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Abstract. In the geometry of generic 2-plane fields on 5-manifolds, the local equivalence
problem was solved by Cartan who also constructed the fundamental curvature invariant.
For generic 2-plane fields or (2, 3,5)-distributions determined by a single function of the
form F(q), the vanishing condition for the curvature invariant is given by a 6" order non-
linear ODE. Furthermore, An and Nurowski showed that this ODE is the Legendre transform
of the 7*" order nonlinear ODE described in Dunajski and Sokolov. We show that the 6"
order ODE can be reduced to a 34 order nonlinear ODE that is a generalised Chazy equation.
The 7 order ODE can similarly be reduced to another generalised Chazy equation, which
has its Chazy parameter given by the reciprocal of the former. As a consequence of solving
the related generalised Chazy equations, we obtain additional examples of flat (2,3,5)-
distributions not of the form F(g) = ¢"™. We also give 4-dimensional split signature metrics
where their twistor distributions via the An—Nurowski construction have split Go as their
group of symmetries.

Key words: generic rank two distribution in dimension five; conformal geometry; Chazy’s
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1 Introduction

The following 6 order nonlinear ODE
10FO® 3 _gop? p®) p®) _ 51 p2 p®? | 336" pO? p() _ 994 p®* — (1.1)

arises in [6, Corollary 2.1] in the study of generic 2-plane fields on 5-manifolds. The generi-
city condition here means F"(q) # 0 in (1.1). This ODE arises as the integrability condition
for generic 2-plane fields on 5 manifolds determined by a function of a single variable of the
form F(q). A generic 2-plane field D on a 5-manifold M is a maximally non-integrable rank 2
distribution. For further details, see [6, 18, 24, 25]. This determines a filtration of the tangent
bundle given by

D C [D,D] C [P, D], D] = TM.

The distribution [D, D] has rank 3 while the full tangent space T'M has rank 5, hence such a geo-
metry is also known as a (2,3, 5)-distribution. Let Mgy, denote the 5-dimensional manifold
with local coordinates given by (z,y,z,p,q). The generic 2-plane field or rank 2 distribution
determined by a function F(q) of a single variable with F”(q) # 0 is given by

D = span{0y, 0, + p0y, + q0, + F(q)0.}.

The fundamental Cartan curvature invariant of this distribution is computed in [6] and is found
to be the term in the left hand side of (1.1). It is known that equation (1.1) vanishes when
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F(q) = q"™ and m € {—1, %, %, 2}. In these cases, the vanishing of the fundamental curvature
invariant associated to the distribution D on My, implies that the group of local symmetries
is the maximal possible given by the split real form of G5. This is the result of [6, Corollary 2.1].
The authors of [6] call such generic 2-plane fields with vanishing Cartan curvature invariant
symmetric and it is known that such symmetric or flat distributions are locally equivalent to
the flat model F(q) = ¢®>. Nonetheless we are interested in the general solution to (1.1) and
it turns out that the ODE can be solved completely and is related to the generalised Chazy

equation. To see this, let E(q) = F"(q) so that the ODE becomes 4" order:
10EWES — S0E*E'E" — 51E*E" + 336 BE"E" — 224E" = 0.

Working locally on an open set of Myy.,q, we may assume that E(q) is positive on that open
set. Making the substitution F(q) = %@ (if E(q) < 0, take E(q) = —e%@ instead) gives

19D (106" — 40G" G’ — 21(G")? + 54G"(G')? — 9(G")*) = 0
and taking G’(q) = j(q) gives a 3' order ODE
105" — 405"5 — 21(5')? 4 545’52 — 95* = 0.

Rescaling the ODE by taking j(q) = Ia)

—~, we can put it into the normal form for the generalised
Chazy equation (see [14])

4
36— (3)°
with the Chazy parameter k? = (%)2 = %. The generalised Chazy equation can be solved com-
pletely and the solutions give us new families of flat (2, 3,5)-distributions that are not of the
form F(q) = ¢"™. In this article we first review the solutions to Chazy’s equations in Sections 2
and 3. In Section 4 we discuss the relationship between (1.1) and a 7** order ODE studied by
Dunajski and Sokolov in [16] and also exhibit a Legendre transform that relates equation (1.2)

I" — 21" +3(I')? — (61' = 1%)* =0 (1.2)

to another generalised Chazy equation with the Chazy parameter given by k% = (%)2 = % We
compute the solutions to (1.2) in Section 5 and present examples of flat (2, 3, 5)-distributions in
Section 6 using Nurowski’s metric. These examples are all explicit. In [5], the authors associated
to split signature conformal structures on a 4-manifold a circle bundle with the natural structure
of a (2,3, 5)-distribution. This construction encapsulates the configuration space of 2 surfaces
rolling along one another without slipping and twisting. The authors in [5] then found new exam-
ples of flat (2,3, 5)-distributions that arise from rolling bodies, prompting further search in [§].
The solutions to (1.2) give examples of 4-dimensional split signature metrics that have their
An—Nurowski twistor distributions having split G2 as its group of symmetries and we exhibit
them in Section 7. Let us recall some facts about Chazy’s equation and its generalised version.

2 Chazy’s equation

The study of Chazy’s equation is a very rich subject and has received alot of attention because
of its connection to other diverse fields such as integrable systems and modular forms. See for
instance [2, 10, 11, 14]. We will review here some facts about Chazy’s equation we need for the
paper. Chazy [12, 13] studied the nonlinear 3'¢ order ODE

y"(x) = 2y(2)y" (x) + 3(y/ (x))* = 0 (2.1)
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in the context of investigating its Painlevé property. Solutions to equation (2.1) turn out to
depend on hypergeometric functions. For further details, see [2] or [14]. Treat x as a dependent
variable of s so that

x(s) = 22(s)

z1(s)’

where z1(s), z2(s) are linearly independent solutions to the second order hypergeometric diffe-
rential equation

s(1—38)2"+ (c—(a+b+1)s)z —abz=0. (2.2)

Here a, b, ¢ are constants to be determined. The general solution to this ODE (2.2) is given by
hypergeometric functions

2(s) = poFi(a,b;¢;8) +vaFi(a—c+ 1,b—c+1;2— ¢ s)s' .
Here p, v are constants. A computation gives

Zlé’g — Zzé’l
de = st,

where dot denotes derivative with respect to s. We deduce that

d (=) d

dx N 2122 — 2522':1 &
Applying the derivative to Chazy’s solution for y given by

d 6212’1
y=6—Ilogz; = ————,
dx 2139 — 2921

we find that (2.1) is satisfied precisely when (a, b, ¢) is one of

Lt 11 12 112
12'12'2)" 12'12°3)" 663)

provided both a and b are non-zero. The equations (2.2) for the first two values of (a, b, c) are
related by a linear transformation of the form s +— 1 — s, while the solutions for the second and
third values are related by a quadratic transformation (see [23, equation (2)]) given by

112 1 1 2
Fil -, =58 =2F1 | —=,—=; 5:4s(1 — .
2 (6’ 6 3’8> 2 (12’ 134l S)>
The general solution to (2.1) thus depend on hypergeometric functions. If either one of a or b is
zero (say b = 0), solutions to (2.1) can be easily and explicitly described. The solutions to (2.2)
with b = 0 are given by
vi(c—1) J(1—c, a—c)

z(8)=p+veFi(l—ca+1—¢2—c s)sl_c =pu— Wpc—l (1— 25)51—c’

where P\ is the Jacobi polynomial. Taking 21(s) =voFi(1—c,a+1—1¢;2—¢;s)s'7¢ and
29(s) = p, a computation shows that

0
voFi(1—c,a+1—¢2—c¢;s)st—¢

x(s) =
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and

y(x(s)) = —62 oF1(1—c,a+1—¢;2—c¢;s)s' ¢
o

Switching back to the original independent variable x, this gives

as one solution to (2.1). This solution is invariant under translations of the form x — z + C.
In [12, 13], Chazy also observed that

6 B
z+C (z+C)?

y:

is a solution to (2.1). It is well-known that Chazy’s equation and its generalised version can be
rewritten as a first order system. This provides different parametrisations of y, in addition to
the solution (2.3) originally given by Chazy. This will be discussed in Section 5. The method
discussed here can also be applied to the generalised Chazy equation.

