below.

Theorem 5.2. For 8> —1 and m > n we have

(m+1+8) ,,_,(B) )

Z2zm+1 n(z17 ZZ) _(1 —q Zm+1 n—i—l(zl? 22) + (1 —q
8

"2 (21, 22) = 290 () — 2D (1, 22)

n+1) m+6+1)z7(7/§7) (

q n 21722)7

and
(14 q(1—¢" = ¢™) — 2120¢° T 1) 20 (21, 20)
= (1= ") (e, 20) + a1 = )25 (1, 2).

The ¢-Laguerre polynomials satisfy the following ¢-difference operators

qa+1

T 1-gq

Dy oL\ (2 q) = LYV gz ), (5.5)

qn+1

1
Dy {walw: ) L (:.0)} = 12 —war (@ )L 30), (5.6)

(1-q)"
(¢ Dn

1

wa (25 q) LI (23q) = D! Awasn(@;9)},

and
x/B

wﬁ(l“;CI) = (—:L"T)oo
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Theorem 5.3. For § > —1 we have

Dy (27" 2n (21, 22)) _ 4" =

~ Amn—1\4%1, 22
Z{Lm q—121 m,n 1( ’ )a

B
Dy (25, (21,22)) = qflsz,z@_l(qzb ),
(1= gDy, {5 Dy, {2 "ws(z120) } }
(=1)™(g; Q)nw5(2122)

2Dy {wsr2) im0, 20)) — 1_q6z(/5) (21,22) — ki 2 (21, 22)
wg(2122) L—gq ™™™ [ — g e

ZSr/i)n(zla 22) =

i

form >n and

Dq,z1{wﬂ(2122§q)27(7§,)n(21,22)} 1 qn+lz(5) e
wg(z122;q) 1—q ‘mn+1lZ122);

Dq,m{zg%nwﬂ(zlzz;Q)Zv(nﬁ,)n(zla@)} L—¢"" 21 () (21, 22)
2y "wg(z122; q) L—gq z mnthy

form > n.

Proof. First we observe that

Dy {x wg(z }_

“Pwg(x)
to get

W ym(2122)

+m m
D
(g—1)m

pea {22 "wa(212) } =

and

DTL {w5+ (Z ZQ)} Zn
ﬂer m 75 q,z1 m 2
D J—
{Z 2{3 w3(21'52)}} - (q ])m (q — )m

or

Dy {2 D {2 Pws(120) }}

Dy . m{wsim(z122)}  (=1)™(q;9)
_ Zamz _ Anm— nz(ﬁ) 21, %
(q—1)m =g 2 omnl22)

(5.10)

(5.11)

(5.12)

Dg,zlzg {wﬁ+m (2122)})

which is (5.9), (5.7) and (5.8) are obtained from (5.5), and (5.11) and (5.12) are derived

from (5.6).
From (5.9) we get

( q)m+n
—1)™(q;q)n

Dy, {ws(2122) 280 (21, 20) } =

(
_(—gmmi1-¢7) m o
 C)™(g a)n ‘m{z‘f "Dy {z "ws(:12) } )
M n Bpm+if, =B (r »
T (=)™ (q; q)n D(LZI{ quz { 2 ,3( 1 2)}}7

which gives (5.10).

qzl{Dq,Z2{Z2qu2{z2 wﬁ R1%2 }}}
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The g-Laguerre polynomials satisfy the following second-order difference equation

—¢* (1= ¢")zy(z) = ¢“(1+ 2)y(qz) — (1 + ¢“(1 + 2))y(z) + y (¢ '),

1— qoé _ 2 a—&-lx 4 qa+n+1x
(1 —q) &

where y(z) = Lq(la) (;q), 0q,2 = 2Dy .

qr(l—q")
(1—-q)?

(14 q2)0; ,y(z) + 2y(@) + y(z) = 0.

(8)

Theorem 5.4. For m > n the function f = zmn(21, 22) satisfies the second-order q-difference
equations

¢ — 11— (2 — ¢")gz129 qz122(1 — ¢
( ) o ( )f 0

1 92 r
( qZIZQ) q,z2 1 (1 )2
and

qﬁ—i-m—n 4 (2 o q,8+m+1)q2,122
1—q

q(1 — ¢t ™) 2129
(1-q)?

