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Abstract. For each irreducible module of the symmetric group on N objects there is
a set of parametrized nonsymmetric Jack polynomials in N variables taking values in the
module. These polynomials are simultaneous eigenfunctions of a commutative set of opera-
tors, self-adjoint with respect to certain Hermitian forms. These polynomials were studied
by the author and J.-G. Luque using a Yang-Baxter graph technique. This paper con-
structs a matrix-valued measure on the N-torus for which the polynomials are mutually
orthogonal. The construction uses Fourier analysis techniques. Recursion relations for the
Fourier—Stieltjes coefficients of the measure are established, and used to identify parameter
values for which the construction fails. It is shown that the absolutely continuous part of
the measure satisfies a first-order system of differential equations.
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1 Introduction

The Jack polynomials form a parametrized basis of symmetric polynomials. A special case of
these consists of the Schur polynomials, important in the character theory of the symmetric
groups. By means of a commutative algebra of differential-difference operators the theory was
extended to nonsymmetric Jack polynomials, again a parametrized basis but now for all poly-
nomials in N variables. These polynomials are orthogonal for several different inner products,
and in each case they are simultaneous eigenfunctions of a commutative set of self-adjoint ope-
rators. These inner products are invariant under permutations of the coordinates, that is, the
symmetric group. One of these inner products is that of L? (TN, K,{(x)dm(a:)), where

TV :={zeC": |z;]=1,1<j <N},

dm(z) = (2r)"Ndb; - - - dby, xj = exp(if;), —m<f;<m1<j<N,
1
K — .2 .
() H i — 2 B>
1<i<j<N

defining the N-torus, the Haar measure on the torus, and the weight function respectively.
Beerends and Opdam [1] discovered this orthogonality property of symmetric Jack polyno-
mials. Opdam [12] established orthogonality structures on the torus for trigonometric polyno-
mials associated with Weyl groups; the nonsymmetric Jack polynomials form a special case.

*This paper is a contribution to the Special Issue on Orthogonal Polynomials, Special Functions and Applica-
tions. The full collection is available at http://www.emis.de/journals/SIGMA /OPSFA2015.html


mailto:cfd5z@virginia.edu
http://people.virginia.edu/~cfd5z/
http://dx.doi.org/10.3842/SIGMA.2016.033
http://www.emis.de/journals/SIGMA/OPSFA2015.html

2 C.F. Dunkl

Details on the derivation of the norm formulae can be found in the treatise by Xu and the
author [6, Section 10.6.3]. The weight function K, turned out to be the square of the base
state for the Calogero—Sutherland quantum mechanical model of N identical particles located
at x1,9,...,xy on the circle with a 1/r? potential. This means that the particles repel each
other with a force corresponding to a potential C|z; — xj|72. See Lapointe and Vinet [10] for
the construction of wavefunctions in terms of Jack polynomials for this model. More recently
Griffeth [8] constructed vector-valued Jack polynomials for the family G (n,p, N) of complex
reflection groups. These are the groups of permutation matrices (exactly one nonzero entry in
each row and each column) whose nonzero entries are n” roots of unity and the product of these
entries is a (n/p)™ root of unity. The symmetric groups and the hyperoctahedral groups are the
special cases G(1,1, N) and G(2,1, N) respectively. The term “vector-valued” means that the
polynomials take values in irreducible modules of the underlying group, and the action of the
group is on the range as well as the domain of the polynomials. The author [3] together with
Luque [5] investigated the symmetric group case more intensively. The results from these two
papers are the foundation for the present work.

Since the torus structure is such an important aspect of the theory of Jack polynomials it
seemed like an obvious research topic to find the role of the torus in the vector-valued Jack case.
Is there a matrix-valued weight function on the torus for which the vector-valued Jack polyno-
mials are mutually orthogonal? Some explorations in the N = 3 and N = 4 situation showed
that the theory is much more complicated than the ordinary (scalar) case. For two-dimensional
representations the weight function has hypergeometric function entries (see [4]); this is quite
different from the rather natural product  []  |z; — z;]|*", a power of the discriminant.

1<i<j<N

In this paper we will produce a matrix—_valju_ed measure on the torus for which the vector-
valued nonsymmetric polynomials are mutually orthogonal. The result applies to arbitrary
irreducible representations of the symmetric groups. In each case there is a permitted range
of the parameter. We start with a concise outline of the definitions and construction of the
polynomials using the Yang—Baxter graph technique in Section 2, based on [3] and [5]. Section 3
contains the construction of the abstract Hermitian form which is designed to act like an integral
over the torus; that is, multiplication by a coordinate function x; is an isometry. The method
is algebraic and based on the Yang—Baxter graph. In Section 4 we use techniques from Fourier
analysis to produce the desired measure. The Section begins by using the formulae from the
previous sections to define the hypothetical Fourier-Stieltjes coefficients, defined on Z~ which
is the dual group of the torus, a multiplicative group, and then applying a matrix version
of a theorem of Bochner about positive-definite functions to get the measure. There is an
application of approximate-identity theory using a Cesaro kernel to construct a sequence of
positive matrix-valued Laurent polynomials which converges to the orthogonality measure.

Section 5 develops a recurrence relation satisfied by the Fourier—Stieltjes coefficients of the
orthogonality measure. The relation allows an inductive calculation for the coefficients (but
actual work, even with symbolic computation software, may not be feasible unless the dimensions
are reasonably small), and it describes the list of parameter values (certain rational numbers)
for which the construction fails.

The scalar weight function on the torus

KH(IL‘) = H {(:L',L —IE]')(ZL‘;I —$;1)}H
1<i<j<N
satisfies a first-order differential system,

0
VE=)

T+ 2

, 1<i<N.
ZCi—.%'j
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In Section 6 we show that there is an analogous matrix differential system which is solved in a
distribution sense by the orthogonality measure. We outline a result asserting that the orthog-

onality measure restricted to the complement of |J {z:x; = x;} is equal to an analytic
1<i<j<N

solution of the differential system times the Haar measure dm. Finally there is Appendix A

containing some technical background results.

2  Vector-valued Jack polynomials and the Yang—Baxter graph

This is a summary of the definitions and results from [3] and [5]. For r = (21,...,2n) € CN
the monomial z® = le , a = (a1,...,ay) € NV, |a] = Zaz, No = {0,1,2,3,...}

and o is called a multl 1ndex or a composition of |a|. We denote tvvo distinguished elements
by 0 = (0,0,...,0), and 1 = (1,1,...,1). The degree of % is |«|, and a polynomial is a finite
linear combination of monomials. The linear space of all polynomials is denoted by P, and
P, = span{z®: |a| = n} is the subspace of polynomials homogeneous of degree n. The specific
polynomials considered here have coefficients in Q(x) where & is transcendental (indeterminate)
but which will also take on certain real values. The multi-indices o have an important partial
order: let at denote the nonincreasing rearrangement of «, for example if o = (1,2,1,4) then
at = (4,2,1,1). Let Név’+ denote the set of partition multi-indices, that is, {\ € N{': Ay >
Ao > > AN

Definition 2.1.

7 J
a=f =) ;<Y B, 1<i<N,  a#p
= L

a<df <= (lo|=18) A [(a" <87 V(e =5 Aa<p)].
For example (3,2,1) < (0,2,4) < (4,0,2), while (4,1,1), (3,3,0) are not <-comparable. The

symmetric group Sy, the set of permutations of {1,2,..., N}, acts on CV by permutation of
coordinates. The action is extended to polynomials by wp(z) = p(zw) where (zw); = Ty
(consider x as a row vector and w as a permutation matrix, [w]ij = J; (j), then Tw = x[w]).

This is a representation of Sy, that is, wi(wap)(z) = (wap)(zw1) = p(rwiwse) = (wiws)p(z) for
all wy,wy € Sy.

Furthermore Sy is generated by reflections in the mirrors {x: z; —z; = 0} for 1 <i < j < N.
These are transpositions, denoted by (i, j), interchanging x; and z;. Define the Sy-action on
a € N} so that (zw)® = z%

that is (wa); = ay,-1(;) (take a as column vector, then wa = [w]a).
The simple reflections s; := (i,i+ 1), 1 <i < N — 1, generate Sy. They are the key devices
for applying inductive methods, and satisfy the braid relations:

sisj = sjsi, ”L — j| Z 2;
S$iSi+18i = Si4+15iSi+1.