3 Generalised Chazy equations

The generalised Chazy equation is given by

y"(z) = 2" (x)y(x) + 3(y/ (2))° (6y'(z) — y(x)*)? =0 (3.1)

for k # £6. We have the following:

36 — k2

_ z2(s)

Proposition 3.1. Let xz(s) = =)
hypergeometric differential equation (2.2) where (a,b,c) is one of

where z1(s), z2(s) are linearly independent solutions to the

k=6 k+6 1 k=6 k+6 2 k=6 k+6 2
12k 7 12k '2)° 6k * 6k '3)’ 12k 7 12k '3)°
Then
d 62121
=61 =
y(m(s)) dx 0841 2122 — 222’1

satisfies equation (3.1).

Proof. Analogous to solving Chazy’s equation (2.1), we find that the generalised equation (3.1)
holds provided

6ab(z1)3 (6((& — )k — 6(a+b))((a — b)k + 6(a + b))s>
+ ((24ab — 12(a + b)e + 5(a + b) + (2¢ — 1))k* + 432(a + b)c — 180(a + b) — 72c + 36)s
+ (k= 6)(k +6)(2c — 1)(3c — 2)) = 0.
For a,b # 0, solving the system of equations
6((a — bk — 6(a + b)) ((a — b)k + 6(a + b)) = 0,

(24ab — 12(a + b)c + 5(a + b) + (2¢ — 1))k? + 432(a + b)c — 180(a + b) — 72¢ + 36 = 0,
(k—6)(k+6)(2c—1)(3¢ —2) =0,

gives the list of (a,b,c) as above. We exclude the case where (a,b,c) = (0,0, %) Note that
interchanging a and b gives the same solution so that the full list is symmetric in ¢ and . W
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When either a or b is zero, we again get y(z) = — 2 as a solution. In [12, 13], Chazy noted that

k=6 k+6
YZ9w+0) 20+ B)

(3.2)

is also a solution to (3.1). As a corollary to Proposition 3.1, we have

Corollary 3.2. Let q(s) = Z’Eg where z1(s), z2(s) are linearly independent solutions to the
hypergeometric differential equation (2.2) with (a,b,c) one of

_251 _452 _252
3672/ 3’3'3)" 363/
Then
6Z1é1

d
I = 71 = —
(q(s)) 6qg 08 == — =

satisfies equation (1.2).

A Painlevé type analysis of equation (3.1) as done in [14] shows that the leading orders for
analytic solutions to (3.1) occur at —6, —3+ % or —3 — &. This corresponds to solutions of (3.1)
given by

k k
6 34k 3k
x x

These solutions are invariant under translations of the form x — x + C'. In the case of & = :I:%
obtained in (1.2), we have

I(Q):—g, I(q)z—E I(q):—;q.

Along with the zero solution I(q) = 0, these solutions correspond respectively (modulo constants
of integration) to the well-known explicit solutions to (1.1):

Flo=q¢', Flg)=g¢5, Fl@)=q°, Flg)=d"

For these functions of a single variable ¢ the associated (2,3,5)-distributions have vanishing
Cartan invariant and therefore have G5 as their local symmetry.

4 Relationship to ODE studied by Dunajski and Sokolov
For the function y = y(t), the 7" order nonlinear ODE studied in [16] is given by

10(y(3))3y(7) _ 70(y(3))2y(4)y(6> — 49 (y(3))2(y(5))2

+280(y®) (y )y — 175(y )" = 0. (4.1)
This is the unique 7" order ODE admitting the submaximal contact symmetry group of dimen-
sion ten (see [16, 21]) and its relationship to equation (1.1) was originally explored in [6]. It is
instructive to consider the 6'" order ODE (for the Legendre transformation later on):

10(H(2))3H(6) _ 70 (H(2>)2H(3)H(5) _ 49(H(2))2 (H(4))2

4
=0

+280(H?) (H®)’ HW —175(H®) (4.2)
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with H(t) = y/(t). Let us show that this ODE can be reduced to a generalised Chazy equation.
Again working locally in an open set where y"/(t) is non-zero, and assuming y"’(¢) to be positive,
we can make the substitution eP® = y3) to get

ep(t) (1Op(4) _ 30p/p/// B 19(]7”)2 + 32(p/)2p// o 4(17/)4) —0. (4.3)

We note that this 4" order ODE historically appears in [9, Section XII, formula (12)], where it
first arises as the obstruction to integrability for (2, 3,5)-distributions of the form Dp,). This
will be made clear below once we show that (4.2) is the Legendre transform of (1.1) [6] and we
will discuss this further in Section 6. Thus, for v(¢) = p/(¢), we obtain the third order ODE

100" — 30vv" — 19(v)? + 320/v2 — 40 = 0. (4.4)
Rescaling v(t) by u(t) = 3v(t), we put (4.4) into the normal form

4 / 2
g = (4.5

o — 2y + 3(’11,/)2 _
We therefore see that the ODE that Dunajski and Sokolov study in [16] reduces to a generalised

Chazy equation (4.5) with parameter k' = j:%, related to the generalised Chazy equation (1.2)
just by taking the reciprocals (k)2 = 1%2 of the corresponding parameters.

Let t(s) = Z?EZ; where w1 (s), wa(s) are linearly independent solutions to the hypergeometric
differential equation (2.2) with (a, b, c) one of

1 5 1 1 5 2 15 2
4’12°2)" 4712°3)" 276’3/
The solution to (4.5) is then given by u = 6% logwi. A similar leading order analysis as before

shows that the leading orders occur at

0 15

6. —=
’ 8’ 8

This corresponds to solutions of (4.5) given by

6 9 15
w) =0, ut)=—p, )=
Along with the zero solution wu(t) = 0, these correspond respectively (modulo constants of

integration) to solutions of (4.2) given by

In [6, Proposition 2.2], it is shown that a Legendre transformation takes (1.1) to (4.1). Hence
we may hypothesise that amongst all 3"d order generalised Chazy equations, only those with
the parameters k' = :I:%, k= :I:% have in addition solutions that can be obtained from the dual
equation via a Legendre transform.

Proposition 4.1 ([6, Proposition 2.2]). Consider the Legendre transformation
F(q)+ H(t) = qt.

Then F(q) satisfies the ODE (1.1) iff H(t) satisfies the ODE (4.2).
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Proof. Applying the exterior derivative to the relation gives
(F' —t)dg + (H' — ¢q)dt =0,

so that we take I/ =t, H' = q and applying

d_14d

dqg _ H"dl
we obtain F” = %, FG) = —%, etc. A computation shows that the 6" order ODE (1.1)
holds for F' iff (4.2) holds for H. [ |

In light of the solutions obtained by solving the generalised Chazy equations, we can pass to

F(q) = // el gdqdqdq, (4.6)

z2(s)
z1(s)

F(q) = //(Z1)3dqdq.

Similarly, for the dual equation (4.2) under the Legendre transform we pass to

H(t) = / / ol 237 dtqpqy,

where t = 5?8 and u(t) = 65 logwy are solutions to (4.5). This gives

H(t) = / / (w1 )4 dtdt.