(1 —i—qz1z2) qzlf_ 9q1Z1f+

Starting with the little g-Laguerre [23] or Wall polynomials [5]

(k—n)(n+k—1)

n . 5 _p)nk
3 (¢ na (—z)

— (6 Dr(2: ¢ @k
k=0

pn(z;¢%q) =

we define the 2D polynomials w%)n (21, z2|q) through

2" "o (2122; 47T q), m > m,

w&ﬁ%(zmzlq) = { (8)

wn,m(227zl|Q)a m < mn,

for 8 > —1 and m,n =0,1,.... Then for m > n find that

2wt (21, 22|8) :w’sg-)‘rln<21722‘ﬂ)’

w( Zl 22|(] i & q ﬂQ)m nziﬂ k g kq ()7(2)
| 0 (4 k(@ Dk (@5 Q)i

The orthogonality relation for the little ¢-Laguerre polynomials is

Zq("“)k ("5 9) pm (4" 0%1a) pn(d"; 0%q)

:<Q;Q)ooq(a“)"( Ondm,n
(5 Qoo (T @)n

m,n=0,1,....

This leads to the orthogonality relation {w%)n(zh 22/q) mon—o 0 the form

Theorem 5.5. Form,n,s,t =0,1,... and § > —1 we have the following orthogonality relations

/ wl) (2, 2lq)w (2, 219)r*P du (r2|q) d8 = Crnn(lm — ] + B8 56t
]RQ
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where z = re'?,

o0
(rlg) =) x(2q;q)scd (z — ¢¥),
k=0

and

(¢ 4)00q V(g5 )
(@°TY @)oo (@@L @)

The function y(z) = pn(z; ¢*|q) satisfies the g-difference equation

*y(*z) — (14 % — 2¢" ") y(gz) + (1 — qz)y(z) =0

or equivalently

Cn(a) =

n—1 a+n—1 n
q 2.29(2) + - 0.2y(2) + T y(z) =0,
where 6, . = 2D, .. This leads to the following theorem.

Theorem 5.6. For § > —1, m > n the polynomial wq(g’)n(zl,zﬂq), satisfies the q-partial diffe-

rence equations

n—l_ g B+m=1_ . .,

1—-q¢g")z12
gq’@f_,_w

,3+m 102 f+q
1-¢q (1-¢)?

q,22

f=0,

and

q(1 — ¢Pt™)z1 29

(1-q)?

n— P 4 gz 2
1—g¢q

n02 f_q

q;%1

H(I,Zlf +

From
1 n
S gy ).
D10 {w(@; ¢*)pn(@;¢*1@)} (1~ ¢*)para(z36°"q)
w(z;a—1) > (1 —q)

Dy opn(x5q%|q) = “a

(5.13)

and

na+( ) o
w(w; alq)pn(e: ¢°lq) = & (qaﬂ(fq)nq) D"y wlezot nlg)

where
w(z;a) = (q2; q)oor”
we get the following relations:
Theorem 5.7. For > —1 and m > n we have
(B) (B)

Dq,zl{z?_mwmn(zlazQM)} - _qu_n(l q ) mn 1(21322|Q)
A" 21 (L—gq)(1—gftm=ntl) 2

1-n )
q (1 q ) mn 1(21,232|Q)
Dq,22{w1(r?,)n(21322|q)} = (1— q)(1 — gftm—nt1)
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and
=D (B-D=(3) (1 _ gymn
(=D)m(gPTm—tliq),
x DIy {(2122)P DIy {(z122) Pw(z120: Blg) } - (5.14)

w(z122; Bla)w), (21, 220q) =

For m > n we have

Dy, {w(zizn Bl win(z1, z2lg)} (1= ™l L (21, 20]0)

w(z122; Blq) - gFrm—r—1(1 — ¢) ) (5.15)
qul’”{Zgl_nw(zlz%B’q)w%%(zl’zﬂ‘])} 2 (L=t w r(yf)n+1(zl>zz|Q)
2y "w(z122; Blq) - 29 gFrm—n=1(1 — q) , (5.16)
29D g1 4, {w(z1zz; B|q)w7(f7)n(z1, z2|q)}
wﬁfj}n(Z’l, 29|q)
_ 11__q;w,ﬁf,%(z1,z2!q) _ q’lﬂ_1 q” 11 qgi;m:;@wnfil (21, 220a) (5.17)