We consider the situation where the group Sy acts on the range as well as on the domain
of the polynomials. We use vector spaces (called Sy-modules) on which Sy has an irreducible
unitary (orthogonal) representation: 7: Sy — O (R) (7(w)™! = 7(w™1) = 7(w)T). See James
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and Kerber [9] for representation theory, including a modern discussion of Young’s methods. We
will specify an orthogonal basis and the images 7(s;) for each 4, which suffices for our purposes.
Identify 7 with a partition of N: (7, 72,...) € Név’+ such that || = N. The length of 7 is
¢(t) = max{i: 7; > 0}. There is a Ferrers diagram of shape 7 (this diagram is given the same
name), with boxes at points (i,7) with 1 <4 < ¢(7) and 1 < j < 7;. A tableau of shape 7 is
a filling of the boxes with numbers, and a reverse standard Young tableau (RSYT) is a filling with
the numbers {1,2,..., N} so that the entries decrease in each row and each column. We exclude
the one-dimensional representations corresponding to one-row (V) or one-column (1,1,...,1)
partitions, that is, we require dim V; > 2. The hook-length of the node (i, j) € 7 is defined to be

hook(734,7) i= 7 — j+ #{k: i <k < LT)Nj <7} + 1.

We will need the key quantity h, := hook(7;1,1) = 7 + ¢(7) — 1, the maximum hook-length of
the diagram.

Example 2.2. Here are the Ferrers diagram, a (column-strict) tableau, and an RSYT, all of
shape (5, 3,2)

00000 00123 107 4 2 1
OO0 , 12 2 , 9 6 3
0 0 2 4 8 5

Denote the set of RSYT’s of shape 7 by Y(7) and let V; := span{T: T' € Y(7)} (the field
is C(k)) with orthogonal basis Y (7). Furthermore dimV; = #Y(r) = N!/ [] hook(r;1,j).
(i,9)er
For 1 <i¢ < N and T € Y(7) the entry ¢ is at coordinates (rw(¢,T"),cm(i,7T)) and the content
is ¢(i,T) := cm(i,T) — rw(i, T). Each T € Y(7) is uniquely determined by its content vector
[c(i, T)]X . For the example 7 = (3,1)

R L

the list of content vectors is [2,1,—1,0], [2,—1,1,0], [-1,2,1,0]. To recover T from its content
vector fill in the entries starting with N, then N — 1 (¢(N — 1,T) = +1) has two possibilities
and so on.

Example 2.3. The list of Y(7) for 7 = (3,1,1), N =5

5 2 1 5 31 5 3 2 5 4 1 5 4 2 5 4 3
4 .4 . |4 N N )
3 2 1 2 1 1

The corresponding list of content vectors is [2,1,-2,—1,0], [2,—2,1,—1,0], [-2,2,1,—1,0],
2,-2,—1,1,0], [-2,2,-1,1,0], [-2,—1,2,1,0].

The representation theory can be developed using the content vectors in place of tableaux;
this is due to Okounkov and Vershik [14].

2.1 Description of the representation 7

The formulae for the action of 7(s;) on the basis )(7) are from Murphy [11, Theorem 3.12].
Define b;(T') := 1/(c(i,T) — c(i + 1,T)). Note that ¢(i,T) — c¢(i + 1,T) = 0 is impossible for
RSYT’s. If |¢(i,T) — c(i + 1,T)| > 2 let T € Y(r) denote T with i, i + 1 interchanged. The
following describes the action of 7(s;) (in each case there is an informal subrectangle description
of the relative positions of ¢ and ¢ 4+ 1 in T7; in cases (3) and (4) ¢ and ¢ + 1 are not necessarily
in adjacent rows or columns)
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1. Ifrw(i,T) =rw(i+ 1,T) then 7(s;)T = T'; position is [i + 1,4, b;(T") = 1.

2. If em(i,T) = cm(i + 1,T) then 7(s;)T = —T; position is {Z —Iz_ 1], bi(T) = —1.

3. if rw(i,T) < rw(i + 1,7) (then cm(¢,T) > cm(i 4+ 1,7")), position [’Lil i], c(i,T) >
(ecm(i+1,T)+1)— (rw(i+1,T) — 1) > c(i+1,T) +2, 0 < b;(T) < % then

()T = T + b(T)T,
7(s)TW = (1 - b(T)*)T — by(T)TW.

4. if rw(i,T) > rw(i+ 1,T) (and cm(i,T) < cm(i + 1,7T)), position E ! —: 1}; the formula
is found in case (3) interchanging 7' and T, and using b;(T) = —b;(T™).

To eliminate extra parentheses we will write 7(3, j) for 7((¢, j)); where (4, j) is a transposition.

There is a (unique up to constant multiple) positive Hermitian form on V; for which 7 is
unitary (real orthogonal), that is (7(w)S1, S2)o = (S1,7(w) 1S2)g = (S1,7(w)*Sa)o, (51,52 €
Vi, we Sy):

Definition 2.4.

/ o _ 1 /
(T,T"), = dp % 1<@-£I<N (1 T <G T))2> , T, T €Y(r).
e(i,T)<e(j,T) -2

The verification of the unitary property is based on the relation
(T, 7D = (1= b:;(T)*)(T, T)o

when 0 < b;(T) < 3. Each 7(w) is an orthogonal matrix with respect to the orthonormal

basis {(T,T), 27,17 ¢ Y(r)}. The basis vectors T are simultaneous eigenvectors of the
N
(reverse) Jucys-Murphy elements w; := > (i,7) (with wy = 0), which commute pairwise
J=i+1
and 7(w;))T = ¢(i,T)T, for 1 < ¢ < N (see [11, Lemma 3.6]); as usual, 7 is extended to
a homomorphism of the group algebra CSy by 7 (>, bpw) = >, byT(w).

2.2  Vector-valued nonsymmetric Jack polynomials

The main concern of this paper is P, = P ® V., the space of V; valued polynomials in x, which
is equipped with the Sy action:

w(z®*®T) = (z2w)* @ 7(w)T, aeNY, T e Y(r),
extended by linearity to
wp(z) = T(w)p(zw),  p€ P

Definition 2.5. The Dunkl and Cherednik—Dunkl operators are (1 <i < N, p € P;)

Dip(z) := 8;p(x) + K Z G, j)p(:c) — p(z(i, 7)) |

PR
j#i v

i—1
Up(z) := Dy(wip(x)) — kY 70, )p((i, 1))-
i=1
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The commutation relations analogous to the scalar case hold, that is,

'D{Dj = DjDi, uiuj = Z/{jui, 1< i7j < Nv
wD; = Dw(i)w, Yw € SN, Sjui = uisja ] 7é t— 1,1,

sillisi = Uiy1 + Ksi, Uisi = silli+1 + K, Uir15; = sill; — K.

The simultaneous eigenfunctions of {Uf;} are called (vector-valued) nonsymmetric Jack polyno-
mials (NSJP). For generic k these eigenfunctions form a basis of P, (we will specify the excluded
rational values in the sequel). They have a triangularity property with respect to the partial
order >. However the structure does not merely rely on leading terms of the type z* ® T. We
need the rank function:

Definition 2.6. For a e N}/, 1 <i< N
ro(i) =#{j:a; > a;} +#{j: 1 <j <, o = 4},
then r, € Sy.

A consequence is that 7, = o, the nonincreasing rearrangement of «, for any a € N} . For
example if a = (1,2,1,4) then r, = [3,2,4,1] and roa = at = (4,2,1,1) (recall wa; = Q=15 )-
Also r,, = I if and only if « is a partition (a1 > g > -+ > ay).

For each v € N} and T € Y(7) there is a NSJP (, r with leading term z*®7(r;!) T, that is,

Car =20 7(r;)T + Zxﬂ ® tas(k), tap(k) € Vr,

ar>f

UiCa,r = (i + 1+ ke(ra (i), T)) Cayrs 1<i<N.

2.3 The Yang—Baxter graph

The NSJP’s can be constructed by means of a Yang-Baxter graph. The details are in [5]; this
paper has several figures illustrating some typical graphs.
A node consists of

(Oé, Ta goz.Ta Ta, Ca,T)7

where a € N(J)V, a1 is the spectral vector & 7(1) = a; + 1 4 ke(ro(i),T), 1 <i < N. The root
is (0, To, [1 + ke, TO)LZL, I,1® TO) where Tj is formed by entering N, N —1,...,1 column-by-
column in the Ferrers diagram, for example 7 = (3,3,1)
7T 4 2
To=16 3 1|,  c(,Tp)=1[1,2,0,1,-2,~1,0].
)

There is an adjacency relation in )(7) based on the positions of the pairs {i,i + 1} and an
inversion counter.

Definition 2.7. For T € )(7) set
inv(T) == #{(i,5): i < j, c(i,T) — c(j,T) < —2}.

Recall from Section 2.1 that there are four types of positions of a given pair {i,7+ 1} in T,
and in case (3) it is straightforward to check that inv(7®) = inv(T) + 1.
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If oy # ciy1 then rg,q = rqs;. The cycle wg := (123... N) and the affine transformation
®(ay,az,...,an) = (ag,as,...,an,a; + 1)
are fundamental parts of the construction; and r¢, = rqwg for any «, that is,

rawo (1) = ro(wo(i)) = ro(i + 1) = req(i), 1<i<N,
rawo(N) = ra(wo(N)) = ra(l) = rea(N).