We have

where ¢ = and I(q) = 6(% log z1 are given in Corollary 3.2. This gives

Lemma 4.2. There exists a Legendre transformation between Chazy’s solutions of (1.2)
and (4.5) given by taking

_3
4

3 . .
wi(s) =2, *, wa(s) = (z1) 2 /(21)(2221 — Z129)ds.
This defines a mapping

q: 28 o 538 = [t - sz

If I(q) = 6diqlog z1 solves (1.2) where z1(s) and zo(s) are given in Corollary 3.2, then u(t) =
6%log wy solves the dual ODE (4.5). Consequently, if F(q) = [[(21)3dqdq solves (1.1), then

H(t) = //(w1)4dtdt = //(21)_2(73221 — 2129)ds 21 (3221 — 2122)ds

solves the 6" order ODE (4.2). For the converse, the Legendre transform is given by

z1(s) =wy ?, z9(s) = (wl)*g /(wl)Q(wgwl — wyws)ds.
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This sends

t= Z?Ez; g = 22(5) _ /(w1)2(u'12w1 . wlwg)ds,

In particular, if u(t) = 6% log wy solves the dual ODE (4.5), then I(q) = 6d% log z1 solves (1.2).
Hence, if H(t) = [[(w;)dtdt solves the 6™ order ODE (4.2), then
F(q) = //(zl)?’dqdq = //(wl)_2(u‘)gw1 — wiwsy)ds (w1)2(w2w1 — wyws)ds

solves (1.1).

Proof. We observe that as a consequence of Chazy’s solutions, the Legendre transform in
Proposition 4.1 gives

% =t= F/ = /(z1)3dq = /21(2221 — 2':122)(18,

w1

z . .

Zj =q= H' = /(w1)4dt = /(w1)2(w2w1 — wllUQ)dS,

and therefore

11)2’[1)1 —u')lwg ( . )
— 5 = 21(&221 — 212
(w1)2 1{<2<1 122/,

Z"QZl — 21Z2
(21)?

Together this yields (z1)3 = (w;)™*, from which we deduce

= (w1)2(’[b2w1 — wlwz).

3 _3
wy =z * and Wy = W1 /zl(é’gzl — Z1z9)ds =z ! /zl(z‘gzl — Z129)ds.

For the converse, we find

Iy

z1 = w,

w
(S

/(wl)z(wzﬂn — wiwy)ds.

The rest follows from a routine computation. |

and 29 = 2 /(w1)2(w2w1 — b we)ds = w;

In [16, formula (8)], a family of solutions to (4.1) is found to be given by the algebraic curve

(y+f(1)* = (t —a)(t = b)°,
with a # b, and f(t) a quadratic. This gives

y =+t —a)t—b)>—f(b).

We obtain a solution to (4.1) with

T Y LR O ()
8 (w+/[f)» 8(t —a)*(y + f)
We find that for this solution, it yields
3 5b+3a—8t 15 9

u(t) = 1t—a)t—b) 4t—a) 4{—b)

as a solution to the generalized Chazy’s equation with parameter k? = % This corresponds to
the solution given by Chazy in (3.2). It will be interesting to determine the solutions of (4.5)
from the general solution given by [16, formula (13)].
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5 First order system and different parametrisations
of Chazy’s equations

In this section, we first show that the generalised Chazy equation is equivalent to solving a third
order differential equation involving the Schwarzian derivative and a potential term V' (s). It is
well-known that solutions to the generalised Chazy equation (3.1) can be rewritten as a first order
system. For further details, see [2]. The first order system provides different parametrisations of
the solutions, in addition to the one given by (2.3). We compute the solutions to the generalised
Chazy equation (1.2) with k£ = :l:% for the different parametrisations below and present them
in Tables 1, 2 and 3. We also show how these solutions are related to one another by algebraic
transformation of hypergeometric functions.

Let Qq, Q9, Q3 be functions of ¢q. Let dot denote differentiation with respect to q. Then
consider

Q1 = D3 — Q1(Q + Q3) + 72,
QQ = 9391 — QQ(Q3 + Ql) + 7‘2,
Qg =010y — Qg(Q1 + QQ) -+ 7'2, (5.1)

where
72 = a?(Q — D) (Q3 — Q) + B2 Q2 — 23)(Q1 — Q) +72(Q3 — Q1) (2 — Q3)

and «, 3, v are constants. Introducing the parameter

(q) = - Qs
we find that
1d S 1d S 1d S
D= log— ) = Tlog = —: Tog
! 2dgq Ogs(s—l)’ 2 2dgq RS 3 2 dgq %8
The system of equations (5.1) are satisfied iff
52
{s,4} + 5 V(s) =0, (5.2)

where

=5 ()3 ()

is the Schwarzian derivative of s(¢q) and

_1_62_}_1_72 B2_|_,72_a2_1

Vis) 52 (s —1)2 s(s—1)

Switching independent and dependent variables in (5.2), we have

{s,a} = —(5){q, s},
so that the dual of (5.2) is

{g,s} — %V(s) =0.



10 M. Randall

The general solution is given by
uz(s)
S) =
q(s) ()

where w1, us are linearly independent solutions of the second order ODE

W'+ JV(shu=0. (5.3)
The general solution of (5.3) suggests taking
u(s) = (s — 1) 7 s 7 2(s)
(cf. [3]) to transform (5.3) into the hypergeometric differential equation (2.2) with
a:%(l—a—ﬂ—’y), b:%(l—i—a—ﬂ—fy), c=1-p4

In [2], it was determined that taking

d $
=2+ +Q)=—log———— 5.4
y (Q1 + Q2 + Q) a7 %8 1) (5.4)
. . . . . . I )
gives solutions to the generalised Chazy equation (3.1) with variable ¢ whenever a = 8 =~ = £
or a = %, B=v= % and its cyclic permutations. For a« = g = v = % this gives (a,b,c) =
(%, %, %) For a = %, B=~v= % with cyclic permutations, this gives respectively

I UL N (SRR
T 6k ' 6k '3)° 6k ~ 2k Tk ’ 6k * 2k '3)°
with only the first coinciding with the list in Proposition 3.1. This suggests that the solutions
to (5.2) are more general than the solution of the form y = Gd% log 21 given by Chazy [13]. We
can express Chazy’s solution in terms of s(q) as follows. A computation of the Wronskian of

linearly independent solutions z1, z9 to (2.2) gives

for some non-zero constant wg. The latter equality holds by solving the first order differential
equation

W — ¢~ (a+b+ 1)5W
s(1—s) ’
See for instance [4]. From ¢(s) = 28, we find that diq = %%. Applying this derivative
to s(q), we obtain
d@=dasg=—S @]
dg 2120 —mi Wz, 22)
Hence

s"(q) = i}s/(Q) = 8’((1)% (W(Zl)Q)) = s'(q) ( an (21)2W,(21’22)>

(21722 W(Zl,ZQ) W(Zl,ZQ)Z
=<0 (207~ sty 2 )

21 s(q)(1 - s(q))
A yel=s(g) —(a+b+1-0)s(q)
o e s(q) (1 — s(q)) )

(
= (o) (2507 4000 T )
(
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and we get

§=25ﬁ+cf—(a+b+1—c) :
S 21 s 1—s

Therefore we have

—6iloz —Gi— 6— 3*—36 +3(a+b+1—¢) i
v= dg 821 = W(zl,zg)zl_ zl_ 1-—s
—3310 5—30310 s—3(a+b+1 —c)ilo (1—23)
- dg & dq & dg &
d $ 1d, $0
=3—log .
dq Sc(l _ S)a+b+1—c 2 dq 86(:(1 _ S)G(a-l—b—f—l—c)

A comparison of Chazy’s formula for y = 6i log z; with the formula for y in (5.4) suggests

taking ¢ = %, a+b= g This is satisfied by (a b,c) = (%, %, %) in Proposition 3.1.