Proof. Observe that

n
g L,z122

DTL

n
gtz T2

and
Zrw(zize; Blg) = (1— ¢ )" (2122)517 -1 22{(2122)_510(2122;»@(1)},
then

n(B+m)—("3') (1 _
q q
w(z122; 5@ (Zla 22q) = (q,8+m—n+1(; qQ) "

Dys (27" w(z122; Blq))
qm(n—l)—&-nw—l)—(g)(l _ q)m—l-n
(=)™ (gftm=ntliq),
X Dn 21 {(2’122>/BD -1 22{(2122)_’811}(212’2;ﬁ‘q)}},
qm(n D+n(8-1)— <2)(1_q)m+n
(=1)m(gPtm=rtL )y,
x Dyjs {(leg)ﬁD Ly 22{(2122)7671)(21»22;B\Q)}};

which gives (5.14), (5.15) and (5.16) are obtained from (5.13) by direct computation.
From (5.14) we have

n

w(z122; Bla)w), (21, 22]q) =

m(n—1)+n(8—1)—(3) 1 — g)mtn
q q
D1, {w(z122; Blo)w'), (21, 22]q) } = (—l)m(q5+m—"(+1-q))

X Dy { D120 {(2122)° DIy, {(2120) Pw(2129; Bl9) } } }

m(n 1)+n(B-1)— ( ) _ \ym+n
q (1-q) n m+1 — .
~ g, ¢ Pirtallen) PR (e ezl

qm(n—1)+n(ﬁ—l)+1—5_(g)(1 — )™t - ¢P)
I g),
x 2 ~1pyn . {(zle)BD (5 ZQ{(zlzg)fﬁw(Zﬂ%m(J)}}

+
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Bilon 1 _ Brmtl
q 1—g¢
- w(z122; Blg)w m4)r1n(21722|Q)

(1-4%
+ (1 —q) w(z120; Bla)wi), (21, 2209),
which gives (5.17). [ |

Applying (2.8)-(2.11) and (2.13) to

(k—n)(n+k—1)

(G:9)ng 2 (1)
(@ Or(a, ¢ @)n—r

ck(n,a) =

we get the following recurrences:
Theorem 5.8. For § > —1, m > n we have

Zzwr(r?—)i-l,n(zh ZQ’Q)

B
n(l — qm*n‘i‘ﬂ‘?l) - w%i)n(zla 22‘(]) - w1(nJ)rl,TL+1(Zl7 22|q)7

21 (1 — gmm AL 55,)71(2’1, 22|q)
=(1- m+5+1) m+1n (21, 220q) — ™" (1 - q")wﬁfz%l(zl,@lq),

and

(¢ +q™ P (1= q" — ¢") — z120)w ) (21, 22]q)

=" (1= ™)) (ezela) + (L= g0l (21, 220).

6 The polynomials { M(*P) (2, 22|q)}
For o,y > —1, the Little ¢-Jacobi polynomials
"L (@@L ), kq(k)(—w)”_k

pn(z:0%,q7lq) = (4:0)n > 4

¢d» = (GO Dk

satisfy the orthogonality relation [23]

(" g)ogh @)

k ]7’L(2k’2 72 |2)1”(2k’2 72 |2)
q7+ + )

B (2, ¢° T @)oo (05 Q)@ O DS

(gt L ) o (g0 ) (1 — gty AL

This leads to the choice

dp(z;vlg) = Wﬂm —q"),
k=0

(4,0 " Qoo (43 Q) g™ Y

nlenV0) = CaFT T gy (g gy (1 — oA BT)

Following our general construction we define the polynomials

MB)

m,n

’ . Z{ninpn (21223 qﬁ—’_m_na q’y|Q)a m>n,
nl =
nm (22, 21/4), m < n.