The jumps in the graph, which raise the degree by one, are

(Oé, Ta {Oc,Tv Ta, COZ,T) i> (q)Oé, T7 (I)ga,T7 TaWo, wa()_ICOz,T)7 (21)
(o = TNWY CarT

the leading term is 2% ® T(wo_lrgl)T and wo_lr;I = (rqwp)~!. For example: a = (0,3,5,0),

ro = [3,2,1,4], Pa = (3,5,0,1), re0 = [2,1,4,3].
There are two types of steps, labeled by s;:

1. If a; < OGg1, then

s
(Oé, T, ga,Ta Tas Coz,T) — (SiOé, T, Siga,Ta TaSi, Csioz,T)a
K

ga,T(i) - ga,T(i + 1

Observe that this construction is valid provided &, 7(7) # o 7(i + 1), that is, a1 — a5 #
k(e(ra(i),T) — c(ra(i + 1),T)). The extreme values of ¢(-,T) are 71 — 1 and 1 — £(7),
thus |c(ra(i),T) — c(rat+1(2),T)| < h; — 1. Furthermore a;11 — «; > 1 and the step
is valid provided km ¢ {1,2,3,...} for m = 1 — h;,2 — hy,...,h; — 1. The bound
—1/(hr — 1) < & < 1/(h; — 1) is sufficient.

2. If a; = @41, and the positions of j := r,(i), j + 1 in T are of type (3), that is, ¢(j,T) —
c(j +1,T) > 2 (the definition of 7, implies 74 (i + 1) = j + 1 and s;r; 1 = r;ts;). Set

Csia,T = Siga,T -

) <a,T-

b 1 _ K )
Cc(,T)—c(j+1,T)  &ar(i) —Ear(i+1)

thus 0 < b/ < %, there is a step

Si ;
(Oﬁ, T7 {a,Tv Tas COL,T) — (CY, TU)) Siéa,Tv Tas C(LT(J') )7

Car) = 8iCar — V'lar,

(T(j) is the result of interchanging j and j + 1 in 7). The leading term is transformed
si(z* @ T(ra')T) = (z8)* @ 7(sirg )T = 2* @ 7(rg ') 7(s;)T and 7(s;)T = T + /T,

There are two other possibilities corresponding to (1) and (2) for the action of s; on (, 7 when
a; = a1 (note 7o (i + 1) = 1o(7) + 1): (1) rw(ra(i),T) = rw(ra(i) + 1,T), then siCoa 17 = Ca;
(2) em(ra (i), T) = em(rq (i) + 1,7T), then s;¢o7 = —Ca,7-

The proofs that these formulae are mutually compatible for different paths in the graph from
the root (0,7)) to a given node («,T'), use inductive arguments based on the fact that these
paths have the same length. The number of jumps is clearly |a| and the number of steps is
S(«) +inv(T) — inv(Tp), where

S(a) ;:% Z (|ai—aj]+]ai—aj+1]—1).
1<i<j<N
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3 Hermitian forms

For a complex vector space V a Hermitian form is a mapping (-,-): V ® V' — C such that
(u,cv)y = c(u,v), (u,v1 +v2) = (u,v1) + (u,v2) and (u,v) = (v,u) for u,v1,v3 € V, ¢ € C.
The form is positive semidefinite if (u,u) > 0 for all u € V. The concern of this paper is with
a particular Hermitian form on P, which has the properties (for all f,g € P;):

(1eT1eT)=(T,T), T,7 cY(r), (3.1)

<wf7wg>:<f7.g>7 U)GSN,
The commutation U; = Dijx; — kY (i,j) = x;Dj + 1+ £ Y (4,)) together with ((i,7)f,g) =
j<i J>i
(f,(i,5)g) show that (U; f, g) = (f,Ug) for all i. Thus the uniqueness of the spectral vectors dis-
cussed above implies that (C 7, (3,77) = 0 whenever (o, T) # (8,71"). In particular polynomials
homogeneous of different degrees are mutually orthogonal, by the basis property of {(,,7}. We
can deduce contiguity relations corresponding to the steps described above and implied by the
properties of the form. Consider step type (1) with

. K
 ar(i) = &ar(i+1)

The conditions (s;Ca,7, 5iCa,7) = (.75 Ca,7) and (Ca, 7, Cs0,7) = 0 imply

<Co¢,T7 Ca,T> = <Csioz,T + b/Ca,Ta Csia,T + b/Ca,T> = <Csio¢,T7 Csia,T> + b/2<<04,T) CO(,T>7
<Csia,Ta Csioa,T> - (1 - b/2) <Coc,T7 Coz,T>-

A necessary condition that the form be positive-definite (f # 0 implies (f, f) > 0) is that
—1 < ¥ <1 in each of the possible steps. Since (with j = r4(i) and £ = r,(i 4+ 1))

SiCa,T = Csia,T + bl(a,Ty v

Ly o i — i+ (e(6T) = e(f, T) + Drllairs — ai + (e(6,T) = ¢(j, T) — 1)x]
[it1 —a; + (e(0,T) — c(4,T))k)? ’

the extreme values of (c(¢,T) —c(j,T) £1) are £h,, and a; 1 — a; > 1, it follows that —1/h, <
Kk < 1/h, implies 1 — b? > 0. Since steps of type (1) link any («,T) to (a*,T) one can obtain
(with e = £1)

. ER
o= 11 (s @2)

(Cayrs Car) = (E1(a, T)E-1 (0, T)) - (Cat, 1> Cat 1)

Similarly the steps of type (2) (with «; = a1 and j = r4(4), b’ =
relation

(o> o) = (1= 6%){Cayrs Carr)-

It was shown in J\i}%] (this is a special case of a result of Griffeth [8, Theorem 6.1]) that the
definition for A € Ny"™"

N Xi—X; p 2
(Gors Our) = (T, T H(l + ke(i,T)), H H <1 a (g + k(c(i, T) — c(j,T))) ) '

i=1 1<i<j<N ¢=1

1 .
Gy eGry) Imply the
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together with formula (3.2) produce a Hermitian form (called the covariant form) satisfying (3.1)
and the additional property (x;f,g9) = (f, Dig) for all f,g € P, and 1 < i < N (the bound
—1/h; < k < 1/h; for positivity of this form was found by Etingof and Stoica [7]).

Here we want a Hermitian form for which multiplication by any z; is an isometry, that is,
(xif,xig) = (f,g) for all f,g € P and 1 < i < N. Heuristically this should involve an integral
over the N-torus. The isometry postulate, and the equations (3.1) determine the form uniquely,
as will be shown. The postulate (zx f, g) = (f, Dng) in the covariant form is used to compute the
effect of a jump (pa, 7 = JENwalCa’T (see (2.1)), that is, to evaluate ((oa,T,Coa,7)/(Ca,Ts Ca,T)-
From the proofs in [3, Appendix, Corollary 5, Theorem 10] and [5] we see that the factor

N

[1(1+ ke(i,T)),, arises from ratios of this type. This aspect (here we need the ratio to be 1)
i=1

motivates the following:

Definition 3.1. For \ € Név’+, a,B€N), and T,T' € Y(7) the Hermitian form (-,-)r on P; is
specified by

(a7T) 7& (B,T/) - <Coz,T7 CB,T>'[F = 07
i—Aj

A=A o 2
(O Oy = (T, T)o H H (1 B <£+ k(c(i,T) — C(]}T))> ) 7

1<i<j<N (=1
(Cars Car)T = (E1(, TVE_1 (0, T)) ™ ot 13 Cat )T

the form is extended to all of P, by linearity in the second variable and Hermitian symmetry,
that iS, <f7 Clg+02h>T = Cl<f’ g>T+CQ<f7 h>T and <f7 g>T = <ga f>Ta for fvga h e 7)7' and C1,C2 € C.

Observe that the formula is invariant when A is replaced by A+m 1 = (A + m, Aa +m, .. .,
An +m) for any m € N. This follows easily from the commutation (where ey := x129--- 2 N)

L[i(e?vzf):meﬁf—i—erjvnlx{if, 1<i<N, m=12,...,

thus U (efCa1) = (M + o + ke(ra(i),T))eRiCa,r, and eRiq,7 is a simultaneous eigenfunction
of {U;} with the same eigenvalues and the same leading term as (44m1,7. Hence (opmir =
eRCa,r- We now extend the structure of NSJP’s to V -valued Laurent polynomials, thereby
producing a basis:

Definition 3.2. Suppose a € Z" then set Ca, 7 = €N""Catm1,7 Where m € Ny and satisfies
m > —min; ;. This is valid since o +ml € Név and by the relation (gir1,7 = G%CB,T for
B € NY and k € N.