For k = % as in (1.2), we get the following solutions for w given in Table 1. For this
Table 1.
(e, B,7) (a,b,c) General solution to u” + 3V (s)u =0
s2(s—2
(3,3,3) | (-4,-1,-2) 01 2= 1) + 052
(3,4,3) (-3.2,2) 01(38—2)85(3—1)3 +02(38—1)8%<8—1)%
(4,3,1) | (=4,-1,-2) clﬁ(s—l)%chQﬂ(s—n%
G339 C4-13) s ol

Chazy parameter, the hypergometric series truncate and the solutions to (5.3) can be given by
elementary functions. We have

C«O\»b-

2 352 —4s+1
QFI(_4a_1;_2;3) :1_287 2F1 <_ g ) :ia

5,
'3 (1-s)3
4 2 4 2
2 I (—3,—1;—2;S> =1- 35 2 F1 < 3 —1; 3;5> =1+2s.

Moreover, the solutions in each row are related to one another by algebraic transformations
of hypergeometric functions. The solutions in the second, third and fourth rows of Table 1
can be obtained from the first by a cubic transformation of hypergeometric functions (see [23,
formula (23)]). Explicitly, to show how the solution in the third row is related to the first, let w
be a cube root of unity (solution to w? +w + 1 = 0) and consider the map

32w+ 1)s(s —1)

1=
s (s +w)3

and the relation
2(t) = (1 +ws) " 2(s).

Then Z(t) is a solution to the hypergeometric differential equation (2.2) with (a,b,c) = (—%, -1,
—2) iff 2(s) solves (2.2) with (a,b,¢) = (—4,—1,—2). The solutions in the last three rows
are related to one another by fractional linear transformations. The symmetry s — 1 — s
interchanges 8 and 7 in V/(s) and hence transforms the solution in the 3¢ row to the solution
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S

given in the 4™ row while s — ¢ = —%; and the relation Z(t) = (1 — s)_gz(s) transforms the
4th

solution in the row to those in the 279,

A different parametrisation of Chazy’s equations (cf. [10]) is also given by

1d 36

— 0205~ 303 = ~—log .
Yy 1 2 3 2dq Og84(8—1)3

(5.5)
A comparison with Chazy’s formula (2.3) yields (a,b,c) = (%, %, %) from Proposition 3.1.
The solution of the form (5.5) solves the generalised Chazy equation (3.1) whenever («, S3,7)
in (5.2) is given by

111 121 113
k3°2) k2 or 3k

The solution to (5.2) with (a, 8,7) = (%, 3, 3) is given by the Schwarz function J (see [2, 3]).

Considering the symmetry s = 1 — K brings (5.5) to
1d ~K®

0 30— 20 =~ log
Yy 1 3 2 3 2dq Og(l—K)4K3

(5.6)

and comparing with Chazy’s formula gives (a,b,c) = (%, %, %) from Proposition 3.1. The

solution of the form (5.6) solves (3.1) whenever («, 3,7) in (5.2) is given by

111 112 . 131
k2°3)" 2k © K k3)

The symmetry s = 1 — K permutes 8 and « in the formula for V(s) in (5.2). For k = %, the
solutions to (5.3) with the parametrisation by (5.5) are presented in Table 2

Table 2
(o, B,7) (a,b,c) General solution to u” 4+ 1V (s)u =0
11 1 1
(3:33) | &-33) ci(s —1)is2 Py ( 1*S)+02(5*1)152Qf(v1*5)
3
(33,2 (h-2-2 YT ST SRS
(300 | (55D | et DT ) + el DT oR () B

We also note that we have

92 2 r(2)3v3 (L1_1
2F1 (Za_?’vsvs)_ (3) fp( 37 2)(1—28),

1 1 9
o FY (—2,—2;—2;5> :§(8—4s—s ),
(23 (_1_9

7 T 3

The algebraic transformations relating the solutions between the rows are given as follows. The
map that takes the solution from the second row to the solution in the first row of Table 2
is a composition of fractional linear transformations and cubic transformation due to Goursat
(see [23, formulas (20)—(22)] and [17, formula (123)]). To see this, we first consider the map

5(9 — 5)?

1=
s (s +3)3
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and the relation

20) = (1+ g)dz(s).

Then Z(t) satisfies (2.2) with (a,b,¢) = (—%,—3,5) iff z(s) satisfies (2.2) with (a,b,¢) =
(—2,—%,%). Now

2 11 2 251 t
21 <_37_372at> =1 —-t)s 2k <—37 6’2’15—1)

while the map s — 1 — s takes the differential equation (2.2) with (a,b,c) = (-3
(a,b,c) = (—%, %, %) Moreover, we have

11 1 8 1
Fi(-2-2121—s)=-(8—4s—s?) =—oF (—2,—=;—-2;
2 1( "9 g0 S) 3( § 5) 32 1< Y 7S>7

so that all together the composition gives the map

1 (s — 4
s =
2752

to

ot
D=
SN—

)

and the relation

2() = s 32(s).

Thus Z(f) satisfies (2.2) with (a,b,¢) = (=2, 2, 2) iff 2(s) satisfies (2.2) with (a,b,c) = (-2,
1
—3,-2).
27
To obtain the solution given in the third row from those in the first row requires a trans-
formation of degree 4 (see [23, formulas (25)—(27)] and [17, equation (131)]). Consider the
map

s(s +8)3

P G
s 64(1— 5)°

and the relation
2(t) = (1 — s)32(s).

Then Z(t) satisfies (2.2) with (a,b,c) = (%,—%,%) iff z(s) satisfies (2.2) with (a,b,c) = (%,%,%).
Finally, we use the Euler transformation,

7T 8 2 9 11 10 2
) —(1=38)zF [ = —.2.
2 1( 6) 373a8> ( 5)22 1(67 373a8>

to obtain the solution in the 3'¥ row.

There is furthermore a degree 6 transformation relating the solution in the first row of Table 1
to the solution in the first row of Table 2 (cf. [23, equation (28)], [17, equation (134)] and [,
Table 1]). Consider the map

27s%(s — 1)2

=
s A(s2— s + 1)3

and the relation

() = (1 — s+ s%)"22(s).
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Then Z(t) satisfies (2.2) with (a,b,¢) = (—3%,—%,—1%) iff z(s) satisfies (2.2) with (a,b,c) =

(—4,—1,-2). Furthermore s — 1 —s takes the solution to (2.2) with (a,b,¢) = (— é, g, -1

to the solution with (a,b,c) = (—%, -3 5) and an Euler transformation followed by s — 1 — s
again takes this to the solution with (a,b,c) = (2, —2,2) as given in row 1 of Table 2

Finally, consider the parametrisation given by

53

d
Y= 40—y — Q= —log— .
1 2 3 dq (S_l)gsg

We find that («, 8,7) is one of

4 11 211 211

kE'k’k)’ 3kk)’ 3’66/
For (a,p,v) = (%, %, %), we find that (a,b,c) = (%—;6, ’2—22, k—;l) For k = %, we obtain
(a,b,c) = (—4,2,—3). Let us relate the solution to the differential equation (2.2) with (a, b, c) =
(—4,2, —%) to the solution given in the second row of Table 2. For (a, 8,7) = (%, %, %), we find

that (a,b,c) = (k—]f, 3k—6 Q) We have

4k
131 1. 1 1 31 1 1
S TS R 11— —i4s(l—
o F1 (2 RERR k,S) o b1 (4 AV TR s( s)>
.s (1 33 3 1 4s(1—s)
=(1—4s(1— TargF | = — —, = — St [ i S A
(1= 4s(1 = 9))73 726 1<4 ok'4 2%k k’4s(1—s)—1>

and thus for k = %, we have

1 3 1 4s(1—ys)
Fi(—4.2—=:s) =(1—4s(1—9))2,F -2 —Z.——. 2~ 2/ ).
2 1( ) &y 273) < 3( 8)) 2 1( ) 27 2’48(1—8)—1>

Again s — 1 — s brings the solution to (2.2) with (a,b,c) = (=2,—3,—1) to the solution with

(a,b,c) = (—2, 3 ) and an Euler transform gives the solution with (a, b, c) = (—2, —1 —2).