30 M.E.H. Ismail and R. Zhang

Then we have the explicit form
k
—k _
MPBD (2. 2olg) = LD —n i qﬁHH Desnig(® ZF (= zg)n—h
e (qﬁﬂ+1 q)mq —o Di(e On— k(qﬁ+1 Dm—te

A M (21, 20)q) = Mﬁfﬁl)n(zl,»zz!Q)

for m > n. Applying Theorem 2.1 we obtain:

Theorem 6.1. For m,n,s,t = 0,1,... and B,v > —1 we have the following orthogonality
relation

/R M (2 2 MG (2, 2la)r P dpn(r%5119)d0 = Gunn(Im = n] + B,710)3m s0n.,
where du(x;v|q), (e, v|q) are given in (6.1).
Next we apply formulas (2.8)—(2.11) and (2.13) to
(4 @)n(g* T @) p (1) F

(0 (g, @5 @) _igP)=()

and obtain the following recurrences:

ck(n,a) =

Theorem 6.2. For 5,7 > —1 and m > n we have
(1 — q/3+’Y+m+n+2)
(1 = FF)

m+1)n+1(217 22lq) + Méﬁﬂ)(zla 22lq),

M) +1n(21a22\q

)=
1 — gBtm+1y(1 = gBtrtmtl
Zle(nﬁ,’J)(Zl,ZﬂQ) = (1-g )E q ) A8

(1 — gB+m—nt1)(1 — gBHrFmintl) m1,n(215 22[4)

qm n+ﬁ+1(1 _ qn)(l _ q’y+n) 6)

t (1 — gFrm—nt1)(1 — gBtrtminl) ma—1(21; 22[q)-

The polynomials {p,(x;¢%,q"|q)} satisfy the following second-order difference equation

(14 ¢% = (¢" 7" + ¢" TP 2)2)y(2q) = ¢*(1 — ¢ 2a)y(¢?x) + (1 — qv)y(z)

—-a_ 1 _ Jd-n—a, _ y+2 _ N
(1 ’Y+2 )92 ()+q 1 q 1_xqq (2 q)l‘

1+ ql—ax _ ql—n—oc + q’y+n+2 T
. Vil (@) =0,
(1—4q)
where y(z) = pn(z;¢%,471q), 04,2 = 2Dy ».

Oq,29(x)

Theorem 6.3. For m >n and 3,v > —1, the function [ = M,f,?) (21, 22) satisfies

Ft P 1= Pz — P2 - ¢z f
11722 (1 _ q)(l _ q7+2212’2) q,22
B 1+ (qn—l—l—m—,@’ - ql—m—ﬁ - q7+n+2)2122

0= aP( ¢ 7az) F=0
and
92 Z1f A122 (2q’Y+2 _ qlin — qm+ﬁ+’7+2) + qunJrﬁ — 1‘9q z f
(1= q)(1 = q""22129) -
. (qlfn _ q1+mfn+6 4 q’y+2(qm+ﬁ + q2(mfn+ﬁ) _ 1)) 2129 — qz(m—n+5) foo.

(1—q)%(1 — ¢ 22129)
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The polynomials {p,(x;q¢%, q7|q)} satisfy the following difference equations
poly

pn(259%,q"q) — pn(qz; 4%, ¢"|q)
_ ql—n(l o qn)(l _ qa+7+n—1)

s zpn—1(7;¢*, ¢ q), (6.2)
1—g¢®w(z;¢* ' ¢ g o
D1, (w(z; 4%, ¢ |q)pn(z; 4%, 4" ]q) = ( )qo‘_(l(l—q) | )pn+1(:r;qa L M),
where
(97; @)oot
Ca0 ) — oo
Theorem 6.4. For 5,7 > —1 we have
1-n1 _ n _ m4B+y—1
g "1-¢")(1-gq )
M (21, 20lq) — MY (21, qz0lq) = — [ gnnt? z M,S,LB,Z "D (z21, 2209)

form >n, and

D1z, (w(z122:.07, ¢7|a) MY (21, 2219))

(1= g™ " P w(z122:¢°, ¢ a) - (81-1)
B gt (1 — q) My, ir (21, 2204),
2Dy, (28 Mw(2120: 67, ) MUED (21, 2200))
21(1 = " " Pw (2122547, ¢ q)

— (ﬁv’yfl)
- Z2qm,n+g,1(1 — q) Mm,n+1 (Zlv 22|Q)

form>n+1.