The proof that the form satisfies the properties (3.1) with respect to steps is the same as the
one in [3, Propositions 8 and 9], and it suffices to verify the effect of a jump.

Theorem 3.3. Suppose o € Név’+ then (Caa, T Coa,7)T = (Ca,7s Ca,7)T-

Proof. We use (2.1) to relate (Coa,7,Coa,r)T to ((87,(31)T Where f = (Pa)t = (a1 + 1, a9,
..,an). The product & (Pa, T) is over the pairs o = (Pa);—1 < (Pa)y = a1 +1for2 <i <N,
thus

N (S

B :2 (1 Tartloait ;(:(LT) - c(i’T))> |
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By definition

((a,, Coa,r)T = (E1(Pa, T)E 1 (P, T))_1<C,B,T7 Car)T

_ﬂ (1— (m +1_ai+,€(ﬁc(1,T) —c(zyT)))Q)

=2

2
x (T, T)o H H <1 N (£+n(c(i,T) —c(j,T))) )

1<i<j<N ¢=1

-1

o —aj

2
=@ro II 1I (1_ <£+m(c(i,T)—C(jaT))) )

2<i<j<N €=1

N a1—aoj - )
<11 11 <1 - (£+ k(c(1,T) — c(j,T))> ) = (Ca,T Ca,T)T-

j=2 ¢=1

The terms in the product for ¢ = 1 and 2 < j < N, £ = 81 — 3; = a1 + 1 — «a; are canceled
out. |

We summarize the key results. We say x is generic if (o, T) # (8,T") implies the spectral
vectors o7 # &8,

Proposition 3.4. For generic k the Hermitian form (-,-)r satisfies

1) if f, g are homogeneous and deg f # degg then (f, g}t =0,

)

2) <wf7wg>T:<fvg>T7 f,gePT7'lUESN,

3) (x;Dif,g)1r = {f,z:Dig)r for f,g € Pr and 1 <i < N,
4) (xif,zig)r = (f,9)1 for f,g € Pr and 1 <i < N.

Proof. For generic x the NSJP’s (o with |a| = n form a basis for P;,,; this immediately
implies (1). For (2) the fact that (s;(a,7,5:(g1)T = (Ca,7,Ca1)T for 1 < i < N follows from
the corresponding results in [3, Propositions 8 and 9, Corollary 3] when |a| = |3], otherwise
from Definition 3.1. This suffices for (2) since {s;} generates Sy. The definition of NSJP’s
implies trivially that (U;Ca1,Cs17)T = (Cayrs Ui )T for all 4 and (o, T), (8,T") because both
sides vanish if (o, T) # (8,T"), otherwise equal &, 7(7)(Ca, 7, (o, r)r- The commutation U; =
Dixi — kY. (i,j) = =D; + 1 + k> _(i,7) together with ((¢,7)f,9)r = (f, (i,7)g)r from (2)
j<i j>i

show that (z;D;f,g)r = (f,x;Dig)T for 1 < i < N. For part (4) (recall wy = (123...N))
Cpar = eNWy (o and Copr = xnwy (g r. By Theorem 3.3 (Coa,7, Caop )T = (Carrs Co17)T
(if (o, T) # (B,T") then (P, T) # (®B,T")). Thus for each (o, T), (8,T")

(zn(wy'Car)s 2N (w61C6,T’)>T = (Cars Car )1 = (W) o, w()_ICB,T’>T-

The set {walca,T : (a,T)} is a basis for P thus (zn f,zng)T = (f,g)1 for all f,g € P-. For
any %

(@if, xig)r = (i, N)zif, (i, N)zig)r = (en (i, N) f,on (0, N)g)T
<(Za N)fa (/Lv N)g>T = <fa g>Ta

and this completes the proof. |

This lays the abstract foundation for the next developments.
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4 Fourier—Stieltjes coefficients on the torus

The torus TV := {x ceCN: |zl =1,1<i< N} is a multiplicative compact abelian group with
dual group Z~. We will use this property to find the measure of orthogonality for the NSJP’s
on the torus. First we produce the Fourier—Stieltjes coefficients of the hypothetical measure
and then use a matrix version of a theorem of Bochner to deduce the existence of the measure.
When « is generic the NSJP’s form a basis for P, and it is possible to make the definition

A, B,T,T') = (T, T)o(T', T'),) (a0 T, 2" @ T'),

for a, 8 € Név and T,7" € Y(r). In effect this uses the orthonormal basis of V;. By the
symmetry of the form A(a,,T,T') = A(B,a,T',T). By Proposition 3.4 |a| # |B] implies
A(a, 8,T,T") = 0. Another consequence is A(0,0,7,7") = 77

Definition 4.1. For each vy € Z" with Zf\il vi = 0let 47 = max(;,0) and 7/ = — min(y;, 0) for
1 <i < Njtheny=+"—+" and 4",7" € N)'. Furthermore || = [*| and Y, |vi| = [7"| + [7"]
is even.

Introduce the index set Z and its graded components by

N
ZN::{QGZN: Z%ZO},
i=1

N
ZN,n::{anN:Z\aﬂ:Qn}, n=0,1,2,....

=1
Formula (A.1) for #Z ., is in Appendix A.

Definition 4.2. For v € Z" the matrix A, (of size #Y(7) x #Y(7)) is given by

(A’Y)T,T/ = A(7W7’7V7T7 T/)7 T, T € y(T)7 Y€ ZN,
Ay, =0, ¢ Zy.

Proposition 4.3. Suppose a, f € NYY and T,T' € V(1) then E(O&,ﬁ,T, T = (Aa—p)T 1

N ~
Proof. If |a| # |B| then Y (a; — ;) # 0, A, 8, T, T') = 0 and A,_p = 0 by definition. If |a| =
i=1

|8 let ¢; = min(ay, 3;) for 1 <i < N then z€ is a factor of both z® and z7; by Proposition 3.4
(2T, 2P Ty = (T, 2P C@T')r . By construction (a— )" = a—(, (a—p) = B—C.
It follows that

(2@ T2 @ T') = T*Ag_sT' = (T, T)o(T', T')) "> (Aap) .17 n

For a formal Laurent series h(xz) = > cqx® let CT(h(z)) = co, the constant term. Then
aezZN

(z*@T,2? @ T') = (T, T)o(T',T"),) /> CT <x—a 3 (AW)T,T/xVx/B).
yeZN

In the next section we investigate analytical properties of the formal series, but first we consider
algebraic properties, that is, those not needing any convergence results.

Theorem 4.4. Suppose v € Zy and w € Sy then A_, = A and Ayy = T(w)AVT(w_l).
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Proof. The relation A(w, 8,T,T") = A(B, o, T', T) shows (Aa—g)r, 1" = (Ag—a)7 7- By defini-
tion
(w(z*® T),w(z’ @ T'))p = (2" @ 7(w)T, P ® T(w)T").
— (<T, T>0<T’, T’>0)I/ZT*T(w)*Awa_ng(w)T’
— (2T, 2" @ Ty = (T, T)o(T', T'),) *T* AT’
and thus A, = 7(w) ' Ay, 7(w) (recall 7 is real-orthogonal so T(w)* = 7(w™!)). [ |

Summing over the graded components Z y , produces Laurent polynomials with good prop-
erties, such as analyticity in (C\{0})". The maps a — wa (w € Sy) and a — —a act as
permutations on each Z ,,.

Definition 4.5. For n =10,1,2,... let

a Laurent polynomial with matrix coefficients.

For complex Laurent polynomials f(x) = >  coz® (finite sum) define f(x)* = > caz™%
aeZN acZN
if the coefficients {c, } are matrices then f(z)* = > ¢:ax~%. There is a slight abuse of notation
aezZN

here: if z € TV then (z®) = 2% and f(z)* agrees with the adjoint of the matrix f(x).

Proposition 4.6. Suppose n = 0,1,2,... and w € Sy then H,(zw) = 7(w) ' H,(z)7(w) and

Proof. Compute

H,(zw) = Z Ag(wx)® = Z Agz® = Z Aw_lﬁxﬁ

OZEZNyn OCGZN,n IBEZN,n
=7(w™) D Apelr(w) = 7(w) ™ Hyw)r(w).
ﬁeZN,n
Also Hyp(z)* = >, Ala=*= > A_,27 %= Hy,(z). |
aGZNyn aEZN,n

As a consequence we find an important commutation satisfied by a particular point value
of Hy(z) (recall the N-cycle wg = (1,2,...,N)).

Corollary 4.7. Suppose n = 1,2,3,... then 7(wo) ' Hy(z0)7(wo) = Hy(xo), where g =
(l,w,...,wN’I), w:exp%.