27
For (o, 8,7) = (%, ,1), we find that (a,b,c) = (A28, Sh6 hrl) - For k = 2, this gives
2

1
Tk k 6k > 6k °
(a,b,c) = (—3,—%,—1). We have a degree 2 transformation of the solution to (2.2) with this

value to the solution in the first row of Table 2 given by the map

1
4s(s — 1)

E

s—=>t=—

and the relation

(1) = (51— )3 2(s).

We have Z(t) satisfying (2.2) with (a,b,c¢) = (2,2, 2) iff 2(s) satisfies (2.2) with (a,b,c) =
(—%, —%, —3). Let us summarise the solutions to (5.3) with parametrisation given by (5.7) in
Table 3.
We also note that we have
1 12 33
2 Fy ( ; ;—2;3) = —7813( ek 2)(1 — 25) = —128s" + 25653 — 1445% 4 165 + 1,
4 2 1 16 w2 ( 3-3)
F(-2, -2 -Zis)=—22 27219
2 1( 37 37 278> 27F( ) % ( 8)7
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Table 3.
(v, B,7) (a,b,c) General solution to u” + 1V (s)u = 0
(6, %7 %) (_4,2’ _%) (25 — 1)(s(s — 1))4 T e 12854—25653+144s2—165 1
(i(s 1)1

2 33 4 2 1 5 7.5 (s—=1)% 1 5. 1
(5:2:2) | (=5 =5 —2) | als(s = 1)%2F (5, 5 5:8) a7 251 (5 85— 23 9)

7 5 5
(%aé?%) (07%7%) 01(8(8_1))§2F1 (%717%75)+625§(1_5)ﬁ

Comparing the parametrisation (5.7) with solutions of the form (2.3), we obtain (a,b,c)
(0, %, é) For this solution given in the third row, we obtain solutions of the form y(q) = —
Up to fractional linear transformations in the variable s, we have 7 classes of solutions to (1.2)
determined by the solutions to (5.2). They are given by the solutions with («, 3, ) either (3,3, 3)
or ( )5 3) for I(q) given by (5.4), («, 3,7) one of (2, ;, ;) (%,%,%) or (%,3, %) for I(q) given
by (5.5) and (e, B,7) either (6,3,3) or (2,3,3) for I(q) given by (5.7).

When o« = =+ =0, we have 7 = 0. The first order system (5.1) is the classical Darboux—
Halphen system and y = —2(Q; 4+ Q2 + Q3) satisfies Chazy’s equation (2.1). This system arises
as the anti-self-dual Ricci-flat equations for Bianchi-IX metrics (see [7, 22]).

QO

6 Examples of flat (2, 3, 5)-distributions

In [19], Nurowski associated to (2,3,5)-distributions a conformal class of metrics of signatu-
re (2,3). The fundamental curvature invariant of (2, 3, 5)-distributions appears as the Weyl ten-
sor of Nurowski’s metric. For (2, 3,5)-distributions Dp(,) determined by a single function F(q),
the metric is described in [6, 19]. The distribution D) on Myy.p, is encoded by the annihilator
of the three 1-forms

wy = dy — pdx, wo = dp — qdz, wg =dz — F(q)dz, (6.1)
and supplemented by the 1-forms
wy = dg, ws = dzx.

The coframe on My, ., is given by

Ql—wl—%(ng—wg) «92:%(F'w2—w;;),

0° = <1 - f(f,,(j;) w + 45;?,))2%,

ph_ <7(F(3)4);(;/j1)F”F(4)> (Fluss — ) + w1 — s, 0 = oy, (6.2)
(cf. [6]) and Nurowski’s metric

9Dy, = 20'60° —20°0" + 29393 (6.3)

has vanishing Weyl tensor (and hence conformally flat) iff Drp(q) has the split real form of G
as its group of local symmetries. There is a more elegant way to present Nurowski’s metric for
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the distribution Dp(,). Equivalently, we can encode the distribution by

w1 = wi = dy — pdzx,
1
w3 = wo = dp — qdx, (6.4)

) Flwy — ws) (F'(dp — qdz) — (dz — F(g)dx)),

with W4 = wy and w5 = ws. The coframe is then given by

3

1_ ~ ~ 2 3 _ ~ ~
0" = w1 — wo, 0% = Wy, Y :w3—mw27

T(FGN2 —4p'p@®N\ 3
9t = ( ( 4)0(F”)2 Wy + W4 — Ws, 05 = —@y4.

Let us take
F(q) = / / ez / 1@1dadqdq,

as in (4.6). This gives F" = e3 /1@4a, Nyrowski’s metric now has a very simple form given by

4
9Dy = 20107 = 200" + 20°0°

o o 4 5 I_ . 1 , I? -9
:2w2er,72w1w4+§(u)3) f§w2w3+1—0 I'— — ) (02)~. (6.5)

The Ricci tensor of the above metric is

9
Rop0"0" = —— (61" — I*) (@4)*.
ab 120 ) (@)
We can consider conformal rescalings of the metric such that gp, , = Q2gDF(q) is Ricci flat. It

turns out that if we take Q = v(¢)~! > 0, then the Ricci tensor of the rescaled metric JDp(y 18
given by

Rop0"0" = 40% (400" + (61' — I?)v) (@4)?, (6.6)
so the appropriate conformal scale v(q) can be found by solving the differential equation in (6.6)
(cf. [24, Proposition 35]). In the first part of this section we consider the conformally flat met-
rics (6.5) obtained by solving (1.2) using the solution (2.3). Next, we then consider the solutions
obtained from different parametrisations of the generalised Chazy equation given by (5.4), (5.5)
and (5.7). We also consider conformally flat metrics obtained from solving the Legendre trans-
form of (1.2). This involves computing the coframe for the metric under the Legendre transform.
Finally, we consider the metrics obtain from Chazy’s solutions given by (3.2). The metrics asso-
ciated to (2,3, 5)-distributions D, of the form F(q) = ¢ where m € {-1, %, %, 2} are given
in [18].

6.1 Chazy’s solution

In order to express Nurowski’s metric associated to flat (2,3,5)-distributions obtained from

solving (1.2), we have to switch independent variable s and dependent variable ¢g. In other

words we pass to coordinates (z,vy,z,p,s) with ¢(s) = 28 where z1(s), z2(s) are given in

Corollary 3.2.
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Let us first consider solutions of the form
I(g(s)) = 6~ log 21(s)
q(s)) = a7 og z1(s

as in Corollary 3.2. Observe that

/I(Q)dq = 6log 21

and so

F(q) = // ez [1@dagqqq = //(Zl)gdqu-

For this parametrisation we have

2129 — 2221
dg = ——+—d

so that

Flq(s)) = / (/21(212‘2 —zg,él)ds> st.

Let us denote
K(s) = /21(212‘2 — 2z9%1)ds.