The above recurrences are obtained by applying the definition of Méf o )(21,22|q) to (6.2)
and (6.3).

7 Polynomial solutions to differential equations

In this section we study polynomial solutions to partial differential equations. We are looking
for polynomial solutions to the second-order partial differential equation (3.15). The results of

this section should be contrasted with those in [9].
o0

Let f= > aj,kz{zé“ and substitute in (3.15).

m,n=0

Theorem 7.1. The partial differential equation (3.15), namely,

0000.sf + (7212 ) 9o =

has a power series solution

f(z1, 22) Z a;, kZIZQ (7.1)
7,k=0
Z122> .

if and only if

'I’L‘zl (5+]) i k —n+k,1
f(z1,29) Z ]0 B+j+0n Ly (Z1z2)+kz_oa07sz2F1 E+1,8+1
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Proof. Substitute the power series (7.1) for f in (3.15) and equate coefficients of like powers
of z1 and z9 to find that

.o k-1-n ks 0
j,k - k(ﬂ—’—j) ]71,k717 j? :
We iterate this and find that
(_n)kajfk,o >k

R D
GEZN (k= —n);(k - j)!
k(B +1))

This proves the theorem. |

apr—j, J<k.

Theorem 7.2. In order for the equation

<1

8218Z2f + (B - 22> aZQf = )\f

to have a polynomials solution in zs, it is necessary and sufficient that A= —n, n=0,1,2,...,
in which case the function f will be given as in Theorem 7.1.

8 A biorthogonal system

Theorem 8.1. Given three sets A, B, C and a function p from C to B. For each b € B,
let {S, Fs,du(x)} and {T, Fp,dv(z)} be two probability spaces such that {pq(x;b)f(z,b)}aea C
L*(S, dpu(x)) and {te(y)}eec € L*(T,dv(y)),

[ ol GBI D () = G (Db
and
/T Py () e, (V) AV (Y) = Ney ey -
Then
/5 P (9P, (2 WA (0) = G (L0) s D s

where

(I)a1,01 (l’,y) = Pay (1'; p(Cl))ﬂJcl (y)f(:n, p(C1)).

Proof. Observe that for each (a,c¢) € A x C, ®,.(w,y) € L?(S x T,du(z)dv(y)) by Fubini’s
theorem. Then for aj,as € A, ¢1,c2 € C we have @y, ¢, (2, y)Pay e, (z,y) € L(S x T, dp(x)dv(y))
by applying Cauchy—Schwartz inequality. By applying Fubini’s theorem we get

/ Doy (1 9)B g0 (0, 9) i) ()
SxT

=/soal(:ﬂ;p(@l))f(%ﬂ(Cl))soaz(w;p(C2))f(w,p(62))dﬂ(ﬂf)/wcl(y)¢C2(y)dV(y)
S T

= Ty Ocy e /390111 (QL'; p(cl>)90a2 (z; p(cl)) |f(33; p(cl))’2 d:“*(x) = Cay (p(cl)>77015a17a2501702' u
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For a,b,c,d € (—1,1), the Askey—Wilson polynomials

q ", abedg" !t e ae="
34,4 |

pn(cost;a, b, c,dlq) = 4¢3 < ab, ac, ad

satisfy

1
/ pm('xa a, b7 ) d‘Q)pn(xa a, b7 &) d‘Q)w(m7 a, ba ) d’q)d.ﬁC
1

_ 27 (abedq®"; q)oo (abedg™ ™ )ndm.n
("5 @)oo (abg™, acq™, adg™, beg™, bdg™, cdq™; q) oo’

where

h(z, 1)h(z, /@) h(z, —1)h(z, —/q)
h(z,a)h(z,b)h(z, ¢)h(z, d)vV/1 — 22’

o0
h(z,a) = H (1 - 2azq" + a*¢*%), x = cosf.
k=0

Theorem 8.2. Let

B
uﬂ Y@, y501,01, ¢1,d13 a2, b2, ¢2, daq) = pj (a1, b1, 1, dig pr(y; a2, b2, e, dalq),