Proof. By definition zqwy = (w,...,wN_l,l) = wzg. Each monomial z% for @ € Zy
is homogeneous of degree zero (suppose ¢ € C\{0} then (cx)® = ¢t +toNg® = 2%) thus
H,(zowo) = Hy(wxg) = Hy(x) and Hy,(zowo) = 7(wo) L Hy (20) 7 (wp). [

We turn to the harmonic analysis significance of the matrices {A,}. For an integrable func-
tion f on TV the Fourier transform (coefficient) is

flo) = (x)z™%dm(z), aeZ,
TN
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where 2 := (exp(ify),...,exp(ifx)) and dm(z) = (27)"Ndh; - - - dfy; and for a Baire measure p
on TV the Fourier-Stieltjes transform is

wla) = / x~*dp(x), acZV.
TN

We will show that there is a matrix-valued measure u, positive in a certain sense, such that
fi(a) = A, for all a € Z provided that —1/h, < k < 1/h,. There is a version of a theorem of
Bochner about positive-definite functions on a locally compact abelian group which proves this
claim. The details of the proof and some consequences are in Appendix A.

Let n = dim V. and identify V; with C" whose elements are considered as column vectors
(in effect we use indices 1 < i < n instead of {T' € Y(7)}). The inner product on C" is

(u,v) := > wv;, and the norm is |v| = /(v,v). Note that (u, Av) = u*Av. A positive-definite
i=1
matrix P satisfies (u, Pu) > 0 for all uw € C" (this implies P* = P).
Definition 4.8. A function F': Z — M, (C) is positive-definite if
> f@)Fla=B)f(p) =0
a,peZN

for any finitely supported C™-valued function f on Z.

Theorem 4.9. Suppose F is positive-definite then there exist Baire measures {p: 1 < j,k < n}
on TV such that

/ = *dpjr(r) = F(o) ks acZV, 1<j,k<n.
TN

Furthermore each jij; is positive and

Z/ F@hig(@);dus; (x)

4,j=1

defines a positive-semidefinite Hermitian form on C(TN;(C”) (continuous C"-valued functions
on TV) satisfying |(f,g)¢| < Bl flloollglloc for f,g € C(TN;C") with B < oo.

The proof is in Appendix A.1 and Theorem A.3. (In general the measures pj; are not
real-valued for j # k.) For notational simplicity we introduce

[ raya = / F@)iga)jdus; (). (4.1)

i,j=1
To show that a — A, is positive-definite let f be a finitely supported C"-valued function f
on ZN and let p(z) = > (T, T)gl/sz(a)xo‘ ® T be the associated Laurent polynomial (now we

a, T

use the T indices on C™). Because this is a finite sum there is a nonnegative integer m such
that e}p(z) is polynomial (no negative powers). Then for —1/h, < kK < 1/h,

0<(elp,efipye= > 3 (T.T)0(T, 1)) > Fr(@) fr (B)(x*T™ @ T, ™™ & T')
,BEZN T, T
= > Y Fl@fr @) (Aap)ra.
a,BeZN T,T'

Let po = [pr 1] be the matrix of measures produced by the theorem, that is,

(Aa>T,T/ - / xiadlu’T,T’ ($)7 o€ ZN? T, T € y<7—)
TN
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Theorem 4.10. For —1/h; < xk < 1/h; there exists a matriz of Baire measures . = [pr 7]
on TV such that

Fayn = [ 1) du@)a)

for all Laurent polynomials f, g with coefficients in V., in particular for all NSJP’s f, g

Of course we want more detailed information about these measures. The first step is to apply
an approximate identity, a tool from the convolution structure for measures and functions on
the torus. We consider Cesaro summation of the series )  A,z® based on summing first over
each Z . Set

> %
aGZNyn

a Laurent polynomial, and the corresponding (C,0)-kernel (for § > 0) is defined to be (the

Pochhammer symbol is (t),, = [[(t+i— 1))
i=1

5oy N~k .

The point is that lim E:i)é’“) =1 for fixed k. In terms of convolution
n—o00 k

1
e /TNU(xy Ny

a) :/’EN /TN:E o )d,u( )dm(z)
_ /T ) /T ) 2)du(y)dm(z) = Aa0d(a),

and ﬁ(a) = ((n )5) for « € Zny, for 0 < k < nand =0 for |a| > 2n (or @ ¢ Zy). Thus

o0 ¥ p(x) = Z ( — ak) Hy(z). In fact oY =(z) > 0 for all x € TV (Corollary 4.12 below)

N 1

which 1mphes o, " % u converges to u in a useful sense (weak-x, see Theorem 4.17(4)) and
flv L% u(z) is a Laurent polynomial all of whose point values are positive-semidefinite matrices.
N-1|| . N-1 _
Also ||oX 71|, o= fon [oh T dm =1
The complete symmetric polynomial in N variables and degree n is given by

N
b () ::Z{xa: acNY: Zai :n}.

Recall

S (V)
#{aENéV:;ai:m}: m!m for m=0,1,2,3,....

Theorem 4.11. Forn >0

o (1,1 1> B (@) = N1y (4.2)

x1 x9N
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Proof. The product is a sum of terms 2% # with , 8 € N} and |a| = n = |3|. For example the
(]X?” times, because the number of terms in h,, is (n)" Consider
a fixed v € Zn,, for some m with 0 < m < n. The term z7 appears in the product for each

pair («, 8) with

a=7"+d, B=+"+d, y=a-5,

N
where o/ € N)Y and Y a; = n—m. Recall 47 = max(y;,0) and 4/ = — min(0,7;) = max(0, —7;);
=1
N TN
thus )~ =m and ) o; = n. Therefore the coefficient of 7 is
i=1 i=1

{a GNO.ZQ =n-m }:m

Hence
N
1 1 1 (N)n—m
hp | —, —, ..., — | hp(ze, ..., = ~————5,.(2).
(ml T a:N> (21 TN) mzo (n—m)!S ()
To finish the proof multiply this relation by ﬁ and compute
n! ( Jn—m (N)n—m
= (=)™ (-n)m
(N)n (n—m)! (N)n—m(N +n—m)p,
— (_1)m (_n)m _ (_n)m ) ]

(N+n—m)ym (1—=N—n),
Corollary 4.12. ¢ ~Y(z) > 0 for all z € TV.

Proof. h,(z1,...,zN) = hy ( L ..,%)forxeTN. |

x1? T2’
Observe that this kernel applies to the quotient space T? /D) where
D:={(u,u,...,u): ueC, |ul =1},

is the diagonal subgroup. That is, each S, (x) is homogeneous of degree zero, constant on sets

{(uw1,uxs, ... ,ury): |u| =1} for fixed z € TV.
Here are appr0x1mate identity properties of o,

geneous of degree zero. There is a standard formula.

N=1. we use TV /D to refer to functions homo-

Lemma 4.13. Suppose g, h € C(TN) and v is a Baire measure on TN then for hi(z) := h(:):fl)

/ 9(a)(h v) (2)dm(z) = / (g% 1) () du(y).
TN

'I[‘N

Proof. The left side equals

/TN /TN s@h(y ) /TN /TN )W (ya ™) dm(w)dv(y)

(by Fubini’s theorem) which equals the right side. |

The following is a standard result on approximate identities.
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Proposition 4.14. Suppose f € C(TN/]D)) then Hf — f* UTJY_IHOO — 0 asn — oo.
Proof. For € > 0 there exists a Laurent polynomial p on TV /D such that ||f — p|lec < €. Then

f=frat=(f-p)+ (-0l xp)+(—f)x

M
and H(p— f) * UflV*IHOO < |p— fHooHUéVilul < e Let p(x) = > > coz® for some

m=0a€ZNm
coefficients ¢, (and finite M); thus

(p—on™" Z . ( %)Cﬂav
m=0a€Z N m

which tends to zero in norm as n — oo. [ |

Corollary 4.15. Suppose v is a Baire measure on TV and f € C(']TN/D) then

lim f(@)(op N=1y v)(z)dm(z) = f(z)dv(x).

n—o0 TN TN

Proof. By Lemma 4.13

/ £(@) (0N v) (@) dm(x) = / (f %021 (@)dw(x),
N N

711\/_1)T = oN-1

N-1

since (a ,and f * o, " converges uniformly to f as n — oco. |

Definition 4.16. Define the p-approximating Laurent polynomials

Kn(z) := oY Z 1_ - Z Aqz®.

m:0 anN n
Note (ISVn_)Tg)m = (n(;?:;r)iv)]j;l for 0 < m < n; for example with N = 3, (_(;fgl’;m = (1 —

nlﬂ)(l_%),and:[)form>n.