Theorem 6.1. Let z1(s), z2(s) be two linearly independent solutions to (2.2) with (a,b, c) given
by one of the list in Corollary 3.2. Let Do denote the (2,3,5)-distribution on Myy.ps associated
to the annihilator of

w1 =dy — pdax,

by = f;(‘;; <dp— de> - (21)3 (dz - </K(S)st>dx> :

z
wg =dp — Z—zdx.
1

Supplement by the 1-forms

21%9 — 2271
(21)

Then Nurowski’s metric (6.5)

(:}4 = dS, (:)5 =dz.

- - 4 - 22121 o~
9D = 25 — 210y + g(WS)Q - oW
Z1R9 — 9%
+ § < (21)3,:7,:1 . (21)32}2(2122 — ZQél)) ((,:}2)2
5 (21?;’2 — 227;1)2 (2122 — 2221)3

has vanishing Weyl tensor (and hence conformally flat) and D¢ has the split real form of Ga as
its group of local symmetries.
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Let us provide an explicit example given by Corollary 3.2. It turns out for the values of
(a,b,c) obtained in Corollary 3.2, the solutions can be given by elementary functions. For

(a,b,c) = (—%, %, %), the solutions to the hypergeometric differential equation (2.2) are given by

Wl

1 1 1
2(s) = pu(s = )5 PP (vs) + v(s — 1)5Q7 (Vs),
where P and ()} are the associated Legendre functions. This suggest passing further to the
variable 7 = /s, in which case (2.2) with (a,b,c) = (—%,2,1) becomes

1 / 1, 5 _
T =2 () = Sr () + 2 2(r) = 0. (6.7)

The general solution is now given by the elementary functions
2r)=cr(r—1)3G3r+1) +ca(r+1)3(3r — 1).
There is thus a 4-dimensional space of solutions given by

(Br+1)+ca(r+1)
(Br+1)+ca(r+1)

(3r — 1),
(3r — 1),

z1(r) =c1(r—1)

zo(r) = c3(r —1)

W= Wl
W= =

where ci1c4 — cocg # 0. We also note that in the case (a,b,c) = (—%, %, %), the change of variable

r = +/1 — s brings (2.2) to (6.7), so that the two hypergeometric ODEs with (a, b, ¢) = (—%, %, %)
and (—%, %, %) can be brought to the same equation (6.7) by a coordinate transformation.
Moreover, since

25 2 4 5 2
P =22 20051 =) ) =R (2,2, %,
2 1( 3,6’3’ S( S)) 2 1( 3,37375)7

if we take r = /1 —4s(1 —s) = 2s — 1, we can pass from (2.2) with (a,b,c) = (—%,
equation (6.7). Also compare with the second row of Table 1.
We now pass to coordinates on My, ., and take for a simple example

)to

wlot
win

)

alr)=ca(r—1)3G@r+1),  z(r) =co(r +1)3(3r — 1)
where c¢1, ¢y are non-zero constants. We also make use of

ds = 2rdr.

Here we have K(r) = —16(c1)%ca(r — 1)%(7" + 1)% We have

Proposition 6.2. Let c¢1, ca be non-zero constants. Let Dy denote the (2,3, 5)-distribution on
My associated to the annihilator of
wy = dy — pdu,
1 2
—16 1)3 1 16(c2)? 1)3
Dy = cr 1)y g - ~dz + GG L
cr(r—1)3(3r +1)3 (c1)*(r =1)(3r +1) (c1)2(r —1)3(3r + 1)3
1

co(r+1)3(3r—1)
ci(r—1)3(3r +1)

w3y =dp — dz,

and supplemented by the 1-forms
. 1662
3c1(3r + 1)2(r — 1)5(r + 1)3

Wy =

dr, ws = dux.
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Then Nurowski’s metric (6.5)

4 (3r—2)3r+1)(r—1)3(r+1)3
. -~ - c1(3r — T r—1)3(r 3.
gD, = 2Waws — 2W1wa + g(&)g)Q + ! 9, Wows

3(c1)2(r — 1)3(3r+ 1) (r + 1)3

+ 64(c2)? (@)2

has vanishing Weyl tensor (and hence conformally flat) and Dy has the split real form of Ga as
its group of local symmetries. The Ricci tensor for this metric is

6
apnb __
Rp,0%0° = 2_ldrdr.

Rescaling this metric by

(3r+1)(r —1)3
ay(r — 1)% —ag(r + 1)%

q_1_4
v 3

where a1 and ay are constants, the conformally rescaled metric gp, = Q%gp, given by

R (G Vi Gl VI Dol — 2onn + 2 (3s)?
gDo_9(a1(r—1)%_a2(r+1)%)2 <2 25 — 2W1 4+3( 5)
n c1(3r —2)(3r +2lc)2(r —1Ds(r+ 1)3w2w3 N 3(c1)2(r — )61((?:;; D+ 1)} (w2)2>

is both Ricci-flat and conformally flat.

6.2 Other parametrisations of the generalised Chazy equation
Instead of choosing I(q) = 6(% log 71, we can consider the parametrisation
d $°

1 —log —+——

(4) = dq %8 2(s —1)2

given in (5.4). In this case

o ffarsson- [ g

and the corresponding metric associated to the (2, 3,5)-distribution Dp(,) gives the following

N\CO

Theorem 6.3. Let s(q) be a solution to (5.2) with («, 3,7) given by one of

11 1 1 11
(37373)7 (37 §7 3> ) (3737 3> ) <37 373> .

Let Dy denote the (2,3,5)-distribution on Myy.pq associated to the annihilator of

.3
w1 = dy — pdax, wo = dp — qdz, w3 =dz — <// i dqdq) dz.

Supplement by the 1-forms

wy = dg, ws = dz,
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and take the coframe on Myy.pq to be given by (61,0%,63,0%,0%) as in (6.2) where

F(q) = // S(ji)dqdq

Then Nurowski’s metric
4
gp, = 20'0° — 20%6* + 59393

has vanishing Weyl tensor (and hence conformally flat) and Dy has the split real form of Ga as
its group of local symmetries.

To obtain explicit examples, it is useful to switch the independent variable ¢ and the depen-
dent variable s. We pass to the variables (z,y, z, p, s) with ¢ = Z?Ez;
independent solutions of (5.3) given in Table 1. Note that up to fractional linear transforma-
tions in the variable s, we only need to consider the solutions to (5.2) with the values of («, ,7)
given by either (3,3,3) or (3, %, %) for the parametrisation given by (5.4). Note the symmetry
permuting 8 and ~.

A computation shows that W (u1,u2) = ujta — uyug is constant, which we can normalise to

set W(uy,uz) = 1. We have

where u; and uo are linearly

ulﬂg — uyll 1

d e dS = dS
T T W) (u1)?
and
1 2
RS
so that

rao) = [ ([ 5 mp) mpt= | ([ son®) e

Let us denote

K(s) = /s(suil)ds.

Theorem 6.4. Let ui(s), ua(s) be two linearly independent solutions to (5.3) subject to the
constraint W(uy,u2) = 1 with («, 5,7) given by Table 1. Let Dy denote the (2,3,5)-distribution
on Myy.ps associated to the annihilator of

K
wyp = dy — pdz, wy =dp — UL(S)dx, w3 =dz — / (Sg ds |dx.
u1(s) (u1)

We pass to the annihilator 1-forms given by (6.4) to obtain

~ - s(s—1 - uo (s
w1 = w1 :dy—pdﬂf, w2 = ((ul)S)(KWQ _W3)) w3 = w2 :dp— ufgsidfﬁa
with
1
Wy = Wy ds, ws = wy = dx.
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Take the coframe on Myy.ps to be given by

2 .
6! = &1 — o, 0% = &9, 0% = o3 — _(wm)” (3;‘13(3 —1)— (25 — 1)) @9,
1

4s(s — 1)
4 (452 —4s—1 10(2s — 1) iy i\ ?
gt — (1) _10@s—Dag (T o
10 205 1) +3V{(s) s=1) w +15 " W + Wy — Ws,
0° = —@a.