. k+46 .
(7,) , , _ pj(w;a1,by,e1,d1g7 " |q)pr(y; a2, ba, c2, d2|q)
ijg (%Z/a a17b17617d17a27b27027dQM) - h(x,dlq,yk_i_(g) )

7k+5|q)

w(z,y; a1, by, c1; a2, ba, ca, da|q)
_ e, Dh(z, @)h(z, —1)h(z, /@) hy, DAy, v@)h(y, —Dh(y, —/2)
h(z, a1)h(z, b)h(z, c)VT — 22 h(y, a2)h(y, b2)h(y, c2)h(y, d2)\/1 — y?

bl ? 75
Pﬁzﬁy (@, y; a1, b1, c1, di; as, by, c2, dalg)

_ pilwyar, br, e1¢® P, dig"* |q)pr(y; az, ba, 2, dalg)
h(IE, C1 qak+,3) ’
(a,8,7,6)

;1 (z,y; a1,b1, c1,d1; az, be, c2, daq)

_ pji(w;a1,b1, 1™, dig* )i (y; az, ba, 2, dalq)
h(.ﬁ[), dlq'yk+5) ’

and

w(x,y; a1, b1; az, be, c2, da|q)
_ e, Dh(z, o)z, —Dh(z, —/q) by, Dh(y, v@)h(y, —Dh(y, —v/9)
h(z,a1)h(z,b1)V1 — x2 h(y, az)h(y, ba)h(y, c2)h(y, d2)\/1 — 42

where
T = cos b, Y = COS ©, a, >0,

then

11
5
//Ug-jk)(xay;a1751,017d1;027b2,62,d2|Q)U£3,’3)(1’7y;alvbl,C1,d1;a2,b2762,d2|Q)
~1J-1

x w(z,y;a1,bi,c1;az, b, c2, do|q)dxdy
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_ 4% (agbacadaq®; q) oo (azbacadaq® 1 q)k
("1, agbaq®; q) oo (ancaq®, aadagh, bacagh, badagh, cadaq; q) o
(a1bic1dig¥ R0 g) oo
(qj+17 alblqja alclqj+ka aldlqur’ykJré; Q)OO
" ((l.1b101d1qjﬁk+6_1; Q)j5g‘,m5k,n
(bie1g? 1k, bidig? TR0 ey dygi TR g) o

)
//JOJCZWY (x,y;a1,b1,c1,dy; az, ba, c2, d2|q)

X gl (@, g5 a1, b, e1, dis ag, by, 02, dalq)w(, y; a1, bs ag, by, €3, da|q)dady
_ 472 (agbacad2q®; @)oo (asbacadag®1; @)y,
("1, agbag®; @)oo (azcaq®, aadag®, bacagh, badagh, cad2q; ¢) o
(alblcldlq2_j+(a+’y)k+ﬁ+5; Q)oo
(¢, a1big?, arc1g? TR 8 aydy g7t H0; g) o
" (arbrerdy g/ HOFNEHBHI=1 0y 15 Bk
(bre1giTok+B by dy qit k40 oy dygitlatNk+B+0; g

Proof. The details of the calculation are
aﬂvé ) )
/ / ka l’ y’al?blacl7d17a27b2,02,d2|q)
X gl (@, gy ar, b er,y di ag, by, ea, dalq)w(x, y; a1, by ag, ba, o, dolq)dady
1
= / Dj (:1:; ai, by, clqak+57 dlq’YkﬂS’q)pm (.T; ai, b1, C1q°‘”+5, dlq””‘s\q)

~1
" h(z, 1)h(z, /@) h(z,—1)h(z, —\/q)dx
h(x,a1)h(z,by)h(x, c1q**+P)h(x, d1g70)/1 — 22