Theorem 4.17. For —1/h; < k < 1/h; and n =1,2,3,... the following hold:

(1) K,(z) is positive semi-definite for each x € T,

(2) Kp(zw) = 7(w) 'K, (z)7(w) for each x € TV, w € Sy,

(3) Kn(zo)7(wo) = 7(wo)Kn(20),

(4) 1m f,ﬂ.N ()" Kyn(x)g(z)dm(x) = (f,g)r for all f,g € Pr; the limit exists for any f,g €

C’('I[‘ : V) and defines a || - ||so-bounded positive Hermitian form.

Proof. Part (1) is a consequence of Theorem A.4. Parts (2) and (3) follow from the properties
of H,, in Proposition 4.6. For part (4) there is an intermediate step of averaging over the
diagonal group . Define the operator p: C(']TN) — C(TN/ID)) by

p(p)(z) = % /_7r p(eiex)dﬁ, pE C(']TN).
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Clearly ||p(p)|loc < ||plloo; in effect p is the projection onto Fourier series supported by Z .
Then

[ p@dnrte) = [ oo)w)durar (),
TN

TN
L@ Ea@ndme) = [ pp)@)(u@)nrdmie). 1T € V().

’H‘N

no__

To extend this to the form (-, )1 express the typical sum Y. f;Bjjg; = tr ((f ® ¢*)*B) where tr
ij=1

denotes the trace and (f ®¢*)i; = fig; (1 <4, < n). Then (p is applied to matrices entry-wise)

for f,g € C’(']TN;VT)

flaf du(lg(o) = [ o [(f@) 9@y dute)] = [ o [{p((e)® 9())) dufa)],
fla) Kn(lg(o)dm(a) = [t [((a) @ g(a)") Koo)]dm(a)
= [, ol @) @ gl ) )] o).

The convergence properties of Proposition 4.14 imply part (4). |

5 Recurrence relations

As a simple illustration consider Zy,; where it suffices to find A; _10.. 0. Introduce the unit
basis vectors g; for ZV (with (g;); = d;;), so that (1,—1,0,...) = g1 —ea. The relation (e9—¢;) =
(1,2)(e1 — €2) implies Ae, o, = 7(1,2)Ac, ,7(1,2) = AZ,_.,. From (z1D1f, g)1 = (f,21D19)T
(Proposition 3.4(3)) we find

N .
x1 — (x(1, .
$1'D1<1‘1®T)=$1®T+/€$1 E MT(I,])T

. xr1 — a;j
7j=2
=121 T 4+ k1 @7(wW)T =21 @ (I + k1(w1))T,
N .
—(z(2
11D1(22 @ T') = ka1 Z w7'(1,j)T’ = —ray7(1,2)T;
= €Tl — Iy
N
recall the Jucys-Murphy elements w; := > (i,5) and the action 7(w;)T" = ¢(i,T)T for
j=i+1

T € Y(7). Next the equation (z1D1 (21 @ T),22 @ T")p = (1 @ T, 21D1(x2 @ T"))7 yields
T*(I 4+ k1(w1)) Ay —e, T' = —kT* Ao7(1,2)T",

and Ag = I. This holds for arbitrary T', T', and 7(w1) is diagonal with the entry at (7, T) being
¢(1,T) thus

(I + k7(w1))As,—e, = —KT(1,2), Agy—ey = —r(I + rr(wi))~17(1,2),

provided ke(1,T) # —1 for all T € Y(7).
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Lemma 5.1. Fora e NY, T ¢ Y(r) and1 <i< N

aj—oy
nDi(2* ©T) =0 @T —r > D a*HE) @ (i )T
a;>a; (=1
a;—aj—1
LD IED I
(67 >O¢3
Proof. This follows from performing the division in % u

Proposition 5.2. For o, 3 € N} such that |a| = |3 and 1 <i < N

aj—a; a;—a;—1
(i = Bi)Aa—p =k Z Z 7(i, ) Aot (gi—ej)—-B — K Z Z a+é(€j_€i)—ﬁ
a;>a; (=1 a;>ag
B;—Bi
— kK Z Z Aaff(&;*sj)fﬁT(i?j)
B;>B: €=1
Bi—pBj—1
Tk Z Z Aafé(Ej*Ei)*ﬁT(ihj)' (51)
Bi>p; £=0

Proof. The statement follows from the equation
<:UiDi(xa ®T), 2’ ® T'> = <x°‘ T, 2;D; (:cﬁ ® T')>
and the lemma. [}

The following is one of the main results of this section. Note that it is important to involve
the multiplicity of the first part of ~.

Theorem 5.3. Suppose v € Z N, such that v is a partition and YT = 7}, > Ym+1 then

N —y;—1
(’YlI + K Z T(1=€)> Ay=—k Z Z ’y+€(sjfs1)

f=m+1 j=m+1,7,;>0 (=1
N v1—1 —j

-5 > T(L4) Y Aoy + DAy er—epyT(L5) 7 - (5.2)
j=m+1,v;<0 /=1 /=1

FEach of the coefficients As appearing on the second line of the equation satisfies 6 € Zn s for
some s < n and for As on the right-hand side of the first line § = 6™ — v” where §™ <1 ™.

Proof. The formula follows from equation (5.1) by setting ¢ = 1, $; = 0 and omitting the case
o > ;. Suppose v =0 for 7 < k, and 77 =0 for 7 > k. The typical multi-index in the second
line is

(71—ﬁ,yg,...,y,j,—y,g+1,...,—7;+£,...)

with 1 </ <y —lorl<{< fy;.’. If 4 > £ then the sum of the nonnegative components is
n—{ < n;andify; < £ (possible if 77 > ~1) then the sum of the nonnegative components is n—~;.
In both cases the multi-index is in |J Z . From [6, Lemma 10.1.3] 4™ > (7™ + £(g; — €1))™"

s<n

for 1 < ¢ < vy —~] — 1, thus the multi-indices on the right-hand side of the first line satisfy
§ = 6" — ¥ with (™))" < 47, that is, 6™ < 4™. |
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If ~ is >-minimal with fixed 7” then there are no terms on the right side of the first line

(that is, v; > 0 implies y1 > v; > 1 — 1).

Proposition 5.4. Among v € Zy,, such that v = [ for some fized f with || = n and

such that B; > 0 ezactly when j > k the minimal multi-index for the order ADT s A @7

(o (m) (k)

is v0) = (p+ 1,....,p+1,p,..., p,—BkH,...,—BN) where p = L%J and m = n — kp (so
n—1

0 <m < k). For this multi-index the right-hand side of (5.2) contains only As withd € |J Zn.s.
s=0

The proof is technical and is presented as Proposition A.5.

Theorem 5.5. The coefficients A, are rational functions of k and are finite provided
K¢ {—@:m,ceN, 1§c§71—1}u{mzm,c€N, 1§c§£(7)—1}.
c c

Also A_ = A} and 7(w)* ApaT(w) = Ay for all a € Zn, w € Sy and permitted values of k.
Proof. The NSJP (, 7 is a rational function of x with no poles in —1/h, < k < 1/h,. The

coefficients A, are defined in terms of all the NSJP’s and are also rational in . In equation (5.2)
the operator on the left of A, is

N
(mum > m,a) = 7(1,m) (1] + k7 (wm))7(1,m),

l=m-+1

N
where wy, is the Jucys—Murphy element > (m,¥); the action 7(wn,)T = ¢(m,T)T for all
{=m+1
T € Y(r) shows that the eigenvalues of the operator are {y; + ke(m,T): T € Y(7)} and
the operator is invertible provided ke(m,T) ¢ {—1,—-2,-3,...} for 1 < m < N. The set of
values of ¢(m,T") is {j € Z: 1 —¢(7) < j < 71 — 1}. Thus an inductive argument based on n
in Zn »,, the order in Proposition 5.4, and formula (5.2) shows there are unique solutions for { A, }
provided that the possible poles at n + kc(i,T) = 0 are excluded. The relations A_, = A} and
T(w)* AyaT(w) = A, hold at least in an interval hence for all k, excluding the poles. |

The largest interval around 0 without poles is —ﬁ < K < ﬁ. As illustration we
describe A, for v € Z 2. Above we showed
A5175j =K (I + KT(wl))_lT(luj)a 2<j<N.