Then Nurowski’s metric
4
gp, = 20160° — 20%6* + §9393
2uq(3s(1 — s)uy + (25 — l)ul)@ﬂ}3
3s(s—1)

() (9V(s)s*(s = 1)* — 8(s* — s + 1)) (@2)?
60(s — 1)2s2 2

4
= 25 — 2010y + g((l)g)z

has vanishing Weyl tensor (and hence conformally flat) and Dy has the split real form of Ga as
its group of local symmetries.

The analogous results hold for I(q) given by the formulas in (5.5), (5.6) and (5.7). If we take

d §3
I q 710g7,
(@)= dg 7 s2(s—1)2

as in (5.5), we have the corresponding (2, 3, 5)-distribution associated to

- If o

Theorem 6.5. Let s(q) be a solution to (5.2) with (a, B,7) given by (%,%,%), (%,3, %) or

(%, %, %) Let D, denote the (2,3, 5)-distribution on Myy.,, associated to the annihilator of

.3
w1 = dy — pdz, wo = dp — qdz, wg = dz—<// 21 dqdq)dx
s(s —

Supplement by the 1-forms

N\DD

wy = dg, ws = dz,

and take the coframe on Myy.pq to be given by (0%,0%,63,0%,0°) as in (6.2). Then Nurowski’s
metric (6.3) has vanishing Weyl tensor (and hence conformally flat) and Ds, has the split real
form of Go as its group of local symmetries.

Similarly, for I(q) given by (5.7), that is to say

53

d
I :71 R —————
(q) dq Ogsz(s_l)f)?

we have the corresponding (2, 3, 5)-distribution associated to

/ / dqdq
S 4

w\w
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Theorem 6.6. Let s(q) be a solution to (5.2) with (a,B,7) given by (6,3,3), (3,3,3) or
(2 L l) Let Ds, denote the (2,3,5)-distribution on Myy.pq associated to the annihilator of

37676
%
w1 = dy — pdz, wo = dp — qdx, wy =dz — <// dqdq) dzx.
34 (s—1)1

Supplement by the 1-forms
Wy = dQ7 W5 = dx7

and take the coframe on Myy.pq to be given by (01,6%,63,6%,0°) as in (6.2). Then Nurowski’s
metric (6.3) has vanishing Weyl tensor (and hence conformally flat) and Ds, has the split real
form of Ga as its group of local symmetries.

6.3 Legendre transformed coframe

The Legendre transform of Proposition 4.1 takes the 1-forms (6.1) to
wy = dy — pdzx, wy = dp — H'dxz, w3 =dz — (tH — H)dz,
wyg = H"dt, ws = dz,

where H = H(t) with H” # 0 on Mgy ., and the coframe (6.2) to

" "
91 = W] — H”(tWQ — w?,), 92 = H”(tWQ — W3), 9 <1 +1 H,,> w2 — 4H,,w3

AH"H'" — 5(H//l)2

4 _
0" = 40(H”)3

(tw2 — w3) + wq — ws, 0> = —Wwy.

Note that our H(t) is related to ©(z5) of [6] via Os5 = —H, t = x5. The Nurowski metric
4
g = 200> — 26%0* + 59393

has the only non-vanishing component of the Weyl tensor given by the left hand side term of
the dual ODE (4.2). This accounts for the appearance of equation (4.3) in [9]. The solutions
of the dual generalised Chazy ODE (4.5) with parameter i% give us further examples of flat

(2,3, 5)-distributions. We pass to (z,y, z,p, s) as before, with t(s) = qw”fg where w1 (s), wa(s)

are linearly independent solutions to (2.2) with (a, b, ¢) one of

L 152 152
112'2) 412'3)° 26°3)

I({erle ;vthave taken k = % Note that the equations (2.2) for (a,b,c) = (—%,%,%) and

— 1> 199 3) are equivalent by a linear transformation and thus the solutions to each equation can
be expressed as linear combinations of the other, while the solutions for (a,b,c) = (—i, %, %)
and (—%, %, %) are equivalent by a quadratic transformation as before. However, the author does
not know if the solutions in these cases can be expressed by elementary functions. We consider

once again solutions to (4.5) of the form u(t) = 6% logwy. This gives

— / / (wy)idtdt,  H'(t) = / (wi)'dt,  H"(t) = (w1)".

For this parametrisation we have

wWLWe — Wyl
dt:#ds
(w1)
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and so

H = // w1 w1w2 wgwl)d wlwfw_;;&wl dS, H/ = /(wl)Q(wlwg — wQ’Lbl)dS.
1

We therefore obtain

wy = dy — pdz, wy =dp — /(wl)z(wle — watiy )dsdz,

w2

wg =dz — < /(w1)2(w1w2 — woty)ds
// w1) w1w2 — woty)ds withy — Wty ds) dz,

(w1)?

Wy = (w1 (wig — woty)ds, =dz

and the adapted coframe for Nurowski’s metric is
w w
0" = wy — (w1)4 <2w2 — w3> , 0% = (w1)4 <2w2 — w;z,) ,
wy wi

93 — 1 + w Wy — wl—u‘)lw:s
w1 — Wt withg — wothy

94 _ 2(’11'}111‘)2 —11')211]1) <’U)2

—wy — - 0° = —wy. 6.8
5(wythy — wathy )3 w1w2 w3>+w4 ws, ! (6.8)

Equivalently, we can take

~ ~ 4 [ W2 ~
w1 = wi, Wy = (wr) (wa — w3> , W3 = wo
1

with W4 = wy and W5 = ws. The coframe is then given by
w1
(w1)?(witbg — wotirn)

o = W] — Wa, 922@2, 032@34- wa,

2ty 1y — gy )

9t = Qo+ @Oy — 05, 05 = —Qy. (6.9)

5(w1 ) (withy — watiy )3

Proposition 6.7. The Nurowski metric
4
g =200 — 29294-+»§0303

given by the above coframe (6.8) for wi(s), wa(s) linearly independent solutions to the hyperge-
ometric differential equation (2.2) with (a,b,c) one of

sl 152 152
112'2) £12'3)° 2'6'3

are all conformally flat. For each (a,b,c) there is a 4-dimensional family of solutions. Up to
fractional linear transformation in the variable s there are 2 distinct classes given by the last
two entries.

In addition, the Legendre transformation of Lemma 4.2 given by

3

wy, = (2’1)74, Wy = (Zl)fg /21(2’12}2 — 2221)(18



24 M. Randall

takes the coframe (6.9) to the coframe in Theorem 6.1 and conversely so. The Legendre transform
also applies to the coframes given in Theorems 6.3, 6.5 and 6.6. We also have the analogous
results of Section 6.2. Up to fractional linear transformations in s we have 7 classes of solutions
to the generalised Chazy equation (4.5) determined by s(t) satisfying (5.2). These are given by
the parametrisations in Section 5 and the corresponding values for («, 8,7) can be computed
for the parameter k = §. For the parametrisation

Oy ——
3
4

the values for (o, 3,7) are given by either (%, 3 %) or (%, 3 %) For

22
s3(s—1)

(o, B,7y) takes the values of (%, %, %), (%, %, %) or (2 2, %) For

// T,
33 (s—1)3
8

we obtain (3, oL 3) or (3, 5 g).
The Legendre transform therefore provides seven further classes of flat Nurowski metrics up
to fractional linear transformations in s.