1
></ P (y; a2, ba, c2, da|q)pn(y; a2, ba, c2, da|q)w(y; az, b, c2, d2|q)dy
-1

_ 27 (azbacadaq®®; @)oo (a2bacadag™ 1 @) 0k
("1 @)oo (a2bag®, ascaqh, aadag®, bacag®, badag®, codagh; q) oo

1
X/ pj(x;a1,b1,c1¢°%8 d1 g 0|Q) pp (25 a1, b1, c1™F P dyg7F P q)
—1

h(z, 1)h(z, \/q)h(z, —1)h(z, —\/q)dx
h(x, a1)h(x,by)h(x, c1q®*+B)h(x, dig" )1 — a2
_ 4% (agbacadaq®; @)oo (azbacadaq 1 q)k
("1, agbaq®; @)oo (ancaq”, aadagh, bacagh, badagh, cadaq; q) o
(alblcld1q2j+(a+v)k+6+5; @)oo

(qj+17 alblqja alclq‘j+ak+ﬁv aldlqur’ykJr&; q)oo

o (arbrerdy g/ HOFNEHBHI=L 0y 15 Bk
(blclqurakJrﬁ, bldlqj+’7k+5, Cldlqj+(a+v)k+ﬂ+5; Q@)oo

The u, v orthogonality can be proved similarly. |

Theorem 8.3. Let

8 pi(asa, by, e, dig"* |q)pr(y; az, b2, c2 d2lq)
P50 (,yrar, by, er, dis ag, by, 2, dafq) = 22 7 7(d1qw€+5@z9 7)oo o
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Then

//pjk (@,y;a1,b1,c1,dy; az, b, c2, da|q)

5
X pord) (@, s ar, by, o1, dis ag, by, o, da|q)w(, y; ar, by, 15 ag, b, ca, da|q)dady

4772(5]-,7”516’”
(g™ *1, a1big™, a1c1g™, bic1q™, bicig™; @)oo
(a1b1crdi®™ T q) oo (arbyreydi g™ L ),
(a1d1gm™+mF0, bydi M 1 d1 g™ @)oo
(az2bacadaq®™; @)oo (azbacadaq™ t; q)y
(g™, agbag", azcaq™, azdaq™, bacaq™, badaq™, cad2q™; q)oo

where x = cosf, y = cosp, o, > 0 and w(zx,y;ay,b1,c1;a2,be,ca,da|q) is the same as in
Theorem 8.2.

Proof. Observe that the integral

//p]k (w,y;a1,b1,c1,dy; az, by, ca, da|q)w(x, y; a, by, c1; az, be, c2, da|q

X pgn)(w, y; a1, b1, c1,dy;ag, b, ca, da|q))dady

equals

1
/ Dj (x;al’bl’Cl’dlq’Yk—i_(S‘q)pm(fL’;al,blgclgd1q7n+5’q)

1
X . ;
h(x,a1)h(z,by)h(x,c1)(d1g e dygrmtie=?; q) /1 — 22

1
X/ Pr(Y; a2, ba, c2, da|q)pn (y; az, ba, c2, da|q)w(y; az, ba, c2, da|q)dy
-1

B 270k, n (a2b2c2d2q®™; @)oo (a2bacadaq™ b5 @)
("5 @)oo (@2bag™, a2caq™, azdaq™, bacaq™, badag™, c2d2q™; q) oo

1
X / pj (ﬂs; al’bl’cl’dlq7"+5|q)pm(x;a1, bl,cl,d1q7n+5|q)
-1

h(z, 1)h(x,/q)h(z, —1)h(z, —\/q)dx
h(x,a1)h(z,by)h(x, c1)h(z, dig?H9)y/1 — 22
47725j,m5k,n
(g™, a1b1g™, a1c1q™, bic1g™, b1c14™; @)oo
(a1b1crdi®™ T q) oo (arbrerdig™ L ),
(ardigm+m+ bydy gt ey dy gt g) o,
(a2bacadaq®; q)oo(abacadaq" ™t q)n
(g™, agbag™, ascaq™, azdaq™, bacaq™, badaq™, cad2q™; q) oo

X
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