Next for o = €1 + €2 and 8 = 2¢; for 3 < j < N we find

N
(I + "527(1ai)> Aciyer—2e; = —K(Aey—e) + Acy—c;)7(1, ).
1=3

Fora=¢ei+eyand f=¢j+¢jp1 with3<j <N -1

N
(I + K’Z T(lﬂ 7’)) A€1+€2—€j—€j+1 = _H(AEQ—E]'T(lyj + 1) + A52_5j+17_(17j))'
i=3
For o = 2¢1 and 8 = 2ey we obtain
(2[ + HT(wl))AQQ,ggN

N-1
=K { Z 7(17€)A51+5é_25N + 7—(1’ N)A81—€N + (A€1—€N + 1)7(17 N)} :
=2

The other coefficients for n = 2 are obtained using the relations

A_, = A and T(w)* Apat(w) = Aq.
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6 The differential equation

We will show that p satisfies a differential system in a distributional sense. Let Tﬁgg =

™\ U {z:2 = xj} (this avoids the singularities of the system) and 0; := % for
1<i<j<N J
1 < j < N. The system is

20K ( _Hle_m (i, K (2) + kK (2) Y 7(i,j)——, 1<i<N.  (6.1)

PR
j#i J J#i v

N
Any solution of this system satisfies Y x;0; K (x) = 0 and thus is homogeneous of degree zero.
i=1
The relation (z;D;f,g9)r = (f,z;Dig)T extends to C(l)(TN;VT), the continuously differen-
tiable V.-valued functions, because Laurent polynomials are dense in this space. We have shown

lim [ {(@Dif () Knl@)g(@) — f(@)" Kn(@)z,Dig() }dm(x) = 0.

n—oo TN

Suppose p,q € C1) (']I‘N) (scalar C-valued) then by periodicity [1x 8%j(pq)dm = 0 thus

/ (a(z )qdm__/wp<;;jq>dm.

Also from 8%jf(:c) =ie% 9, f(z) = iz;0;f(z) and 9; f*(z) = —x;2(8jf)*(x) we obtain
[ @oss@ygtaam == [ a7 (-0 @gwiin = [ £ @)e0s()dm.
™ ™ TN

That is, z;0; is self-adjoint with respect to (f,g) := fTN x)dm. The result extends to
c >(11‘N V:).

Specialize to a closed Sy-invariant subset £ C Treg which is the closure of its interior (for
example E, = {:L’ e TV: min;«j |z; — ;] > 5} for e > 0), and let f,g € C(l)(TN;VT) have
supports contained in E, that is, f(z) =0 = g(z) for ¢ E. For fixed f, g, i let

I = [ A@DS@) Ku@a(o) = Fla) Knlw)aDigla) bm(a)
= [ A@as@) Ka@gta) = 1) Ko l)is(a)}
—i—m/ Z( i,j)w /@) " i(;(z,g))) Ky (z)g(x)dm(x)

J#i
. o g(@) —g(x(i, )
— K f(z) K, (z) T(Z,])l‘ig dm(x).
/’J]‘N ; ( Ti — Ty )
By using (mzfilxj)* = —mixj , 7(1,7)" = 7(i,7), and rearranging the sums we obtain
I, = o {(:0:f(2))* Kn(x)g(z) — f(2)" Kn(2)z;:0;9(x) }dm(z)
[ T Kalo) + Rla)r(i.0) T glaima)
TN el CC T; —
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Each integral in the third line is finite because f and g vanish on a neighborhood of ) {z:
1<i<j<N
x; = x;}. The terms inside {-} are invariant under the change of variable x — z(i, j), because
7(1, 7)) Kn(2(4, 7)) = Kn(z)7(i,j), but the denominator (x; —x;) changes sign; thus the integrand
is odd under (4, 7j) and the integral vanishes.
Because terms like T(i,j)mi%pjg(x) are in C'1) (TV;V;) (assumption on the support of g) we
can take the limit as n — oo in the second line. By the adjoint property of x;0; we find

/TN (2i0i f (x))" Kn(2)g(z)dm(z) = (@) 2i0i{ Ky (2)g(x) jdm(z)

TN

= Jow F@) { Kn(2)2:0;9(x) + (2:0: Kn(2))g(x) }dm ().

Thus the fact that lim I,, = 0 implies (recall the matrix-valued integral notation (4.1))
n—oo

lim [ f(2)"(2:0;Kn(x))g(z)dm(z)

n—oo TN

= [ 1@ YD o () dnte) + ()Tl ) Yol (62
gt

This statement is valid for all f,g € CV) (TN ; VT) that vanish on a neighborhood of  |J {z:
1<i<j<N
x; = x;}. The first line of the equation can be written as

lim o~ {(2:0:f ()" Kn(2)g(x) — f ()" Kn(2)z:0ig(x) }dm(z)

= Jon {(2:0:f (2))"dp(z)g(x) — f(2)"du(@)z:dig(w) },

which expresses the distributional derivative of du. Thus the distribution-sense differential
system is satisfied by du on closed subsets of ’]I‘ﬁ\gg.

In the scalar case (7 = (N)) the orthogonality weight is known to be (due to [1] for the
symmetric Jack polynomials)

K(x) = H {(mi—xj)(xi_l—a:j_l)}n

1<i<j<N
and the differential equation system reduces to (note 7(w) = 1)

T + T

)
CL‘Z'*IL’]'

0, K (v) = kK(z) Z
J#

1<i<N.

The differential system (6.1) could be the subject for an article all by itself, but we can sketch
a result about the absolutely continuous part of p, namely that du(x) = L(z)*BL(xz)dm(x),

T € ']I‘ﬁ\ég where B is a locally constant positive matrix and L(z) is a fundamental solution of

OL(x) = kL(z){ > '1 (i, j)— LIy, 1<i<N, (6.3)
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The effect of the term %I is to make L(z) homogeneous of degree zero, that is, ]ZV: z;0; L(x) = 0,
because =
N
Yo T = el To) o I
1<i<j<N j=1

(the sum of the contents in the diagram of 7).
The differential system is Frobenius integrable; this means that in the system 0;L(x) =
kL(z)M;(z), 1 <i < N, the two formal differentiations

8jaiL<.iL‘) = K2L($)Mj(x)Mi<.iL‘) + RL(.CL‘)(%‘MZ'(.%),
@ajL(m) = K2L($)Mi(1})Mj(l’) + KL(:L’)@Z'M]'(SL'),

are equal to each other for all i, j (see [2]). The system is analytic and thus any local solution
can be continued analytically to any point in Cf, := (C\{0})™\ 1<'9<N{$: x; = xj}. When
<i<j<

restricted to TN there are solutions defined on each connected component. This is possible

reg
because L(x) is constant on {ux: |u| = 1} for fixed = € ']I‘I{\efg and each component is homotopic

to a circle. Denote the component containing all the points {(ewl, e eieN) e < <Oy <
<Oy < 77} by Cp. Since x and uz are in the same component for |u| = 1 we see that xg € Cp
(recall xg = (l,w,...,wal), w = e*™/N). The components are {Cow: w € Sy, w(l) = 1}

(corresponding to the (N — 1)! circular permutations of (1,2,...,N)). Now fix the unique
solution L(z) such that L(zow) = I for each w with w(1) = 1. By differentiating L(z)"'L(z) = I
obtain the system satisfied by L™

8iL(z)"! = —m{ 3 L G- ;I}L(x)l, 1<i<N.

i T :

The goal here is to replace f, g in formula (6.2) by L=!f, L~'g and deduce the desired result.
By use of z;0;(L~1*) = —(:UiaiL_l)* we obtain

(miai (L(:c)*l*) ) dp(z)L(z) ™! + L(z) M du(x) (:ci(?iL(x)*l)

1% —Tj .o _ 1% T .. _
S {Zx ;‘T(z,j)—yl}du[/ S ldu{zx _w'T(z,])—'yI}L !

g g T
X . .o T —
= —HL_I*Z{ : J -7 (i, 7)dp + dp (4, ) — }L L
A VT Ti =X

Substitute this relation in formula (6.2)

lim | (@) D) (@0 K (@) L) Lg(x)dm(z)

n—o0 JoN

+/ Fl@)* (2:03) (L(2)™") dp(z) L(z) " g(x)
TN

. fl@)*L(z)™ " dp()zi0;L(z) " g(z) = 0.

The formula is valid because L~ f, L~1g € C(V) (TN 'VT) and vanish for x ¢ E. The first line

reg’
of the equation is the distributional derivative of u so the equation is equivalent to

o f(@)* [2:0;(L(x) " du(x)L(z) )] g(z) =0, 1<i<N.
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Thus all the partial derivatives of the distribution L="*duL~! vanish and L="duL~! = Bdm,
where B is constant on each component of ']I‘ﬁ\ég. We conclude du(x) = L(x)* BL(x)dm(z) for
x € Treg Part (1) of Theorem 4.17 implies B is a positive matrix.

We have to point out that this result provides no information about the behavior of x4 on the
singular set |J{z: x; = x;}. We conjecture that y© does not have a singular part. This question

i<j

seems a worthjy topic for further investigations. Some of the difficulties in this problem come
from the behavior of the solutions of system (6.3) in neighborhoods of the sets {z: z; = x;};
there are singularities of order |z; — 2;|**. Both signs appear because the eigenvalues of 7(i, )
are 1 and —1; a consequence of the assumption that 7 is not one-dimensional.