6.4 Additional examples

The solution (3.2) for k = +2 gives I(q) = —
given by

% - %. Hence, the metric (6.5) on Mgy .pg

- .4,

IDpy = 20205 — 201004 + g(&)g)
+< s, 10 )ww + 4B Oy (i3)?
9¢+C) " 9¢+B)) T 27(g+ B) ¢+ C)

is conformally flat. In the dual coframe the flat metric (6.5) on My, is given by

g = 20905 — 20104 + g(@3)2

2
+ 9u< t)el —5ud g, T35 (9u(t) = du(t)?)e —5u®d(g,)2) (6.10)
where u(t) satisfies the generalised Chazy equation (4.5) with parameter k = +3. The solu-
tion (3.2) for k = £3 gives u(t) = —ﬁ W and substituting this into (6. 10) gives the
conformally flat metric
4 2
9= 2nios — 2nGa + 5(@s)” - %6(& —5b— 3a)(t — a)? (t — b)2@nws
4 @(t CB)2(t — @)} (4t — 3a — b)(@s)2.

To summarise the results of this section, we first presented different examples of Nurowski
metrics that are conformally flat up to fractional linear transformation in the variable s. Two
examples are given in Theorem 6.3, three examples are given in Theorem 6.5 and two more
in Theorem 6.6. Seven additional examples are obtained from the Legendre transform as in
Proposition 4.1. We also have 2 additional examples from the solutions of the form (3.2). Finally,
there are examples associated to distributions of the form F(q) = ¢, where m € { 1,1 53 2}
and passing to the dual coframe, distributions of the form H(t) = ™, where m € { —2,— 2, 3 2}
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7 An—Nurowski circle twistor bundle

In [5], An and Nurowski showed how to associate to a split signature conformal structure [g]
on a 4-manifold M* a natural (2,3,5)-distribution. 4-dimensional split signature conformal
structures admit real self-dual totally null 2-planes. The bundle of such 2-planes is a circle
bundle over M* with fibres S' [5]. This is called the circle twistor bundle T(M?*) and it has
a rank 2 distribution given by lifting horizontally the null 2-planes on M*. This distribution is
non-integrable, i.e., defines a (2, 3, 5)-distribution whenever the self-dual part of the Weyl tensor
of g on M* is non-vanishing. Moreover in [6], the authors presented split signature conformal
structures on M* that give rise to (2,3, 5)-distributions of the form Dp(q) on T(M*). Such split
signature metrics are called Plebariski’s second heavenly metrics in [6].

Following [6, Section 3|, we can find these metrics that have a flat circle twistor bundle.
Such circle twistor bundles have split Ga as their group of symmetries. Let (w,x,y,z) be
local coordinates on M*. Let © = ©(w, z,y, z) be an arbitrary function of 4 variables (second
heavenly function of Plebanski). Let (e;) be an orthonormal frame on M* and (#7) the dual
coframe satisfying 67 (e;) = 67;. The split signature Plebariski metric is given by

g =gi;0° ® 67 =20"6% + 2030*,
where 007 = 10'® 67 + 10/ © 0" and
0" = dr — Oyydw + Oyydz, 0? = dw, 0% = dy — ©,,dz + Oyyduw, 0* = dz.

Hence g12 = g34 = 1 and all other components are zero. Such split signature metrics admit a real
parallel spinor [15]. A computation shows that the connection 1-forms we need are given by

Iy = —0yy06? + Oyeat?, [hs = —Oyy0° + Oyy.6",
Fgl = @meQ - @z:m:94a F33 = @ywaQ B @yzxe4-

Using [6] and Nurowski’s notes [20], we find that the (2,3, 5)-distribution on T(M*) is annihi-
lated by the following three 1-forms:

wd =dg + T3 + (M —T1)¢ - T'¢?
= dé + (Oyas + 20yyaé + Oyyy€?) 0% — (Opan + 2002 + Hyyo?)0?
= dé + (Oyaa + 20yy2€ + Oyyy ) dw — (Opap + 2042€ + Oyye?)dz

and

wh = £0* 4+ 02 = ¢dz + dw,
W’ =603 — €0 = dy — O4,dz + Oyydw — E(dz — Oyydw + O, d2)
= dy — {dz — (Ogg + {Ozy)dz + (Ozy + {Oyy)dw.

The distribution is therefore annihilated by the 1-forms

@ = d€ — (Opuz + 3Oyaaé + 30yye® + Oy &¥)dz,  @F = ¢&dz + duw,
@° =dy — €dx — (Oga + 26O,y + €20, ) dx.

Following [6], we now pass to the new coordinates (%, 7, Z, p,t) on T(M?)

x — t, w Y zZ T, —&— D, y— Z— pt.
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We obtain the distribution annihilated by the following 1-forms:

o = —dp— Adz, &' = —pdi + dy,

@©° = dz — pdt — tdp + pdt — Bdz = dz — tdp — Bdz = dz + (tA — B)di,
where A and B are coordinate transforms of the functions

A(w, x,Y,z, é) = Gxx:v + 39ywx§ + 36yya:§2 + nyyfgy
B(w,z,y,2,§) = Oy + 2£O4y + §2®yy

respectively. This suggests taking
A=—H'(t),B=—H(t)

to obtain the Legendre transformed 1-forms in Section 6.3. Passing back to coordinates (w, x, y,
z,€) on T(M*), this gives

—H'(2) = Ora + 30y20€ + 3028”4 Oy, 6,
—H(ZL‘) = Qxx + 2£@my + 52@yya

so that

Oz) = — / / H(z)dzda

will satisfy the condition. We have O, = —H(z). We have the following theorem.

Theorem 7.1. The An-Nurowski twistor distribution D on the circle twistor bundle T(M?*) —
M* of (M*, g) with the Plebariski metric

g = dwdx + dzdy + H(x)dz>

and the function H(x) has split Go as its group of local symmetries provided that H(x) is one
of the following up to fractional linear transformations in s:

1. The function H(x) is given by
$2
1) = [[
s3(s—1)3
where s(x) is a solution to the 3™ order ODE (5.2)

{s,z} + S;V(s) =0

with (o, B,7) given by either (%, %, %) or (%, %’ %)

2. The function H(x) is given by

H(x) = // Sg(tjil)dmdx,

where s(z) is a solution to (5.2) with («, 8,7) one of (%, %, %), (%, %, %) or (2 2, l).
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3. The function H(x) is given by

// ——dadz,
§3—1§

where s(z) is a solution to (5.2) with (o, 8,7) either (%, %, r
4. The function H(x) is given by H(x) = 2™ where m € { 2, —%,%
5. The function H(x) is given by

Hiz) = 1 Va+C4x+3B+C)
YT T2 VaiBB-Cp

This corresponds to the solution obtained from (3.2).

6. The function H(x) is the Legendre transform of the function F(q) with ¢ = H'(x) and
H(x) = qv — F(q) = 2H'(x) — F(H'(x)).

In this case F(q) can be given by one of the following:

——dgd
// (s—1) e

where s(q) is again a solution to the 3™ order ODE (5.2) with (a, B,7) one of (3,3,3) or

(3.5:3)-
/ / ————dqdg,
s — 1

where s(q) is a solution to (5.2) with («, 5,7) one of (%, %, %), (%,3, %) or (%, %, %)

// ———5dqdg,
54 S — 1

where s(q) is a solution to (5.2) with («, 8,7) one of (6, %, %) or (%, %, %)

M\w

M\W

M\w

(d) F(q) =4q™,

where m € { 1,1 35 3,2}

1(g+B)i(g+0)s
6 (B-C2

(e) Flg) =~
again corresponding to the solution (3.2).
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