A Appendix

A.1 The matrix Bochner theorem
For a matrix A € M, (C) the operator norm is
[A]l == sup{|Av|: |v] = 1} = sup{[(u, Av)|: |u| = 1 = |v|}.
Proposition A.1. Suppose F is a positive-definite M, (C)-valued function on ZN then

(1) F(0) is positive-definite,
(2) F(—a) = F(a)* and |F(a)|| < ||[F(0)|| for all a € ZN.

Proof. Part (1) follows immediately from taking f(0) = u, f(a) = 0 for a # 0. For part (2)
fix a # 0 and let f(0) = u, f(«a) = v and f(B) = 0 otherwise. By definition

w*F(0)u+v*F(0)v + v F(a)u + u*F(—a)v > 0.

Thus Im(v*F(a)u + uw*F(—a)v) = 0 for all u, v. For 1 < j,k <nletu=c¢j, v=ce, ceC,
then

0= Im (6F(Oé)kj + CF(—OZ)Jk)

Set ¢ = 1 and ¢ = i to show F(—a);r = F(a)kj, that is, F(—a) = F(a)*. Thus v*F(—a)v =
v*F(a)u and

—2Re(v"F(a)u) < u*F(0)u + v*F(0)v.

Specialize to vectors u, v such that |u|] = 1 = |v | and v*F(a0)u = (v, F(a)u) = —|F(a)].
Since F'(0) is positive-definite it follows that u*F(0)u + v*F(0)v < 2||F(0)]], and so ||F(a)] <
1E(0)]]- u

Proposition A.2. Suppose a, 3 € Z and o, 5 # 0 then
IF () = F(B)|1” < 2/|F(0)|[{v" F(0)v — Re(v*F (o — B)v)},
where [v| =1 and [(F(a) — F(8))"v| = [|[F(a) = F(B)]|.
Proof. Assume o # f and let f(0) = u, f(a) = w, f(B8) = —w, and f(v) = 0 otherwise. By
definition
' F(0)u + 2w F(0)w + w*(F(a) — F(B))u+u*(F(—a) — F(=8))w
—w'F(a—B)w—w F(f —a)w > 0.
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Let u,v € C" satisfy |u| =1 = |v| and |(F (o) — F(B8))*v| = v*(F(a) — F(B))u = ||F(a) — F(B)]|-
Set w = tv with t € R. The inequality becomes

uw*F(0)u + 260" F(0t)v + 2t||F (o) — F(B)|| — 2t* Re (v* F(a — B)v) > 0.

The discriminant of the quadratic polynomial in ¢ must be nonpositive and this implies the
stated inequality, since u*F(0)u < [|[F(0)]|. [ |

This is a sort of uniform continuity.

For any fixed u € C" the scalar function g, () = u*F(«)u is positive-definite in the classical
sense and thus by Bochner’s theorem (see [13, pp. 17-21]) there exists a unique positive Baire
measure ji,, on TV such that

/ x”%dpy(z) = v F(a)u, acZh.
N

In particular, for 1 < j < n let u = ¢; then u*F(a)u = F(a);; and set pj; = p.,. For
1<j,k<n (withj#k)let u=c¢cj+ep, v=re¢;+icy

L7 duula) = Fla)s + Fla)ie + F (@) + F(@)ue

/TN - %dpy(x) = Fa)j; +iF(a)jr — iF(o)rj + F(a)gk-
Thus

o dln =) = 2P @ (=) [ s ),
and define

1 , 1—i
Lk = §(uu —ipy) — T(ij + L),

with the result

/ ™% (2) = F(a)jr, o € ZV.
TN

From the above equations we also obtain

7+ i) = 2P (@ (4) [ o™+ )
TN TN

The formula

141

5 (K5 + k),

1 .
Pij = §(uu +ipy) —

is consistent with the previous one and it can be directly verified that fig;(—a) = fi;5(a) from

the general equation fi,(—a) = jiy (). This is a restatement of F(—a) = F(a)*.
From |[|pty|| = v*F(0)u (measure/total variation norm) we obtain ||u;;|| = F(0);; and

]| < \}§<F(O)jj + F(0)kx) + F(0)j5 + F(0)gx + [ Re F(0) x| + [ Im F(0) jx|.
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In particular, if F(0) = I then ||u;|| < 24 v/2. For the space C(T";C") (continuous functions
on T, values in C") define an inner product

(o9 F—Z/ F@iga) gy (@),

i,j=1
then for o, 8 € Z", and 1 <4, j < n (with the standard unit basis vectors ¢; of C")
<x0‘6¢, xﬁ€j>F = /N iﬁ_aiﬁﬁdﬂij(f’f) = F(a — B)ij-
T
The following summarizes the above results.

Theorem A.3. The Hermitian form (-,-)p is bounded on C(TY;C"), that is |(f,g)r| <
Bl fllecllglloc for some B < oo, is positive-semidefinite, and if f, g are finitely supported func-
tions on ZN with values in C™ then for f(z) =Y, f(a)x® and §(z) ==Y, g(a)z®

(F.9)p = f() Fla—B)g(B).
a,B

Proof. The bound follows from the uniform bound on ||| for all j, k, depending only on F'(0).
Suppose f, g are trigonometric (Laurent) polynomials (equivalent to finite support on ZV), then

FDr=2 3 [ T@w e au@

ﬁwl
—ZZf F(a — B)ijg( J—Zf — B)9(B).
a,fB 1,5=1

By definition <f, ﬂ » = 0 and by the density of the trigonometric polynomials in C(TN ; (C”)

it follows that (-,-)r is a positive semidefinite (it is possible that <f, ﬂ 7 = 0 for some f # 0)
Hermitian form. [

The next result is used for the approximate identity arguments.

Theorem A.4. Suppose o € C(TV) and o(x) > 0 for all x € TV then each o * p;j € C(TY)
and [o * pij(z)]} ;=1 € Mn(C) is positive semidefinite for each x € TN,

Proof. Suppose (fi)_; € C(T";C"). A convolution formula (similar to that in Lemma 4.13)
shows that

> [ T@he s wsam = 3 [ [ ol @ @dn )ant)

2,7=1 1,7=1

/ / Z flyw)i f(yu)jdpi; (y)dm(u) = 0,

1,7=1

(change-of-variable x = yu) because y — f(yu) € C(TY;C") and the double sum is continuous
in u and nonnegative by the above theorem. Now let f(z) = g(z)v where v € C" and g € C(']I‘N),
9>0, [rn g*dm =1 and g = 0 off an e-neighborhood of a fixed z € TV (i.e., |z — 2| > ¢ implies
g(z) = 0) then

Z/ F(@)io » pij(x )f(x)jdm(:c):/

N
3,j=1 T

g9(x)* Y mi(0 * pij(w) Josdm(z) > 0.
1,7=1

Let € — 0 then the integral tends to ) U;(o * pi;(2))v;, and this completes the proof. [
ij=1
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A.2 Some results for the index set

Forn=1,2,3,...

o B ()

J=1

in each j-subset (there are (J]V)) of [1,2,..., N] take j-tuples ay,,...,ay;

J
with ) «;, = n and
(=1
N—j
each oy, > 1 ((’;:11) possibilities) and in the complement take (N — j)-tuples with ) «o;, = —n
(=1

and each o;, <0 ((N _j:"_l) possibilities). For example when n > 1

5n

#Zop =2, #Z3n=6n, #Zin=10>+2, #Z5,= 3

(7Tn® +5),
Proposition A.5. Among v € Zn,, such that vV = [ for some fized B with |5| = n and
such that B; > 0 exactly when j > k the minimal multi-index for the order AW s A @7

(m) k
is v0) = (p+1,...,p+1,p,...,(p),—BHl,...,—BN) where p = L%J and m = n — kp (so
0<m<Ek).

Proof. The claim is that (72-(0) )le is <-minimal among partitions « of length < k and |o| = n.
Argue by induction on the length. The statement is obviously true when & = 1. Suppose it is
true for k and let v be a partition of length < k + 1. Let

k
ni na
n1=204i, no = N1 + Qy1, p1= L*L p2 = { J>
i=1
my = n1 — kpa, ma = ng — (k + 1)pa.

1)

Define 4" and 4(?) analogously to the above (%'(s) =ps+1forl <i<mgand ' = p; for

1
K]
my < i <k, v® = py for mg < i < k+1). By the inductive hypothesis 3 a; >y 'y](l). This
j=1 7j=1
implies g1 < o < ’Y;(cl)- Thus (k+1)p2 < ni+agr1 < mi+kprt+agsr < mi+(k+1)p; and py <
7y T p1. Since py, po are integers this implies p2 < p1. If p1 = p2 then mo = my — (p1 — ag+1),

7

S () (2 (2) (1)
and clearly > v = > 7; for 1 < i < k. If po < py then v, < p2t+ 1< p <7 for
j=1 j=1

1<j5<k. Thusai’y(z). [ |
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